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The traditional method for information transfer in a quantum communication system using partially
entangled state resource is quantum distillation or direct teleportation. In order to reduce the waiting
time cost in hop-by-hop transmission and execute independently in each node, we propose a quantum
bridging method with partially entangled states to teleport quantum states from source node to
destination node. We also prove that the designed specific quantum bridging circuit is feasible
for partially entangled states teleportation across multiple intermediate nodes. Compared to two
traditional ways, our partially entanglement quantum bridging method uses simpler logic gates, has
better security, and can be used in less quantum resource situation.
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1 Introduction

In quantum mechanics, there is a kind of entangled re-
lationship between two microscopic particles from same
source. No matter how far away they are separated from
each other, the state of a particle would immediately
change according to the change of the other, a process
called quantum entanglement [1]. When these entangled
states are used as communication resource, quantum
teleportation is adapted for both its security and trans-
mission efficiency.

Different quantum communication methods have been
proposed. For maximally entangled states, quantum
circuits and routing protocols have been designed for
Einstein–Podolsky–Rosen (EPR) pair quantum chan-
nels [2–7]. However, perfect entanglement is difficult to
preserve. Maximally entangled states usually degrade
to partially entangled ones [8]. There are two tradi-
tional methods to teleport a qubit for partially entangled
states. One method is to execute entanglement distilla-
tion process, the other is to perform quantum communi-
cation directly.

The entanglement distillation is of great importance
in quantum communication. The purpose of a distilla-
tion method is to get the maximally entangled states
and then communicate with maximally entanglement re-
source. Many important works are contributed to the

study of entanglement concentration and purification [9–
14]. It is often realized by local operations and classi-
cal communication [15–25]. Entanglement swapping can
be used to realize entanglement purifying. Using partial
entanglement for entanglement swapping was first dis-
cussed by Bose et al. [18]. Then, Guo proposed another
distillation protocol [19]. If an unitary transformation
is introduced locally when the less entangled states are
obtained, then a maximally entangled state can be ob-
tained. Conventional entanglement distillation protocols
utilize at less 2 partial entangled states. The Schmidt
projective method is used to distillate maximally entan-
gled states through collective measurement of partially
entanglement states. To get a higher success probability,
some distillation processes can be repeated for several
rounds and are already feasible with current experiment
[20, 21]. As for the quantum network, it has been proved
that arbitrary nodes can be connected in networks when
there are sufficient partially entangled states in a partic-
ular form [22].

When there are not enough resources to finish the dis-
tillation process, direct communication of partially en-
tanglement methods are taken. To teleport an d-state
particle through an n-state particle partially entangle-
ment channel, the condition n > d is necessary. The
scheme proposed by Gilad costs less classical communi-
cation resources than distillation teleportation methods
[26]. Generally, performing teleportation based on direct
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quantum communication with partially entangled states
needs fewer resources. Partially entangled states telepor-
tation methods are combinations of three basic strate-
gies, including: interaction of the entanglement, and an
ancilla as assistance to determine whether the teleporta-
tion is successful, generalized Bell measurements to real-
ize a probabilistic teleportation and repetition of proto-
cols to increase utilization efficiency [27]. The protocols
combined with these strategies suit in many different sit-
uations to improve the performance [27–39]. For exam-
ple, when there are sufficient partially entanglement re-
source, to keep applying the third strategy will finally
reach a balanced number of qubit states to recover the
initial information [27, 38]. For another example, when
generalized Bell measurements match the channel states,
a protocol combined with both the second and third
strategy will achieve the same efficiency, using half times
of teleportation [27, 39].

However, the methods above transfer quantum states
based on quantum relay. It means quantum teleporta-
tion in these methods occurs in adjacent nodes in one
hop. Teleportation of quantum states in wireless quan-
tum communication networks was also analysized [40].
Compared to hop-by-hop mechanism, quantum bridging
mechanism can be executed independently in each node,
then time for logic operations and classical information
transmissions can be saved.

The article first proposes a quantum bridging method
to teleport quantum states with partially entangled
states, in order to improve the performance in telepor-
tation across three nodes. The bridging mechanism and
circuits also work in the multi-intermediate nodes condi-
tion. The article is organized as follows: Section 2 pro-
poses a quantum bridging method with partially entan-
gled states to teleport the qubit when there is one in-
termediate node. Section 3 proves that the designed spe-
cific quantum bridging circuit is still feasible for quan-
tum teleportation across multiple intermediate nodes
and then calculates the success probability. Finally, con-
clusion is drawn in Section 4 and some issues are dis-
cussed in Section 5.

2 Quantum bridge

Assume that in a quantum network , each node shares
at least one partially entangled state with one another.
Partially entanglement resources are often represented
by 1√

1+n2 (|0〉1|0〉2 + n|1〉1|1〉2). When n = 0, there is no
entanglement and when n = 1, it turns to be a maximally
entangled state.

The partially entanglement pair can be seen as a bridge

between adjacent nodes, and quantum teleportation can
be regarded as transporting a specific qubit by passing it
through the bridge [2]. Thus, the sender nodes are able to
find a quantum entanglement route to destination nodes.
The problem to be solved in this section is how to real-
ize quantum teleportation with partially entanglement
states with an intermediate node.

First, the intermediate node shares partially entangled
pairs with both quantum source and destination nodes.
The quantum circuit is represented as shown in Fig. 1.

Fig. 1 Quantum circuit for partially entangled states bridging.

The source node (Alice) and intermediate node
(Bob) share a declined EPR pair represented as

1√
1+n2 (|0〉A|0〉B + n|1〉A|1〉B). Similarly, the intermedi-

ate node (Bob) and the destination node (Candy) share
a partially entanglement pair that can be expressed as

1√
1+n2 (|0〉B|0〉C + n|1〉B|1〉C). Therefore, the entire sys-

tem of 4 qubits can be expressed as
1√

1 + n2
(|0〉A|0〉B + n|1〉A|1〉B)

⊗ 1√
1 + n2

(|0〉B|0〉C + n|1〉B|1〉C) (1)

The purpose of following steps is to explain how the
maximally entanglement of node A and C can be prob-
ably generated from the initial two partially entangle-
ments between node A, B and C.

By applying the controlled NOT gate, the second qubit
of Bob decides the qubit change of Candy, we then get

1
1 + n2

|0〉A|0〉B(|0〉B|0〉C + n|1〉B|1〉C)

+
n

1 + n2
|1〉A|1〉B(|1〉B |0〉C + n|0〉B|1〉C) (2)

Then, performing Hadamard gate, which means the
qubit state |1〉 will be projected into |0〉−|1〉√

2
. and state

|0〉 will be projected into |0〉+|1〉√
2

. We can get

1√
2(1+n2)

|0〉A(|0〉B + |1〉B)(|0〉B|0〉C + n|1〉B|1〉C)

+
n√

2(1+n2)
|1〉A(|0〉B − |1〉B)(|0〉B |0〉C + n|1〉B|1〉C)

(3)
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The expression above can be written as

1√
2(1+n2)

|00〉B(|0〉A|0〉C + n2|1〉A|1〉C)

+
1√

2(1+n2)
|01〉B(n|0〉A|1〉C + n|1〉A|0〉C)

+
1√

2(1+n2)
|10〉B(|0〉A|0〉C − n2|1〉A|1〉C)

+
1√

2(1+n2)
|11〉B(n|0〉A|1〉C − n|1〉A|0〉C) (4)

As can be seen, the whole system depends on the two
qubit states that Bob held. Therefore, as long as the
intermediate node measures its own two qubits, it es-
tablishes the maximally entangled quantum channel be-
tween the source and destination nodes with a certain
probability. when the result of measurement of B is |01〉
or |11〉, it is successful. It means the success probability
to establish a maximally entangled channel is 2n2

(1+n2)2
.

Therefore, the feasibility of establishing a maximally en-
tanglement channel is proved.

Assume the quantum state to be transmitted is |y〉 =
α|0〉 + β|1〉, the particle of the source and the interme-
diate node constitute a partially entanglement state, the
second qubit of the intermediate node and the desti-
nation node constitute another partially entanglement
state. Then the entire five-qubit system can be repre-
sented as

|y〉A1 ⊗ 1√
1+n2

(|0〉A2|0〉B1 + n|1〉A2|1〉B1)

⊗ 1√
1+n2

(|0〉B2|0〉C1 + n|1〉B2|1〉C1)

= (α|0〉A1 + β|1〉A1)

⊗ 1√
1+n2

(|0〉A2|0〉B1 + n|1〉A2|1〉B1)

⊗ 1√
1+n2

(|0〉B2|0〉C1 + n|1〉B2|1〉C1) (5)

Performing the following quantum circuit procedures,
it shows how the node C recovers the initial quantum
information from node A.

When state of Alice and Bob pass through a controlled
NOT gate, the whole system becomes

α

1 + n2
|0〉A1 ⊗ |0〉A2|0〉B1(|0〉B2|0〉C1 + n|1〉B2|1〉C1)

+
nα

1 + n2
|0〉A1 ⊗ |1〉A2|1〉B1(|1〉B2|0〉C1 + n|0〉B2|1〉C1)

+
β

1 + n2
|1〉A1 ⊗ |0〉A2|1〉B1(|0〉B2|0〉C1 + n|1〉B2|1〉C1)

+
nβ

1 + n2
|1〉A1 ⊗ |0〉A2|1〉B1(|1〉B2|0〉C1 + n|0〉B2|1〉C1)

(6)

Then, Alice and Bob send their first quantum bit into
Hadamard gate, the system will become

α

2(1 + n2)
(|0〉 + |1〉)A1 ⊗ |0〉A2 ⊗ (|0〉 + |1〉)B1

⊗(|0〉B2|0〉C1 + n|1〉B2|1〉C1)

+
nα

2(1 + n2)
(|0〉 + |1〉)A1 ⊗ |1〉A2 ⊗ (|0〉 − |1〉)B1

⊗(|1〉B2|0〉C1 + n|0〉B2|1〉C1)

+
β

2(1 + n2)
(|0〉 − |1〉)A1 ⊗ |1〉A2 ⊗ (|0〉 + |1〉)B1

⊗(|0〉B2|0〉C1 + n|1〉B2|1〉C1)

+
nβ

2(1 + n2)
(|0〉 − |1〉)A1 ⊗ |0〉A2 ⊗ (|0〉 − |1〉)B1

⊗(|1〉B2|0〉C1 + n|0〉B2|1〉C1) (7)

We rewritten it into the following form:

1
2(1 + n2)

[|0000〉A1A2B1B2 ⊗ (α|0〉 + n2β|1〉)C1

+|0001〉A1A2B1B2 ⊗ (nα|1〉 + nβ|0〉)C1

+|0010〉A1A2B1B2 ⊗
(
α|0〉 − n2β|1〉)

C1

+|0011〉A1A2B1B2 ⊗ (nα|1〉 − nβ|0〉)C1

+|0100〉A1A2B1B2 ⊗
(
n2α|1〉 + β|0〉)

C1

+|0101〉A1A2B1B2 ⊗ (nα|0〉 + nβ|1〉)C1

+|0110〉A1A2B1B2 ⊗
(−n2α|1〉 + β|0〉)

C1

+|0111〉A1A2B1B2 ⊗ (−nα|0〉 + nβ|1〉)C1

+|1000〉A1A2B1B2 ⊗
(
α|0〉 − n2β|1〉)

C1

+|1001〉A1A2B1B2 ⊗ (nα|1〉 − nβ|0〉)C1

+|1010〉A1A2B1B2 ⊗
(
α|0〉 + n2β|1〉)

C1

+|1011〉A1A2B1B2 ⊗ (nα|1〉 + nβ|0〉)C1

+|1100〉A1A2B1B2 ⊗
(
n2α|1〉 − β|0〉)

C1

+|1101〉A1A2B1B2 ⊗ (nα|0〉 − nβ|1〉)C1

+|1110〉A1A2B1B2 ⊗
(−n2α|1〉 − β|0〉)

C1

+|1111〉A1A2B1B2 ⊗ (−nα|0〉 − nβ|1〉)C1] (8)

Then we get when A1A2B1B2 is {1111} or {0101} the
state of C1 is (α|0〉+β|1〉)C1, and the according success
probability p1 = n2

2(1+n2)2
. when A1A2B1B2 is {1101} or

{0111} the state of C1 is (α|0〉−β|1〉)C1, and the accord-
ing success probability p2 = n2

2(1+n2)2
. when A1A2B1B2

is {1011} or {0001} the state of C1 is (α|1〉+β|0〉)C1,

and the according success probability p3 = n2

2(1+n2)2
.

when A1A2B1B2 is {1001} or {0011} the state of C1
is (α|1〉−β|0〉)C1, and the according success probability
p4 = n2

2(1+n2)2
.

Qubit measurement results are passed to Candy
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through classical channels. As can be seen, once Candy
was told the states of two qubits (qubits of Alice and
Bob), Candy gets the qubit states information that he
needs.

Notice that some logic operations of unavailable states
do not affect the final results, then we simplify the rela-
tionship with Karnaugh maps (Figs. 2 and 3).

Fig. 2 Z gate Karnaugh map according to A1A2B1B2 states.

Fig. 3 X gate Karnaugh map according to A1A2B1B2 states.

Z = 0 corresponds to {1111 0001 1011 0101}
Z = 1 corresponds to {0011 1101 0111 1001}
X = 1 corresponds to {0001 0101 0011 0111}
X = 0 corresponds to {1111 1011 1101 1001}

Z corresponds to A1⊗B1 and X corresponds to A1⊗B2.

Therefore, the bridging mechanism can be executed in-
dependently, that is to say, each intermediate node exe-
cutes quantum gates in parallel, and then delivers the re-
sults through classical information channel. Finally, the
destination node operates the XOR gate according to the
results and recovers the quantum state |y〉 = α|0〉+ β|1〉
with a probability.

3 Multi-intermediate nodes bridging

Then we consider the situation of n nodes, to prove the
XOR logic relationship in the designed quantum circuit
still work.

Assume there is n − 2 intermediate nodes. In the fol-
lowing figure, two nodes to be added are represented as
node D and node E. D shares two partially entangled
states with node C and E (Fig. 4).

Fig. 4 Quantum circuit for more nodes bridging.

When transported through the former n − 2 interme-
diate nodes, the final system state is

(A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (
B1 ⊕ B2 ⊕ · · · ⊕ Bn

)

⊗(α|0〉 + β|1〉)C

+(A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (B1 ⊕ B2 ⊕ · · · ⊕ Bn)

⊗(α|1〉 + β|0〉)C

+ (A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (
B1 ⊕ B2 ⊕ · · · ⊕ Bn

)

⊗(α|0〉 − β|1〉)C

+ (A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (B1 ⊕ B2 ⊕ · · · ⊕ Bn)

⊗(α|1〉 − β|0〉)C (9)

When add two intermediate nodes, we get

(A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (
B1 ⊕ B2 ⊕ · · · ⊕ Bn

)

⊗(α|0〉 + β|1〉)C ⊗ 1√
1+n2

(|0〉C |0〉D + n|1〉C |1〉D)

⊗ 1√
1+n2

(|0〉D|0〉E + n|1〉D|1〉E)

+(A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (B1 ⊕ B2 ⊕ · · · ⊕ Bn)

⊗(α|1〉 + β|0〉)C

⊗ 1√
1+n2

(|0〉C |0〉D + n|1〉C |1〉D)
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⊗ 1√
1+n2

(|0〉D|0〉E + n|1〉D|1〉E)

+ (A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (
B1 ⊕ B2 ⊕ · · · ⊕ Bn

)

⊗(α|0〉 − β|1〉)C

⊗ 1√
1+n2

(|0〉C |0〉D + n|1〉C |1〉D)

⊗ 1√
1+n2

(|0〉D|0〉E + n|1〉D|1〉E)

+ (A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗ (B1 ⊕ B2 ⊕ · · · ⊕ Bn)

⊗(α|1〉 − β|0〉)C

⊗ 1√
1+n2

(|0〉C |0〉D + n|1〉C |1〉D)

⊗ 1√
1+n2

(|0〉D|0〉E + n|1〉D|1〉E) (10)

Ignore the formula factor (A1 ⊕ A2 ⊕ · · · ⊕ An) ⊗
(B1 ⊕ B2 ⊕ · · · ⊕ Bn) . Formula (10) has the same form
with formula (5), so it equals the derivation process.
When add two intermediate nodes in a quantum tele-
portation process, the same operation of XOR logic to
destination node still work.

Then the formula factor turns into

(A1 ⊕ A2 ⊕ · · · ⊕ An ⊕ C1 ⊕ D1)

⊗ (B1 ⊕ B2 ⊕ · · · ⊕ Bn ⊕ C2 ⊕ D2)

It means the successful probability is

Pn+2 = Pn × 2n2

(1 + n2)2
(11)

So when the number of intermediate nodes is odd num-
ber, quantum teleportation can be fulfilled with a proba-
bility (

√
2n

1+n2 )2m, k = 2m− 1, k is the number of interme-
diate nodes. With the increment of intermediate nodes
number, the success probability will decrease rapidly.

4 Conclusion

This paper proposes the quantum bridging method to
teleport qubits with partially entangled states. Specific
quantum bridging circuit can be designed for qubit tele-
portation across a plurality of intermediate nodes. Af-
ter the entangled particles are passed through quantum
gates, measurement results in each node then are passed
independently to the destination node. Destination node
then executives XOR operation to obtain information
needed for final quantum gates to recover the initial qubit
information. In this way, when partially entanglement
quantum resource is limited, new scheme can teleport a
qubit successfully with a certain probability. The benefit
of this scheme is the simpler logic and better security. So

when teleportation occurs across multiple intermediate
nodes, quantum bridging method is feasible.

5 Discussion

To explore the usage of partially entangled state in quan-
tum teleportation, and improve the resource efficiency
together with success probability, there are still some
problems to be solved.

First, when the degrees of entanglement in partially
entangled states are not the same, does this mechanism
still work? Some methods for detecting or measuring
entanglement are developed [41]. The answer helps to
reduce the complexity of future quantum channel prepa-
ration.

Second, whether auxiliary particle can be introduced
into this bridging mechanism to improved the final suc-
cess probability deserves us a future study, since inter-
mediate nodes number affects the teleportation result se-
riously. It also helps to decide whether the teleportation
is successful.

Third, we hope to improve this bridging mechanism
to suit teleporting multiparticle quantum information,
so that the resource efficiency can be increased.

Acknowledgements The work was supported by the Research
Fund of NCRL (No. 2014A03), the Fundamental Research Funds of
the Central Universities (No. 2242014K40033) and the Prospective
Research Project on Future Networks of Jiangsu Future Networks
Innovation Institute (No. BY2013095-1-18).

References

1. A. G. White, D. F. V. James, W. J. Munro, and P. G. Kwiat,

Measuring entanglement and entanglement measures, Tech-

nical Digest, 2000.

2. S. T. Cheng, C. Y. Wang, and M. H. Tao, Quantum com-

munication for wireless wide-area networks, IEEE Journal

on Selected Areas in Communications, 2005, 23(7): 1424

3. G. L. Long, F. G. Deng, C. Wang, X. H. Li, K. Wen, and W.

Y. Wang, Quantum secure direct communication and deter-

ministic secure quantum communication, Front. Phys, 2007,

2(3): 251

4. K. Wang, X. T. Yu, S. L. Lu, and Y. X. Gong, Quantum

wireless multihop communication based on arbitrary Bell

pairs and teleportation, Phys. Rev. A, 2014, 89(2): 022329

5. A. Furusawa, J. L. Sørensen, S. L. Braunstein, C. A. Fuchs,

H. J. Kimble, and E. S. Polzik, Unconditional quantum tele-

portation, Science, 1998, 282(5389): 706

6. X. T. Yu, X. Jin, and Z. C. Zhang, Routing protocol for wire-

less ad hoc quantum communication network based on quan-

tum teleportation, Acta Phys. Sin., 2012, 61(22): 220303

7. C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres,
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