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The physical properties of ZrxTi1−x (x = 0.0, 0.33, 0.5, 0.67, 0.75 and 1.00) alloys were simulated by
virtual crystal approximation (VCA) methods which is generally used for disordered solid solutions
modeling. The elastic constant, electronic structure and thermal Equation of state (EOS) of disor-
dered ZrxTi1−x alloys under pressure are investigated by plane-wave pseudo-potential method. Our
simulations reveal increasement of variations of the calculated equilibrium volumes and decrease-
ment of Bulk modulus as a function of the alloy compositions. Lattice parameters a and c of alloys
with different Zr concentrations decrease linearly with pressure increasing, but the c/avalues are
increasing as pressure increases, indicating no phase transitions under pressure from 0 GPa to 100
GPa. The elastic constants and the Bulk modulus to the Shear modulus ratios (B/G) indicate good
ductility of Zr, Zr0.33Ti0.67, Zr0.5Ti0.5, Zr0.75Ti0.25 and Ti, but the Zr0.67Ti0.33 alloy is brittle under
0 K and 0 GPa. The metallic behavior of these alloys was also proved by analyzing partial and total
DOS.
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1 Introduction

Zirconium and titanium are members of the IVB group
in the periodic table of elements, and are known to have
similar structural and chemical properties. Zr and some
of its alloys are widely used in the aerospace, nuclear,
and biomedical industry [1–8] because of their high me-
chanical strength, stiffness, light density, and superior
corrosion resistance than other alloys [9]. What’s more,
Ti alloys have been used as implant materials because of
their excellent chemical and physical properties of rela-
tively low elastic modulus, high strength-to-weight ratio,
good fracture toughness, biocompatibility and superior
corrosion resistance [10]. The narrow d-band in the midst
of a broad sp-band of these materials is responsible for
their stability, whereas a pressure-induced s–d electron

transfer leads to their structural and electronic transi-
tions [11, 12].

Extensive theoretical calculations [13–17] and exper-
imental studies [18–24] have been performed to study
the phase transformation and mechanical properties of
Ti and Zr. Bashkin [25–27] and Aksenenkov [28] have re-
ported that the pressure for the α → ω transition of TiZr
alloy is about 5–6 GPa at room temperature. Zirconium-
tin alloys are also of practical crucial for nuclear industry.
Partial substitution of Zr by Ti may control the proper-
ties of Zr alloys, particularly to reduce the weight of the
parts of nuclear reactors. Because the Ti-Zr system is
a complete solid solution with both the high tempera-
ture beta phase and the low temperature alpha phase
[29], an extensive variation of alloy design is available.
The structural and mechanical properties of a series of
binary Ti-Zr alloys with Zr contents and Ti contents re-
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spectively up to 40 wt.% had been evaluated [30, 31]. In
addition to these studies, the mechanical properties and
grindability of a binary Ti-Zr alloy containing different
alloying elements (Nb, Mo, Cr and Fe) was also investi-
gated [32]. Despite extensive experimental studies of the
structural and mechanical properties of alloys with dif-
ferent Ti/Zr ratios [30–32], systematical first-principles
calculations of the total energy and elastic constants of
the disordered alloy behavior of Ti-Zr system has not yet
been done, which is the aim of our work.

The virtual crystal approximation (VCA) method was
employed to study the disordered alloys [33, 34]. Com-
posite potential is constructed to represent the average
of the component atoms comprising the inhomogeneity,
the potentials which represent atoms of two or more
elements are averaged into a composite atomic poten-
tial. In this work, we investigated the phase transition of
ZrxTi1−x alloys based on VCA and first-principle calcu-
lations, which has been successfully used to investigate
mechanics and thermodynamic properties of metal mate-
rial [35–40]. Properties of pure Zr and Ti, i.e., x = 1 and
0, were also calculated in order to compare with those of
the alloys.

2 Computational methods

In our calculations, the electronic wave functions were
expanded in a plane-wave basis set with an energy cut-off
530 eV. Pseudo-atomic calculations were performed for
Zr (4s24p64d25s2) and Ti (3s23p63d24s2). As regards the
Brillouin zone k-point sampling, 14 × 14 × 9 Monkhorst–
Pack meshes [41] were employed for the Hcp structure,
which was enough to get the self-consistent convergence
of the total energy to 10−6 eV/atom. The ultrasoft pseu-
dopotentials introduced by Vanderbilt [42] were used to
calculate all the ion–electron interactions. The effects
of exchange-correlation interaction were treated by the
generalized gradient approximation (GGA) [43] and the
Perdew–Wang (PW) [44] formula. All of these calcula-
tions were conducted by the CASTEP package [45].

3 Results and discussion

3.1 Structure of alloys

In order to determine the theoretical equilibrium geom-
etry, a series of different lattice parameters were used to
calculate the total energy E and the corresponding vol-
ume V of Hcp ZrxTi1−x (x = 0.0, 0.33, 0.5, 0.67, 0.75 and
1.00) alloys. According to the optimized lattice param-

eter ratio c/a (for example zr0.33ti0.67) 1.585, we keep
the ratio value (c/a) unchanged, a series of different val-
ues of lattice constants which change from 2.483 to 3.415
with a step of 0.068 are set to calculate the total ener-
gies E and the corresponding volumes V , and then an
energy–volume (E −V ) curve can be obtained by fitting
the calculated E − V data to the Brich–Murnaghan of
state (EOS). For other ZrxTi1−x, method ibid. Then the
energy–volume (E − V ) data were fitted with the four-
order Birch–Murnaghan equation of state (EOS) [46].
The calculated equilibrium volume V0 and Bulk modulus
B0 of the alloys as a function of the Zr concentration (x)
as well as the experimental and theoretical data of pure
Zr [47–49] and Ti [50–52] are shown in Fig. 1. The equi-
librium volume V0 decreases whereas the Bulk modulus
B0 increases along with the increase of the Zr concentra-
tion. Our results for pure Zr and Ti are highly consistent
with the experimental data. The obtained V0 and B0 of
the ZrxTi1−x alloys as a function of the Zr concentration
can be well described by forth-order polynomials:

Fig. 1 Equilibrium structural parameters V0 and B0 of Hcp
ZrxTi1−x are shown as a function of the Zr concentration. The
VCA results are shown by solid squares and circles. The experi-
mental data [47, 48] and the computational data [49] of pure Zr,
are shown by solid delta gradient and solid circles, respectively;
whereas the experimental data of pure Ti is shown by open circles,
squares and diamonds [50–52]; the solid lines are the fitted data
according to VCA results.
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V0 = 34.80377 + 14.08015X − 4.9751X2 + 8.29203X3

−5.45781X4 (1)

B0 = 111.05623−1.87514X+5.58687X2−45.47828X3

+23.88087X4 (2)

The ZrxTi1−x alloys structure was optimized under com-
pression. The predicted static EOS (P −V ) data as well
as the experimental values of pure Zr [47–49] and Ti
[50–52] are shown in Fig. 2. It is found from Fig. 2
that the calculated results and the experimental results
are highly agreement. The volume of ZrxTi1−x alloys
decreases along with the increase of pressure, and the
volume decreases along with the increase of pressure
much more slowly under high Zr concentration, imply-
ing smaller compression under high Zr concentration and
stronger electron exclusive interactions between Zr than
Ti. Figure 3 shows the calculated lattice parameters a

and c as a function of pressure as well as the experi-
mental and theoretical values of pure Zr [47–49] and Ti
[50–52]. The lattice parameter alinearly decreases along
with the increase of pressure. The lattice parameter c

first decreases and then increases when the pressure in-
creases. It is noted that the value of c increases from 80
GPa to 100 GPa when x = 0 and 0.75, and the value of
c at 90 GPa is larger than that at 80 GPa with x = 0.67.
The reasons of these phenomena are possible that zirco-
nium and titanium atoms in the Hcp structure arrange
in different ways. Titanium atoms along the a-axis di-
rection are many and zirconium atoms along the c-axis
direction are much more, the mutual exclusion forces
between Ti and Ti atoms are less than those between Zr
and Zr atoms. With the increase of pressure, their vol-
umes are decreasing and the effect of pressure on volume
becomes much small. However, visible jump point is not
found, which implies no phase transition when pressure
changes from 0 GPa to 100 GPa. As shown in Fig. 4, the

Fig. 2 The P − V relationship for Hcp ZrxTi1−x together with
the experimental [47, 48] and theoretical [49] data of pure Zr or
pure Ti [50–52].

lattice parameter ratio (c/a) gradually increases with the
increase of pressure, without jump point, indicating no
phase transition. This result is also consistent with the
conclusion that the lattice parameters a and c depend on
pressure.

Fig. 3 Lattice constants a and c of ZrxTi1−x as a function of
pressure.

Fig. 4 The c/a axial ratio of ZrxTi1−x as a function of pressure.

3.2 Elastic properties

The elastic constant is a physical quantity, which rep-
resents the elastic strength and many mechanical prop-
erties of solid materials such as Young’s modulus, Bulk
modulus and Shear modulus. It could also be used to
explore the interaction forces between atoms [53, 54].
Therefore, studies of elastic properties of solid materials
not only play a vital role in the area of basic scientific re-
search, but are also important for practical engineering.
In our studies, we calculated the elastic constants of the
ZrxTi1−x alloys with different Zr concentrations under
0 GPa and 50 GPa, and the results are shown in Fig.
5. The elastic constant values c11, c33, c12 and c13 under
50 GPa are all larger than those under 0 GPa except
for c44, implying that compression along c44 under high
pressure is much more difficult than c11, c33, c12 and c13.
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The changes of c11 and c12 values along with the Zr con-
centrations are larger than c33 and c44 under 0 GPa and
50 GPa.

Fig. 5 Elastic constants of ZrxTi1−x alloys with different Zr con-
centrations under 0 GPa and 50 GPa, respectively.

Elastic modulus represents the resistance to forces and
the elastic deformation under external forces. Therefore,
it is an important quantity to describe material mechani-
cal properties. It is also a very important physical quan-
tity describing the interactions between atoms in crys-
tals and the strength of atomic bonding forces. In our
simulations, the Bulk modulus and Shear modulus of
ZrxTi1−x alloys are calculated. Pugh [55] proposed an
empirically method to predict the ductile and brittle be-
havior of solids based on elastic modulus by calculating
the r = B/G ration. If r < 1.75, the solid behaves in
a brittle manner, otherwise in a ductile manner. Figure
6 shows the ratios of Bulk modulus to Shear modulus
(B/G) as a function of pressure. The (B/G) values of
ZrxTi1−x alloys (x = 0.0, 0.33, 0.5, 0.67, 0.75 and 1.00)
are 2.04, 1.98, 2.07, 1.74, 1.81 and 2.45, respectively.
These values are larger than 1.75 except for that of the
Zr0.67Ti0.33 which is 1.74. These results indicate that Zr,

Fig. 6 The B/G values of ZrxTi1−x with different Zr concentra-
tion under different pressure.

Zr0.33Ti0.67, Zr0.5Ti0.5, Zr0.75Ti0.25 and Ti behave in
a ductile manner under 0 GPa and 0 K while the
Zr0.67Ti0.33 alloy is brittle, and its the brittleness changes
into the ductility as the pressure increases. The physical
reason of the phenomenon could be related to the atomic
and electronic distributions as well as the interaction be-
tween atoms and electrons. Moreover, the ductility of
these six alloys increases along with the increase of pres-
sure, implying improvement of their ductility by increas-
ing pressure.

3.3 Electronic structure

Zirconium and titanium are transition metal, and they
are not full of shell d-orbit, a narrow d-band in the midst
of abroad sp-band, so they exhibit the peculiar physical
properties different from other metallic materials. The
d-band occupancy is crucial for the structural and elec-
tronic properties of solid materials, whereas the pressure
induced s–d electron transfer plays an important role in
the structural stability of solid materials [56]. Therefore,
in order to better understand interactions and structures
of micro-electronics in the zirconium-titanium alloy, we
calculated the electronic structures of six different alloys
including titanium, Zr0.33Ti0.67, Zr0.5Ti0.5, Zr0.75Ti0.25,
Zr0.67Ti0.33 and zirconium under high pressure. The total
density of states (DOS) and partial density of states of
alloys with different components around the Fermi level
(Ef) are shown in Fig. 7. The total density of states
reached their maximum when x = 0.75, and it is seen
from the partial density of states that d electronic con-
tribution near the Fermi surface (Ef) is larger and d elec-
tronic contribution becomes smaller and smaller as away

Fig. 7 Total and partial (d electron) densities of state of Zr-Ti
alloy at 0 GPa and 20 GPa, respectively. The different styles of the
lines represent the results of alloys with different Zr concentrations.
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from the Fermi surface (Ef) under 0 GPa. Under 20 GPa,
the strength of total density of states was all enhanced,
whereas thed electronic contribution was relatively re-
duced. The total density of states moved to high energy
region. That is to say, the Fermi surface (Ef) moved
down relative to the Fermi surface (Ef) under 0 GPa,
which indicates the nature of metal is enhanced under
pressure.

4 Conclusion

In this paper, we studied structure, elastic constants,
electronic structure and thermal EOS of the disordered
ZrxTi1−x alloys including Zr, Zr0.33Ti0.67, Zr0.5Ti0.5,
Zr0.75Ti0.25, Zr0.67Ti0.33 and Ti under high pressure by
using first principle calculations and the virtual crystal
approximation (VCA) method. The lattice parameters of
alloys with different Zr concentrations decrease, whereas
the ratio of these lattice parameters (c/a) increases along
with the increase of pressure without obvious hop, imply-
ing no phase transition under pressure from 0 GPa to 100
GPa. The values of B/G indicated that Zr, Zr0.33Ti0.67,
Zr0.5Ti0.5, Zr0.75Ti0.25 and Ti have excellent ductility
but Zr0.67Ti0.33 is brittle under 0 GPa and 0 K. The
ductility of these six compounds increases along with
the increase of pressure, implying improvement of the
ductility under high pressure. Electronic structure cal-
culations revealed the highest intensity of total density
of states is for the Zr0.75Ti0.25 alloy and partial density
of states d electrons contribute the most under 0 GPa.
The intensity of the total density of States increase and
Fermi surface moves down along with the increase of
the pressure and the nature of metal of the alloys is
enhanced under 20 GPa.
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