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Topological insulators have a bulk band gap like an ordinary insulator and conducting states on their

S

edge or surface which are formed by spin—orbit coupling and protected by time-reversal symmetry.
We report theoretical analyses of the electronic properties of three-dimensional topological insulator
BisSes film on different energies. We choose five different energies (123, —75, 0, 180, 350 meV)
around the Dirac cone (—113 meV). When energy is close to the Dirac cone, the properties of wave
function match the topological insulator’s hallmark perfectly. When energy is far way from the
Dirac cone, the hallmark of topological insulator is broken and the helical states disappear. The
electronic properties of helical states are dug out from the calculation results. The spin-momentum
locking of the helical states are confirmed. A 3-fold symmetry of the helical states in Brillouin zone
is also revealed. The penetration depth of the helical states is two quintuple layers which can be
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identified from layer projection. The charge contribution on each quintuple layer depends on the
energy, and has completely different behavior along K and M direction in Brillouin zone. From
orbital projection, we can find that the maximum charge contribution of the helical states is p.

orbit and the charge contribution on p, and p, orbits have 2-fold symmetry.
Keywords topological insulator, spin—orbit coupling, helical state

PACS numbers 73.20.-r

BisSes is a typical three-dimensional topological in-

1 Introduction

The idea of topological insulator has attracted tremen-
dous attention recently [1-8]. The topological insulator
is an insulator that has metallic edge states when it is
placed to a vaccum. These metallic edge states originate
from topological invariants. These topological edge states
in the topological insulator have opposite spin polariza-
tion when their momentums are along opposite direction.
These topological edge states are induced by spin-orbit
coupling and protected by the time-reversal symmetry. It
is locked between the electron spin polarization and the
electron momentum. For these topological edge states,
spin cannot be flipped and backscattering should be sup-
pressed, if the time-reversal symmetry can preserve. The
topological insulators have significant applied potential
in nanoelectronics due to their peculiar transport prop-
erties.

sulator material. This material has stacked quasi-two-
dimentional layer structure named quintuple layer (QL)
which contains five atomic layers (Se-Bi-Se-Bi-Se). Each
QL is stable and hard to break due to the strong interac-
tions between atoms therein. But the interaction between
QLs are very weak. There are metallic helical states on
the edges of topological insulator BisSes film. A Dirac
cone which is a characteristic signature of topological in-
sulator has been observed in BisSes film by studying the
surface band structure with ARPES and first-principles
calculations [9]. Concurrent theoretical work also has
been done by using electronic structure methods to show
that BisSes is just one of large band-gap topological in-
sulators. A simple tight-binding model is provided to get
the Dirac cone observed in these materials [10]. Some
other experimental investigations of BisSes surface can
be found in the literatures [11-15]. For theoretical in-
vestigations, there are two main methods, one is model
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hamiltonian [16], the other is first-principles calculation
[17]. The first method is based on the physical picture
of topological insulators, and an effective Hamiltonian
is derived for the topological surface states. The second
method is based on first-principles calculation, and elec-
tronic structure of the topological surface states can be
calculated. There are several focuses of the topological
surface states’ investigations now. They are new materi-
als prediction [9, 10, 18], material properties [11, 12, 15,
19-21], doping properties [13, 14, 22, 23], etc.

In this paper, we investigate the helical states of BisSeg
film from ab initio calculation completely and reveal the
characteristic signature of BisSes film from the atomic
wave function without any phenomenological parameter.
In compare to our previous work [21], we optimize the
basis set of Bi and Se elements. This basis set is smaller,
but closer to the benckmark band structure which is sim-
ulated by WIEN2k. The energy-dependent properties of
the helical states which are very important for electronic
transport are the focus of this paper, and these theoret-
ical investigations are absent. From the calculation re-
sults, we can find the energy range where helical states
exist and electronic properties’ difference between differ-
ent energies which can be used to predict the transport
behavior of electronic devices based on BisSeg film. Com-
pare to the corresponding experimental data, we confirm
several very important electronic properties of topolog-
ical insulator BisSes film. We also predict some inter-
esting phenomenons which may be validated by other
experiments.

2 Electronic structure of the Bi,Se; film

All of the relaxation processes are done by the full-
potential linearly augmented plane waves method as im-
plemented in the WIEN2k electronic simulation pack-
age [24]. For lattice relaxation, we use the primitive
cell of BisSes crystal. In the LAPW method, the unit
cell is divided into two parts — non-overlapping atomic
spheres and interstitial region. The non-overlapping
atomic spheres for BisSes crystal are set to Ryt = 2.0
Bohr. The maximum angular momentum for the spher-
ical harmonics expansion inside the atomic spheres was
taken to be l,ax = 10. The plane wave expansion in the
interstitial region was determinated by a cutoff param-
eter RKax = 8.0. A k-point mesh of 10 x 10 x 10 is
employed for k-sampling. The optimized lattice vectors
of the BiySes crystal are found to be a = 4.107 A and
¢ =27.89 A. They agree well with the experimental val-
ues of 4.138 A and 28.64 A, respectively [17]. Then we use
slab model to simulate two dimentional structure. In the

slab model, the BisSes film contains six QLs and there
is a vacuum of 20 A thickness between the BisSes films.
In the slab calculation, the parameters Ry, lmax and
RKnax are same with the bulk calculation, and k-point
mesh is changed to 20 x 20 x 1. The atomic structure of
BisSes film is considered fully relaxed until the force on
each atom is smaller than 1 mRy/Bohr.

Using the relaxed atomic structure, we calculate the
electronic properties of the BisSes film by WIEN2k and
nanodcal [25, 26]. In WIEN2k, Ry is changed to 2.4
Bohr, other parameters are same with the relaxation cal-
culation. In nanodcal, a linear combination of atomic or-
bital (LCAO) method is used to expand physical quan-
tities, the standard norm-conserving pseudopotentials
[27] are used to define the atomic core states, the spin—
orbit coupling is handled at the atomic level [28, 29],
and the noncollinear spin capability of nanodcal is ideal
for analyzing the helical states. The local spin density
approximation (LSDA) [30] is used for the exchange-
correlation potential in all the calculations. In our previ-
ous work [21], we use a triple-¢ polarization LCAO basis
set (TZDP). Now we use different basis sets for surface
atoms and bulk atoms. This is a very effective method
which only needs a double-( polarization LCAO basis set
(DZP) for each atom. A k-point mesh of 20 x 20 x 1 is
employed for k-sampling, and the energy cutoff for the
real space grid is taken as 600 Ry. Self-consistent calcu-
lation is considered converged until each element of the
density matrix is converged to less than 10~° au.

The calculated band structure of the BisSes film is
shown in Fig. 1. The red curve is the band structure cal-
culated by nanodcal. The blue curve is the band struc-
ture calculated by WIEN2k. Because the atomic orbital
is not a complete basis set, it is hard to reproduce all
the features presented in the WIEN2k results. We focus
on how to decrease the integral error of band strustruce
when tuning the pseudopotentials and atomic orbitals.
And a reasonable band structure of the BisSes film is
achived. A Dirac cone is clearly formed around the I
point of the Brillouin zone due to strong spin—orbit cou-
pling, which is one of most important characteristics of
three dimentional topological insulators. For the BisSes
film, the calculated Fermi level E¢ is ~113 meV above
the Dirac cone, and the helical states are around the
Dirac cone. So we choose several typical energies around
the Dirac cone to investigate the physical properties of
these helical states. From Kohn-Sham equation, we can
obtain wavefunction of these typical helical states. After
that, we calculate spin polarization vector to check spin-
momentum locking, layer contribution to reveal penetra-
tion depth, and orbital contribution to find components
of the helical states.
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Fig. 1 Calculated band structure of the BiaSes film: the red
curve is calculated by nanodcal; the blue curve is calculated by
WIEN2k.

3 Spin-momentum locking of the Bi;Ses film

Due to spin—orbit coupling, the electronic structure of
the BisSes film must be analyzed with noncollinear spin
whose wavefunction is two-component spinors |¢,) =
([l ), [02 ), where n is the band index and k is the
Bloch wave vector index. We construct the k-space den-
sity matrix from the noncollinear spin wavefunction,

_ _ (1 Wl 1000 (W
= bl = (e o))

From the above k-space density matrix, we can calcu-
late the charge contribution straightforwardly,
A Onk Sk + Sk Pk
Opi = u
1 P Sk+5kp P Sk+5kP
( s )
T2 Pkt S Pkt SkAp,

where s is the k-space overlap matrix of atomic orbits
due to nonorthogonal basis used in the calculation. Be-
cause the system is analyzed with noncollinear spin, the
form of charge contribution is 2 by 2 matrix. This charge
contribution can be further decomposed with the Pauli
matrix &,

Qui = ql + paGy + pydy + P20 (3)

where ¢ is the charge contribution, p = (pg, py, p-) is the
spin polarization vector.

For convenience, we define five variables to identify
position and spin polarization vector of helical state [see
Fig. 2(a)]. The length R defines the distance from I’

to helical state in k-space. The angle 6 defines the az-
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imuth angle of helical state, zero degree point to the
high symmetry point M in k-space, anticlockwise direc-
tion is positive. These two variables identify position of
helical state. The polarization S defines the quantity of
spin polarization vector (p; —p;)/(p1 +py). The azimuth
angle ¥ and the tilting angle @ define the direction of
spin polarization vector. For the azimuth angle ¥, zero
degree point to the extention from I' to helical state,
anticlockwise direction is positive. For the tilting angle
@, zero degree means spin polarization vector is parallel
to the surface of the BisSes film, it is positive when p,
is larger than zero. These three variables identify spin
polarization vector of helical state.

() J

Fig. 2 (a) define five variables to identify helical state and spin
polarization vector: length R, angle 6, polarization S, azimuth
angle ¥ and tilting angle @. (b—f) is the diagram of spin polariza-
tion vector projected in two-dimensional plane. The red dot means
helical state, the black arrow means spin polarization vector. (b)
E = —123 meV, the shape is a circle. (c) E = —75 meV, the
shape is a circle. (d) E = 0 meV, the shape is almost a circle.
(e) E =180 meV, the shape is a hexagon. (f) E = 350 meV, the
shape is a hexagram.

We investigate the helical states at five different ener-
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gies. These energies are —123, =75, 0 (Fermi level), 180,
350 meV. Because the shape of these helical states for a
certain energy is a closed curve around I point, we select
helical state each 10 degree along the angle 6. There are
totally 36 samples for each energy. There are two identi-
cal surfaces (top and bottom) in the BizSes film, hence
two degenerate helical states are found at each k-point.
We calculate wavefunction of these helical states and
analyze their spin polarization vectors. We find two de-
generate helical states are symmetrical completely, spin
polarization is zero if we add the spin polarization vec-
tor of two degenerate helical states together. So we only
show the calculation result of one degenerate helical state
which locates in the bottom surface of the BisSes film.
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= : . :
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Fig. 3 The length R of the helical states versus the angle 8 for
five different energies.
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Figure 3 shows the relation between length R and angle
0 for different energies. Figure 4 shows the relation be-
tween polarization S and angle 6 for different energies.
Figure 5 shows the relation between the azimuth angle
¥ of spin polarization vector and angle 6 for different
energies. Figure 6 shows the relation between the tilt-
ing angle @ of spin polarization vector and angle 6 for
different energies. Figures 2(b)—(f) show the diagram of
spin polarization vectors in different energies projected
in two-dimensional plane which is parallel to the surface
of the BisSes film. In the diagram, the red dot means he-
lical state, black arrow means spin polarization vector.
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Fig. 5 The azimuth angle ¥ of the helical states versus the angle
6 for five different energies.
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Fig. 6 The tilting angle @ of the helical states versus the angle
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From Fig. 3, the length R is constant when energy is

Fig. 4 The polarization S of the helical states versus the angle 6 . .
—123 and 75 meV which means the shape of helical state

for five different energies.
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is a circle [see Figs. 2(b) and (c)]; the length R has a
tiny oscillation when energy is 0 meV which means the
shape of helical state is almost a circle [see Fig. 2(d)]; the
length R has a large oscillation when energy is 180 meV,
the maximum length R is along M direction, the mini-
mum length R is along K direction, the shape of helical
state is a hexagon [see Fig. 2(e)]; the length R has a huge
oscillation when energy is 350 meV, the maximum length
R is along M direction, the minimum length R is along
K direction, the shape of helical state is a hexagram [see
Fig. 2(f)]. We find that the length R for specified energy
have a 6-fold symmetry and the shape is closer to circle
when energy is closer to the Dirac cone. This interesting
phenomenon can also be reported in the experiment [3,
20].

The behavior of polarization S is similar to length R.
From Fig. 4, we can find the helical states are highly
ploarized in k-space, but it is not 100% polarized, con-
sistent with previous result [19]. The spin polarization
is around 0.607 when energy is —123 meV. The spin po-
larization is around 0.574 when energy is —75 meV. For
energy is 0 meV, the spin polarization is around 0.547
and there is a tiny oscillation. For energy is 180 meV, the
spin polarization has a large oscillation, the maximum
spin polarization is around K direction and the mini-
mum spin polarization is along M direction. For energy
is 350 meV, the spin polarization has a huge oscillation,
the spin polarization around K and M direction is a local
minimum.

The spin-momentum locking can be clearly revealed
by Fig. 5. For energy is —123 meV, the azimuth angle ¥
is 90 degree (—90° £ 0.003°). For energy is —75 meV,
the azimuth angle ¥ is 90 degree (90° £ 0.02°). These
results mean the spin polarization vector is vertical to
momentum. And we can also find the spin polarization
vector is clockwise for —123 meV which is below Dirac
cone, but the spin polarization vector is anticlockwise for
—75 meV which is above Dirac cone. Figures 2(b) and (c)
show the diagram respectively. These properties match
the topological insulator’s hallmark (P(+k) = —P(—k))
perfectly. For energy is 0 meV, the azimuth angle ¥ is
90° £ 0.5°. For energy is 180 meV, the azimuth angle ¥
is 90° + 8°. For energy is 350 meV, the azimuth angle ¥
is 90°£27°. For these helical states, the spin polarization
vector is not vertical to momentum exactly, but the spin
polarization vector has almost opposite direction at +k
and —k (P(+k) ~ —P(—k)). The spin-momentum lock-
ing is still established, but not perfect. Figures 2(d), (e)
and (f) show the diagram respectively. The spin polar-
ization vector is anticlockwise and the direction of spin
polarization vector is almost along the tangent of helical
state’s shape.

Interestingly and quantitatively, the spin polarization
vector is found to not completely lie in the two dimen-
tional Brillouin zone plane from Fig. 6. We can find a
period of 120° for the titling angle @, which reflects 3-
fold rotational symmetry of the BisSes film (space group
D3,). The maximum value of || is 0.15° for ~123 meV,
0.48° for —75 meV, 2.2° for 0 meV, 12° for 180 meV, 25°
for 350 meV. A tilting angle of 5° at Fermi level is re-
ported experimentally [13] which is consistant with our
calculation results.

4 Layer projection of the BixSes film

For investigating how the helical states distributes in the
BisSes film, we calculate charge projection on each QL
for these helical states. Figure 7 shows layer contribu-
tion of the helical states along K direction, Fig. 8 shows
layer contribution of the helical states along M direction.
These two direction are most important in the Brillouin
zone, the behavior of other directions are similar.
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Energy
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Fig. 7 The layer contribution on different QLs along K direction.
Six different curves mean six different QLs from bottom to top.

When energy is —123, —75, 0 meV, the layer contri-
bution of the helical states is same and independent on
the direction mainly. The layer contribution for first two
QLs are around 99%. These results can identify that the
helical states are surface states and two degenerate he-
lical states are separated in real space. When energy is
180, 350 meV, the layer contribution of the helical states
depends on the direction (see Figs. 7 and 8). We can find
that the behavior of the layer contribution along K and
M direction is different completely. The helical states
along K direction are still surface states like those helical
states in lower energies (123, —75, 0 meV). But the heli-
cal states along M direction is entirely unexpected. The
layer contribution for first two QLs decreases to around
97% (for 180 meV) and 67% (for 350 meV). This is a
downward tendency obviously. These helical states can-
not be regarded as surface states.

764 Yi-Bin Hu, Yong-Hong Zhao, and Xue-Feng Wang, Front. Phys., 2014, 9(6)



RESEARCH ARTICLE

0.4
0.31

——QL5|

Layer contribution

0 - - - - -
-0.12 -0.06 0.0 0.06 0.12 0.18 024 030 0.36
Energy

Fig. 8 The layer contribution on different QLs along M direc-
tion. Six different curves mean six different QLs from bottom to
top.

5 Orbital projection of the Bi;Ses film

For investigating the components of the helical states in
the BisSes film, we calculate charge projection on each
orbit of each atom for these helical states. Because the
helical states match the hallmark of topological insulator
only when energy is close to Dirac cone (-113 meV). So
we only analyze first QL’s orbital contribution of these
helical states at Fermi level (0 meV).

From the calculation results, the charge contribution
on d orbits is very small. So in Fig. 9, we only plot charge
contribution on s,p orbits. The charge contribution on
first QL at Fermi level is around 94%. The charge con-
tribution on s,p, orbits are almost independent on the
angle #. The most important is p, orbit, the charge con-
tribution is around 42%. The charge contribution on s
orbit is around 6%. The charge contribution on p,,ps
orbits depend on the angle 6, and have a period of 180°.
The largest value of the charge contribution on p, and
ps orbits are along y and x axis respectively. There is an

0.5
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Fig. 9 The orbital contribution on the first QLs at Fermi level.

Because the d orbit’s charge contribution are very small, we plot
S, Py, Dz, Pz orbit’s charge contribution only.

interesting thing that the sum of the charge contribution
on p, and p, orbits is around 42%.

From the orbital contribution on each atomic layer, the
charge contribution on p, orbit comes from Bi atomic
layers mainly, and the charge contribution on s orbit
comes from Se atomic layers mainly. The most interest-
ing thing comes from p, and p, orbits. Figure 10 shows
the p, orbit’s layer contribution on different atomic lay-
ers in the first QL. The p, orbit’s charge contribution on
Bi atomic layers are ordinary, and only have a tiny oscil-
lation. The p, orbit’s charge contribution on Se atomic
layers are unexpected. They depend on the angle 6, and
has a period of 180°. The largest and smallest value of the
py orbit’s charge contribution on the first atomic layer
(Se) is along = and y axis respectively. But the largest
and smallest value of the p, orbit’s charge contribution
on the third and fifth atomic layer (Se) are along y and
x axis respectively. The properties are opposite between
the first atomic layer (Se) and the third (fifth) atomic
layer (Se). The symmetry of p, orbit’s charge contribu-
tion on the first QL is determined by the third and fifth
atomic layer (Se) which is different with the first atomic
layer (Se). Figure 11 shows the p, orbit’s layer contri-
bution on different atomic layers in the first QL. For p,
orbit, the behavior is similar to p, orbit.
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0.08 4
0.07 4
0.06 4
0.05 4
0.04 4

Py contribution

] . . . —6— Layerl(Se)

0.03 —+— Layer2(Bi)
. . . . —8— Layer3(Se)

0.02 . > . —o— Layer4(Bi)
—— Layer5(Se)

0.01 4

0

0 30 60 90 120 150 180 210 240 270 300 330 360
01(°)
Fig. 10 The py orbit’s charge contribution on different atomic

layers in the first QL at Fermi level. Five different curves mean
five different atomic layers in the first QL from surface to base.

6 Summary

For the BiySes film, we have calculated physical prop-
erties of the helical states at five different energies
(-123, —75, 0, 180, 350 meV) self-consistently without
any phenomenological parameter. The band structure
has a Dirac cone (—113 meV) at I' due to spin—orbit
coupling.

There are helical states in the BisSes film when

Yi-Bin Hu, Yong-Hong Zhao, and Xue-Feng Wang, Front. Phys., 2014, 9(6) 765

wm
Q
.-
wm
>
=
(=¥
T
)
£
2
"
=
)
-
=




S

<
-
w
-
|
Ay
i
o
&
3
'
=]
]
-
=

RESEARCH ARTICLE

0.09
0.08
0.07 1
= 0.06 1
2
5 0.05 1
k=]
§ 0.04 {
"
= 0.03 4 itaier;f}i))
A —8— Layer3(Se)
0.02 A —o— Layer4(Bi)
4 —— Layer5(Se) |
0.01 : ; 3
0

6/(%)

Fig. 11 The p; orbit’s charge contribution on different atomic
layers in the first QL at Fermi level. Five different curves mean
five different atomic layers in the first QL from surface to base.

energy is close to the Dirac cone (-123, —75, 0 meV).
These states have following features: the shape of
states is a circle; the state is a surface state; the spin-
momentum locking is well established. All these features
are the characteristic signatures of topological insulators
and the electron’s backscattering is suppressed. When
energy is far from the Dirac cone (180, 350 meV), the
physical properties of states are dependent on the di-
rection. The shape of states is a hexagon for 180 meV,
a hexagram for 350 meV. The states along K direction
are still helical states, similar with those states in lower
energies (—123, 75, 0 meV). But for the states along
M direction, the physical properties are different, and
the above features are destroyed. The state spreads over
the BisSes film entirely, and it is not a surface state. It
is not orthogonal between the spin and momentum of
states, and the spin-momentum locking is not perfect.
The electron’s backscattering cannot be suppressed, and
the transport behavior must be ordinary.

The orbital contribution on each atomic layer of the
helical states are calculated. The maximum charge con-
tribution comes from the p, orbit, others comes from
8, Py, Pz orbits. The charge contribution on p., s orbits
are almost independent on the angle 6. There is 2-fold
symmetry in the charge contribution on p,,p, orbits.
There is an interesting phenomenon that the charge con-
tribution on p,, p, orbits in the first atomic layer (Se)
has different symmetry with the charge contribution on
Dy, Pz orbits in the first QL.
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