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In this paper, we study the quasiparticle scattering interference phenomenon in the presence of a

single impurity within the renormalized Hubbard model. By calculating the energy and momentum
dependence of the Fourier-transformed local density of states in the full Brillouin zone, we can

qualitatively describe the main features of the quasiparticle scattering interference phenomenon

in cuprate superconductors using a single point-like impurity. In particular, we show that with

increasing energy, the position of the peak along the nodal ([0,0] — [, 7]) direction moves steadily

to a large momentum region, while the position of the peak along the antinodal ([0,0] — [m,0])
direction moves toward the center of the Brillouin zone.
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1 Introduction

The effect of impurity is a fundamental area for the in-
vestigation of the unusual physical properties by probing
the microscopic electronic structure of unconventional
superconductors [1]. In particular, in contrast to con-
ventional superconductors with an s-wave symmetry su-
perconducting (SC) gap, non-magnetic impurities can
also produce a strong pair-breaking effect in unconven-
tional superconductors with a non s-wave symmetry SC
gap. With the improvements in energy and spatial res-
olutions, scanning tunneling microscopy (STM) [2] has
been used to probe local properties on an atomic scale
around the positions of impurity in real space, espe-
cially around inhomogeneous electronic structures. STM
obtains the local properties of quasiparticles by mea-
suring the tip-sample differential tunneling conductance
g(r, E), where g(r, E) is proportional to the local density
of states (LDOS) N(r, E) as in [3, 4],

g(r,E) x N(r, E) (1)

Moreover, the momentum-space information of quasi-
particles can be obtained by a Fourier transform of
the position (r) and the energy-dependent local den-
sity of states, N (7, E). Therefore, both real-space and
momentum-space modulations of the local density of

states are acquired simultaneously [5, 6]. The quasipar-
ticle scattering interference phenomenon characterized
by peaks in the local density of states is believed to
be an important issue, and includes the physical pro-
cesses dominating quasiparticle scattering, and quasipar-
ticle momentum-space structure and dispersion [5]. By
virtue of systematic studies using STM [5], the energy-
and momentum-dependence of the Fourier-transformed
local density of state modulations is well established. Lo-
cal peaks along the antinodal direction ([0,0] — [m,0])
in the full Brillouin zone appear at a finite g at very
low energy, and move steadily inward toward the cen-
ter of the full Brillouin zone. On the other hand, the
peaks along the nodal direction ([0,0] — [, 7]) appear
and move steadily toward larger ¢ with increasing en-
ergy. These peaks at well-defined wavevectors q; obey the
Octet model [6]. Theoretically, within the phenomenolog-
ical d-wave Bardeen-Cooper-Schrieffer (BCS) formalism
[7—13], the properties of a quasiparticle and its related
quasiparticle scattering interference phenomenon have
been studied by considering the effect of impurity. These
studies show that a single (or few impurities) in a d-wave
superconducting state play a crucial role in explaining
the results observed by STM experiments [5, 6]. More-
over, within the framework of the kinetic energy-driven
SC mechanism [14-16], the key features of the quasi-
particle scattering interference phenomenon in cuprate
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superconductors in the SC state are captured by consid-
ering a single impurity.

The unconventional physical properties of doped
cuprates are mainly attributed to the strong electron
correlation in the CuOz plane [17] Superconductivity
appears at doping concentration § ~ 0.05 below the
SC transition temperature T, and have a dominant d-
wave symmetry SC gap Ag = A(cosk, — cosky)/2 [18,
19]. With increasing doping concentration, T¢ increases
in the underdoped region, reaches a maximum in opti-
mal doping, and then decreases in the overdoped region
[20] while T, depicting the pseudogap phenomenon [21,
22], decreases monotonically in the entire doped region.
The interplay between the SC gap and the pseudogap
is believed to be crucial to understanding the unusual
SC mechanism: in particular, the origin of the pseudo-
gap and its role in the onset of superconductivity. In
order to explain the unconventional SC mechanism in
cuprate superconductors, a resonant valence bond (RVB)
theory using a Gutzwiller projected BCS wave function
was proposed by Anderson [23], where the Gutzwiller
projector removes all double-occupancy states. Follow-
ing this, Baskaran, Zou, and Anderson provided a mean
field theory [24] and found that T is limited to the dop-
ing concentration. In particular, a renormalized Hamilto-
nian approach was proposed by Zhang et al. [25], where
Gutzwiller renormalization factors were introduced to re-
place the effect of the projection operator. This theory
was developed as a “plain vanilla” theory by Anderson
et al. [26]. As in Zhang [25], in this paper, we introduce
the Gutzwiller renormalization factors into the Hubbard
model, establish a self-consistent mean field theory, and
calculate the energy- and momentum-dependence of the
Fourier-transformed local density of states in the full
Brillouin zone.

The characteristic feature of cuprate superconductors
is the presence of a two-dimensional (2D) CuO3 plane. In
this case, it is widely accepted that the essential physics
of the doped CuOs plane is captured by a single-band
Hubbard model on a square lattice [23, 27]. In the large
U limit, the Hubbard model can be expressed as a t—J
model

H=—t> (CLCjo+hec)+pd CLCi
(i),0 io

1
+J Z(Sl . Sj - Zninj), (2)
(ig)

supplemented by an on-site local constraint
Yoo CJUC’M < 1 to avoid double occupancy, where (i)
represents summation over the nearest neighbor pairs,
Cl (Cys) is the electron creation (annihilation) opera-
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tor at the lattice site ¢ with spin o, S; = (57,57, 57)
are spin operators at site ¢, p is the chemical poten-
tial, n; = n;; + n,) is the number of electrons at site
i, and n;, = CJgCiU. The strong electron correlation
in the CuO5 plane manifests itself by the on-site local
constraint, which is very difficult to solve through an
analytic approach. In order to deal with the electron’s
single-occupancy local constraint in the ¢—J model (2),
a renormalized Hamiltonian approach was proposed by
Zhang and others [25, 26], where the Gutzwiller renor-
malization factors were introduced to rewrite the Hamil-
tonian. The renormalized Hamiltonian can be expressed
as

H=—git Y (CL,Cjo+hec)+p> CLC:,
(ig),o o
1
+gsJ Z(Sz -8 - Zninj)a (3)
(ig)
where gy and gs are Gutzwiller renormalization factors to
modify the kinetic energy and magnetic energy, respec-

tively, and have a simple form by taking into account the
strong correlation effect [25, 28],

26
gt = 1 ¥ 57
4
s — GE 4
g (146)2 4)
with the hole concentration 6 = 1 — n. According to

S = Cl.Cyy, 87 = L(C.Ciy — € Cyy) and the singlet
creation operator

1
V2
the t—J model (3) can be rewritten as

H=—gt» (CLCjs+hc)—gJ > blbij.  (6)
(i)

(ij),o

T T ot T ot
bij - (Cmojl o Ouch)v (5)

Within the mean field approximation, the Hamiltonian
can be obtained in momentum space as

H =" (& — p)C}f,Cro
k,o

—QQSJZ Ay,(cd)(Cle_kT + CL@TC;ZL), (7)
k

where & = — % (2gtt+pgsJ) Z 7k, Z is the number of near-
est neighbor sites on a square lattice, the self-consistent
order parameters A = /2(b;;) (the magnitude of the
d-wave gap), p = <C§Ung>, Vi = (cosky + cosky),
”y,gd) = 1(cosk, — cosky). In this case, we define the
electron diagonal and off-diagonal Green’s functions as

’

Gk, 7 —7 ) = —(TCho (T)C}_ (7)),
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Ik, 7 —71) = —(TCT,,(r)CL (7). 8)

From Eq. (7), we can obtain the mean field electron di-
agonal and off-diagonal Green’s functions in BCS type
[29, 30]:

U? V2
k _ k k
Glow) =~y (90)
(d)
t _ gsJ Ay, 1
I (k,w) Ey (w—Ek WﬁLEk), (9b)
where Uy = [l + (& — w/Ex}/2, V{ = [1 -

(éx — 1)/ Ex]/2, and the quasiparticle spectrum Ej =

\/(€k — )2 + (20T D)2,
consistent equations

Thus, we get the self-

1 §k — 1 1
= — tanh—(GFE 1
0 Nzk B g B (10a)
2 gsJ(VIE;d)P 1
1 = — _— —
gk B tanh2ﬁEk, (10b)
1 Sk — 1 1
=) 1- - .
P=3 2 Vi [ o tanh26Ek (10c)

Then, the self-consistent parameters § and p, and the
chemical potential p are determined by self-consistent
calculation. In this sense, our results are controllable
without using adjustable parameters. In particular, the
self-consistent parameter A describing the magnitude of
the d-wave gap is not the superconducting order parame-
ter but the pseudogap, whereas the superconducting or-
der parameter Agc can be obtained by the Gutzwiller
method [25],

Asc = g A (11)

In this case, T, x ¢g:4, and can be understood by the
work of Lee and Wen [31], where the SC state is de-
stroyed by the thermal excitation of only the low-lying
quasiparticles, leaving the large energy gap intact in un-
derdoped cuprate, and Tt is proportional to 6 (then the
superfluid density). Many anomalous physical properties
of cuprate superconductors is the result of a combination
of the large d-wave gap and low superfluid density.

In cuprate superconductors, although the values of J
and t are believed to vary somewhat from compound
to compound [32,33], the commonly used parameters in
this paper are chosen as t/J = 5 for qualitative discus-
sion. We calculated the doping dependence of the self-
consistent parameter (A) (solid line) and the supercon-
ducting order parameter (Agc) (dashed line), and plot-
ted the results of A and Agc as a function of doping for
temperature 7' = 0.002J in Fig. 1.

Our results show that A (then the pseudogap)
smoothly decreases with increasing doping concentration

Shu-Hua Wang, Huai-Song Zhao, and Feng Yuan, Front. Phys. 10, 107401 (2015)
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Fig. 1 The self-consistent parameter (A) (solid line) and super-
conducting order parameter (Agc) (dashed line) as functions of
doping for temperature 7" = 0.002J with parameter t/J = 5.0.

in the entire doping range from an underdoped to a
heavily overdoped regime. However, in contrast to the
case of A in the underdoped regime, Agc vanishes near
0 = 0, increases with increasing doping concentration in
the underdoped regime, reaches a maximum in the op-
timal doping, and then decreases with increasing doping
in the overdoped regime. Therefore, the superconducting
order is controlled by the d-wave gap and the renormal-
ization factor, which explains the doping dependence of
the T¢. In particular, the renormalization factor is closely
related to the quasiparticle coherent weight [34-36].

For the convenience of the following discussions, the
full electron Green’s function, including the electron di-
agonal and off-diagonal Green’s functions (9), can be ex-
pressed in Nambu representation as

Glk,w) = ( I‘TEZ,IZ;)_,I(‘;(S;W_)W) ) , (12)
Gty = 2O 20 M0

2 _ 2
w Ej

where 79 is a unit matrix, 71 and 73 are Pauli matri-
ces, and the tilde in this paper denotes a Nambu space
matrix.

In the presence of a single point-like impurity, the scat-
tering potential can be written as

V = Vod(r)7s. (14)

Then, the full electron Green’s function with the impu-
rity scattering contribution described by the T matrix
[1] in real space can be represented as

Gi(r, 7\ w) = Gr—7r",w)+G(r,w)T(w)G(—7',w)(15)
where the T" matrix can be obtained as [1]
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Py = T8
T(w) = 1— G(w)Vors’ 1o
) 1
T(w) = 1= Gw)Vol[l - G(—w)Va]
. ( Voll = G(—w)Vg],0 ) (17)
0, ~ Vo[l — G(w)Vo]

Glw) = % S Gk, w). (18)

ky

In this case, the 7" matrix is a diagonal matrix, and the
elements of the off-diagonal matrix vanish because the
mean value of the gap function A'y,(ed) in Fermi surface
is zero. The position-dependence of the local density of
states can be obtained as

N(r,w) = —%Imé;(r,w) = No(w) + 0N (r,w), (19)

where Ny(w) is the homogeneous density of states in
the pure system, reflecting a homogeneous background,
whereas the second term JN(r,w) is the modulation
for the homogeneous density of states due to the single
point-like impurity scattering potential. From Eq. (15),
this can be expressed as

SN (r,w) = —%Im[é’(r,w)T(w)G’(—r,w)]u (20)

Then, the Fourier-transformed local density of states can
be obtained as

.0
-1.0 05 0

0 05 1.0
q/m q,/m

Fig. 2 The Fourier-transformed local density of states as a func-
tion of momentum in the full Brillouin zone with energy (a)
w = —0.2J, (b) w = —-04J, (¢) w = —0.6J, and (d) w = —0.8J
at temperature T' = 0.002J for doping concentration § = 0.15
in the presence of single point-like potential scatterer of strength
V =0.5J.
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5N (g, w)=—~Tm (%Z[G(k + q,w)T(w)é(k,w)]u).
k

(21)

We now begin to discuss the quasiparticle scatter-
ing interference phenomenon in cuprate superconduc-
tors, and choose parameter ¢t/J = 5 in this paper, as
mentioned above. In this case, the Fourier-transformed
local density of states N (g, w) in Eq. (21) as functions
of energy and momentum are evaluated, and the results
of [§N(g,w)| with energy (a) w = —0.2J, (b) w = —0.4J,
(¢) w = —=0.6J, and (d) w = —0.8J at temperature
T = 0.002J for doping concentration 6 = 0.15 in the
presence of single point-like impurity potential scatterer
of strength V' = 0.5J are plotted in Fig. 3.

As we can see, the results of [§N(q,w)| are fourfold

a) 4
(@) -
]
33
IRy
3+ g2
=
51
E}
= 20
3 0.0 01 02 03 04
= 24 gl [2/a,]
=

() 2.0

1.5

04
. 00 01 02 03 04
10 lq,] [2n/a,]
N
0 T T T T

0 0.2 0.4 0.6 0.8
q/n

Fourier amplitude /(pS)

[0p(q,0)|

Fig. 3 The Fourier-transformed local density of states as a func-
tion of momentum along the (a) nodal direction ([0,0] — [m,7])
and (b) antinodal direction ([0,0] — [m,0]) with energy w =
—0.2J, w = —0.4J, w = —0.6J, and w = —0.8J (from bottom to
top) at temperature 7' = 0.002J for doping concentration § = 0.15
in the presence of a single point-like potential scatterer of strength
V = 0.5J. Inset: the corresponding experimental results of cuprate
superconductors taken from Ref. [5].
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symmetric, and some local peaks (bright region) appear
at different wavevectors q predicted by the Octet model
[5]. These local peaks in momentum space are closely re-
lated to the intensity of the modulation for local density
states as a result of the presence of point-like impurity
potential. Moreover, the positions of these local peaks in
momentum space change rapidly with increasing energy,
particularly the local peaks whose wavevectors q along
the nodal direction ([0,0] — [, 7]) and the antinodal
direction ([0, 0] — [m,0]) are often investigated. To show
these points clearly, we carried out a series of calculations
for the momentum-dependence of d N (g, w) with increas-
ing energy, and the results of |/ N(q,w)| as a function of
wavevector ¢ in momentum space along the (a) nodal
direction ([0,0] — [m,7]) and the (b) antinodal direc-
tion ([0,0] — [m, 0]) with energy w = —0.2J, w = —0.4J,
w = —0.6J, and w = —0.8J (from bottom to top) at tem-
perature 7' = 0.002J for doping concentration § = 0.15
in the presence of single point-like potential scatterer
of strength V' = 0.5J, are plotted in Fig. 4. For com-
parison, the corresponding STM experimental data of
BagSroCaCusOgys [5] is also shown in Fig. 4 (inset).

We can see that the local peak along the nodal direc-
tion in momentum space (wavevector q) changes rapidly
and intricately with energy, and appears and moves
steadily to large g with increasing energy. On the other
hand, the peak with the wavevector g oriented towards
the antinodal direction appears at finite |g| at very low
energy (|w|), and moves steadily inwards toward [0, 0]
(the center of the full Brilliouin zone), in qualitative
agreement with STM experimental data [5, 6]. Moreover,
we extracted the dispersion of local peaks according to
the energy-dependence of the peaks in Fig. 4, and plotted
the results of the positions of the peaks in |dN(q,w)| as
a function of energy along the (a) [0,0] — [, 7] (nodal)
direction and the (b) [0,0] — [m,0] (antinodal) direc-
tion for temperature 7' = 0.002J at doping concentra-
tion 6 = 0.15, in the presence of a single point-like po-
tential scatterer of strength V' = 0.5J in Fig. 4 in com-
parison with the corresponding experimental data [5] of
BaQSI‘QCE%CUQ08+5 (inset).

Our results clearly show that the position of the local
peak along the nodal direction ([0,0] — [7, 7]) decreases
monotonically with decreasing energy (Jw|). In the antin-
odal direction ([0,0] — [m,0]) on the other hand, the
position of the peak increases monotonically with de-
creasing energy (Jw|). All these results are in qualitative
agreement with those observed from STM experimental
measurement [5] on BagSroCaCuzOsgys.

The essential physics of the energy- and momentum-
dependence of quasiparticle scattering interference in
cuprate superconductors can be attributed to the d-wave

Shu-Hua Wang, Huai-Song Zhao, and Feng Yuan, Front. Phys. 10, 107401 (2015)
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Fig. 4 The Fourier-transformed local density of states as a func-
tion of momentum along the (a) nodal direction ([0,0] — [m,])
and (b) antinodal direction ([0,0] — [m,0]) with energy w =
—0.2J, w = —0.4J, w = —0.6J, and w = —0.8J (from bottom to
top) at temperature 7' = 0.002J for doping concentration § = 0.15
in the presence of a single point-like potential scatterer of strength
V = 0.5J. Inset: the corresponding experimental results of cuprate
superconductors taken from Ref. [5].

symmetry gap in the presence of a single point-like impu-
rity. There is a gapless excitation of the quasiparticle as
a result of the existence of nodes in the d-wave symme-
try gap. The impurity can then induce a finite density of
quasiparticle excitations even at zero temperature [37],
and these quasiparticles induced by impurity can then be
scattered by the impurity. From Eq. (9), we see that the
quasiparticle dispersion in the renormalized mean field
theory based on the Hubbard model is a simple d-wave
BCS formalism:

B = \J(6 — 7 + 43, (22)

where Ap = on,(cd) describes the k-dependent mag-
nitude of the energy gap at the Fermi surface, with
Ay = 2gsJA, and for § = 0.15 and 4y ~ 1.2J.
The Bogoliubov quasiparticle dispersion Fj in cuprate
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o

Fig. 5 Schematic plot of the “banana-shaped” contours of con-
stant energy (CCE) in the first Brillouin zone. The modulation
of wave vectors qi1, q7 indicates the antinodal and nodal elastic
scattering processes discussed in this paper, respectively.

superconductors has “banana-shaped” closed contours of
constant energy (CCE) surrounding the d-wave nodes in
Fig. 5, in qualitative agreement with those observed from
the experimental measurement of angle-resolved photoe-
mission spectroscopy (ARPES) [38, 39]. Then, for given
energy w, it causes local maxima to appear in the den-
sity of states at the eight banana tips k;(w) obeying the
Octet model [6]. Moreover, with increasing energy (|w|),
the size of the banana-shaped quasiparticle contours of
constant energy (CCE) increases. Therefore, the magni-
tude of the characteristic wavevector along the antinodal
direction (then ¢; in the Octet model) decreases. Then,
the position of the lowest-energy peak along the antin-
odal direction in the Fourier-transformed local density of
states moves steadily inward toward the center of the full
Brillouin zone. By contrast, in the nodal direction, the
magnitude of the characteristic wavevector (then ¢7 in
the Octet model) increases with increasing energy (|w|),
because of which the position of the peak moves steadily
toward the large momentum.

In conclusion, on the one hand, we have established
a renormalized mean field theory in the Hubbard model
by replacing the on-site electron single-occupancy con-
straint with two renormalization factors. We have shown
that the self-consistent gap parameter decreases almost
linearly upon increasing doping concentration, whereas
the superconducting gap shows a dome-like doping de-
pendence. On the other hand, we studied the quasi-
particle scattering interference phenomenon observed in
cuprate superconductors within the renormalized mean
field theory based on the Hubbard model. We showed
that the quasiparticle scattering interference pattern in
the presence of a single point-like impurity is strongly
energy dependent because of the dominant d-wave sym-
metry gap. In particular, with increasing energy, the

107401-6

positions of the peaks along different high-symmetry di-
rections in the Brillouin zone exhibit completely different
momentum-dependence. The positions of the peak along
the nodal direction ([0,0] — [r,7]) decreases monoton-
ically with decreasing energy (Jw|), while in the antin-
odal direction ([0,0] — [m,0]), the position of the peak
increases monotonically with decreasing energy (Jw|).
Our current theoretical results qualitatively capture the
main features of the quasiparticle scattering interference
phenomenon observed by STM experiments in cuprate
superconductors [5], hence showing that the quasipar-
ticle scattering interference phenomenon is very closely
related to the presence of impurity.
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