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By a quantum mechanical analysis of the additive rule F,[F3[f]] = Fu4p[f], which the fractional
Fourier transformation (FrFT) F,[f] should satisfy, we reveal that the position-momentum mutual-

transformation operator is the core element for constructing the integration kernel of FrFT. Based

on this observation and the two mutually conjugate entangled-state representations, we then derive

a core operator for enabling a complex fractional Fourier transformation (CFrFT), which also obeys

the additive rule. In a similar manner, we also reveal the fractional transformation property for a

type of Fresnel operator.
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1 Introduction

In a recent review paper [1], by performing integration
within an ordered product (IWOP) of operators, we
explored a quantum optical version of classical optical
transformations. In this way, we developed some topics in
classical optics theory using research results in quantum
optics and vice-versa, i.e., not only have we found new
quantum mechanical unitary operators that correspond
to known optical transformations, but we also proposed
some new classical optical transformations. For exam-
ple, we found a Fresnel operator (GFO) corresponding
to the famous Fresnel transform (GFT) in classical op-
tics. In this paper, using the same technique, we shall
reveal that a core operator is involved in the quantum-
mechanical treatment of fractional Fourier transforms
(FrFT). Then, we shall demonstrate the role of this core
operator in composing complex fractional Fourier trans-
formations (CFrFTs). In this manner, we shall also reveal
the fractional property of Fresnel transformation caused
by a type of Fresnel operators.

The FrFT is a very useful tool in Fourier optics and
information optics, especially in optical communication,
image manipulations, and signal analysis [1-10]. The

concept of the FrFT was originally used for signal pro-
cessing in 1980 by Namias [2] as a Fourier transform
of fractional order. However, FrFT did not have a sig-
nificant impact on optics until the FrFT was physically
defined based on propagation in quadratic graded-index
media (GRIN media) [6] by Mendlovic, Ozaktas, and
Lohmann.

Other than its Fourier-transform nature, the essence
of FrFT, denoted as F,[f], is its additive rule (or the
compositional rule), i.e.,

Fo [Fp [fl) = Farplf, (1)

which gives rise to the name “fractional” transformation.
In this work by virtue of quantum mechanical represen-
tation theory and the IWOP technique we shall reveal
the essence of the “fractional” transformation by finding
its core operator, which is shown to be the position—
momentum mutual-transformation operator. Based on
this observation, and using the two mutually conju-
gate entangled-state representations, we shall derive a
core operator that allows for complex, fractional Fourier
transformations (CFrFT) [11], and which also obeys the
additive rule. Then, we shall also reveal the fractional
nature of the Fresnel operator [12].

The work is arranged as follows: In Section 2, using the
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known integration kernel of FrF'T, we use Dirac’s repre-
sentation to derive the FrF'T operator. Then, in Section
3 we emphasize that the position-momentum mutual-
transformation operator is the core of FrFT, and then
derive its concrete form using the IWOP technique [13-
15]. In Sections 4 and 5, based on the two mutually con-
jugate entangled-state representations, we also derive the
core operator for constructing CFrFT, which manifestly
exhibits the additive rule. In Section 6, we demonstrate
the fractional nature of the Fresnel operator.

2 Obtaining the FrFT operator by virtue of
the IWOP method

The one-dimensional FrFT of the a-th (the real a-angle)
is defined in Refs. [5, 6]

= /jo Ko (p,z) f(z)dz (2)

where
% ( ) ei(a/2—7r/4) i p2 4 2 2px
ap,r) = ————=exp | = — — ,
P V27 sin a P 2 tan a sin o

(3)
noting that M = /1 —icota. The conventional

Fourier transform is simply Fr /5.
We hope to derive the FrFT operator K, such that

(P Kaolz) = Ko(p, ). (4)

In the context of quantum mechanics, a function f be-
comes the quantum state | f), and the value f(x) becomes
the matrix element (x|f). The typical Fourier transform
is simply the change of basis between the coordinate rep-
resentation |x) and the momentum representation |p)

(plf) = /jo (plx) (x| f)da = /jo %f‘(x)eipz.
(5)

In Fock space, |z) and |p) are respectively expressed as

|z) = 7Y% exp <7+\/—xa L) |0), (6)

lp) = 7% exp (—3 +1iv2pal + —2) 10). (7)

where [a,a'] = 1, and |0) is the vacuum state anni-
hilated by a, a|0) = 0. Multiplying K, (p,z) by |p)
from the left and by (z| from the right, and then inte-
grating over dp and dzx, using the IWOP method and
|0)(0| =: exp(—a'a) :, while also using the identity
exp {faTa} =:exp [(ef — 1) aTa] :, we have

100301-2

| ) [ dstelao)

1(a/2 /4) // dpd:E |:1 <p2+x2
\/27rsmoz 2\ tana

*E + 1\/—pCL]L + 7:|

2px
sin o

x]0) (0] exp <%2 +V2za — %2>
1) aTa} ‘= exp [i (g — a) aTa] (8)

On the other hand, from the completeness relation

[ ael=1 [ el =1, (9)

=: exp [(ie*‘o‘ —

we know
|l [ detelKa(pa) = Ko (10)

o)
K, =exp [i (g — a) aTa},

which is the FrFT operator. It then follows that

(11)

ei(a/2—7r/4) i p2 +Z’2 2px
¢ Z _
V27 sin a *P 2 tan o sin «
i(Z—a)afa
= (ple(B=e)ala|g), (12)

iTala -« .
Now, we analyze the appearance of €2 ¢ in more detail.

As will be soon demonstrated, it is the core for FrFT.

3 The position—-momentum mutual-
transformation operator as the core of FrFT

The key feature of FrFT is composite ability and addi-
tivity. Let Kg(p, ) be another 8-th FrFT

Kp(p, x) = (p| Kp|z) = (13)

When K, and K are to be combined as a single FrE'T
Ko+, i.e., to perform a fractional Fourier transform re-
peatedly on f(z), they must be connected smoothly as
the following two-fold integral

[ﬁﬁfwmmwmmwwwmmaa

(plei(F=P)ela ),

In terms of the Dirac symbolism, this is expressed as

/dx/dx’ (p (3

B)alaiz) (a| f),

,a)ata |x/>p/:z/

x(p')e!(3 - (15)
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in which we examine
[ G, E ) = 1
(16)
Using (2 |x) = §(2' — x), we have
Iog = / da’ (p| el (F)a'e |z)
< [ s @ - p) ] E )
= [ o' tpleEme ) o
< [ o), w1 G .

Then, using e3¢ lagteiza’a — gte—i3 = _jgf and Eqgs.
(6) and (7), we see that

o /2 aTZ
e—ifala p') = 7~ V4 exp (_% +V2plal — 7)
= |x>z:p" (18)

Thus, e-i3a’e g the position—-momentum mutual-
transformation operator. Using Eq. (18), we can express
Eq. (17) as

i T

T = [ (e (E )0 ) ] o5
g / dp' |p') (p'| /(3 =)'z

= (plKac™ 5" K ). (19)
Then, according to the definition of K, in Eq. (11), we
see that
Kae ifalag, — (5 -a-Bala _ o o (20)
noting that
Ko Ky =er—o—Mala £ g o (21)

Therefore, the appearance of e~i39'a in the center of
Kae_i%“T“Kg is inevitable for the additivity of FrFT.
We now have a better understanding of why the ker-
nel K,(p,x) should be defined in the seemingly un-
natural terms (p|ei(%_o‘

(pleioe'|a).
The position—-momentum mutual-transformation oper-

)“T“|:E> instead of naively using

ator can be expressed as [*_dz|z) (p|p—o. In fact, using

IWOP, we perform the integration

/o:o dz |2) (plp=z = /Z %

al? a2
X L exp (12+\/§zaT7aTai\/§xa+?) :
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=texp [~ (1 +1i)ala] :=exp (—%TaTa) : (22)

which confirms that

exp (= Fala) 1) = [ dcle)oly )
— [ @l = o)., (23)

4 Two mutually conjugate entangled-state
representations for finding the core of a
complex fractional Fourier transformation

In Refs. [15-18] we introduced two mutually conjugate
entangled-state representations

1
) = exp (510l + e} — ral +alad ) 100) 20
and
1 *
) = exp (3 + cal + €°ad — afal ) 100).  (25)

Here, |n =mn1 +ing) is the common eigenvector of two-
particles’ relative coordinates X; — X5 and total momen-
tum P, + P,

(X1 — X2)|n) = V2n1|n),
(P + Py) |n) = V2n2 |n) . (26)

It was Einstein et al. [19] who first noted that the commu-
tativity of [(X1 — X2), (P1 + P2)] = 0 would lead to the
concept of quantum entanglement. Here, [€ = & + i&3) is
the common eigenvector of (X1 + X32) and (P + P»),

(X1 + X2) [€) = V26 |9),
(PL— Py) [€) = V262 [6) (27)

where |n) and [€) both possess completeness and the or-
thogonality:

[ =1,

mlny=m8(n—1u)6m —n")=m@ (n—1),
d4z¢
[Fiew-1,

(€lg)y=mi(E—-€)o(& —¢)=md@ (£-¢). (28
The overlap
(n &) = —exp[(77§ n€*) /2] (29)

is a Fourier transformation kernel in complex form.
The core for constructing the complex fractional Fourier
transformation (CFrFT) transiting from |€) to (n| can

100301-3
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be found by examining the additivity, i.e.,
forming complex fractional Fourier transforms K, and
K g repeatedly on f (), the following two-fold integral

/ dw—g / df/ Ko (&) [Kp (1 ,€) ly=e') £ (€)

must be smoothly connected as a single CFrFT K43
with (a + f8)-order. Using Dirac notation, Eq. (30
pressed as

when per-

(30)

) is ex-

d2 d2 /
[ S [SE ko), o WKl € 1), G
in which we examine
2 !
[ S5 K)o (1K) = )

Using Eq. (28
d2¢’
Tog = [SE 1 Kal€) [0 (€ =) ' Kalg)

d2¢’ d2’
_/ < K ) §|/ € ey (0| K 516)-

(33)

), we have

If we can find an operator W that can play the role of
transforming

Wi = 19, (31)
then
d2 / d2 /
T = [ SR wlwa i) €W [ ) o 5519
= (Nl KaWKp [€) = (1] Katp [£)- (35)
Comparing (24) with (25), we see that
W = exp (—iﬂagag). (36)

Thus, W is the core operator for constructing the CErFT:
_ |77| T —im —im
W |n) = exp —l—nal n*ate " +e a1a2 |00)

2
= |§>§:,77

so that W is the |n) —
tor.

|€) mutual-transformation opera-

5 The kernel of CFrFT (improved)

We now know that the operator for enabling the use of
a CFrFT can be chosen as

K, = exp [—ia (aJ{al + a;ag)} exp (iwagag), (37)
since
K WK =Kaip. (38)

100301-4

We then calculate the kernel K, (n,€&) of the CFrFT,
using the two-mode coherent-state representation |z122)
with the over-completeness

/% |z122) (z122] =1 (39)
and the overlap
(o] 2122} = exp [ = 2 (W +1eal +[eal?) + 7721
—nze + 2’122}7
(47 Ie) = exp [ — 3 (1612 + I241% + |=41)” + €2t
+&* 28 zi*zé*} (40)

Thus, we have

d?z; 225 A%z
Ka(g) = [ 252

s ™ ™

! 2./
14725

<77| 2122> <2122|

X 1 exp [( —1) ala; — (e7™+1) agag} :

|7517«'2> <z£z§ 1€)
B / d?z1 d?z5 d%2] d22)

1 2
XP[*§|77|2 — |22]

™ ™ ™

s 1
—nze — |21]" — §|§|2 + &2 — a4+ 0t + 2120

eI e — |+ €A - oA - e )
B Ti(nlP+1e?) enr+em

= 5= ex — it (41)
2sin« 2tana 2sin«

At this point, we should mention that in Ref. [11], Fan et
al. calculated (n|exp [i (3 +a) (a?{al + a;ag)} [€), but
the additive rule of CFrFT was not examined. The
present paper offers a supplement.

In particular, when o = 7/2, using

emigalagteifala _ pto—if — it (42)
and Eq. (29), we can verify that
i ¥
Ka:ﬂ'/? (7775) = <77| exp (—1561{0]1 + 1§a£a2> |£>
. 1 —i&n” —i€'n
— (i) = g owp (L ZE
1 LT+ &
=g ex p( 5 ) (43)

which is also a Fourier transformation.

6 The fractional transformation property for
a type of Fresnel operator

In this section, drawing from the core-operator concept,
we demonstrate that the Fresnel operator also involves

Hong-Yi Fan and Jun-Hua Chen, Front. Phys. 10, 100301 (2015)
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the fractional transformation property (but not the frac-
tional Fourier transformation).

As we demonstrated in Ref. [1], the Fresnel operator
in the coherent state representation is

F (s,r) = \/E/ d_;: [sz —rz*) (=], (44)

where s and 7 are complex numbers, obeying |s|? —|r|? =
1, and where |2} is the coherent state

|2) = exp (za — 2*a) |0). (45)

After performing the integration in (46), using the IWOP
technique, we see that

1 1
22* aT2> exp {(aTa + 5) In 8—*}

X exp (; . a2> . (46)
s

By introducing areal A, B, C' and D obeying AD—BC =
1, through the following relation:

F (s,7) = exp (f

= A+D-i(B-0O),
r:—%[A—D—H(B-FC)]a (47)

or conversely

1
B=-

1
A== (s—r+s" —r"), 5

2
C:—%(s—r—s*—i—r*), D=

(s4+r—s"—1r"),

1 _—
§(s+r+s +7r%),
(48)

we obtain the matrix element of F'(s,r) in coordinate
representation (x|

(@[ F (s,7)|x)

exp (A:E — 22'z + D2'?) (49)

1
-~ V2riB 2B

which is simply the kernel of the optical Fresnel trans-
form in classical optics. This is the reason we call F (s,r)
the Fresnel operator. Now we let s = s* = cosha, and
r = —isinh«, so that F (s,r) — F(cosha, —isinha) =
F(a), that is

F(s,7) — F(a) = exp <%aT2 tanha)

1 .
X exp { (aTa + 5) In secha} exp (%aQ tanh oz)

— oxp [;‘ (a? +aT2)] (50)
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which is a squeezing operator [20], since
F(a)aF~'(a) = acosha — ia' sinha. (51)

In this case,

A=D=cosha, B=sinha=C. (52)
Since
—irata irata
|x/|Z’:p> =¢e /2|p>7 (ple /2 = <xl|z’:p|7 (53)

for F'(ar), using Eqgs. (50) and (52), we can re-express Eq.
(49) as

(@ F(a) |2) = (plpmar| 67"/ exp [5 (o + a”ﬂ &

1 ; .
- \/meXp{Qsinha [coshar (27 +p?) — 2pz]}
I ) (54)

v 27isinh «

Comparing Eq. (12) with Eq. (54) we see that they have
a similar form, with the exception that tan a — tanh «,
sina — sinha. Thus, we see that the core operator
eima’a/2 gl0 plays a role in the Fresnel transformation.
It remains to be determined if (2’| F(«)|z) obeys the ad-

ditive rule (fractional transformation property).

7 The additivity of fractional squeezing
transformations

By recalling that the Fresnel operator defined in Eq. (46)
possesses the group multiplication property [1],

d2 d2 /
F(S,T)F(s’,r’):\/ss’/ :;22

X sz —r2*) (2 |8’z —r'2") (]

1 A 1
Ve Gl R L

— 1) aTa] :
e )
X exp 2—1/*(1

_ \/—/ //* //Z*> <Z| _ F(SH,T‘”), (55)

where
s =ss' +rr" " =r's +rs’* (56)
or
—r s =
pe gl
|s"[* = [r"[* =1, (57)
100301-5
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We let s = s* = cosha, r = —isinha, s’ = s* = cosh 3,
and r’ = —isinh 8. Then, from Eq. (56) we see that

s”" = cosh acosh 3 + sinh asinh 3 = cosh (a + 8),

r" = —isinh B cosh a — isinh accosh 3
= —isinh (o + f). (58)
Correspondingly, using Eq. (48) we have
A" =cosh (a+ 3), B"” =sinh(a+ ). (59)

It then follows from Eq. (54) and Eq. (59) that the frac-
tional transformation property of the Fresnel operator
can be demonstrated by

(@' F(e)F(B)|z) = (2’| Fo + B)|z)
1

\/2misinh (o + 5)
i 22 + p? 22p
e [5 (tanh (a+3)  sinh (o + ﬁ))] -+ (60)

By combining Eq. (54) and Eq. (60), we have exposed the
additive property of the Fresnel transformations caused
by a type of Fresnel operator F(a).

In summary, by quantum—mechanical analysis of the
additive rule which the fractional Fourier transforma-
tion should satisfy, we have revealed that the position—
momentum mutual-transformation operator is the core
for constructing the integration kernel of a FrF'T. Based
on this observation, we have found the core operator for
CFErFT, which is the mutual transform operator between
the two conjugate entangled states |£) and |n). We also
identified K, = exp[fioz(aial + abay)] exp(iralay) as
the operator for enabling a CFrFT. This observation
also helps to reveal the fractional-transformation prop-
erty for a type of Fresnel operator.
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