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Anharmonic effect of adiabatic quantum pumping
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Based on the scattering matrix approach, we systematically investigate the anharmonic effect of
the pumped current in double-barrier structures with adiabatic time-modulation of two sinusoidal
AC driven potential heights. The pumped current as a function of the phase difference between the
two driven potentials looks like to be sinusoidal, but actually it contains sine functions of double
and more phase difference. It is found that this kind of anharmonic effect of the pumped current is
determined combinedly by the Berry curvature and parameter variation loop trajectory. Therefore
small ratio of the driving amplitude and the static amplitude is not necessary for harmonic pattern
in the pumped current to dominate for smooth Berry curvature on the surface within the parameter
variation loop.
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1 Introduction

In recent decades, there has been continued interest in
the quantum pumping process [1–3]. Quantum pumping
is a transport mechanism that DC charge or spin currents
can flow under zero bias via a quantum system, in which
some parameters are periodically modulated in time [4,
5]. It can be used as a standard for charge current be-
cause of the total pumped particle number equals integer
times the Chern number of the scattering matrix within
the parameter space in one cycle [6, 7]. The pumped cur-
rent in various nanoscale systems is investigated since it
was originally proposed by Thouless in 1983 [1], such
as quantum dots [2, 8], mesoscopic one-dimensional wire
[9–11], helical wire [12], mesoscopic rings [13], quasicrys-
tals [14], bulk semiconductors [15, 16], hybrid structures
involving superconductors [17–20], and graphene-based
systems [21–25]. Correspondingly, theoretical methods
targeting quantum pumping problems are put forward
by several groups [4, 5, 26–31].

The pumped current as a function of the phase differ-
ence between the two driven potentials looks like to be si-
nusoidal, but actually it contains sine functions of double
and more phase difference. This non-sinusoidal current-
phase relation is the anharmonic effect of pumped cur-
rent. Double-barrier structures play a fundamental role

in understanding the general physics of quantum pump-
ing due to its direct physical picture and easy exper-
imental realization [2, 21–23, 32]. The non-sinusoidal
behavior of adiabatic quantum pumping beyond linear
response approximation in the double-barrier structure
was studied by Zhu [32]. By considering high-order ex-
pansion of the instant scattering matrix on the time, she
found the anharmonic pumped current at large modu-
lation amplitude [2, 26–28]. However, in this approach,
expansion into even higher orders requires extremely te-
dious algebra and a correspondence between small ampli-
tude expansion and the Berry curvature surface integral
is missed. The Berry curvature concept was proposed by
Avron et al. [30]. They related the pumped charge to
Berry’s phase and the corresponding Brouwer pumping
formula to curvature.

Partially for these reasons, in this work, we investi-
gate the general anharmonic effect of an adiabatic quan-
tum pumping. We take the double barrier structure as
a showcase and the consideration can be transplanted
into other configurations directly. Compared to the Ref.
[32], we use two methods to analysis the anharmonic ef-
fect of pumped current, which are the Berry curvature
and instant scattering matrix expansion from Brouwer
pumping formula, and obtain a correspondence between
small amplitude expansion and the Berry curvature sur-
face integral.
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2 Model and formulations

We consider a nanowire modulated by two AC potentials
(see Fig. 1). The double-barrier model along the x direc-

tion is used, in which the left and right parts are two
semi-infinite leads, and they connect with the double-
barrier structure. To generate a dc current at zero bias,
the two time-modulated potential barriers are in the fol-
lowing form

U(x, τ) =

⎧
⎪⎨

⎪⎩

U1(τ) = U10 + 2U11 cos(ωτ + φ1), x1 � x � x2

0, others

U2(τ) = U20 + 2U21 cos(ωτ + φ2), x3 � x � x4

(1)

where Uj0 and 2Uj1 (j = 1, 2) denote the static potential
and the driving amplitude, respectively; τ is the time, ω
is the frequency and φj is the initial phase of the driver.
The Hamiltonian follows directly as

Ĥ = − �
2

2m
∂2

∂x2
+ U(x, τ) (2)

where m is the effective mass of electron.

Fig. 1 Schematics of the quantum pumping: A nanowire mod-
ulated by two AC potentials. φ = φ1 − φ2 is the phase difference
between the two driven potentials.

In the adiabatic situation, the barrier height varies
so slowly that the physical process in one period can
be considered as the accumulated effect of the instant
stationary processes. By defining the dimensionless vari-

ables Ĥ → Ĥ/EF and x → kFx with kF =
√

2mEF/�,
the wave functions in different regions can be formulated
as

ψ(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

aLei(x−x1) + bLe−i(x−x1), x � x1

A2eκ1(x−x1) +B2e−κ1(x−x1), x1 � x � x2

A3ei(x−x2) +B3e−i(x−x2), x2 � x � x3

A4eκ2(x−x3) +B4e−κ2(x−x3), x3 � x � x4

aRe−i(x−x4) + bRei(x−x4), x � x4

(3)

Here κ1 and κ2 are dimensionless wave vectors, which
can be obtained from the dispersion relations U1 − κ2

1 =
U2 − κ2

2 = 1. Ai, Bi (i = 2, 3, 4) are the wave function
amplitudes in the middle region. aα and bα (α = L,R)
are the incident and outgoing amplitudes respectively.
The scattering matrix can be given from
(

bL

bR

)

= S

(
aL

aR

)

(4)

with S = [r, t′; t, r′]. The elements of the scattering ma-
trix can be obtained from the continuity relation as

r = −2i
sinh(κ2b)(κ2 + κ−1

2 )(D∗
1eκ1b +D1e−κ1b)eia + sinh(κ1b)(κ1 + κ−1

1 )(D2eκ2b +D∗
2e

−κ2b)e−ia

4 sinh(κ1b) sinh(κ2b)(κ1 + κ−1
1 )(κ2 + κ−1

2 )eia + (D1eκ1b +D∗
1e−κ1b)(D2eκ2b +D∗

2e−κ2b)e−ia

t =
16

4 sinh(κ1b) sinh(κ2b)(κ1 + κ−1
1 )(κ2 + κ−1

2 )eia + (D1eκ1b +D∗
1e−κ1b)(D2eκ2b +D∗

2e−κ2b)e−ia
(5)

where D1 = 2 + iκ1 − iκ−1
1 , D2 = 2 + iκ2 − iκ−1

2 , a =
x3 −x2, b = x2 −x1 = x4 −x3, t′ = t, r′ = −tr∗/t∗. And
the conservation of probability holds as |r|2 + |t|2 = 1.

In the adiabatic regime, the pumped current from the
left reservoir to the right could be expressed in terms of
the instant scattering matrix as follows [5, 26–28]:

IL =
eω

4π2i

∫ τ0

0

dτ
(
∂S

∂t
S+

)

LL

(6)

where τ0 is one cycle time. We can change the integral
variable:

IL =
eω

4π2i

∮

A

(
∂S

∂U1
S+dU1 +

∂S

∂U2
S+dU2

)

LL

(7)

where the integral is around the cyclic loop A of the vari-
ation of (U1, U2). It can be transformed to the surface
integral form by the Green’s theorem:

IL =
eω

4π2

∫∫

C

J(U1, U2)dU1dU2 (8)

here the Berry curvature [3, 26] of the scattering matrix
is

J(U1, U2) = i
(
∂S

∂U1

∂S+

∂U2
− ∂S

∂U2

∂S+

∂U1

)

LL

(9)

The surface integral form of pumped current is easy
to analyse the harmonic effect because the elliptical
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area C in (U1, U2) parameter space is proportional to
sin(φ1 − φ2) under the harmonic driving barriers as Eq.
(1). For special values 0,π and 2π of phase difference φ,
the pumped current is zero because the elliptical area of
integration keeps being zero.

Another way to analyze the anharmonic effect of the
pumped current is the Taylor’s expansion of the instant
scattering matrix in the parameter space at equilibrium
parameter values.

S = S0 +
2∑

i=1

∂S

∂Ui

∣
∣
∣
∣
0

ΔUi +
2∑

i=1

2∑

j=1

1
2

∂2S

∂Ui∂Uj

∣
∣
∣
∣
0

ΔUiΔUj

+
2∑

i=1

2∑

j=1

2∑

k=1

1
6

∂3S

∂Ui∂Uj∂Uk

∣
∣
∣
∣
0

ΔUiΔUjΔUk + · · · (10)

Only if the order n+1 is smaller than the order n of the
series in Eq. (10), the Taylor expansion is valid. More
specifically, the Berry curvature in the parameter space

should change slowly and smaller modulation amplitude
of the driving signals is better. Substituting Eq. (10) into
Eq. (6), we can obtain the pumped current of all orders
as

IL = I0L + I1L + I2L + I3L + · · · (11)

The zero and first order pumped current I0L = 0,
I1L = 0. The second order pumped current is

I2L = −eω
πi

[(
∂S

∂U1

∂S+

∂U2
− ∂S

∂U2

∂S+

∂U1

) ∣
∣
∣
∣
0

]

LL

· U11U21 sin(φ1 − φ2) (12)

This is the pumped current in the weak pumping limit
[26–28]. The second approximation pumped current is si-
nusoidal behavior so the anharmonic effect of the current
should be found in much higher order. The third order
current I3L = 0 and the fourth order is

I4L = − eω

2πi

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

U3
11U21 sin(φ1 − φ2)

(

2
∂2S

∂U2
1

∂2S+

∂U1∂U2
+

∂S

∂U1

∂3S+

∂U2
1∂U2

+
∂3S

∂U3
1

∂S+

∂U2
−H.C.

)

−U11U
3
21 sin(φ1 − φ2)

(

2
∂2S

∂U2
2

∂2S+

∂U1∂U2
+

∂S

∂U1

∂3S+

∂U3
2

+
∂3S

∂U1∂U2
2

∂S+

∂U2
−H.C.

)

+U2
11U

2
21 sin[2(φ1 − φ2)]

(
∂2S

∂U2
1

∂2S+

∂U2
2

+
∂S

∂U1

∂3S+

∂U1∂U2
2

+
∂3S

∂U2
1∂U2

∂S+

∂U2
−H.C.

)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭
LL

(13)

The fourth order pumped current is sine functions of
phase difference and double phase difference. The part
of sine function of double phase difference is the anhar-
monic effect. It can be seen that the anharmonic effect
of the current also occurs in higher orders. In addition,

If the ratio of ω1/ω2 = n1/n2 is a rational number,
then the whole system is still periodic with a new fre-
quency ω depending on ω1 and ω2. These cases can be
easily handled within the present theory of quantum
pumping, and the only distinction is that the integral
path is more complex Lissajous figure instead of an el-
lipse, the simple Lissajous figure with ω2 = ω1. At this
time the harmonic behavior would disappear.

3 Results and discussion

Below, we consider a particular quantum pumping sys-
tem of a double barrier structure and see how the sys-
tem parameters shapes the Berry curvature and hence
the pumped current. By tuning the Fermi energy EF,
the width b of the barrier region, the width a of the
middle region and the barrier strength Uj, we carry
out a series of numerical simulations and results are
shown in Figs. 2–5. For a quantum wire fabricated on
a GaAs two-dimensional electron gas, the effective mass

m = 0.067me. We set the width a = 1.40 (La = 4.31 nm)
and the Fermi energy to be 60 meV according to the reso-
nant level within the double-barrier structure, the static
magnitude of the two gate potentials U10 = U20 = U0,
the AC driving amplitude of the modulations equal
U11 = U21 = Uω and the phase difference φ = φ1 − φ2.

In Fig. 2, we plot the Berry curvature J(U1, U2) in
the parameter space according to Eqs. (5) and (9) with

U1

U
2
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Fig. 2 The Berry curvature J as functions of the two parameters
U1 and U2. The width of the barrier region b = 0.65 (Lb = 2 nm).
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b = 0.65 (Lb = 2 nm). The green dotted line, blue dash-
dotted line and purple dashed line correspond to the
loop with area at the phase difference φ = 0.75π with
(U0, Uω) = (2.15, 0.20), (2.15, 0.40) and (1.50, 0.20), re-
spectively. From Eq. (8) we know that the pumped cur-
rent is the integral of the Berry curvature inside the area
C. If the Berry curvature varies so slowly within C that
it can be approximated by a constant J0, the pumped
current

IL ≈ eω

4π2
J0

∫∫

C

dU1dU2 ∼ eω

4π2
J0 sinφ (14)

That is the harmonic effect of the pumping current gen-
erated by single-photon processes [26–28]. The essential
of the harmonic effect of the pumped current is that the
Berry curvature function is a constant in the (U1, U2)

Fig. 3 Pumped current (PC) IL versus the driving phase dif-
ference φ for different cyclic loops (U0, Uω). The width of the
barrier region b = 0.65 (Lb = 2 nm). Insets are Fourier com-
ponents an of the curves, the horizontal axis shows n, where
an = π−1

R 2π
0 IL(φ) sin nφdφ. bn = π−1

R 2π
0 IL(φ) cos nφdφ are an-

other part of Fourier components, which are zero in the numerical
calculations.

parameter space. Just as the (U0, Uω) = (2.15, 0.20), the
pumped current as a function of the phase difference is
sinusoidal, which is shown in Fig. 3(a). So the anhar-
monic effect of pumped current is related to the deriva-
tive of S and Uj. When the AC driving amplitude of
the modulations Uω is increased, the elliptical area C

would be increased. Such as the (U0, Uω) = (2.15, 0.40),
the pumped current demonstrates weak anharmonic ef-
fect [see Fig. 3(b)], the second order Fourier component is
not zero. At the same static potential U0, the anharmonic
effect of the pumped current is always more prominent
for larger AC driving amplitude Uω. In the red dashed
loop of Fig. 2, we change the static potential U0 with
(U0, Uω) = (1.50, 0.20). It is found that stronger anhar-
monic effect occurs [see Fig. 3(c)] compared to the pre-
vious two loops, the second order Fourier component is
large. Therefore, small Uω/U0 is not a necessary require-
ment to generate harmonic pumped current. It depends
on the smoothness of the Berry curvature in the param-
eter space around U0.

In order to see the anharmonic effect of the pumped
current more clearly, we plot the pumped current as
a function of the phase difference with (U0, Uω) =
(1.50, 0.40) in Fig. 4. On the one hand, we use the
Taylor’s expansion to analyze the anharmonic effect. In
Fig. 4 the red solid line, blue dashed line and black
dotted line correspond to the total, the fourth-order ap-
proximated and the second-order approximated currents,
respectively. The anharmonic effect is obvious from the
Fourier spectrum, the second order Fourier component
is large and the third one is not zero. The first two har-
monics dominates in the total current. Higher orders of
the Taylor’s expansion diminish as high-order deriva-
tives of the scattering matrix diminish exponentially. On
the other hand, we can use the Berry curvature to do
qualitative analysis. J changes abruptly inside the area C

Fig. 4 Pumped current (PC) IL versus the driving phase dif-
ference φ for different accuracies. The chosen parameters are
U0 = 1.50, Uω = 0.40 and b = 0.65 (Lb = 2 nm). Insets are
Fourier components of the curves just as Fig. 3.
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with (U0, Uω) = (1.50, 0.40) at the phase difference
φ = 0.75π, so strong anharmonic effect is obvious.

In Fig. 5, we plot the pumped current as function of the
phase difference with wider barrier region b = 1.30 (Lb =
4 nm) and (U0, Uω) = (2.15, 0.40). Compared to the Fig.
3(b), the second Fourier component of the total PC curve
is more obvious. The width of the barrier region b makes
an important role in the anharmonic effect of pumped
current. This is because b is related to the scattering
matrix which is related to the Berry curvature. What’s
more, we can find that in this configuration the fourth-
order approximation is not corresponded to the total one.
At this time the higher order pumped current is more
important than the lower one, such as the fourth order
PC is bigger than the second order PC. We cannot use
the Taylor expansion to analyze the anharmonic effect
at this situation.

Fig. 5 Pumped current (PC) IL versus the phase difference φ
for different approximation. The chosen parameters are U0 = 2.15,
Uω = 0.40 and b = 1.30 (Lb = 4 nm). Insets are Fourier compo-
nents of the curves just as Fig. 3.

4 Conclusion

In summary, we have investigated the anharmonic effect
of pumped current in the double-barrier structure with
the adiabatic time-modulation by two AC driven poten-
tial barriers. Based on the scattering approach with the
analytic expressions of the reflection and transmission,
the pumped current as a function of difference phase
for different parameters were calculated, such as the
static magnitude of the two gate potentials U0, the AC
driving amplitude of the modulations Uω and the width
of the barrier region Lb; and the relationship between
the structure parameters and anharmonic effect of the
pumped current were discussed by the Berry curvature
surface integral and instant scattering matrix expansion.
It is found that this kind of anharmonic effect is not
only related to Uω and the derivative of the scattering

matrix to the potential, but also related to Lb. Small
ratio of Uω/U0 is not necessary for harmonic pumped
current because it depends on the smoothness of the
Berry curvature in the parameter space around U0.
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4. M. Büttiker, H. Thomas, and A. Prêtre, Current partition in

multiprobe conductors in the presence of slowly oscillating

external potentials, Z. Phys. B, 1994, 94(1–2): 133

5. P. W. Brouwer, Scattering approach to parametric pumping,

Phys. Rev. B, 1998, 58(16): R10135

6. Q. Niu, Towards a quantum pump of electric charges, Phys.

Rev. Lett., 1990, 64(15): 1812

7. V. I. Talyanskii, J. M. Shilton, M. Pepper, C. G. Smith,

C. J. B. Ford, E. H. Linfield, D. A. Ritchie, and G. A. C.

Jones, Single-electron transport in a one-dimensional chan-

nel by high-frequency surface acoustic waves, Phys. Rev. B,

1997, 56(23): 15180

8. F. Romeo and R. Citro, Adiabatic pumping in a double

quantum dot structure with strong spin-orbit interaction,

Phys. Rev. B, 2009, 80(16): 165311

9. A. Agarwal and D. Sen, Equation of motion approach to

non-adiabatic quantum charge pumping, J. Phys.: Condens.

Matter, 2007, 19(4): 046205

10. P. Devillard, V. Gasparian, and T. Martin, Charge pump-

ing and noise in a one-dimensional wire with weak electron–

electron interactions, Phys. Rev. B, 2008, 78(8): 085130

11. S. Roddaro, E. Strambini, L. Romeo, V. Piazza, K. Nils-

son, L. Samuelson, and F. Beltram, Charge pumping in InAs

nanowires by surface acoustic waves, Semicond. Sci. Tech-

nol., 2010, 25(2): 024013

12. X. L. Qi and S. C. Zhang, Field-induced gap and quantized

charge pumping in a nanoscale helical wire, Phys. Rev. B,

2009, 79(23): 235442

13. R. Citro and F. Romeo, Pumping in a mesoscopic ring with

Aharonov–Casher effect, Phys. Rev. B, 2006, 73(23): 233304

14. Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O. Zil-

berberg, Topological states and adiabatic pumping in qua-

sicrystals, Phys. Rev. Lett., 2012, 109(10): 106402

168 Wei-Yin Deng, et al., Front. Phys., 2014, 9(2)



RESEARCH ARTICLE

15. Y. D. Wei, J. Wang, and H. Guo, Resonance-assisted para-

metric electron pump, Phys. Rev. B, 2000, 62(15): 9947

16. Y. C. Xiao, W. Y. Deng, W. J. Deng, R. Zhu, and R.

Q. Wang, Quantum pump in a system with both Rashba

and Dresselhaus spin–orbit couplings, Phys. Lett. A, 2013,

377(10–11): 817

17. B. G. Wang and J. Wang, Optimal quantum pump in the

presence of a superconducting lead, Phys. Rev. B, 2002,

66(20): 201305(R)

18. J. Wang and B. G. Wang, Quantization of adiabatic pumped

charge in the presence of superconducting lead, Phys. Rev.

B, 2002, 65(15): 153311

19. N. B. Kopnin, A. S. Melnikov, and V. M. Vinokur, Reso-

nance energy and charge pumping through quantum SINIS

contacts, Phys. Rev. Lett., 2006, 96(14): 146802

20. S. Russo, J. Tobiska, T. M. Klapwijk, and A. F. Morpurgo,

Adiabatic quantum pumping at the josephson frequency,

Phys. Rev. Lett., 2007, 99(8): 086601

21. R. Zhu and H. Chen, Quantum pumping with adiabatically

modulated barriers in graphene, Appl. Phys. Lett., 2009,

95(12): 122111

22. R. Zhu and M. L. Lai, Pumped shot noise in adiabati-

cally modulated graphene-based double-barrier structures,

J. Phys.: Condens. Matter, 2011, 23(45): 455302

23. E. Prada, P. San-Jose, and H. Schomerus, Quantum pump-

ing in graphene, Phys. Rev. B, 2009, 80(24): 245414

24. A. Kundu, S. Rao, and A. Saha, Quantum charge pump-

ing through a superconducting double barrier structure in

graphene, Phys. Rev. B, 2011, 83(16): 165451

25. M. Alos-Palop and M. Blaauboer, Adiabatic quantum pump-

ing in normal-metal–insulator–superconductor junctions in a

monolayer of graphene, Phys. Rev. B, 2011, 84(7): 073402
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