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We design a perfect field concentrator from a singular radial mapping. Such a device can be imple-
mented using alternating radial slices of zero index metamaterials and perfect electric conductors.
Numerical simulations are performed to verify its functionality.
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Transformation optics [1, 2] has been used to design var-
ious devices with extraordinary electromagnetic proper-
ties [3], such as invisibility cloaks [2], field rotators [4],
field concentrator [5], etc. Some of these early designs
have been implemented [6, 7], while field concentrator
has not yet been realized. In this paper, we will show
that a singular transformation can be used to design a
perfect field concentrator. To realize such a device, only
two kinds of isotropic and homogeneous metamaterials
are required, i.e., zero index metamaterials (ZIMs) and
perfect electric conductors (PECs). The current design
paves a way for the eventual implementation of the field
concentrator.

We start the work from the following radial transfor-
mation in Fig. 1: region I (r′ ∈ [0, R2]) is compressed into
r ∈ [0, R1] and region II (r′ ∈ [R2, R3]) is expanded into

Fig. 1 The schematic plot of the radial mapping for the field
concentrator.

r ∈ [R1, R3]. Specifically, we take a linear transformation
as an example [5]:

r = f(r′)

=
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According to transformation optics, the material pa-
rameters of the field concentrator can be written as [5]:

ε = μ =
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⎟
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(2)

in circular cylindrical coordinates, where ηr = e
f

R3
r + 1,

e = R2 − R3, f = R3 − R2 and h = R3 − R1.
We will only focus on transverse magnetic (TM) modes

(with magnetic field along z-direction) as we will see that
one type of such field concentrators can be implemented
using ZIMs and PECs.

Firstly, we will set R1 = 0.1 m, R2 = 0.2 m and
R3 = 0.4 m as an example [type I, see Fig. 2(a)]. All
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the slopes of this transformation are positive, hence all
the material parameters positive. As we will see, such
a device has a concentrating efficiency (R2

R1
)2 (defined

by a factor of the input energy over the energy in the
core 0 � r � R1). Therefore, as we increase the R2, we
can enhance the concentrating efficiency. In principle,
we can have a large R2 in the virtual space. However, it
will bring negative material parameters if R2 > R3 [8].
Such a field concentrator is not easy to implement and
if we indeed success in designing one, the loss problem

of the negative index metamaterials will degrade the
functionalities. There should be a suitable R2 so that we
will have a strong concentrating efficiency, meanwhile,
with small loss. Taking all that into account, we have
a compromsed choice, i.e., to set R2 = R3 [type II, see
Fig. 2(b)]. Such a field concentrator can be implemented
using ZIMs and PECs, which can be easy to finish at
least in microwave realm. Figure 3(a) shows the mag-
netic field distribution of type I field concentrator under
the illumination of a TM incident plane wave from left

Fig. 2 The detailed mappings for the field concentrators with (a) R1 = 0.1 m, R2 = 0.2 m, and R3 = 0.4 m; (b) R1 = 0.1
m, R2 = R3 = 0.4 m.

Fig. 3 (a) The magnetic field distribution and (b) the energy distribution along x-direction for type I field concentrator
(with R1 = 0.1 m, R2 = 0.2 m, and R3 = 0.4 m). (c) The magnetic field distribution and (d) the energy distribution along
x-direction for type II field concentrator (with R1 = 0.1 m, R2 = R3 = 0.4 m).
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to right along x-direction. The wavelength is 0.3 meter.
It is transparent and has a concentrating efficiency of
4, as shown in Fig. 3(b), the energy distribution along
x-direction.

If we increase R2 so that R2 = R3, the transformation
will become singular [see Fig. 2(b)], and the material pa-
rameters will change into: εr = εθ = 1 and μz = 16
for 0 � r � R1; and εr = ∞, εθ = 0 and μz = 0 for
R1 � r � R3. We plot the magnetic field distribution for
this type II field concentrator in Fig. 3(c). The function-
ality is the same as that of type I but with a higher con-
centrating efficiency of 16, which can also be seen from
the energy distribution along x-direction shown in Fig.
3(d). All the above results come from the calculations
of COMSOL. Specifically, we set R2 = 0.399 m during
simulations.

Now we come to see how to implement such a singu-
lar field concentrator. Let us consider the configuration
in Fig. 4. Two kinds of isotropic metamaterials are ar-
ranged in alternating radial slices with one’s permittivity
and permeability εA and μA, and the other εB and μB.
The effective material parameters for such a configura-
tion are

⎧
⎪⎨

⎪⎩

εr = fAεA + fBεB

ε−1
θ = fAε−1

A + fBε−1
B

μz = fAμA + fBμB

(3)

Fig. 4 The configuration to implement the part in R1 � r � R3

of the singular field concentrator with only two kinds isotropic and
homogeneous metamaterials, in alternating radial slices.

when the working wavelength is much larger than the
unit arc length at the outer boundary (r = R3). fA

and fB are the filling fractions for the two kinds of
metamaterials. There has been a general design for field

Fig. 5 The magnetic field distributions for (a) a 56-slice configuration and (b) a 112-slice configuration, and the energy
distributions along x-direction for (c) the 56-slice configuration and (d) the 112-slice configuration. For comparison, we
also plot the energy distribution along x-direction for an ideal case [the same as that in Fig. 3(b)].
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concentrators by allowing εA, μA, εB and μB to be inho-
mogeneous [9]. However, in this paper, we will simplify
the parameters so that only homogeneous metamaterials
are required for an easier implementation in future.

In this design, we use two kinds of materials, one PECs
(with ε = ∞ and μ = 1) and the other, ZIMs (with
ε = μ = 0). Such an assembly has effective material
parameters: εr = ∞, εθ = 0, and μz = 0. Although
μ = 1 for PECs, the effective μz = 0 if the counterparts
are ZIMs. The reason is that as ε = ∞, there are nei-
ther electric fields nor magnetic fields inside the PECs.
To prove such an idea, we plot the magnetic field dis-
tributions for configurations with 56 slices in Fig. 5(a)
and with 112 slices in Fig. 5(b). Figures 5(c) and (d) are
the corresponding energy distributions along x-direction.
We find that both configurations show excellent concen-
trating functionalities. For the configuration with more
slices, the scattering is less, and the energy in the core is
more stable (a better result in homogeneity of the con-
centrated waves). In simulations, we set ε = −100 000
for PECs and ε = μ = 0.001 for ZIMs. Notice that simi-
lar method has been utilized to design devices for static
magnetic field [10] and thermodynamics [11–13]. For the
concentrator of static magnetic field [10], only alternated
layers of superconductors (with an infinite permeability)
and soft ferromagnetic materials (with a zero permeabil-
ity) are required. For thermal concentrator [13], the alter-
nated layers are two kinds of materials, one with a very
large thermal conductivity, and the other with a very
small one. Our design here is different from those as we
need to consider both the permittivities and permeabil-
ities. Therefore it can function for finite frequencies.

In summary, we have designed a perfect field concen-
trator simply using two kinds of isotropic and homo-
geneous metamaterials, zero index metamaterials and
perfect electric conductors, in alternative radial slices.
Such a design is feasible to realize at microwave fre-
quencies if we see the recent experimental progress of
the epsilon-near-zero metamaterials [14, 15] and Dirac
cone optics [16]. The potential application of such a field
concentrator could be found in wireless power transfer
in future [17].
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14. B. Edwards, A. Alù, M. Young, M. Silveirinha, and N. En-

gheta, Experimental verification of ε-near-zero metamate-

rial supercoupling and energy squeezing using a microwave

waveguide, Phys. Rev. Lett., 2008, 100(3): 033903

15. R. Liu, Q. Cheng, T. Hand, J. J. Mock, T. J. Cui, S. Cum-

mer, and D. R. Smith, Experimental demonstration of elec-

tromagnetic tunneling through an epsilon-near-zero meta-

material at microwave frequencies, Phys. Rev. Lett., 2008(2),

100: 023903

16. X. Huang, Y. Lai, Z. H. Hang, H. Zheng, and C. T. Chan,

Dirac cones induced by accidental degeneracy in photonic

crystals and zero-refractive-index materials, Nat. Mater.,

2011, 10(8): 582

17. A. Kurs, A. Karalis, R. Moffatt, J. D. Joannopoulos, P.
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