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For two particles’ relative position and total momentum we have introduced the entangled state
representation |n), and its conjugate state |£). In this work, for the first time, we study them via
the integration over ket—bra operators in Q-ordering or B-ordering, where Q-ordering means all Qs
are to the left of all Ps and ‘B-ordering means all Ps are to the left of all @s. In this way we newly
derive PB-ordered (or Q-ordered) expansion formulas of the two-mode squeezing operator which can
show the squeezing effect on both the two-mode coordinate and momentum eigenstates. This tells
that not only the integration over ket—bra operators within normally ordered, but also within 3-
ordered (or Q-ordered) are feasible and useful in developing quantum mechanical representation and

transformation theory.
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Early in 1935, Einstein, Podolsky and Rosen (EPR) [1] in
their famous paper arguing the incompleteness of quan-
tum mechanics introduced the common eigenfunction of
two particles’ relative position Q1 — Q2 (with center of
mass coordinate go) and their total momentum P; + P»
(with eigenvalue py = 0)

V(q1,1:q2, p2) = 6(q1 — @2 + q0)d(p1 + p2) (1)

which describes a sharply correlated two-particle system.
In an entangled quantum state, measurement performed
on one part of the system provides information on the
remaining part. For example, if one measures the mo-
mentum of particle 1 and finds p; = k, then the outcome
of a subsequent measurement of momentum on particle
2 is po = —k with certainty. Thus there is a mysteri-
ous nonlocal entanglement between separated quantum
objects. The EPR’s argument has stimulated many dis-
cussions on the nonlocality and entanglememt inherent
in quantum mechanics. Remarkably, in Refs. [2, 3] the
simultaneous eigenstate |n) of the commutative opera-
tors (Q1 — Q2, Py + P») (where Q;, P; are the coordinate
and momentum operator respectively) in two-mode Fock
space is explicitly constructed

1 *
[n) = exp[—5nl* + naj —n*ab + abal]|00) (2)

1 =mn1 +ing is a complex number, |00) is the two-mode
vacuum state, (ai,az), 1 = 1,2, are two-mode Bose an-
nihilation and creation operators in Fock space. The
conjugate state of |n) is

1 .
€) = exp | —5[€[* + €a] +&"a} + ajal| 00)

=& +18 (3)

since it is the common eigenvector of (Q1 4 Q2, Py — P2).
The entangled states representation have many applica-
tions in discussing quantum computation, quantum tele-
portation, quantum cryptography, and quantum super-
dense coding.

On the other hand, in quantum mechanics theory the
basic operator ordering is coordinate-momentum oper-
ator ordering [4], the physical essence of quantum me-
chanics is characteristic of [Q, P] = ih, (we set h = 1
for later’s convenience). This fundamental commutative
relation is the basis of other complicated operators’ or-
dering. In Refs. [5-7] the integration theory within Q-
ordering and B-ordering is introduced, where Q-ordering
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means all @s are to the left of all Ps and B-ordering
means all Ps are to the left of all @s, because the or-
der of operators @ and P within the symbol Q() can
be permuted, for instance, Q(QP) = Q(PQ) = QP,
Q(P)-ordered products can be integrated or differenti-
ated with respect to c-number provided the integration
is convergent, and we can derive some new fundamental
operator identities about their mutual reordering. The
- and B-ordered formulas of the Wigner operator are
also deduced in Refs. [5-7], which together with the Weyl
quantization rule gives a convenient method for arrang-
ing operators into either Q-ordering or JB-ordering via
the Weyl-Wigner [8, 9] correspondence rule.

In this work, for the first time, we study bi-partite en-
tangled state representations via the integration method
within Q-ordering or PB-ordering of operators, as an re-
markable example, we derive Q-ordered and -ordered
expansion formulas of the two-mode squeezing opera-
tor. This will demonstrate that not only the integration
over ket—bra within normally ordered, but also within J3-
ordered (or Q-ordered) operators are feasible and useful
in developing representation and transformation theory.
The work is arranged as follows: in Section 2 we briefly
review the properties of |1) and |€). In Section 3 we derive
the d-function form of |n)(n|, [£)(£|, and the Q-ordered
and P-ordered form of |n)(¢|. In Section 4 we develop
the integration over ket-bra operators in $Q-ordering or
P-ordering for the entangled state representation, re-
markablely, we newly derive 9B-ordered (or Q-ordered)
expansion formulas of the two-mode squeezing operator.

1 Brief review of |n) and [¢)

From Eq. (1) we see that |n) state obeys the eigenvector

equations
(a1 — ab)ln) =nln), (a2 — al)ln) = —n"[n) (4)
where [ai,a;] = 05, 4,5 = 1,2, a;, aZT are related to
(Qi, Pi) by
Qi=Tslaital), P =—(a—al) o)
i i i

V2
It then follows from Eqgs. (5) and (4) that
(Qu—Q2)ln) = V2mln),  (Pr+ P2)ln) = V2na|n) (6)

[(Q1 — Q2), (P + P2)] =0, |n) is qualified to make up
a new quantum mechanical representation, we name it
the entangled state representation with continuous vari-
able, not only because that |n) satisfies the completeness
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relation

[ Sl =1, = anan @
but also possesses the orthonormal property

(n'|n) = md(n —n')o(n" —n') (8)
On the other hand, |€) obeys the eigenvector equations

(a1 +ab)[€) = €18), (a] +a2)[€) = £71€) 9)

|€) is the common eigenstate of Q1 + Q2 and P, — Pa,
Q1+ Q2, Py — P»] =0, it follows

Q1+ @2)[€) =V2&n), (P — P)IE) = V26]¢)
=& +16 (10)

Its completeness relation and orthogonal property are

[ e =1 (1)

and
(1) = mo(& — o (6™ —¢€7) (12)

The overlap is

(n|&) = %e(ﬁn*—s*n)/z (13)

2 The ‘B-ordering of § (51 —

P, + P,
0\m=— 5

Q1+Q2>_
V2

Let us prove

) (nl€) (€] = =0 (m — L\/ﬁ) 5 <772 B P1;§P2>

In fact, using the eigenvector Egs. (6) and (10),

) (mlé€) (€|
_ / d20/8(m — n})6(nz — n) Yo |

x / Q21 (E6(61 — £)5(62 — &)

— 25 (771— Ql\;;b)é(m_ Pl\-/f-ip2>

2,/ 2¢1
< [ e [ el
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e 2o 28
-ei{o- ) (o- 22

It follows

ol =6 (m = L2 5 (- ALY

and
€)(¢] = o <§1 - Ql#ﬁ) 5 <§2 - PlﬂPQ) (17

so from Eq. (13) we see

S €T €D/ = 1n) mle) e

— 25 (771 QlﬁQ2>5<772 P1\7/L§P2>

~—

e )
or

1 —(En -7/

316} (ple(r =2

eafa- 2250
oo Bl 58)

Like the fact that Bose operator a is commutable with

at within the normal ordering symbol, @ is commutable
though
= @QP, so we can
-), this
is called the technique of interation within Q-ordering.

with P within the Q-ordering symbol, i.e.,
[Q, P] = i, we have Q[PQ]| = Q[QP]

perform integration over c-number within Q(--

For example, we convert the following operator into its
Q-ordering form, as the first step, we have

5(772_ P1+P2>5(§1_ Q1+Q2>
V2 V2
_ dudv Gi(na— 1772 )0 o6 -2 Ju (20)
oo Am?
Using the Baker—Hausdorff formula we  put

(e Q1+Qa ; _PitPy
ez(51 52 )u on the left of e’ (ne= 22 )U, which yields

the Q-ordering form, and within the Q-ordering symbol

@ is commutable with P, so we can perform the following

integration
Py + P2> ( Q1+ Q2>
) — ) -
(772 V2 o V2
462

g U/ dudy (e, Qﬁ%)uei(m_%)mw}
—a [T (gl D))

= %Q {ei(%“%’? ) (61— 5 )] (21)
This is the Q-ordering of § (772 - %) 5 (51 _ @;ﬂ@z),

Similarly, The 9-ordering form of 5(51 _ QlLﬂQz).
(m— 25

Q1+ Q2 P+ P
o= 2o (n- )
// dudv 51_@1}@2) ei(nz_m\;r;z)v

47T2
dudv ;

- U/ 4n? ¢

=P U_ g—zei("”%w)”é (51 - Q1;§Q2' - U)}

%mei(n27P1j§P2)(Elinj§Q2) (22)

_P1+Py . _Q1+Qo .
7z )vez(El 73 )u 1uv:|

3 ‘P-ordered expansion formulas of the
two-mode squeezing operator

The two-mode squeezed state [10, 11], composed of an
idler-mode and signal-mode generated from a paramet-
ric down-conversion, is itself an entangled state of these
two modes in a frequncy domain. This enlightens us to
study the following ket—bra integration in the entangled
state representation, which means the squeezing trans-
formation from |n) to |un),

Szu/d—l/m /d2 /—|€ (&lpm)
/d2 /d§ ) (e (€1 —€ )2

(1= (En*—&"n)/2 23

“re (23)

where we used Egs. (11) and (13). Then from Egs. (19)
and (22) we have

eI EICEETS)

Q1+ Q2 P+ P
e

) (771 Q1 \/_Q2> (I—p)(En"=&"n) /2
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T /yg(&‘—vrﬂ

o (n27P1j§P2 e— Q1\}r_@2)
><5( Ql\/_QQ)] (1=p)i(E2m—E1m2) (24)

which is now within ‘B-ordering, and all Qs are com-
mutable with all Ps, so we can perform this integration

st [ 2[4, (e ) o

1_M)i<<1’11’2)2<521<22)_§1n2)]

xXe

P1+P2) iy Q11 Q2
= d (S _——_— e 2 V2
u‘ﬁ[/ 72 (unz 7

. (P14 P, + P —P. —
o PIEPD(@15Q2) (1) PL=P)@ Q2)]

F(P1+P2)(RQ1+Q2) . (P1+P2)(Q1+Q2)
? 20 g 2

(e

Py — P -
B IE=EIC Q2))

(P1+P2)(Q1+Q (P - P, -
1 22(“1 2)6(1—M)1( 1 2)2(Q1 Q2)

= meii(lftu)
= qg{e—z‘(PlQlJerQz)(cosh,\—1)+i(P2Q1+P1Q2)sinh,\} (25)

—sinh A Q1
cosh\ — 1 Q2 1

(26)

where we have put p = e*; or

cosh A —1
7i(P1 P2) .
S—p le —sinh A

this is the JB-ordered expansion formulas of the two-mode
squeezing operator. Then we use the operator identity

[7]

;/BefiP(cAfl)Q — o —iPAQ (27)
|

Slq1,q2) = e
= |g1 cosh A — g2 sinh \, g2 cosh A — ¢ sinh \)

(nl,n2|S|q1,q2>

= (n1,n2|q1 cosh A — go sinh A, g2 cosh A — ¢ sinh \)

1
=———H,, (q1coshX — gzsinh \) H

Vr2mtnan,Ing!
(g1 cosh A — g sinh \)?

and
coshA  —sinh A 0 -A
In = (28)
—sinh A cosh A -2 0
to obtain the final integration result

d2
S = u/%l;m)(nl

PERTES
—e -A 0 Q2

= expliA(P1Q2 + P2Q1)]
= exp[A(ajas — aiaz)] (29)

Thus we have performed the integration over the ket—
bra operators within 3-ordering in the entangled state
representation and obtain for the first time the 3-ordered
squeezing operator.

4 Applications of ‘3-ordered squeezing
operator

The form of the B-ordered squeezing operator has some
advantages. First, from Eq. (25) we immediately write
down the result of squeezing on the two-mode coordinate
eigenstate |q1, g2)

Slar, g2)
o~ P11+ P2q2)(cosh A= 1) +i(Paqi +Prga) sinh A 00y (30)

—1iPi[g1(cosh A—1)—q2 sinh \]—iP>[g2(cosh A—1) —q; sinh A] |q1 q2>
)

then using
e WP g) = T |q;) = |gi +y) (31)
we have
(32)

+ (g2 cosh A — ¢y sinh \)2

|
from which we immediately obtain the wave function of

the two-mode squeezed number state

1y (g2 cosh X — ¢y sinh \)

X J—
exp 5
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where (n1,ns| is the two-mode number state, so operator
S entangles the two-mode coordinate eigenstates, and S
itself is an entangling operator. Second, Eq. (32) directly
leads to the coordinate representation of .S

S = // dg1dgalgr cosh A — go sinh A,

— 00

g2 cosh A — g1 sinh A)(q1, g2 (34)
On the other hand, from Eq. (25) and
oA 4
(pile™9" = @i (p;] = (p; +y] (35)

where (p;| is the momentum eigenvector, we immediately
know the squeezing effect on (p1, ps|

(p1,p2| S
= (p1, p2| e U

= (p1,p2|
—i[p1(cosh A—1)—po sinh A]Q1 —i[p2 (cosh A—1) —p; sinh A\]Q2

P1Q1+p2Q2)(cosh A—1)+i(p2Q1+p1Q2) sinh A

xe
= (py cosh A — pasinh A, pa cosh A — pq sinh A| (36)

and we obtain the momentum representation of S

S = // dp1dpz|p1, p2)(p1 cosh A — po sinh A,
p2 cosh A — pq sinh A| (37)

Thirdly, enlightened by Eq. (32) we can introduce the
generalized two-mode squeezing operator by introducing
a new parameter r

S(r) = // dgidga|gi cosh A — gae™ " sinh A,
g2 cosh A — e g1 sinh A) (g1, gz (38)

For the two-mode squeezed vacuum state S(r)|00) and
for the two two-mode quadratures

_ Q1+ Q2 _ P+ P
2 ’ 2

we can employ Eq. (38) to conveniently derive the vari-

ance

((Az1)?)
= %(cosh2 A + sinh? X cosh 2r — sinh 2\ coshr)  (40)
((Az2)?)
= i(cosh2 A + sinh? X cosh 2 4 sinh 2\ cosh r) (41)

1 €2 (39)

so the squeezing can be adjusted with the variance of r,
and the uncertainty relation for the two quadratures

1
Az Azy = Z\/ 1 + sinh? Asinh? 2r (42)

Thus, the PP-ordered squeezing operator cannot only
show us the behaviour of squeezing effect on both |g1, g2)
and |p1, p2) manifestly, but also can directly deduce the
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uncertainty relation for the squeezed vacuum state.

In summary, not only the integration over ket—bra op-
erators within normally ordered [12-14], but also within
P-ordered (or Q-ordered) are feasible and useful in de-
veloping representation and transformation theory sig-
nificantly.

Acknowledgements This work was supported by the National
Natural Science Foundation of China under grant No. 11175113.

References

1. A. Einstein, B. Podolsky, and N. Rosen, Can quantum-
mechanical description of physical reality be considered com-
plete? Phys. Rev., 1935, 47(10): 777

2. H.Y. Fan and J. R. Klauder, Eigenvectors of two particles’
relative position and total momentum., Phys. Rev. A, 1994,
49(2): 704

3. H. Y. Fan and Y. Fan, Dual eigenkets of the Susskind—
Glogower phase operator, Phys. Rev. A, 1996, 54(6): 5295

4. P. A. M. Dirac, The Principles of Quantum Mechanics, Ox-
ford: Clarendon Press, 1930

5. H. Y. Fan and J. Zhou, Coherent state and normal order-
ing method for transiting Hermite polynomials to Laguerre
polynomials, Science China: Physics, Mechanics & Astron-
omy, 2012, 55(4): 605

6. H.Y.Fan, New fundamental quantum mechanical operator-
ordering identities for the coordinate and momentum op-
erators, Science China: Physics, Mechanics € Astronomy,
2012, 55(5): 762

7. H.Y.Fan and S. Y. Lou, Science China: Physics, Mechan-
ics and Astronomy, 2013 (to appear)

8. H. Weyl, Quantenmechanik und gruppentheorie, Z. Phys.,
1927, 46(1-2): 1

9. E. Wigner, On the quantum correction for thermodynamic
equilibrium, Phys. Rewv., 1932, 40(5): 749

10. H. Y. Fan, S. Wang, and L. Y. Hu, Evolution of the single-
mode squeezed vacuum state in amplitude dissipative chan-
nel, Front. Phys., DOI 10.1007/s11467-013-0367-z

11. H. Y. Fan, Squeezed states: Operators for two types of
one- and two-mode squeezing transformations, Phys. Rewv.
A, 1990, 41(3): 1526

12. H.Y.Fan, H. L. Lu, and Y. Fan, Newton—Leibniz integration
for ket—bra operators in quantum mechanics and derivation
of entangled state representations, Ann. Phys., 2006, 321(2):
480

13. H. Y. Fan, Operator ordering in quantum optics theory and
the development of Dirac’s symbolic method, J. Opt. B,
2003, 5(4): R147

14. H. Y. Fan, H. C. Yuan, and N. Q. Jiang, Deriving new oper-
ator identities by alternately using normally, antinormally,
and Weyl ordered integration technique, Science China:
Phys Mechanics & Astronomy, 2010, 53(9): 1626

Hong-Yi Fan and Sen-Yue Lou, Front. Phys., 2014, 9(4)



