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We study the noncommutative nonrelativistic quantum dynamics of a neutral particle, which pos-

sesses an electric qaudrupole moment, in the presence of an external magnetic field. First, by intro-

ducing a shift for the magnetic field, we give the Schrédinger equations in the presence of an external

magnetic field both on a noncommutative space and a noncommutative phase space, respectively.

Then by solving the Schrédinger equations both on a noncommutative space and a noncommuta-
tive phase space, we obtain quantum phases of the electric quadrupole moment, respectively. We

demonstrate that these phases are geometric and dispersive.
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1 Introduction

The approach to noncommutative quantum field theory
based on star products and Seiberg—Witten maps allow-
ing for the generalization of the standard model of par-
ticle physics to the case of noncommutative space-time.
Since noncommutative quantum field theory may solve
the puzzles of the standard model, there are many papers
concerning the quantum field theory on a noncommuta-
tive space-time [1-4]. Apart from these studies, much
researches has been devoted to the study of various as-
pects of quantum mechanics (QM) on a noncommutative
space (NCS) and a noncommutative phase space(NCPS),
because the main goal of noncommutative quantum me-
chanics (NCQM) is to find measurable spatial noncom-
mutativity effects. For example, the authors of Refs. [5—
8] have studied the Aharonov-Bohm phase on an NCS
and an NCPS. The Aharonov—Casher phase for a spin-
1/2 and a spin-1 particle on a NCS and a NCPS has
been studied in Refs. [9-12]. The He-McKellar-Wilkens
effect for spin one particles in noncommutative quantum
mechanics has been studied in Ref. [13]. The noncom-
mutative quantum Hall effect has been studied in Refs.
[14-21]. Refs. [22, 23] have studied the spin hall effect

(SHE) in the framework of noncommutative quantum
mechanics. The noncommutative quantum dynamics of
a neutral particle, which possesses permanent magnetic
and electric dipole moments, in the presence of exter-
nal electric and magnetic fields has been studied in Ref.
[24], but there is no discussion about the noncommuta-
tive quantum phase of a neutral particle, which possesses
an electric quadrupole moment in the literature, thus it
is necessary to study these problems.

This paper is organized as follows: In Section 2, we
discuss the phase of an electric quadrupole moment on
a usual commutative space. In Section 3, we obtain the
quantum phase of an electric quadrupole moment on an
NCS. The quantum phase of an electric quadrupole on
an NCPS is investigated in Section 4. Conclusions are
given in the last section.

2 Quantum phase of an electric quadrupole
moment on a commutative space

To discuss possible quantum phase of an electric
quadrupole and multipole moment, we begin with the
Lagrangian. Consider a neutral particle of mass m with
an electric quadruple moment @ moving at velocity v in
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an electromagnetic field, the nonrelativistic Lagrangian
[25] is
r 5 v
inmv +Q - (E+—xB) (1)
c
Here we used the notation Q@ = Q;é;, with Q; = Q;;0;.
Then the canonical momentum is given by

1
P=mv—-QxB (2)
c
and the Hamiltonian is
1 1
H=—(P+-= B?-Q-E 3
5 (P+-QxB)*-Q 3)

When E = 0, the Schrodinger equation for this problem
is (we choose the unit of h =c¢ =1)

1
—(P BV =EV 4
5 (P+QxB) )

In an analogous way as in usual quantum mechanics, the
solution for Eq. (4) reads

xr
W — Wyexp[—i / (Q x B) - dal (5)
zo

where ¥ is the solution of Eq. (4) when B = 0. The
phase term of Eq. (5) is the quantum phase of an elec-
tric quadrupole moment on a commutative space. If we
consider a particle to pass a double slits, then the in-
tegral runs from the source xy through one of the two
slits to the screen z, the coherent pattern will depend
on the phase difference of two paths. Thus we can write
this nondispersive quantum phase of a neutral particle
with an electric quadrupole moment moving in a mag-
netic field as

qu:—i]f(QxB)-dx (6)

3 Quantum phase of an electric quadrupole
moment on a noncommutative space

To begin with, let us first briefly review some properties
of NCS. At string scale, not only coordinate and mo-
mentum operators do not commute, but also coordinate-
coordinate operators may not commute any more. There-
fore, the NCS is a space where space coordinate Z; and
momentum coordinate p; operators satisfy the following
commutation relations:

(T4, 2;] =164, [Pi,Dj] = 0, [T4,p;] = 1ds5, 4,5 = 1,2,3
(7)

Here 6;; is totally antisymmetric real tensor which rep-
resent the noncommutative property of the coordinate
on an NCS. By replacing the normal product with a star

Halgem Nizamidin, et al., Front. Phys., 2014, 9(4)

product, the Schrédinger equation on a commuting space
will change into the Schrodinger equation on an NCS,
i.e., on an NCS, the Schrodinger equation can be written
as

H(z,p)x« W =EW (8)

Here H(z,p) is the Hamiltonian operator of the usual
quantum system. The Moyal-Weyl (or star) product be-
tween two functions is defined by

where f(Z) and ¢(Z) are two arbitrary, infinitely differ-
entiable functions on a commutative space, and f (aic') and
§(Z) are the corresponding functions on an NCS.

On a NCS the star product can be replaced with a
Bopp’s shift [26], i.e., the star product can be changed
into the ordinary product by replacing H(z,p) with
H(&,p). Thus the Schrodinger equation can be written
as

H(A,ﬁ>lp:H(,’Ei—%Qijpj,pi)WZE!p (10)
Here x; and p; are coordinate and momentum opera-
tors in usual quantum mechanics. Thus Eq. (10) is actu-
ally defined on a commutative space, and the noncom-
mutative effects can be evaluated through the ©-related
terms.

Now we are in the position to discuss how to calculate
quantum phase of an electric quadrupole moment on an
NCS. When magnetic field is involved, the Schrodinger
equation (8) becomes

To replace the star product in Eq. (11) with a usual
product, we need to replace x;, p; and B; with shifts as
follows:

i = i = 5 6ijpj
Pi — Di, 7’7]:1525n
1
B; — B; + §@ljplajBi (12)

Thus the Schrédinger equation (11) in the presence of
magnetic field becomes

1 1
H(xi — 5 Qijpj,pi,Bi + EQijlajBi) v =FEV (13)

Now let us consider a particle of mass m, with an electric
quadruple moment @, moving at velocity v in a magnetic
field, Schrodinger equation is
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1
5—(pr +€ijrQiB; +

1
o EeiijinnplanBj)QW =FEV

(14)
The solution of Eq. (14) reads

. 1
U= U, exp[—1j{(eijk Q;B; + §€iiji Ounp10y Bj)dwy]
(15)
where ¥y is the solution of Eq. (14) when B; = 0. The
phase term of Eq. (15) is the quantum phase of an elec-

tric quadrupole moment on an NCS. Thus we can write
this phase as

b5 = B + Y (16)
where

QSQ = —i%eiijiBjdxk (17)
and

(15% = —% ]{eiiji@m[mvl — (Q X B)l]anBjdxk (18)

where we used the relation p; = mv; — (Q x B);+ O(0),
and we omitted the second order terms of the ©; the first
term Pg is the quantum phase of an electric quadrupole
moment in usual quantum mechanics; the second term
(ﬁg is the correction to the usual quantum phase of an
electric quadrupole moment due to space—space noncom-
mutativity.

In three dimensional NCS, 4,5 = 1,2, 3, we can define
a vector 8 = (01, 02,03), with 0, satisfies ©;; = €;;,0% or
0; = %eijk Oji . Then Eq. (16) has the form

PHS = A}((Q x B)-dx

f%m?{H[vxﬁ(QxB)]dm

+5§0(Qx B) xVQxB) e (19)

This equation is the noncommutative version of the
quantum phase of an electric quadrupole moment. The
first term in Eq. (19) is the usual quantum phase of an
electric quadrupole on a commutative space. The other
NCS correction terms depend on the velocity of the par-
ticle.

4 Quantum phase of an electric quadrupole
on a noncommutative phase space

In this section we discuss the NCPS correction to the
quantum phase of a neutral particle which possesses elec-
tric quadrupole moment. Because the case of both space-
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space and momentum-momentum noncommutativity is
different from the case of only space-space noncommuta-
tivity. Thus on a NCPS the momentum operator in Eq.
(7) satisfies the following commutation relations:

[, P;] = 16,

Here 6;; is totally antisymmetric real tensor which rep-

iaj:]wza"'an (20)

resent the noncommutative property of the momentum.
On an NCPS the star product in Eq. (9) becomes

(f * g)(w,p) = e3a7 OO0+ 5206010 £(4 p)g(x,p)
l
= f(z,p)g(z.p) + 55 6107 [0} g
i -
+ﬁ9138ff8§)g Pi=Ppj (21)

To replace the star product in Schrédinger equation (11)
with a usual product, first we need to replace z; and p;
with a generalized Bopp’s shift as follows:

Ti=xTj

1
Ty — Ty — ﬁgijpj
1
pi — pi + 20 5.2 Q’ijj (22)

and then we need to replace B; with the generalized shift
as

1
B, — aB; + % O1;pi10;B; (23)

Here « is a scaling constant related to the noncommuta-
tivity of phase space. Thus on an NCPS the Schrodinger
equation (11) becomes

1 1 -
H(zi = 5 Oijpjs Pi + 55 sz,
1
Bi + 55 61jm0;B:) ¥ = EV (24)

Now the Schrodinger equation for the neutral particle
with quadrupole moment on an NCPS has the form

(pk‘ + — Qk]x] + €ijk Qz

2m 2a

1
2 2€ZJkQ191npla B; ) v =FEV¥ (25)

with m’ = m/a?. Thus the total phase shift including the

contributions due to both space-space and momentum-

momentum non-commutativity on 3-dimensional NCPS
is

NCPS _

) =

—i%(QXB)-dw
f%mfo-[vxﬁ(QxB)].dm

+%?{9.[(QXB)xﬁ(QxB)]'dm+¢g

= dg + Y + 9 (26)
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Where the @g is the first order modification term due to
momentum-momentum non-commutativity, and it has
the form

dig:ﬁ(l—a‘*)]{ﬁ-[vxﬁ(QxB)]'dm
7;7(17042)}{9.[@ x B) x ¥(Q x B)| - d
7;7 f @ijxjdxi (27)

The term g is the usual phase for an electric quadrupole
moment on a commutative space; the term @g is the
correction due to noncommutativity of space; the other
term (Pg is the additional phase due to the momentum-
momentum noncommutativity. Note that this is a dis-
persive geometric phase that depends on the velocity of
the particle and also on the magnetic field. It is obvious
from Eq. (27) that, when o = 1, we have 0;; = 0 as well
as (Pg = 0, so this phase returns to its expression in Eq.
(19) on an NCS.

5 Conclusions

There are two methods, namely, star product and shift
method, to study physical effects on an NCS and an
NCPS. In this paper, using the shift method, we studied
the nonrelativistic quantum dynamics of a neutral par-
ticle which possesses electric quadrupole moment, in the
presence of magnetic field. The consideration of the NCS
and NCPS accumulated additional phase differences. In
order to obtain additional phase differences, in Section 3,
first, we gave the Schrodinger equation in the presence
of magnetic field, by replacing the star product with
the Bopp’s shift, we derived the quantum phases of an
electric quadrupole moment with NCS corrections. The
new term 45% in Eq. (18) represents the additional phase
difference on a NCS. Furtherly, we also demonstrated
that these are geometric dispersive phases, since they
depend on the velocity of the particle. Usually, a geo-
metric phase is a local effect, while a topological phase is
nonlocal. In Section 4, by solving the Schrodinger equa-
tion in the presence of magnetic field, we obtained the
NCPS correction to the usual quantum phase of an elec-
tric quadrupole moment. The new term (15% in Eq. (27)
represents the additional phase difference on an NCPS
and demonstrates that these are geometric dispersive
phase too, as they depend on the velocity of the particle.
If the present experimental observations on the quan-
tum phase for quadrupole are available, an estimation
for the bound on the parameter of non-commutativity 6
could be made explicitly, and thus high-precision mea-
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surements in quantum mechanical systems might be able
to reveal the noncommutativity of space.
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