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The effects of the correlation time 7 between noises on the noise-enhanced stability (NES) phe-
nomenon in an asymmetric bistable system driven by cross-correlated noise are investigated. The ex-

pressions for the average escape time from the left metastable state T, and from the right metastable

state T are derived. The results indicate that: i) The NES effect is suppressed as the correlation

time 7 increases for two metastable states; ii) The increase in 7 speeds up the escape process from

the right state for positively correlated noise, whereas its role is reverses for negatively correlated;
iii) In the escape process from the left state, the role of 7 is opposite to that in escape from the

right state.
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1 Introduction

It is well known that nonlinear systems in the presence
of random fluctuations produced by noise sources can
show quite counterintuitive dynamics. Prominent exam-
ples are stochastic resonance [1], resonant activation [2],
and noise enhanced stability (NES) [3, 4]. The problem
of noise-induced phenomena is of special interest in non-
equilibrium natural systems covering a broad class of ex-
amples ranging from physics and chemistry to the bi-
ological sciences. Recent theoretical investigations have
shown that the average escape time from metastable
states in fluctuating or static potentials exhibits non-
monotonic behavior as a function of the noise inten-
sity [5, 6]. This implies that the stability of metastable
states can be enhanced by noise; i.e., the lifetime of a
metastable state can be prolonged by the presence of
noise. This noise-induced resonance-like effect is known
as the NES phenomenon [3]. Non-monotonic dependence
of the mean first-passage time (MFPT) on the noise in-
tensity with the presence of a maximum is a typical sig-
nature of the NES phenomenon [6]. Enhancement of the
stability of metastable states by noise has been observed

in various systems such as ecological systems [7], bio-
logical systems [8], chemical systems [9], magnetic sys-
tems [10], Josephson junctions [11], and tunnel diodes
[12] (see Ref. [13] for a review). Moreover, the effects
of the noise correlation time [14], damping parameter
[15], and time delay [16, 17] on the NES phenomenon in
metastable systems have been investigated. In particu-
lar, the NES effect has also been observed and investi-
gated in the double-well potential model [17-20], which
is widely used to investigate noise activated phenomena.
Most previous studies considered a symmetric bistable
system. However, real-world manifestations of these sys-
tems are usually asymmetric [21-24]. The simplest way
to obtain asymmetry in a bistable system is to introduce
a small constant term into the Langevin equation or,
equivalently, a linear term into the symmetric potential
[21, 22]. Following this route, the effects of asymmetry
on the properties of bistable systems have been exten-
sively investigated [21-26]. We recently studied the tran-
sient properties of an asymmetric bistable system driven
by cross-correlated noise in the context of the NES phe-
nomenon [27]. We found that the combination of noise
correlation and asymmetry can cause meaningful modifi-
cations of the NES effect induced by multiplicative noise,
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and that additive noise cannot produce the NES effect
in this system. However, the case of a nonzero corre-
lation time between additive and multiplicative noises
has not been considered in the context of the NES phe-
nomenon. Physically, the correlation time of a real noise,
although it may be small, is never strictly equal to zero.
For noise with a zero correlation time, the power spectral
distribution, which is given by the Fourier transform of
its correlation function, is independent of the frequency.
Thus, the total power dissipated at all frequencies is infi-
nite, but the actual power dissipated would be somewhat
less than infinite. In other words, it appears as an ide-
alization that is valid only when the time scale for the
correlation is much shorter than the time scale for the
relaxation of the driven process. On the other hand, the
assumption that the correlation time is zero is usually
adopted as a first step in studying a system driven by
noise. Later, it is reasonable to relax this condition and
include the finite correlation time [28]. Thus, we think
that the transient dynamics of the asymmetric bistable
system driven by cross-correlated noise with a nonzero
cross-correlation time between noises would be an in-
teresting issue to investigate. In particular, the effects
of the cross-correlation time between noises on the NES
phenomenon deserve further discussion.

In this study, as a continuation of our previous work
[27], we examine the mean escape time in an asymmet-
ric bistable system driven by cross-correlated noise for a
nonzero correlation time between noises. We focus on the
effects of the correlation time between noises on the NES
phenomenon. This paper is arranged as follows. In Sec-
tion 2, the Novikov theorem, Fox approach, and Hanggi
Ansatz are applied to obtain the approximate Fokker—
Planck equation of the system, and then the expression
of the mean escape time is obtained using the steepest-
descent approximation. In Section 3, the impacts of the
correlation time between noises on the average escape
time are analyzed by numerical computations. Finally, a
brief conclusion ends the paper.

2 The average escape time of the system

Consider an asymmetric bistable system driven by cross-
correlated multiplicative and additive noises with a
nonzero correlation time between the multiplicative and
additive noises. Its Langevin equation reads

dx

T —r+x —2® + 2€(t) +n(t) (1)
where r is the asymmetry parameter, which measures
the deviation from the symmetric bistable potential. £(t)

and 7(t) are Gaussian white noises with zero mean and
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have the following statistical properties

(E@®EE)) =2Ds(t —t') (2)

(') =2Qd(t —t) (3)
and

E@n") = &) = AvaD exp[—|t — 1| /7]

—2\WaDé(t—1t') as T —0 (4)

Here D and @ are the multiplicative and additive noise
intensities, respectively; A (JA| < 1) denotes the cross-
correlation intensity between £(t) and 7(t); 7 is the cor-
relation time between £(t) and 7(t). The deterministic
potential corresponding to Eq. (1) reads

1 1
V(z) = —5902 + Zw‘l +rx (5)

and has two metastable states x4+ and an unstable state
x,, under the condition of |r| < ¥ [29]; namely, the
system is bistable. The metastable and unstable states

of the system are determined by

2V/3 1 3v/3
x4 = —— cos | — arccos(— T)
3

3 2
23 1 3W3 . om
x_ = ———cos | = arccos(— r)— —
3 3 2 3
2/3 1 33 . om
Ty = ——5=cos <§ arccos(—Tr) + §> (6)

The deterministic potential V() is plotted as a func-
tion of x for various values of the asymmetry parameter
r in Fig. 1. Figure 1 shows that the right potential well
goes up whereas the left one goes down as r increases.
When r exceeds %, the right potential well disappears,
and the system becomes a monostable system. Moreover,

r varies, the two sides of the potential barrier separating

35

705,

2 -15 -1 =05 0 05 1 15 2

-1

Fig. 1 V(z) as a function of « with r = 0,0.2, 2%9@ ~ (0.385 and
0.6.
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the metastable states x4+ become asymmetric.

By using the Novikov theorem [30], Fox approach [31],
and Hanggi Ansatz [32], the approximate Fokker—Planck
equation corresponding to Eq. (1) with Eqs. (2)—(4) can
be obtained as [33, 34]

oP(xz,t) 0 3 A
T——% (—T+$—JJ +D$+ﬁ\/QD>

Ple.t)+ gz (D + 155 V@D +.Q) Plat) (1)

The steady-state probability distribution function of the
system can be derived from Eq. (7) and is given by

A\ —1/2
27 @Dz + Q)

X exp [—@] (8)

2
Py(z) =N <D:z:2 +1

where NN is the normalization constant, and the general-
ized potential U(z) is

22 2\ Q
V) =5 =155,V D°
Q A\ 1
+{2D Wiz =3
A
x In |Da? + x/QD:E—FQ' 1+ 27
1+2 A 2
(1+27'>
AL (A Y g, D
D 1+27 A Q
1+27
A
VD/Qr + ——
X arctan 1+27 9)
7( >\ )2
1+27

Note that the correlation time 7 must be zero when the
strength A of the correlation between noises is zero. How-
ever, Eq. (8) is valid when 7 = 0.

In this study, we focus on the transient dynamics of
the system, i.e., the average escape time of a particle
from one metastable state to the other, as measured by
the MFPT. The exact expression for the MFPT for a
particle to reach the final point z+, from the initial state
x4 is given by [35, 36]

Tos =)= [ g [ Pty (0

in which B(z) = Da? + 2-/QDz+ Q. When the noise
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intensities D and @ are small enough in comparison with
the energy barrier height AU = |U(x,,) — U(z+)]|, by us-
ing the steepest-descent approximation [37] to Eq. (10),
T(xy+ — xx) can be approximated by
2w
V" (@) V" ()]

Ulzu) — U(xi)]

T(ry — xg) =

(11)

xexp{ D

where the double prime denotes the second derivative
with respect to x; V(z) and U(z) are given by Egs. (5)
and (9), respectively. From Eq. (11), explicit expressions
of the average escape times from x4 to x4 for small D
and @ are obtained as

2T
V1322 =132 - 1)

T, =T(x_ > xy) =

X exp {—U(zu) DU(I)} (12)
and
(e — 2 2w
Tr="T(xy \/| 527 D32 1)
X exp [—U(:vu) ;U(M)} (13)

When the noise intensities D and @) are small enough
in comparison with the energy barrier height AU =
|U(zy,) — U(zy)|, the steepest-descent approximation is
valid. In Ref. [27], the validity of the steepest-descent
approximation for 7 = 0 is confirmed by stochastic sim-
ulations. The difference in the expression for T' (or U(z))
between the cases of 7 # 0 and 7 = 0 is only ﬁ in-
stead of A, therefore, the steepest-descent approximation
is also valid for 7 # 0.

3 Results and discussion

By numerical evaluation of the expressions for the MFPT
in Egs. (12) and (13), the effects of the cross-correlation
time 7 on the average escape times 77 and T can be
discussed.

First, we examine the effect of the cross-correlation
time 7 between noises on the NES phenomenon. To this
end, we plot T, and Tr as a function of the multiplicative
noise intensity D for different values of 7 in Figs. 2 and
3, respectively. Figure 2 shows that the average escape
time from the left metastable state T as a function
of D exhibits non-monotonic behavior with the pres-
ence of a maximum for positively correlated noises (i.e.,
A = 0.7), which is the identifying characteristic of the
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NES phenomenon for the left state. The maximum of 77,
versus D decreases and its position shifts toward smaller
values of D as 7 increases. This implies that increasing
7 can suppress the NES phenomenon. The 7-induced
suppression of the NES phenomenon can be physically
understood as a result of the symmetry-breaking effect
caused by the cross-correlation between noises. That is,
the right potential minimum can be favored over the left
one with increasing T for A > 0, giving rise to a decrease
in the local stability of the left state. Moreover, we ar-
gue that the 7-induced shift of the peak position of 17, is
due to the memory effect caused by the cross-correlation
between noises with a finite cross-correlation time. A
similar behavior induced by the noise correlation time
has also been observed in a cubic potential system driven
by colored noise [14]. Figure 3 shows the effect of 7 on the
NES effect for the right state. A critical value of D ex-
ists at which Tr as a function of D attains its maximum
for negatively correlated noise terms (i.e., A = —0.7).
This means that the NES effect for the right state can
be observed when A < 0. A comparison with the effect
of 7 in the NES phenomenon for the left state reveals
that increases in 7 play the same role in the NES effect
for the right state. However, the effect of 7 on the NES

3.6
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log;o T},
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22 — 1 T T T T T T T T T
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Fig. 2 The MFPT T, as a function of D for different values of
7. The parameters are r = 0.2, Q = 0.1 and A = 0.7.
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Fig. 3 The MFPT Tk as a function of D for different values of
7. The parameters are r = 0.2, Q = 0.1 and A = —0.7.
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phenomenon is opposite to that of the cross-correlation
intensity A between noise terms, which is in agreement
with observations in other systems where A and 7 have
opposite effects [34]. Moreover, we observe a narrowing
of the NES region with increasing 7. Note that the de-
pendence of the NES effect on the self-correlation time
of colored noise has been investigated in a metastable
system [14]. It was found that increasing the noise corre-
lation time can shift the maximum of the average escape
time toward higher noise intensity values and increase
the value of this maximum. Thus, a comparison of these
results with our present observations indicates that the
effects of the cross-correlation time between noises on
the NES phenomenon are opposite to those of the noise
self-correlation time.

In the next step, we analyze how the other param-
eters (i.e., the cross-correlation intensity A, asymmetry
parameter r, and additive noise intensity @) affect the
dependence of the MFPT on 7. Figure 4 shows the av-
erage escape times 17, and Tk as a function of 7 for dif-
ferent values of A when the other parameters are fixed.
One can see from Figs. 4(a) and (b) that increasing 7 af-
fects Tr differently when A > 0 and A\ < 0. T decreases
monotonously with increasing 7 for A < 0, whereas T
increases monotonously with increasing 7 for A > 0. This
implies that increasing 7 speeds up the escape process
from the right state when A < 0, but slows it down when
A > 0. Moreover, as || increases, the effect of 7 on Tx
can be restrained for both A > 0 and A < 0. However,
as shown in Figs. 4(c) and (d), the effect of 7 on T}, is
opposite to that on Tr owing to the asymmetry of the
system. That is, increasing 7 speeds up the escape pro-
cess from the left state when A > 0, but slows it down
when A < 0. Increasing |\| can also suppress the effect
of 7 on T7.

In Fig. 5, we depict the effect of the asymmetry param-
eter r on T, and Tx as a function of 7 when the other
parameters are fixed. With increasing r, Tr decreases
[see Figs. 5(a) and (b)] and T, increases [see Figs. 5(c)
and (d)]. However, the effect of 7 on both T, and Tg
does not change with variation in r.

In Fig. 6, we plot T, and T as a function of 7 for dif-
ferent values of @ when the other parameters are fixed.
Increasing @) weakens the effect of 7 on both T, and Tk,
but it does not change the qualitative behavior of 77, and
Tr with respect to 7.

4 Conclusions

In this study, we examined the effects of the cross-
correlation time on the transient behavior of an
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Fig. 6 The MFPT (Tgr, T1) as a function of 7 for different values of @ when D = 0.1 and r = 0.1. (a) T versus 7 for
A =0.5; (b) Tg versus 7 for A = —0.5; (¢) Tr, versus 7 for A = 0.5; (d) T, versus 7 for A = —0.5.

asymmetric bistable system by introducing an asym-
metry parameter into a symmetric bistable system. By
means of the Novikov theorem [30], Fox approach [31],
and Hanggi Ansatz [32], the average escape times from
the left and right metastable states are obtained analyt-
ically by the steepest-descent approximation [37]. Our
study shows that increasing the correlation time between
noises weakens the NES effect produced by multiplicative
noise for the left and right states, which is opposite to the
effect of the cross-correlation strength on the NES phe-
nomenon [27]. We also observe that the peak position of
the MFPT shifts toward smaller values of the noise inten-
sity and the NES region becomes narrow with increasing
the correlation time between the noises. In addition, our
results indicate that by increasing the correlation time
between noises, the escape process from the right state
can be speeded up for negatively correlated noise terms,
whereas it can be slowed down for positively correlated
noise terms. However, for the escape process from the left
state, the dependence of the role of the correlation time
on the sign of the cross-correlation intensity is reversed.
Moreover, the effect of the correlation time on the MFPT
can be suppressed by increasing the cross-correlation in-
tensity or additive noise intensity, but variation in the
asymmetry parameter does not affect the contribution
of the correlation time to the MFPT.

We hope that our results will be helpful for under-
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standing the complex behavior of some practical stochas-
tic systems. Additionally, real noise sources in experi-
ments are correlated with a finite correlation time. As a
result, the NES effect can be observed at smaller noise
intensities than in the zero correlation time case. The
suppression and the shift of the NES region toward
smaller values of the noise intensity, allow us to control
experimentally the NES effect by using only a suitable
correlation time between noises.
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