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We propose an entangled fractional squeezing transformation (EFrST) generated by using two mu-

tually conjugate entangled state representations with the following operator: e

oty o
71a(a1a2+a1a2)cmaza2:

this transformation sharply contrasts the complex fractional Fourier transformation produced by
using e-ie(elar+alaz)gimazaz (see Front. Phys. DOI 10.1007/s11467-014-0445-x). The EFrST is ob-
tained by converting the triangular functions in the integration kernel of the usual fractional Fourier

transformation into hyperbolic functions, i.e., tana — tanha and sina — sinh«. The fractional

property of the EFrST can be well described by virtue of the properties of the entangled state

representations.
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operator, core operator
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1 Introduction

In Fourier optics and information optics, the fractional
Fourier transformation (FrFT) is a very useful tool. The
concept of the FrF'T was originally introduced for signal
processing in 1980 by Namias [1] as a Fourier transform
of fractional order. However, the FrFT did not have a
significant impact on optics until it was defined phys-
ically based on propagation in quadratic graded-index
media (GRIN media) [2] by Mendlovic, Ozaktas, and
Lohmann. Nowadays, the FrFT is widely employed in
optical communication, image manipulation, and signal
analysis.

The one-dimensional FrFT of a-th order (for a real «
angle) is defined as

) = [ Valp.o) (@), o

where
i(Z—a)ala
V(p,z) = (ple!F)e'e|z)
_denm [i(p2+z2) ipz} )
V271 sin a

and |z) and (p| are coordinate and momentum eigen-
states, respectively. In Refs. [3-5], two mutually conju-

2tan o sin «

gate entangled state representations,

1 X
|n) = exp <—§|77|2 +nal —n*al + aM) |00),

n=mn+ing, (3)
€)= exp (—%MF +af + € af aiaz) 100),
=6 +i&, (4)

are introduced, where [ai,a;] =4, (1,7) = 1,2.]00) is
the vacuum state in two-mode Fock space. |n) and &)
satisfy the completeness relations

[ il =1 ®)

™

and
[Soe -1 ()

Based on this, in Ref. [6] we introduced the complex
fractional Fourier transformation (CFrFT) (referred to
as the entangled FrFT) with parameter «, denoted as

Ko lf] = / e e mof (@), (7)

™

where
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2sin o 2tan « 2sin a

Ka(n,8)
= (n|Kal€). (8)

K, is called the CFrF'T operator, and we have shown in
[6] that

i T T FO |
Ka —e 1a(a1a1+a2a2)ema2a2' (9)

eima3a2 i called the core operator, which we emphasize as
being essential to the additive rule Koo K3[f] = Kq+5(f]
of the CFrFT.

An interesting question thus arises: if we change the
integration kernel K, (n,€) in Eq. (8) to

i(nl* +1€*) & + &
2 tanh « 2 sinh «
(10)

604(777 6) =

Zisnha F

i.e., change the triangular functions to hyperbolic func-
tions,

tan @ — tanh o, sina — sinh o, (11)

then to what kind of transformation will &,(n,§) be-
long? In the following we shall demonstrate that
Sa(n, ) is just the integration kernel of a new entangled
fractional squeezing transformation (EFrST). As is well-
known, the squeezing transformation has been a major
topic in quantum optics because it produces a squeezed
state that exhibits less quantum fluctuation than a co-
herent state in one quadrature at the expense of more
fluctuation in another quadrature [7, 8]. In this work we
shall first propose an EFrST and then prove that it also
satisfies additivity. The work is arranged as follows: In
Section 2 we briefly review the meaning of “fractional”
involved in (7) and (8); in so doing we expose that there
exists a core operator for the additivity K, o Kg[f] =
Kot8[f]- In Section 3 we demonstrate that the uni-
tary operator e~ia(alal+araz)girafas i responsible for the
EFrST, where e-ie(alaltaia2) ig 5 two-mode squeezing
operator. We are able to do this because we have devised
an integration technique within the ordered product of
operators with which we can directly perform integra-
tion over Dirac’s ket-bra operators [9, 10]. In Section 4
we prove that the EFrST also satisfies additivity, and
that the operator eimaias i indispensable to realizing the
additivity. In Section 5 we briefly discuss possible
physical application of the EFrST. We expect that
the EFrST may be implemented in combinations of
quadratic nonlinear crystals with different phase mis-
matches.
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2 Brief review of the meaning of “fractional”
in (9)

By “fractional” we mean the additive rule (or the compo-
sitional rule) K, o Kg[f] = Kays[f]; i-e., two successive
CFErFTs with parameters a and 3 are equivalent to

Ko Kalfl= [ 25 [k )

s

B, )l =e1£(8)

2
_ / %ng(n,s)ﬂg)

el{ero73) /d_%ex [i(lnl2+|§|2)

T2 sin(a + ) ™ 2tan(a + ()
&N+ &
1m] f(€)
= Koyslf). (12)

Note that K, (n,&) = (n|K4|¢) is a matrix element tran-
sition from |£) to (n|. In terms of Dirac’s symbol, Eq.
(12) can be expressed as

d2 d2 /
/ 75/ 7§<77IKQ|§’>77/:5/<77’|Kﬂ|§><§|f>

_ / d%fmmawxgmxaﬁ

d2
~ [ S alasle)el. (13)
where the core operator
d2 /
W= [ L)y | = exp(-inaos) (14)

plays the role of transforming |n) to |£)¢—y,
1 * —im —im
W) = exp <—§|77|2 +nal —nake” " +e aiag)
- 100) = |€)e=y, (15)
and from (12) and (15) we know that
Kaoyp = KoWKp = exp[—i(a + )
. (aJ{al + a;ag)] exp(iralas). (16)

In the following we will show that W is still needed for
composing the EFrST.

3 Operator responsible for the EFrST

Now we turn to examine Eq. (10). Multiplying &,(7, &)
by |n) from the left and (£| from the right, then using
the normal ordering form of the two-mode vacuum state
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projector
|00)(00] =: exp(—ala; — abas):, (17)

as well as Egs. (3) and (4), we employ our integration
within ordered product (IWOP) technique to perform
the following integration:

[E [Cheamor
/d2£/—e p( ~[n|* +nal —n a2+a1a$>

x100)&4(n,£)(00]
X exp <—%|§|2 + a1+ &ax — a1a2>

;/d_zﬁ/@.
"~ 2isinh T T

[|§|2 (icotha — 1)

L+ [n*
- tha — 1

ot +&ay + ag + — 5 (icotha — 1)
—|—77a1 n* a2 + alag — G102 — a{al - agag}

1 d*n inl*
= | —iexp | ————
isinha + cosha ™ tanha — i
T iag

1 (al sinhaicosha)
o (o lay tol _ of

g (%Jr Sinha—icosha) iy a6

§ 1 +icotha
—asa ———aia9|:
22T Ticotha M2

= secha: exp{—iala) tanh a + (secha — 1)ala,

+(—secha — 1)abay + iaja tanh o}: . (18)

If we let

Sa(n,€) = (NSal€) (19)
and use the operator identity

erola —; expl(e* — 1)alai]: (20)
and

e—ifra;ag eia1 as tanh aeifra;ag _ e—illlllz tanh « (21)
and

Sechae*ial“; tanh ae(alal +a£a2) In scchaefialaz tanh o

_ e—ia(a{a;-{-alag)’ (22)

as well as Egs. (5) and (6), we see that

it t ) t .
S, = sechae @19 tanh agaqa1 In sechaea2a2 In(—secha)

wela1a2 tanh o

—iatal ¢z T . § .
— sechae '%1%2 tanh Al al In bechaea2a2 In(—secha)
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a;az Ine'™ 7a£a2 Ine'™ iaiastanh a

xXe e e
JEEPS S G T T §
— sechae 19192 tanh ae(a1a1 +a2a2) In secha
. Ly
K e laiaz tanh ag—imazaz

_ e—ia(a{ a; +a1 ag) e—ifra; asz

_ efi'/ragaz eia(aIanLal az), (23)

—i Tal . .

where e~ie(elal+a102) j5 5 two-mode squeezing operator.

Because a two-mode squeezed state is itself an entan-
i iolatal

gled state, we call emimatasgio(ajabtaraz) 1,0 entangled

fractional squeezing operator, which is quite different

from the operator exp [fioz (a{al + agag)} exp {iﬂ'a;ag}

for the entangled FrFT in Eq. (16).

4 Additivity property of the EFrST

Now we show that e-ima3az ig indispensable to realizing
the additivity of two EFrSTs. Since

exp |:i7TCL£(J,2:| [n)

1 *
= exp <§Inl2+na1 —n*abel™ +e"a az) |00)

= [€)e=y (24)
we have
(| exp |~iralaz] = (€le=y (25)

and therefore
<77|6a|§> = <’I7|eii7m;a2eia(aia;+a1a2)|§>
= o_(¢/emimabazgia(alalraras) gy (9g)

The additivity can be discussed in terms of the Dirac
symbol; i.e., by using Eqgs. (25) and (5) and (6), we have

(60 065) [f1(n)
21
:/dfem,g)/ LE 16, (1,6 ly—er] £(6)

2 2
_ / ﬁ / d 5/ <77|e*i7l'a;a2eig(a{aé-{-aﬂlz)|§/>
s s n'=¢’

o eimeses O (eieatenea) g )
d2 d2 ! ) .
= [ [ 55 (seimeieseinlelebrnaier)
x(g/le (et eealie) el )
= (rle ez exp [i (8 + a) (ala] + ara )| 1)

= Sarplfl(n)- (27)

Alternately, we can use the properties of the hyperbolic
functions
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tanh o 4+ tanh 3
tanh(a + ) = 1 + tanh actanh 3’ (28)
sinh(a + 3) = sinh «cosh 8 + sinh 3 cosh « (29)
to directly calculate
(6o 0 6p) [f1(n)
d2 /
= [Tleutmn) [ estr0 50
B 1 1
"~ 2isinh « 2isinh 8
></dzn’ oy | HURP A N) '
T P 2tanh « 2sinh «
d*¢ L' P+1EP) e+
. / El &P l 2tanh B 2sinh 3 ey

- 1 d?¢
~ 2isinh(a + )/T

¢ oxp [ ( Inf® +[€° _ né+ne” )]f@

tanh (o + )  sinh(a + 3)
- GaJrﬁ (77) (30)

so the two successive integration transformations are
equivalent to one EFrST, which exhibits additivity.

5 Application

The above EFrST provides us with a new approach
for developing information optics; i.e.,
new analyzing method for optical signals, rather than
the usual FrFT. For example, when the state vector in
F(&) = (&|f) is the two-mode Fock state

we now have a

almal™
1) = T 00) = fn m), (31
then
f(&) = (&ln,m) = ﬁflm,n (&, e €2 (32)

where H,, ,, (§,&*) is a two-variable Hermite polynomial
defined by

aern
Hpn (§,67) = o

The EFrST of (¢|n, m), according to Eq. (10

etE+T§*7tT|t:O,T:O' (33)

), yields

Salf1 () = 1lSalnm) = [ L ialeyn,m)

1 ( i|n]? )
= exp| ——
2isinh avm!n! 2tanh o
d2§
X Hppn (§,67)
s
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X exp —Ie” 1-— i -
2 tanh o

B 1 (i + tanha) (m+n)/2
2isinh av'm!n!
o i+ tanh o w
*P i—tanha 2
n* n*
XHpn , . 34
’ (\/cosh 200" V/cosh 2a> (34)

One can see that this involves a squeezing transformation

& +§*n}

2 sinh a

i— tanh o

* n n* . ;
from Hp,n (§,6*) — Hpmon (m, \/m) ; for spin
squeezing in Bose-Einstein condensates we refer to Ref.

[11]. Further, if we continue to perform another EFrST
G, then the final result entails just replacing a on the
right of Eq. (34) by a + . This property may be em-
ployed to perform characteristic recognition for optical
images or to design optical correlators. In deriving (34),
we have used the integration formula

/d2£ Hy o (6,6 € AEI*+ug+ve
T

n+m 2
_om / EE e+ (urverorme -y
otrorm T

m
m—+n
<1+/\) AL
A ’

v i
X<\/A(1+A)’\/A(1+A)>' (35)

6 Conclusions

In summary, by using two mutually conjugate entangled
state representations, we have successfully proposed an
EFrST that obeys additivity and is an important gen-
eralization of the single-mode Fresnel transformation (a
kind of single-mode fractional squeezing transformation)
in Ref. [6]. The fractional property of the EFrST has
been well described by virtue of the properties of the en-
tangled state representations. We expect that the EFrST
may be implemented in combinations of quadratic non-
linear crystals with different phase mismatches.
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