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The establishment of production representation of partial wave scattering amplitudes is reviewed
in the context of quantum field theory. Its relation to the production representation, or Ning Hu
representation in quantum mechanical scattering theory is pointed out. One of the most important
application of the production representation is the physics of the f0(600) and K(700) scalar hadron
resonances, on which we also give a brief review. It is emphasized that all evidences accumulated
so far are consistent with the picture that the f0(600) meson is the chiral partner of the Nambu–
Goldstone bosons in a linear realization of chiral symmetry.
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In this review we first briefly introduce in Section 1 the
history related to the σ meson, and demonstrate how
dispersion techniques can be used to confirm the exis-
tence of the f0(600) particle. Then in Section 2 we dis-
cuss in detail how to establish the production represen-
tation (we also call it the PKU representation) in the

context of quantum field theory, and compare it with the
Ning Hu representation in quantum mechanical scatter-
ing theory. At last, in Section 3, we discuss the physics
related to the f0(600) and K(800) resonances and argue
that they behave very much like chiral partners of the
pseudo-goldstone bosons of QCD, in a linear realization
of chiral symmetry.

1 Confirmation of the f0(600) meson using
dispersion techniques

1.1 A brief review on the history related to the σ meson

A scalar – iso-scalar quanta exchange in inter – nucleon
interactions has firstly been proposed in 1955 by Johnson
and Teller [1]. A few years later the celebrated linear σ
model has been introduced by Gell-Mann and Levy [2].
In such a model, the σ meson develops a non-vanishing
vacuum expectation value which plays a crucial role
by breaking the global chiral symmetry of QCD spon-
taneously, and pions emerge as the (pseudo-)goldstone
bosons associated with the spontaneous chiral symmetry
breaking (SχSB). In the linear σ model the σ meson fills
in the linear chiral multiplet together with pions. The σ
and the pion fields transform and mix with each other
under chiral rotations, and before SχSB the σ field and
the π field were essentially the same. To summarize, the
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σ meson – if exists – plays a crucial role in low energy
strong interaction physics.

On the other hand, it had been a long and painful
history in the struggle to confirm the existence of such
a light scalar resonance from experimental data, not
to mention clarifying the profound role it may play in
theory aspect. It is actually remarkable that in Ref.[1]
the authors cautiously wrote: “The scalar neutral me-
son need not be an elementary particle in any sense of
the word. It may be a virtual state composed of other
mesons. It may be even a superposition of such virtual
states. It may decay into π mesons so quickly that it can-
not be observed. It may be related to mesons like a sound-
quantum is related to electrons and nuclei. In any case,
we assume that nuclear interactions follow in first ap-
proximation from a linear coupling with the meson field.”
This quotation actually foresaw the difficulties and con-
fusions that occur in the late era.

Early studies on nuclear physics require the σ in order
to cancel the large πN scattering lengths caused by the π
nucleon Born term. However these studies are based on
models with linearly realized chiral symmetry. In such
models, there must exist a large cancelation between the
σ contribution and the π contribution at low energies in
order to obey various constraints from soft pion theo-
rems. One example of the latter is the Adler zero condi-
tion.

Non-linear realization of chiral symmetry was later dis-
covered [3, 4], which satisfies all low energy theorems in-
duced by PCAC [5, 6]. Hence it is suggested that the
σ is not necessary for chiral symmetry breaking. Chiral
perturbation theory (χPT) is established based on the
non-linear realization of chiral symmetry [7, 8]. It is a
model independent approach and successfully describes
strong interaction physics at (very) low energies. Fur-
thermore, it was shown that the renormalizable (hence a
toy) linear σ model is not QCD at low energies [8].

On the other side, efforts have been made by physi-
cists who insist on the existence of σ meson, which led
to the return of the σ meson in PDG after disappearing
for more than 30 years [9], even though most of these
previous studies are rather model dependent, and are
hence less convincing. On experimental side, it is also
very difficult to claim the discovery of the σ pole from
experimental data, since the σ meson, if exists, has to
be a very broad resonance. In other words, s wave I = 0
channel ππ interaction at low energies is of highly non-
perturbative, strong interaction nature. It is not easy to
extract the σ pole from the background contributions1) .
As a consequence, previous conclusions in supporting the

existence of the σ meson are not convincing.

1.2 The σ meson must exist to adjust χPT to
experiments

The situation still seemed to be rather confusing: chi-
ral perturbation theory does not seem to support the
existence of the σ meson. On the other hand, see Fig.
1, the steady rise of the I, J = 0, 0 channel ππ scatter-
ing phase shift data below 1 GeV, provided by the old
CERN-Munich collaboration, left a big puzzle for imag-
ination.

Fig. 1 IJ = 00 channel ππ scattering phase shift data from Refs.
[11–15].

In my opinion, the clearest way to reveal the very ex-
istence of a light and broad resonance hidden behind the
low energy phase shift data in Fig. 1 may be to write
down a dispersion relation for the sin(2δ00), where δ00 is
the phase shift in the IJ = 00 channel of ππ elastic scat-
tering [16, 17]. Define

F (s) ≡ 1
2iρ

[
S(s) − 1

S(s)

]
(1)

it is easy to understand that F (s) is analytic across the
elastic cut of ππ elastic scattering amplitude and

sin(2δπ) = ρF (2)

where ρ =
√

s−4m2
π

s . One assumes a high energy Regge
behavior for the partial wave amplitude, hence F (s) sat-
isfies a once-subtracted dispersion relation [16, 17],

F (s) = α+
∑

poles +
1
π

∫
L

ImLF (s′)
s′ − s

ds′

+
1
π

∫
R

ImRF (s′)
s′ − s

ds′ (3)

where α is a subtraction constant and the rest contri-

1) The major difficulties in accepting the σ resonance, and how can they be overcome, have been previously reviewed in Ref. [10].
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bution to F (s) come either from poles or cuts. For ππ
scatterings L = (−∞, 0] and R starts from first inelastic
threshold, practically R = [4m2

K ,∞).
The right hand cut can be estimated using experimen-

tal data and it is found that its contribution is not im-
portant at low energies. The nearby left hand cut can be
estimated using χPT. As seen in Fig. 2, the left hand cut
contribution to the phase shift is negative and concave
whereas the experimental data curve on sin(2δ00) is pos-
itive and convex. Compared with Fig. 1, Fig. 2 clearly
demonstrates that it is essential to include the σ meson
to adjust chiral perturbation theory to experiments, ac-
cording to Eq. (3). Evidences for the existence of σ and κ
resonances are also reported in recent years’ production
experiments [18–23].

Fig. 2 Experimental data and fit curve of sin(2δ0
0). Various esti-

mates on left hand cut using χPT and its Padé approximant are
also drawn.

2 Production representation for partial wave
scattering amplitudes

Because the physics related to the σ meson and the κ
meson in s wave I = 1/2 channel πK scatterings are of
highly non-perturbative nature, a dispersive analysis is
hence needed to extract the physical information in a
model independent way. In this section we review how a
new dispersive approach can be developed for the study
of pole structure, from low energy phase shift data.

2.1 Dispersion relations without elastic cut

It is observed that the method used in deriving Eq. (3)
can also be applied to the following function [24]:

F̃ ≡ 1
2

(
S +

1
S

)
(4)

It is easy to demonstrate that F̃ has no discontinuity
across the real axis when 0 < s < 16m2

π, since

F̃ (s− iε) =
1
2

[
S(s− iε) +

1
S(s− iε)

]

=
1
2

[
SII(s+ iε) +

1
SII(s+ iε)

]

=
1
2

[
1

SI(s+ iε)
+ SI(s+ iε)

]

= F̃ (s+ iε) (5)

and the left hand cut it contains starts from −∞ to 0.
The cut structure of F̃ is the same as the cut structure
of function F studied previously. The function F̃ is the
analytic continuation of cos(2δπ) defined in the single
channel unitarity region.

According to the analytic structure of F̃ , as discussed
above we can set up the following dispersion relation [24],

cos(2δπ) = F̃ = α̃+
∑

i

βi

2(s− si)

+
∑

j

1
2S′(zII

j )(s− zII
j )

+
1
π

∫
L

ImLF̃ (s′)
s′ − s

ds′

+
1
π

∫
R

ImRF̃ (s′)
s′ − s

ds′ (6)

where α̃ is the subtraction constant and one subtraction
to the cut integrals in the above expression is under-
stood. The right hand cut R starts from 16m2

π in princi-
ple but becomes important only when s approaches the
K̄K threshold2) . Using Eqs. (6) and (3), we get an ana-
lytic expression of S on the complex s plane in terms of
poles, dynamical cuts, and the kinematic factor:

S(z) ≡ cos(2δπ(z)) + i sin(2δπ(z)) (7)

One may use the definition S(4m2
π) = 1 to re-express α̃

in Eqs. (7) and (6) in terms of other parameters. The
above expression respects all the known properties of S
matrix theory. For example, the physical sheet S(z) does
not contain resonance poles though the phase motion of
S is affected by resonance poles on the second sheet. Eq.
(7), though simple to derive, is an exact relation. Eqs.
(6) and (3) must satisfy a relation on the whole complex
s plane:

sin2(2δπ) + cos2(2δπ) ≡ 1 (8)

which is the analytic continuation of the single channel
unitarity relation, S+S = 1, on the complex s plane. Eq.

2) We neglect the 4π cut from now on in the text. According to the conventional wisdom the 4π cut becomes important only above,

say, 1.2 GeV.
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(8) is equivalent to the generalized unitarity condition
S(k)S(k∗)∗ = 1 in quantum mechanical scattering the-
ory, and it contains all information about single channel
unitarity and analyticity.

In Refs. [24] phenomenological studies based on Eqs.
(3), (6) and (8) have been performed, on the ππ scat-
tering phase shift in the IJ = 00 channel. In order to
achieve this, one needs to estimate the two left hand
cuts. A problem occurs here when using the χPT results
on left-hand cut, concerning the value of ImLF̃ at s = 0.
It is found that χPT results lead to a divergent disper-
sion integral on the left cut. This problem is studied in
detail and solved in Ref. [25].

2.2 The generalized unitarity relation

To understand that Eq. (8) corresponds to the general-
ized unitarity relation in quantum mechanical scattering
theory, first we have

S(s) = F̃ (s) + iρ(s)F (s) (9)

where various functions have the following reflection
properties, i.e., S∗(s) = S(s∗), F ∗(s) = F (s∗), F̃ ∗(s) =
F̃ (s∗) and ρ∗(s) = −ρ(s∗). Eq. (8) can be rewritten as

F̃ 2(s) + (ρF (s))2 ≡ S(s) × [F̃ (s) − iρ(s)F (s)] = 1

Therefore F̃ (s) − iρ(s)F (s) is nothing but the proper
definition of the S matrix on the second Riemann sheet,
i.e.,

SII(s) ≡ F̃ (s) − iρ(s)F (s) (10)

and Eq. (8) can be recasted as

SI(s)SII(s) ≡ 1 (11)

This equation is not new but it is usually regarded as
the definition of SII(s). What is new regarding to Eq.
(8) is that we afford the analytic expression of SII . Now
we will prove that Eq. (11) is just the generalized uni-
tarity equation in the language of scattering theory, for
which we need to go to the momentum p plane. The up-
per half of p plane corresponds to first sheet of s plane
and the lower half corresponds to the second sheet of s
plane. On p plane one gets F̃ and F as, F̃ (p∗) = F̃ ∗(p),
F (p∗) = F ∗(p). Further, it is important to notice that

S(p) = SI(s), Im[p] > 0

S(p) = SII(s), Im[p] < 0 (12)

or

ρ(p) = ρI(s) = ρ(s), Im[p] > 0

ρ(p) = ρII(s) = −ρI(s), Im[p] < 0

where s = 4(m2 + p2) and ρ(p) = p√
p2+m2

. Rewrite Eq.

(9) in above in terms of p we have

S(p) = F̃ (p) + iρ(p)F (p)

which has the following standard properties of the S ma-
trix in scattering theory:

S(−p) = S∗(p) = 1/S(p)

when p is real. More importantly, assuming Im[p] > 0,
we have, following Eq. (12), S(p∗) = SII(s∗) since
Im[p∗] < 0. Therefore,

S∗(p∗) = SII∗(s∗) = SII(s)

where the latter equality follows from real analyticity.
Therefore we have

S(p)S∗(p∗) ≡ S(s)SII(s) ≡ 1

2.3 Factorized S matrix elements and separable
singularities

One tries to solve the generalized unitarity relation, Eq.
(8). The simplest solutions, i.e., those with neither left
nor right cut integrals and containing only a single pole
or a pair of complex conjugate poles, can be obtained for
unequal mass scatterings. The results are listed as below
[27]:

i) A virtual state pole at s0 with s0 real. The S matrix
can be expressed as

S(s) =
1 + iρ(s) s

s−sL

√
s0−sL

sR−s0

1 − iρ(s) s
s−sL

√
s0−sL

sR−s0

(13)

If there is a bound state at s0, then the above S re-
verses. Besides, a bound or virtual state exists only when
sL < s0 < sR, and sL and sR denote the branch point
on the left and right, respectively.

ii) A pair of resonances at z0 (having positive imagi-
nary part) and z∗0 . The S matrix can be expressed as

S(s) =
M2(z0) − s+ iρ(s)sG
M2(z0) − s− iρ(s)sG

(14)

where

M2(z0) = Re[z0] +
Im[z0] Im[z0 ρ(z0)]

Re[z0 ρ(z0)]

G =
Im[z0]

Re[z0 ρ(z0)]
(15)

The properties of these “simplest” S matrices are quite
interesting for discussion and we leave it in Ref. [27] for
details.

Han-Qing Zheng, Front. Phys., 2013, 8(5) 543
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Having obtained those “simplest” S matrices we notice
that Sphys/

∏
Spoles is also unitary and can be denoted

as Scut, which, by construction, contains no poles but
all the cuts that the original Sphys owns. Hence one con-
structs, using analyticity, unitarity, and partial wave dis-
persion relations, a factorized form for elastic scattering
S matrix element [24–28]:

Sphys =
∏

i

SRi · Scut (16)

where SRi denotes the i-th second sheet pole contribu-
tion (or a physical sheet pole contribution, if there exists
a bound state) and Scut denotes the contribution from
cuts or background. The information from higher sheet
poles is hidden in the right hand integral which consists
of one part of the total background contribution,

Scut = e2iρf(s)

f(s) =
s

π

∫
L

ImLf(s′)
s′(s′ − s)

+
s

π

∫
R

ImRf(s′)
s′(s′ − s)

(17)

The “left hand” cut L = (−∞, 0] for equal mass scatter-
ings and may contain a rather complicated structure for
unequal mass scatterings. The right hand cut R starts
from first inelastic threshold to positive infinity. It can
be demonstrated that the dispersive representation for
f is free from the subtraction constant, i.e., f(0) = 0.
The detailed proof using S matrix theory and dispersion
theory can be found in the appendix of Ref. [28].

Phenomenologically the right hand cut can be esti-
mated from experimental input. Nearby left hand cut
(s > −32m2

π for ππ scatterings if assuming Mandelstam
representation) can in principle be estimated from exper-
imental data as well, using Froissart–Gribov projection
formula. Nevertheless, one expects such an estimate gives
more or less the same effect as using χPT results when
estimating the nearby left cut. There is no reliable way
to estimate further left hand cut effects3) , nevertheless
physics around physical threshold should not be strongly
affected by what might happen far away in the complex s
plane. Moreover, further left cut contribution as defined
by Eq. (17) is very mild which is understood by the fact
that the integrand appeared in Eq. (17) is of logarith-
mic form. Numerical evaluation justifies this argument
[26–28].

Estimates in various channels of ππ and πK scatter-
ings reveal a common feature: all the background con-
tributions as defined in Eq. (17) are numerically found
to be negative! This fact is actually crucial to establish

the existence of the σ and κ pole in the present approach
and also helps greatly in stabilizing the pole location in
the data fit. It is interesting to notice that, there actually
exists a correspondence of Eq. (16) in quantum mechani-
cal scattering theory, obtained more than sixty years ago
[29]:

S(k) = e−2ipR
∞∏
1

pn + p

pn − p
(18)

where k is the (single) channel momentum and pn pole
locations on the complex p plane. The above formula is
written down for any finite range potential, in s wave. It
is amazing to notice that Eq. (18) automatically predicts
a negative background contribution!

In this section we present the proof of the production
representation, Eq. (16), in the context of quantum field
theory. In the literature we also name it as the PKU rep-
resentation. Previous results as discussed above, are how-
ever only limited to the single channel case. In Ref. [30],
the couple channel situation is investigated but ends up
with only very limited success, and no production repre-
sentation were obtained in the couple channel situation.

2.4 Further theoretical developments

Before jumping to the last section where we will concen-
trate again on the physics of f0(600) and K(800) reso-
nances, here we would like to further report the theoret-
ical development that can be achieved starting from the
PKU representation, i.e., Eq. (16) – which can actually
be understood as a simple combination of single channel
unitarity and the partial wave dispersion relation [32].

Going back to Eq. (16), on the right hand side, we have
S matrix elements parameterized in terms of resonance
parameters, i.e., mass Mi and width Γ i, and somewhat
unpleasantly, the cut integrals. The cut integrals are dif-
ficult to estimate. However, if assuming all resonance’s
widths vanish in the large Nc limit, the cut integral be-
comes calculable in the leading order of 1/Nc expansion.
The leading order term is actually solely contributed by
crossed channel resonance exchanges at tree level. On the
left hand side of Eq. (16), the physical S matrix elements
can be calculated using χPT, near threshold. In this way,
one gets the low energy constants (LECs) in the effective
lagrangian expressed by resonance parameters, in narrow
width approximation, or in the large Nc limit4) . In such
a situation, one gets a series of relations without rely-
ing on the precise form of resonance effective lagrangian.

3) One may use Regge behavior to estimate the high energy contributions to the left hand cut integral.
4) In Ref. [31], it cautiously paid the attention to the situation that the resonance width may not vanish when Nc → ∞. Modest results

are still obtainable there.
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These relations are obtained at O(p4) level in Ref. [32]
and at O(p6) level in Ref. [33]. These new relations are
helpful in phenomenology as well. E.g., they can be used
to give a rather reliable estimate on the LECs at O(p6)
level [34].

3 Physics of f0(600) and K(800)

3.1 The σ and κ pole locations

In our numerical study it is found that the production
representation is sensitive to S matrix poles not too far
away from physical threshold, hence it provides a power-
ful tool to explore the broad resonance f0(600) (or called
σ) and K(800) (or called κ). The “sensitivity” relies cru-
cially on the fact, as already mentioned before, that the
background contribution to the phase shift is negative
and concave.

It is also found that crossing symmetry plays an im-
portant role in fixing the σ pole location [26]. For this
we put the constraint given by the so-called BNR rela-
tions in the data fit and determine the σ pole location
as Mσ = 470 ± 50 MeV,Γσ = 570 ± 50 MeV. Espe-
cially, in Eq. (21) of Ref. [26], we get Mσ = 457 ± 15
MeV, Γσ = 551 ± 28 MeV, in nice agreement with
the determination using more sophisticated Roy equa-
tion analysis [35]. The application of Eq. (16) to πK
scattering data [36] also unambiguously establish the
existence of the κ meson with the pole location [28]:
Mκ = 694 ± 53 MeV,Γκ = 606 ± 59 MeV, which are
also in nice agreement with the later determination on κ
pole parameters using Roy–Steiner equations [37]. Con-
cerning the extraordinarily large widths of f0(600) and
K(800), it is very impressive and remarkable that orthog-
onal calculations agree with each other so satisfactorily.

3.2 The physical properties of f0(600) and K(800)

Though the existence of the broad σ and κ resonances
have been firmly established, its nature still remains mys-
terious. Especially it is completely an open question on
how to understand it from the underlining theory, QCD.
Though it is natural to speculate that the f0(600) meson
is related to the quantum excitation of the order param-
eter 〈ψ̄ψ〉, a proof at fundamental level is still missing.

At the phenomenological level, many efforts have been
made to explore the nature of f0(600) in the litera-
ture [38]. We argue that the f0(600) (and K(800)) may
best be understood as the chiral partner of the pseudo-
goldstone bosons, in a linear realization of chiral symme-
try.

When exploring the nature of σ, it can be helpful to in-
vestigate the κ, f0(980), a0(980) simultaneously. One of
the most challenging problem is to understand not only
the mass spectrum but also the widely spread widths
between these lightest scalars in different channels. An
investigation using the ENJL model has been given [39].
It is found that the masses and widths of these lightest
scalars, except the f0(980), can be understood simulta-
neously, taking them as the chiral partners of the SU(3)
pseudo-goldstone bosons, within linearly realized chiral
symmetry [39]. The estimate is very crude because it is
based upon a K-matrix unitarization approach. But one
may hope the study may get the qualitatively correct
picture of these lightest scalars.

There exist further evidences in supporting the above
picture. A careful re-examination to the unitarized chi-
ral perturbative amplitudes [40–42] reveals that the [1,1]
Padé approximation leads to a “σ” pole falling down to
the real s axis in the large Nc limit, though the pole
does not fall straightforwardly down to the real axis,
unlike the ρ meson. It is found that this bent structure
of the σ pole trajectory with respect to Nc found in [1,1]
Padé approximant is similar as what one finds in O(N) σ
model. Furthermore, the f0(600)ππ coupling can be es-
timated, and it is found that Re[g2

f0ππ] < 0 [43, 44]. This
is again found to be very similar to the behavior of the
σ meson in O(N) model with a low cutoff scale [45]. The
O(N) σ model is certainly not QCD, but possibly it may
simulate rather well QCD in the IJ = 00 channel. Fur-
thermore, the property of f0(600) may be understood by
studying the γγππ process [46]. It is estimated that the
value of g2

f0γγ lies between the value calculated using a q̄q
assumption and that of a q2q̄2 assumption [47]. As em-
phasized in Ref. [38], a collective excitation may contain
equally important q̄q, q̄2q2, q̄3q3, · · · components. This
is also consistent with the results obtained in the study
of γγ → ππ process. The suggestion made in Ref. [38]
on the property of f0(600) still remains to be reasonable.
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