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Secondary plasmon resonance in graphene nanostructures
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The plasmon characteristics of two graphene nanostructures are studied using time-dependent den-
sity functional theory (TDDFT). The absorption spectrum has two main bands, which result from π

and σ+π plasmon resonances. At low energies, the Fourier transform of the induced charge density
maps exhibits anomalous behavior, with a π phase change in the charge density maps in the plane of
the graphene and those in the plane 0.3 Å from the graphene. The charge density fluctuations close
to the plane of the graphene are much smaller than those above and beneath the graphene plane.
However, this phenomenon disappears at higher energies. By analyzing the electronic properties,
we may conclude that the restoring force for the plasmon in the plane of the graphene does not
result from fixed positive ions, but rather the Coulomb interactions with the plasmonic oscillations
away from the plane of the graphene, which extend in the surface-normal direction. The collective
oscillation in the graphene plane results in a forced vibration. Accordingly, the low-energy plasmon
in the graphene can be split into two components: a normal component, which corresponds to direct
feedback of the external perturbation, and a secondary component, which corresponds to feedback
of the Coulombic interaction with the normal component.
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1 Introduction

Collective electronic oscillations in metals or semicon-
ductors lead to surface plasmon resonance, which enables
confinement and control of electromagnetic energy at sub
wavelength length scales [1–5]. Plasmons in nanostruc-
tures can be tuned by modulating the shape or size of the
structure [6, 7], and so materials of this kind have great
potential for applications in sensing, spectroscopy [8, 9],
catalytic reactions [10] and biomedical treatments [11].
Benefitting from advances in the fabrication of nanode-
vices that enable preparation of samples with excellent
control over the size and shape [2, 12, 13], plasmonics is a
field that has experienced recent rapid growth. However,
the quest for new nanostructures with novel functional-
ity represents a major ongoing effort in nanoplasmonics
and condensed matter physics [14–16].

Since the discovery of graphene, it has attracted con-

siderable research interest mainly due to the peculiar
electronic properties. It is a two-dimensional material
and exhibits band structure that features so-called Dirac
points and Dirac cones. At the Dirac point, the vertices
of the valence bands and the conduction bands meet at
the Fermi energy. Because of the zero density of states at
the Dirac point, the electronic conductivity is quite low;
however, at elevated temperatures, if doped with suitable
elements or with an appropriate bias voltage, the conduc-
tivity can be increased [17]. Furthermore, the electronic
mobility of graphene is very large, and the electrons in
graphene exhibit ballistic transport [17–20]. The physical
properties described above make graphene a particularly
promising material for carbon-based electronics. Because
of the ballistic transport, charge carriers may propagate
for long distances, making graphene a potential material
to substitute for noble metals used to fabricate plasmon-
ics devices, without incurring the large optical losses of
surface plasmons [21–23].
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In recent years, plasmonics with graphene nanos-
tructures has attracted growing attention. Wang et al.
[24] studied graphene edge plasmons in finite graphene
nanostructures. For a linear edge profile, graphene sup-
ports fewer edge modes than a two-dimensional electron
gas (2DEG) with a given wave vector q, and the edge
monopole plasmon dispersion in graphene follows a q1/4

law in contrast to the q0 law observed for 2DEGs. Re-
cently, the collective excitation of graphene nanostruc-
tures with hexagonal and rectangular geometries has
been studied [7]. Based on these calculations, the authors
reported some interesting observations: the edge configu-
ration is significant in the optical absorption spectrum of
graphene nanostructures, and the width of the graphene
nanostructure also influences the optical absorption spec-
trum. Real-space images of the plasmon fields can be
acquired directly using a scattering-type scanning near-
field optical microscope (SNOM) [25, 26]. A SNOM uses
metal AFM tips as near-field probes. When the tips are
illuminated using infrared laser light, they act as optical
antennas that convert the incident light into a localized
near field below the tip apex. The localized near field
then lunches plasmons that are reflected at the edges,
and form standing waves. The standing waves can be
imaged from the light that is scattered by the tips using
a pseudo-heterodyne interferometer.

The collective excitation of electrons can be de-
scribed using time-dependent density functional theory
(TDDFT) [1, 7, 27–31]. Surface plasmon excitations of
C60 clusters have been calculated using a spherically
averaged pseudo potential model combined with the
density functional formalism for the ground state, and
TDDFT for the response function [27], and the proper-
ties of the collective excitations of the C60 cluster were
described. Yan et al. [28] investigated the collective exci-
tation of electrons in linear chains of atoms and predicted
the existence and nature of the end and central plasmon
resonances in the chains.

In this work, we examine the motion of the elec-
trons when plasmons are excited in graphene nanostruc-
tures. Two graphene nanostructures are employed in our
work: a triangular structure and a rectangular struc-
ture. The plasmons are excited in the graphene plane.
To characterize the motion of electrons, we display a set
of frequency-dependent density maps of different layers.
We define Px as the plane that parallel to plane of the
graphene but separated by a distance x. We find that in
each low-energy resonance point, the Fourier transform
of the induced charge density maps exhibits an anoma-
lous behavior, with a π phase change in the charge den-
sity maps in the plane of the graphene and those in the
plane 0.3 Å from the graphene. In addition, we carried

out calculations for a 7×7 array of Na atoms for com-
parison.

2 Optical absorption spectra from time-
dependent density-functional theory

TDDFT is a quantum mechanical theory used in physics
and chemistry to investigate the electronic properties
and dynamics of many-body systems in the presence
of time-dependent potentials. The collective oscillations
of electrons in the graphene nanostructures are time-
dependent; therefore, TDDFT is an ideal tool for our
study. In our calculations, we propagate the time-
dependent Kohn–Sham equations in real time to obtain
optical absorption spectra [32]. Because we will obtain
a similar result was reported by Yan [28], who used the
method developed by Casida, we calculate the linear re-
sponse of the electrons to an external potential in the
frequency domain [33]. Before t = 0, the system was as-
sumed to lie in the ground state. It then experiences
an instantaneous perturbation described by the follow-
ing potential [34]

v(r, t) = −�k0xνδ(t), (1)

where xν = x, y, z denotes the polarization direction and
k0 is the momentum transferred to the system. To en-
sure that the response of the system in response to the
perturbation was linear, the perturbation should to be
small. However, it should also be sufficiently large that
we avoid the response being lost in noise. By applying
a suitable an external field, all frequencies of the system
can be excited equally. We define ϕi(r) as the ground-
state Kohn–Sham wavefunction of the system, and the
initial state for time evolution at t = 0+ can be expressed
as [34]

ψi(r, 0+) = exp(ik0xv)ϕi(r). (2)

The Kohn–Sham wavefunctions are then propagated for
a finite time. Information on the excitation can then
be deduced from the dipole-strength function S(ω)S(ω),
which measures how strongly a given frequency ω excites
the system and it can be expressed as [32, 34]

S(ω) =
2meω

π�e2
�

∑

v

αvv(ω), (3)

where the dynamic polarizability aμv(ω) is given by

αμν =
e2

�k0

∫
drxvδn(r, ω). (4)
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3 Computational details

The calculations were implemented using real-space and
real-time TDDFT simulations using the software package
Octopus [35]. The carbon, hydrogen and sodium atoms
were described using Troullier–Martins pseudo potentials
[36]. The local density approximation (LDA) for the ex-
change correlation was used in both the ground state and
excited state calculations as described by Marinopou-
los et al. [37]. The three simulation zones were cuboids,
where the bottom faces were square. The lengths of the
sides were 24 Å, 28 Å for the triangular and rectan-
gular graphene nanostructures, respectively, and were
and 28 Å for the Na array. The corresponding heights
of the cuboids were 15 Å, 16 Å and 15 Å. The space
was discredited into uniform grids, and the interval be-
tween adjacent grids was 0.3 Å. The length, the width
and the height of the cuboids were parallel to the X ,
Y and Z axes, respectively. The graphene nanostruc-
ture and the Na array were located at the center of the
cuboids, which also formed the origin of the coordinate
system. In the plane-wave propagation, excitation spec-
tra were extracted via Fourier transforming the dipole
strength induced by the impulse excitation. During the
real-time propagation, the electronic wave packets were
evolved for typically 6000 steps, where each time step
was 0.005 �/eV. To study the motion of the electrons, we
acquired the induced charge density of each grid, where
the induced charge density is the difference between the
charge density at time t and time 0, i.e., ρ(r, t)−ρ(r, 0).
The Fourier transform was used to transform the induced
charge density from time domain into frequency domain;
i.e.,

Δρ(r, ω) =
1
T

∫ T

0

[ρ(r, t) − ρ(r, 0)]e−iωtdt. (5)

where ρ(r, 0) and ρ(r, t) are the charge density at time 0
and t and spatial coordinate r. Here Δρ(r, ω) represents
the population of electrons that oscillate with frequency
ω at point r. It corresponds to a plasmon oscillation of
a given frequency.

The graphene nanostructures were passivated by hy-
drogen atoms at the edges. The interval between two
adjacent Na atoms was 2.89 Å [28, 38]. To simplify the
problem, the atoms were fixed and only changes in elec-
trons were taken into consideration in our calculations.
First, we discuss the electronic oscillations in the triangu-
lar graphene. We then discuss the corresponding results
from the rectangular graphene. Finally, the oscillations
in the 7×7 Na array are discussed for comparison.

4 Results and discussion

Figure 1 shows the dipole response (i.e., optical absorp-
tion) of the triangular nanostructure in response to im-
pulse excitations polarized in the X and Y directions.
Because the external perturbation was a vector of electric
field, the perturbation in any direction of the graphene
plane can be decomposed into X and Y components.
These results can be understood by considering that
there are two main surface plasmon bands when excited
from any direction of the graphene plane. That with
an energy of approximately 16 eV is termed the σ + π

plasmon resonance, and that with an energy of approxi-
mately 5 eV is termed the π plasmon resonance. Because
of the ballistic transport property of graphene, the col-
lective oscillations of the low-energy zone are not signif-
icantly affected by the various C atoms at the interior
of the structure, and only those near the boundaries are
significant. In our simulations, the graphene nanostruc-
tures were terminated by zigzag edges. Therefore, when
excited in the X and Y directions, they had almost iden-
tical absorption spectra at low energies. This conclusion
applies to any excitation direction of the graphene nanos-
tructure.

To obtain further details of these plasmons, we ana-
lyzed the Fourier transform of induced time-dependent
charge density. Figure 2 shows charge density maps of
some low-energy resonances. Comparing the first and
second columns of images shown in Fig. 2, we find that
for each high-density region in P0, there is a zone with
the opposite density distribution at P0.3. It follows that,
in this plasmon mode, the electrons in the two zones os-
cillate in opposite directions. This is an interesting obser-
vation that has not been reported previously. To observe
this more clearly, we consider the snapshot across the X
axis shown in Fig. 3. It makes sure that the high density
region close to P0 only occupies a very small volume with
respect to that in the surface normal direction. Figure
4 shows charge density maps of the resonance point at
16.6 eV. The distributions in P0 and P0.3 appear almost

Fig. 1 The dipole response (optical absorption) of the triangular
graphene nanostructure in response to impulse excitations polar-
ized in the X and Y directions.
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identical, and the opposing phase of different regions of
charge density seen with the lower-energy mode was not
observed for this higher-energy resonance.

Fig. 2 The Fourier transform of induced charge density for the
triangular structure. The first column shows P0 and the second
shows P0.3. (a) and (b) Excitation from the Xdirection and at
the resonance at 2.04 eV. (c) and (d) Excitation from the X di-
rection at the resonance at 4.29 eV. (e) and (f) Excited from the Y
direction at 3.68 eV. (g) and (h) Excitation from the Y direction
at 5.87 eV.

Fig. 3 Fourier transform of the induced charge density for the
triangular structure in the plane x = −3.6 Å when excited from X
direction at 2.04 eV.

Fig. 4 The Fourier transform of induced charge density for the
triangular structure at 16.6 eV when excited from X direction. (a)
at P0 and (b) at P0.3.

We have discussed the plasmonic properties of the rect-
angular structure shown in Fig. 5 previously [7]. The data
reported in Ref. [7], include spectra revealing two bands,
which were similar to those shown in Fig. 1; however,
the two spectral lines differed significantly at low ener-
gies. This is because of the different edge conditions in
the X and Y directions.

Figure 6 shows charge density maps of the rectangular
nanostructure at selected low-energy resonances. Com-
pared with the data shown for the triangular structures
(see Fig. 2), we obtain the same phenomena in terms of
the opposing phase of the oscillations at P0 and P0.3.

To explain data plotted in Figs. 2 and 6, we analyze
the binding characteristics of the graphene nanostruc-
tures. In the ground state of the C atom, the configura-
tion of the valence electrons is 2s22p2. When graphene
forms, the configuration becomes to 2(sp2)32p. The p
electrons of adjacent C atoms overlap and form π–π
bonds, which are weak. The delocalized π electrons tend
to spread above and below the plane of the graphene,
and are π asily excited by external electric field, and

Fig. 5 A schematic diagram showing the rectangular graphene
nanostructure.
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Fig. 6 Fourier transforms of induced charge density for the tri-
angular structure. The first column shows P0 and the second shows
P0.3. (a) and (b) Excitation from the X direction and at the res-
onance at 2.04 eV. (c) and (d) Excitation from the X direction
at the resonance at 5.08 eV. (e) and (f) Excitation from the Y
direction at the resonance at 5.24 eV.

contribute to both the low-energy and high-energy plas-
mons. The sp2 electrons overlap with the 2sp2 orbitals
of adjacent C atoms (or H atoms in the edge regions),
and form in-plane σ bonds, which are stronger than the
π–ππ bonds. The σ electrons are located close to P0,
and are σ ifficult to excite, and so only contribute to the
higher-energy plasmons.

At low energies, the electrons in σ bonds do not re-
spond to the in-plane perturbation directly. The density
distribution at P0 does not correspond to the response of
electrons in σ bonds to external perturbations, rather to
the oscillations due to the change in the charge density
distribution of π electrons. The oscillations formed by
π electrons will exert Coulombic forces on the electrons
at P0, which causes them to oscillate in the opposite di-
rection; i.e., the oscillations at P0 are forced vibrations,
and this leads to the opposing phase of the charge den-
sity oscillations at in the planes P0 and P0.3. Because the
σ electrons at P0 are tightly bound, the Coulombic forces
may only result in small movements of the σ electrons.
This is why the charge density oscillations at P0 are rela-

tively localized (see Fig. 3). The low-energy plasmons can
be divided into two components: normal components lo-
cated above and beneath the plane of the graphene, and
secondary components located close to the plane of the
graphene. With the high-energy plasmon modes, both
the σ and π valence electrons are involved, and there is
no obvious difference in the charge density oscillations at
P0 and Px(|x| > 0).

To provide a comparison, we also calculate the charge
density oscillations in a 7×7 array of Na atoms excited
in the X direction. The absorption spectrum exhibited
a main peak at 1.92 eV. Figure 7 shows charge density
maps at different at this resonance. The three charge den-
sity maps appear almost identical. The reason for this
is that all the valence electrons consist of 3s orbitals,
which are able to respond to the external perturbation
directly. The behavior is similar to the high-energy plas-
mon modes in the graphene nanostructure. Many metal-
based plasmonic devices exhibit similar behavior to the
Na array, and the charge density maps in different planes
do not exhibit the anomalous phase behavior that was
observed for the graphene nanostructures.

5 Conclusions

We have investigated the collective excitation of two
graphene nanostructures and an array of Na atoms us-
ing time-dependent density functional theory (TDDFT).
At low energies, the edges of the graphene nanostruc-
tures are significant in the optical absorption spectra be-
cause of the nature of ballistic charge transport. The
low-energy plasmon modes in the graphene nanostruc-
tures differ significantly from those of metals, and can
be divided into a normal component and a secondary
component. The former is located above and beneath
the graphene plane, and responds directly to the exter-
nal perturbation. The latter is located closer to the plane
of the graphene, is generated by Coulombic interactions
with the charge density fluctuations of the normal com-
ponent; furthermore, the spatial extent of the secondary

Fig. 7 Fourier transforms of the induced charge density for the 7×7 array of Na atoms at the resonance at 1.92 eV. (a)
The charge density at P0, (b) at P0.3 and (c) at P0.6 when excited from the X direction.
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component is significantly smaller than that of the nor-
mal component. Both oscillate in the same direction but
with a phase difference of π. The secondary plasmon
mode disappears at higher energies because the σ valence
electrons are able to respond directly to the external per-
turbation. Although only two graphene nanostructures
were studied, we expect that this phenomenon will be
observed in many other graphene structures.

Using a SNOM, it is possible to image and the normal
plasmons in graphene; however, the secondary plas-
mons described here involve charge density fluctuations
over very small length scales close to the plane of the
graphene. However, it may be feasible to capture the
photons emitted by the normal plasmons and the sec-
ondary plasmons. At resonance, if a sufficiently strong
excitation signal is used, and a weak signal with a phase
difference of π can be obtained, this will support the
existence of the secondary plasmons described here.
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