
Front. Phys. 10, 100503 (2015)

DOI 10.1007/s11467-015-0462-4

RESEARCH ARTICLE

Optimal configuration for vibration frequencies in a ring of

harmonic oscillators: The nonidentical mass effect

Shuai Liu1, Guo-Yong Zhang2,3, Zhiwei He2,4, Meng Zhan2,†

1College of Science, Northwest A&F University, Yangling 712100, China

2Wuhan Center for Magnetic Resonance, State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics,

Wuhan Institute of Physics and Mathematics, Chinese Academy of Sciences, Wuhan 430071, China

3College of Computer Science and Technology, Hubei Normal University, Huangshi 435002, China
4University of the Chinese Academy of Sciences, Beijing 100049, China

Corresponding author. E-mail: †zhanmeng@wipm.ac.cn

Received October 23, 2014; accepted December 29, 2014

The parameter diversity effect in coupled nonidentical elements has attracted persistent interest in
nonlinear dynamics. Of fundamental importance is the so-called optimal configuration problem for
how the spatial position of elements with different parameters precisely determines the dynamics of
the whole system. In this work, we study the optimal configuration problem for the vibration spectra
in the classical mass–spring model with a ring configuration, paying particular attention to how the
configuration of different masses affects the second smallest vibration frequency (ω2) and the largest
one (ωN ). For the extreme values of ω2 and ωN , namely, (ω2)min, (ω2)max, (ωN)min, and (ωN )max,
we find some explicit organization rules for the optimal configurations and some approximation rules
when the explicit organization rules are not available. The different distributions of ω2 and ωN are
compared. These findings are interesting and valuable for uncovering the underlying mechanism of
the parameter diversity effect in more general cases.
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1 Introduction

In the past decades, the study of various dynamical pro-
cesses of coupled nonlinear systems [1–14] became a well-
studied topic, attracting a great deal of interest in diverse
research areas including physics, chemistry, biology, so-
ciology, and engineering technology. The rich dynami-
cal behaviors of these processes include synchronization
[15–23], splay states [24–26], amplitude death [27–29],
self-organized criticality [30], consensus in multi-agent
systems [31], and epidemic spreading [32], just to name
a few. Uncovering the organizing rules for these distinct
dynamical processes in coupled systems poses a great
challenge.

Although most previous studies focused on systems of
coupled identical elements, such as the complete (state)
synchronization in coupled chaotic systems based on a
stability analysis of synchronization in the framework
of the master stability function (or eigenvalue analysis)
[15–22], the assumption that the elements are identical

is never practical in any realistic world, where the sys-
tem elements always display a disparity in the values
of some characteristic parameters. A distinguished case
is the model of power grids [33–35], for which the sys-
tem characteristic parameters for the identical nodal dy-
namics of the generators and users have to be chosen as
positive and negative, respectively, owing to the supply–
demand balance.

Therefore, it is quite natural that this problem of sys-
tem parameter diversity has aroused continuous interest
of researchers in nonlinear dynamics field, with some un-
usual effects of parameter diversity being discovered [36–
51]. For instance, Braiman et al. found that, to our great
surprise, the parameter diversity can be used to tame
spatiotemporal chaos [36]. Later work on the disordered
driving forces exerted on phases revealed the same re-
sult [38]. Some nontrivial effects of parameter diversity
and the spatial independence of noise have been stud-
ied in the framework of array-enhanced coherence reso-
nance [39]. Recently, a novel concept, diversity-induced
resonance, has been proposed by Tessone and cowork-
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ers, who found that the system’s response subjected to
an external subthreshold signal is optimized for an in-
termediate value of diversity, indicating a constructive
role of intrinsic diversity [40]. This counterintuitive ef-
fect, diversity-induced resonance, has been extensively
found in ensembles of coupled bistable or excitable sys-
tems [40] and in some other coupled systems [41, 42].
Despite these extensive statistical investigations on the
parameter diversity effect, however, we are still at a very
early stage of fully understanding the underlying mecha-
nism for all these peculiar diversity-induced order effects.

To fill this gap, recently some of the authors and
coworkers have proposed the optimal configuration prob-
lem [47–51] with the intention of ascertaining how the
spatial position of elements with different parameters
precisely determines the dynamics of the whole system.
Basically, this is a difficult problem and fundamentally
differs in manner from that of all previous studies on
diversity, in which nonidentical parameters were usu-
ally randomly chosen from a fixed interval with a uni-
form or Gaussian distribution and only statistical effects
were investigated; see, e.g., Refs. [36–40]. For instance,
we studied the influences of different spatial frequency
distributions on the efficiency of frequency synchroniza-
tion and defined a physical quantity “roughness” R as
a function of frequency configuration, which monotoni-
cally determines the efficiency of frequency synchroniza-
tion [47]. Therefore, we found that synchronizing a suf-
ficiently large number of nonidentical oscillators with a
very small coupling is possible if we can properly reshuffle
the spatial positions of nodes; this is essentially distinct
from the common sense that full frequency synchroniza-
tion in a system of infinitely large size typically requires
an infinitely large coupling strength. Recently, we have
generalized this optimal configuration problem to some
other dynamical behaviors, such as the oscillation death
in coupled nonidentical periodic or chaotic oscillators [49,
50] and vibration spectra in the classical mass–spring
model with different masses on complex networks [51].
For sufficiently random networks, we found that the sec-
ond smallest vibrational frequency ω2 becomes maximal
and the largest vibrational frequency ωN becomes mini-
mal if the node degrees are point-to-point-positively cor-
related with the masses [51]. Moreover, ω2 becomes mini-
mal under the condition that the heaviest mass is placed
on the lowest-degree vertex, ωN is maximal as long as
the lightest mass is placed on the highest-degree vertex,
and, in both cases, all other masses can be arbitrarily
settled. These findings indicate that the matchings be-
tween the node parameter and the node position rule the
global system dynamics, and sometimes only one node is
enough to control the collective behaviors of the whole

system.
In the classical mass–spring model [52–58], masses set-

tled on the network’s vertices interact with each other
through a spring with a uniform spring constant. This
mass–spring model and the associated powerful analyti-
cal method, normal mode analysis, which were originally
developed in classical mechanics [52, 53], have been ex-
tensively used in many other disciplines, such as pro-
tein dynamics in structural biology [54] and lattice vi-
brations and associated phonon excitations in solid-state
physics [55]. In this paper, we will study the same opti-
mal configuration problem but turn to the regular ring
structure [51]. As now the node degree is homogeneous,
some previous interesting findings on sufficiently random
networks depending on the matching between the node
degree and node parameter disappear, but some other
unusual phenomena purely depending on the spatial po-
sition of masses are expected.

The paper is organized as follows. In Section 2, the
model and some theoretical results for very small system
sizes are presented. In Section 3, all numerical results in-
cluding (ω2)min, (ω2)max, (ωN )min, and (ωN )max for very
large system sizes relying on our observations are given
in detail. Finally, the last section is devoted to a brief
discussion and our conclusion.

2 Model and analysis

For the simplest case of spatial structure, i.e., the
nearest-neighbor-coupled ring configuration, the equa-
tions of motion are

mj ẍj = κ(xj+1 + xj−1 − 2xj), j = 1, . . . , N, (1)

where mj represents the jth oscillator’s mass, κ is the
spring constant, and N indicates the number of mass
points. Without loss of generality, we take κ ≡ 1
throughout this paper. Periodic boundary conditions,
i.e., xN+1 = x1 and x0 = xN , are always used. Because
we are interested in the spatial distribution effect of dif-
ferent masses, we always consider distinct masses mj for
all j’s; i.e., all masses are nonidentical.

Based on normal mode analysis, the system’s motion
can be considered as a linear superposition of N normal
modes with different characteristic frequencies:

xj =
N∑

i=1

yjeiωit, (2)

where ωi and yj denote an independent characteristic
frequency and its corresponding amplitude, respectively.
The frequencies can be ordered as ω1 � ω2 � · · · � ωN .
Clearly, ω1 = 0 represents the translational motion of
the system. Among all the modes, the second smallest
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(slowest) vibration frequency ω2 characterizes the most
global vibrational motion, whereas the largest vibration
frequency ωN reflects the most tightly packed and con-
strained local motion generally; both of them are the
most representative. Therefore, as in our previous work
on the vibration frequencies on complex networks [51],
we will only consider these two characteristic frequencies
ω2 and ωN and study how they are determined by the

different mass spatial configurations.
For small sizes, N = 2 and N = 3, the vibration spec-

tra are explicitly available and are, respectively,

ω =

⎡

⎣
0√

m1 + m2

m1m2

⎤

⎦ (3)

and

ω =

⎡

⎢⎢⎢⎢⎢⎢⎣

0√
m1m2 + m1m3 + m2m3 −

√
m2

1m
2
2 + m2

1m
2
3 + m2

2m
2
3 − m1m2m3(m1 + m2 + m3)

m1m2m3√
m1m2 + m1m3 + m2m3 +

√
m2

1m
2
2 + m2

1m
2
3 + m2

2m
2
3 − m1m2m3(m1 + m2 + m3)

m1m2m3

⎤

⎥⎥⎥⎥⎥⎥⎦
. (4)

Clearly, for the simplest case (N = 2) with only two
masses m1 and m2 connected by a spring, the physical
quantity μ = m1m2

m1+m2
is the effective mass of the system;

it solely determines the only nonzero vibration frequency:
ω2 = ωN = 1/

√
μ.

For N = 3 in Eq. (4), clearly the second smallest and
the largest vibration frequencies ω2 and ω3 are compli-
cated functions of the mass values. However, because
of the periodic boundary conditions, only one indepen-
dent configuration exists. Thus, the transform of any two
masses among m1, m2, and m3 will not change the values
of ω2 and ω3; this point is clear in Eq. (4).

For N = 4, with the aid of symbol calculation using
the MATLAB software, we can also obtain an explicit
expression for all vibration frequencies, but the equa-
tion is too lengthy to be presented here. For N > 4,
even MATLAB cannot give an explicit expression using a
personal computer. We surmise that, even if more power-
ful computers could give an explicit expression for much
larger N , finding useful rules from the complicated and
lengthy algebraic function would be difficult. Therefore,
to accomplish our goal, we have to turn to numerical
simulations and try to find some general results from the
numerical results.

The above equations [Eqs. (1)] can be written in the
compact form

(ω2M − L)Y = 0, (5)

where M = diag({mj}), L is the Laplacian matrix:
L(i, i) = 2, L(j, i) = −1 for |j − i| = 1 or N − 1
and L(j, i) = 0 otherwise, and Y is the N -dimensional
nonzero column vector with the components yi in (2).

Solving Eq. (5) is equivalent to finding ω satisfying
det(ω2M − L) = 0, where “det” denotes the determi-
nant. For M being nonsingular, it is convenient to change

the mass-weighted Laplacian matrix to a symmetric one;
this manipulation does not change the final result, but it
becomes more efficient in simulations to solve eigenval-
ues of a symmetric matrix than those of an asymmetric
matrix. Therefore, we have

ω2 = λ(M−1L) = λ(M−1/2LM−1/2), (6)

where λ denotes the eigenvalue of the corresponding ma-
trix.

For choosing the masses, we assume that the units are
ordered with increasing weight m1 � m2 � · · · � mN

and that they are denoted as 1, 2, . . . , N , correspond-
ingly. It is easy to see that the number of independent
mass spatial configurations for a ring consisting of N dis-
tinct masses is (N − 1)!/2, which diverges with N and
is certainly beyond the feasible limit of our computa-
tional resources for any large N . Therefore, our strategy
is to begin by inferring the optimal configuration rules by
exhaustively searching all the spatial configurations for
sufficiently small N first (e.g., N � 10) and then apply
and verify these rules for much larger N . When the pre-
cise rules for the optimal configurations for ω2 and ωN

are not available by our analysis, some approximate rules
are also highly appreciated. However, we start from the
simplest nonidentical case, namely, the case in which all
the masses are completely linearly distributed, mi = i

for i = 1, . . . , N . Later, we will generalize this case to
more complicated random distributions of masses.

For a set of fixed masses and a given configuration, the
vibration frequencies can be easily calculated from the
above eigenvalue analysis in Eq. (6). Below we will focus
on the two most representative frequencies ω2 and ωN ,
scrutinize their corresponding optimal configurations for
(ω2)min, (ω2)max, (ωN )min, and (ωN)max, and present the
numerical results and our observations in more detail in
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the next section.

3 Numerical results and observations

3.1 (ω2)min

Figures 1(a)–(h) present the numerical results of ω2 in
ascending order for all the mass spatial configurations

for N = 3, . . . , 10, respectively. In addition, we depict
the mass spatial configurations for the first several small-
est ω2’s under each subfigure. For these configurations,
ω2 increases from left to right and the configuration for
(ω2)min is the first one. The numbers around the ring
represent the orders of the masses (or, equivalently, the
values of the masses).

Fig. 1 (a)–(h) Plots of ω2 arranged in ascending order for all mass spatial configurations of nonidentical masses located on a ring
for N = 3, · · · , 10, respectively. All masses are denoted by 1, · · · , N in ascending order in respect to their masses. Under each sub-plot,
we present the first several configurations for small values of ω2, and mark the configuration by a red filled square if it satisfies the
grouping rules. Its corresponding value is emphasized by a red open circle in the sub-plot, which definitely shows that their values are
indeed very small.
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Our objective is to find the common organizing rule
for (ω2)min. By carefully observing these mass spatial
configurations in Fig. 1, we do find some common rules,
which are described as follows. (To aid explanation, two
examples for N = 8 and N = 9 are shown in Fig.
2.) When N is even, any two closest masses can be
put into a group successively to form a mass pair, i.e.,
{{m1, m2}, {m3, m4}, . . . , {m2i−1, m2i}, . . . , {mN−1,

mN}}. Then, any pair should be placed on the two sides
of the diameter of the ring and the masses in any one
pair can exchange their positions. Thus, any two masses
in each pair show diametral symmetry. Finally, the pair
position could be determined. We may denote an arbi-
trary mass spatial configuration as a(j) and the mass of
the jth configuration rearranged as m

a(j)
i = mi(j). The

pair spatial configuration corresponding to the minimal
ω2 should maximize the following physical quantity:

R =
[(N+1)/2]∑

i=1

ma
i ma

i+1, (7)

Fig. 2 (a) and (b) Schematic shows for the grouping rules of
(ω2)min for even and odd N ’s, respectively. The circled numbers
in the right column denote the “effective” mass in a mass pair af-
ter grouping, whose position can be further determined by Eq. (7).
Clearly for even N , the pattern shows the diametral symmetry,
whereas it shows mirror symmetry for odd N . In addition, we can
uniquely determine the specific configuration of (ω2)min for odd
N , after applying the grouping rule from the lightest mass side
one more time, as shown in the bottom patterns of (b). For more
details, see the text.

where [j] represents the nearest integer less than or equal
to j.

Based on such observations, for even N we can only
have the above grouping rules and actually we cannot
precisely determine the configuration for (ω2)min, which
is only one among all possible grouping configurations.
Hereafter, we use (ω2)min,G to denote the configurations
satisfying the grouping rules. See the schematic shown
for N = 8 in Fig. 2(a) for further details, and check
the configurations in Fig. 1, where red filled squares are
used to indicate the configurations for groupings and red
open circles for their corresponding values of ω2. From
these plots, remarkably all values of (ω2)min,G have been
greatly squeezed into a very small regime. Thus, we have
captured the essential rules for (ω2)min by (ω2)min,G, al-
though we cannot recognize the exact one corresponding
to (ω2)min. As we will see below, these rules also work
for odd N with some variations.

When N is odd, the mass pairs become
{{m1, m2}, . . . , {mN−2, mN−1}, {mN}}, and we have to
fix the unmatched heaviest mass first. Then, any mass
pairs should be placed (mirror) symmetrically about the
diameter for the heaviest mass. See the schematic shown
for N = 9 in Fig. 2(b) for further details. We use the
solid line to emphasize the main diameter starting from
the heaviest mass m9 and the dashed lines for the paired
masses showing mirror symmetry. As for even N , any
two masses in any pair can exchange their positions, and
their corresponding ω2 values are of very small differ-
ence and are essentially indistinguishable. Interestingly,
the mass pair arrangement condition for maximizing R

in Eq. (7) also works here. Considering these grouping
procedures, we can obtain the independent number of
configurations 2[N/2]−1 for N > 4, irrespective of N

being even or odd, and 1 for N = 4.
For N being odd, some other variations exist.

Actually, for odd N , we can further precisely de-
termine the configuration for (ω2)min as we can
group the whole masses from the other side, namely,
{{m1}, {m2, m3}, . . . , {mN−1, mN}}. In this situation,
the lightest mass becomes the isolated one. Similarly,
we can fix the unmatched lightest unit m1 and place all
other mass pairs mirror-symmetrically with the diameter
starting from it. Consequently, the specific configuration
for (ω2)min can be fully determined; the two different
grouping schemes for (ω2)min are exemplified in Fig. 2(b)
for N = 9.

Until now, the rules for (ω2)min,G for any N and
(ω2)min for odd N have been found on the basis of ob-
servations on small N . Below we check these rules for
large N . For this purpose, Fig. 3(a) depicts the numerical
results of ω2 in ascending order for completely random
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Fig. 3 (a) and (b) Plots of ω2 in ascending order for completely random 20000 configurations and their histogram distribution;
N = 20. (c) Plot of (ω2)min,G in ascending order for exhausting searching all 512 configurations satisfying the grouping rules, clearly
showing that their values are very small. In (b), the fit is a Gaussian function (red line), and the group mean value, 〈(ω2)min,G〉, is
located at the leftmost of the distribution (red filled square). (d)–(f) Similar to (a)–(c) but for N = 21 instead; under this situation
for odd N , we can determine the specific configuration of (ω2)min, whose value (ω2)min is indicated by the red open square in (f).

spatial configurations for N = 20. A sufficiently large
number of configurations, 20000, is selected. The corre-
sponding histogram distribution, presented in Fig. 3(b),
is indicative of a Gaussian distribution (red curve).
Clearly, ω2 has a wide distribution, ranging from ω2 ≈

0.083 to ω2 ≈ 0.098. In addition, we select all (2[20/2]−1 =
512) configurations for ω2 satisfying the grouping rules
and plot their corresponding values of ω2 in Fig. 3(c).
Remarkably, the values of ω2 in the group have been
greatly squeezed into a much smaller regime: 0.08164 <

ω2 < 0.08171. Note the different scales employed in Figs.
3(a) and (c) and the range of ω2’s in Fig. 3(c) being only
1/200 that of the original range in Fig. 3(a). Addition-
ally, the mean value, 〈(ω2)min,G〉, marked with a red filled
square in Fig. 3(b), is clearly located at the leftmost of
the distribution. Here 〈. . .〉 denotes the mean value over
sufficiently large tests. All these figures obviously prove
the grouping organization rules of ω2, although the com-
mon rule of the exact configuration for (ω2)min for even
N is missing.

Similarly, Figs. 3(d)–(f) show the results for N = 21.
As now the configuration for (ω2)min can be precisely de-
termined, its value is signaled by a red open square in
Fig. 3(f), being the lowest in the whole distribution of
(ω2)min,G. Again, this perfectly proves our prediction.

For N being sufficient large, e.g., N = 50 and N = 51,
〈(ω2)min,G〉 and (ω2)min have the same patterns as ω2 in
Fig. 3. (The figures are not presented here.) All these

results confirm our predictions for sufficiently large N .
Finally, we have also calculated the average values for ω2

and (ω2)min,G for different N ’s and (ω2)min for odd N ’s
only. These results show that they all damp, exhibiting
a power-law relation with similar scales as a function of
N . The results also indicate that the mismatch between
(ω2)min,G [or (ω2)min] and ω2 becomes diminishing with
increasing N .

3.2 (ω2)max

So far, we have successfully obtained the rules for
(ω2)min. Next, let us see what happens for (ω2)max. Sim-
ilar to Fig. 1, Fig. 4 is for ω2’s but focuses on the config-
urations for large ω2 instead. In all these configurations,
ω2 increases from left to right and the last one corre-
sponds to (ω2)max. After carefully observing these spatial
configurations, we can conclude only that all these con-
figurations have rough bipartite characteristics; namely,
the heaviest masses like to gather together on one side
of the ring, while the lightest ones gather on the other
side. We fail to obtain the controlling rules for (ω2)max

or even (ω2)max,G.

3.3 (ωN )min

Now, let us turn to the study of (ωN )min. Similar to what
we have done for ω2, we calculated ωN ’s exhaustedly
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Fig. 4 Similar to Fig. 1, but focusing on the configurations from the large side of ω2 instead. The rightmost pattern corresponds to
(ω2)max. Here roughly the heavy masses are located on one side of the ring, and the light masses on the other side, and no any specific
rules are available.

for all different configurations for N = 3, . . . , 10; the re-
sults are presented in Figs. 5(a)–(h). Again, the specific
mass spatial configurations for several small ωN ’s are il-
lustrated in ascending order. A key distinction from the
case for ω2 in Fig. 1 is that the distribution now becomes
noncontinuous, accompanied with some breaks.

Similarly, we have to derive the underlying rules from
these patterns. Without loss of generality, again we take
N = 8 and N = 9 as two examples in Fig. 6. For
N = 8 in Fig. 6(a), we may divide the units into pairs,
{{m1, m2}, {m3, m4}, . . . , {m2i−1, m2i}, . . . , {mN−1,

mN}}, whereas for N = 9, {{m1}, {m2, m3}, . . . , {m2i,

m2i+1}, . . . , {mN−1, mN}}. Clearly, for N = 8, the light-
est mass pair (masses m1 and m2) are fixed on one di-
ameter of a ring (solid line), whereas any two masses
in the pair are placed mirror-symmetrically about the
solid line. To emphasize the mirror symmetry relation,
we have connected them by several dashed lines. How-
ever, for N = 9, the unmatched lightest one starting
from m1 is emphasized by the solid line, and any two
masses in one pair are also placed symmetrically about

the solid line. In addition, we find that the mass pairs
are listed in ascending order; see, e.g., {1, 2, 3, 4} in the
right column of Fig. 6(a) for N = 8 and {1, 2, 3, 4, 5} in
the right column of Fig. 6(b) for N = 9. Namely, the
pair positions are fixed in the ring. We also find that,
irrespective of whether N is even or odd, the lightest
node with mass m1 is always placed between the two
heaviest nodes with masses mN−1 and mN ; this feature
persists for more general sets of masses, as we will see
below. Here it is noticeable that we cannot determine
the configuration for (ωN )min even if N is odd.

Therefore, based on the above observations, the opti-
mal configurations for the approximate (ωN )min in the
grouping manner can be easily obtained, although the
precise configuration for (ωN )min is not available for any
N . We may denote all these possible configurations for
small ωN as (ωN )min,G. It is also quite interesting to rec-
ognize that the number of independent configurations is
the same as in the case for (ω2)min,G, namely, 2[N/2]−1

for N > 4, irrespective of N being even or odd, and 1
for N = 4.

Shuai Liu, et al., Front. Phys. 10, 100503 (2015) 100503-7
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Fig. 5 Similar to Fig. 1 but for (ωN )min instead. Similarly, the configurations satisfying the grouping rule are denoted by the solid
squares in the configuration plots and the corresponding value of ωN by the open circles in the distribution plots. Note that here the
grouping rule is different.

3.4 (ωN )max

Now we focus on the case of large ωN and their corre-
sponding mass spatial configurations in Fig. 7. By thor-
oughly investigating the last configurations for (ωN )max

in Figs. 7(a)–(h) for each N , we can find that they just
correspond to the maximal value of the physical quantity

R =
N∑

i=1

ma
i ma

i+1, (8)

where ma
N+1 = ma

1 for the periodic boundary condition.
Note the key difference from the similar equation [Eq. (7)
for (ω2)min]: Now the summarization is from 1 to N for
all nodes. Luckily, we can obtain the optimal configura-
tion for (ωN )max for any N , without needing to consider

grouping rules for approximate extreme values again.
Figures 8(a) and (b) give schematic views of (ωN )max

for N = 8 and N = 9, respectively. Although now the
grouping rules are unnecessary, we may still divide all
the nodes into several groups with similar masses and
show the mirror symmetry for both N = 8 and N = 9,
as illustrated in the two bottom configurations of the
figures.

Finally, all these organization rules for (ωN )min and
(ωN )max have been well checked for large N , as shown
in Figs. 9(a)–(d) for N = 20, 21, 50, and 51, where the
ragged, noncontinuous patterns are clear and the val-
ues of 〈(ωN )min,G〉 (red filled squares) and (ωN )max (red
open squares) always remain at the leftmost and right-
most sides of the distributions for all N ’s. In addition,
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Fig. 6 (a) and (b) Schematic shows for the grouping rules of
(ωN )min for even and odd N ’s, respectively. Under this situation,
the mirror symmetry works for all N ’s. In addition, for odd N only
the grouping configurations (starting from the lightest mass m1),
(ωN )min,G, are available, but not (ωN )min. For more details, see
the text.

we have also calculated the values of 〈ωN 〉, 〈(ωN )min,G〉,
and (ωN )max as a function of N . The results clearly show
the damping relation for 〈ωN 〉 and 〈(ωN )min,G〉, along
with a nearly unchanging relation for (ωN )max, indica-
tive of a quite different pattern with ω2.

3.5 General cases

So far, we have obtained the mass spatial configuration
rules for an exact linear distribution of {mi}. Below we
consider more general situations for the node masses. For
example, the values of mi for i = 1, . . . , N are uniformly,
randomly chosen from the interval (0, 1). We found that
some rules still hold, but some others disappear: (i) For
(ω2)min, the same grouping rules remain. However, we
can only obtain the general group (ω2)min,G but not the
specific minimum for N being odd, as shown by the con-
figurations in Fig. 2(a) and the top configurations in Fig.
2(b). (ii) For (ω2)max, still only the approximate bipartite

Fig. 7 Similar to Fig. 5 but on the large side of ωN . The configuration for (ωN )max can be specifically obtained.

Shuai Liu, et al., Front. Phys. 10, 100503 (2015) 100503-9
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Fig. 8 (a) and (b) Spatial configurations of (ωN )max for N = 8
and N = 9, respectively. Now its configuration can be specifi-
cally obtained for any N . In addition, we may view them with the
mirror-symmetry grouping rules, as shown in the bottom configu-
rations.

Fig. 9 (a)–(d) Histograms of ωN for different N ’s: N = 20,
21, 50, and 51, respectively, showing the similar non-continuous,
asymmetric distributions. The red solid and open squares denote
〈(ωN )min,G〉 and (ωN )max, respectively, from our predictions.

distribution is available. (iii) For (ωN )min, the feature
for the lightest node placed between the two heaviest
nodes persists, as shown by the fractions of the posi-
tions {8, 1, 7} and {9, 1, 8} in Figs. 6(a) and (b), respec-
tively, while all other grouping rules disappear. (iv) For
(ωN )max, luckily all the rules persist. Furthermore, we
have found that all these rules are unchanged for many
other tests for randomly chosen mi’s and hold not only
for the ring configuration with the nearest-neighboring
connections but also for longer local connections with
ranges of 2 or 3. Therefore, these properties are expected
to be very general for any regular network.

4 Discussion and conclusions

In conclusion, we have investigated the parameter di-
versity effect of coupled harmonic oscillators with differ-

ent masses on a regular ring network and discovered the
organization rules for the spatial configurations of the
masses for the extreme values of ω2 and ωN . It has been
shown that symmetric rules and grouping rules are both
very important in determining the whole system dynam-
ics on the regular ring. This is a key distinction from
our previous studies on coupled networked harmonic os-
cillators [51], for which the matching between the node
parameter and the node degree on complex networks is
extremely important.

We summarize the symmetric rules and grouping rules
for the optimal configurations for the special case with
mi = i in Table 1, where G indicates that we can find
grouping spatial configurations, O indicates that we can
find a specific optimal configuration, and R indicates
that we have only rough (nonspecific) rules. In addition,
the letters DS, MS, and NS indicate that the grouped
masses have diametral symmetry, mirror symmetry, and
no symmetry, respectively. Additionally, we also present
the organization rules for the general cases for randomly
chosen mi values in Table 2.

Table 1 Vibration frequencies for a special case, where mi = i
for i = 1, . . . , N . Here G represents that we can find grouping
spatial configurations, O indicates that we can find the specific op-
timal configuration, and R denotes that we have only rough (not
specific) rules. In addition, the letters DS, MS, and NS indicate
that the grouped masses have the features: diametral symmetry,
mirror symmetry, and no symmetry, respectively. See the text for
more details.

N is Even N is Odd

(ω2)min G (DS) [Fig. 2(a)] O (MS) [Fig. 2(b)]

(ω2)max R (NS) [Fig. 4] R (NS) [Fig. 4]

(ωN )min G (MS) [Fig. 6(a)] G (MS) [Fig. 6(b)]

(ωN )max O (MS) [Fig. 8(a)] O (MS)[Fig. 8(b)]

Table 2 Vibration frequencies for general cases, where mi’s are
randomly chosen. See text for more details.

N is Even N is Odd

(ω2)min G (DS) G (MS)

(ω2)max R (NS) R (NS)

(ωN )min R (NS) R (NS)

(ωN )max O (MS) O (MS)

These findings might be applicable for explaining some
interesting phenomena in realistic systems, such as lat-
tice vibrations and associated excitations in atomic or
molecular systems. In addition, the optimal configura-
tion exhibits the significance of symmetry (including
mirror symmetry, diametric symmetry, and no symme-
try) and grouping between nodes with similar parame-
ters (masses), which may help us to further understand
the parameter diversity effect and may provide us with
potential guidelines in engineering design. We expect

100503-10 Shuai Liu, et al., Front. Phys. 10, 100503 (2015)
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these findings could arouse general interest in studying
the diversity-induced effect and the structure-dynamics-
function relation in complex systems, both of which are
of fundamental importance for deciphering and utilizing
the spontaneous order in nature and in human-made
products.
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