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Whistler waves generated in fast magnetic reconnection processes of collisionless high beta plasmas
are reviewed in experiments and satellite observations, as well as in theory and simulation, and
further studied in the two-fluid theory. It is found that low frequency whistler waves can be excited
in the ion inertial range of the reconnection region. The wave is found right-handed polarized
with a quadrupolar out-of-plane magnetic perturbation, in accord with satellite observations in
the geomagnetosphere.
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1 Introduction

Magnetic reconnection is of essential importance in many
laboratory and space plasma physics processes associated
with configuration relaxations and fast energy releases of
magnetic fields. The process of reconnection occurs on a
thin layer called reconnection layer or diffusion region
where kinetic and/or dissipative effects become substan-
tially important. In the last decade, whistler waves gen-
erated in magnetic reconnection layers have been taken
as a major signature of collisionless magnetic reconnec-
tion. Observationally whistler waves have been detected
on current structures and magnetic reconnection regions
in laboratory and magnetosphere plasmas [1–12], where
the plasma beta is on the order of unity. It was found that
the wave propagated obliquely to the ambient magnetic
field, while the polarity of the wave was right-handed in
the plane perpendicular to the ambient magnetic field,
a typical electron mode feature [9–12]. On the other
hand however, the earlier theory predicted that the fast
rate of reconnection in collisionless plasmas was a di-
rect consequence of the quadratic nature of the disper-
sion character of whistler waves, ω(≈ k2d2

eΩce) ∼ k2

where Ωce = eB/(mec) is the electron cyclotron fre-
quency and de = c/ωpe is the electron skin depth with
the speed of light c and the plasma frequency of ωpe =
(4πn0e

2/me)1/2, which controlled the plasma dynamics

at the small scale δ with k ∼ 1/δ [13–15]. Nevertheless,
later theoretical analysis showed that the whistler wave
should be obliquely propagated with a much lower fre-
quency of ω ≈ k//k⊥d2

eΩce = k//k⊥d2
i Ωci = k//VAk⊥di,

due to k// � k⊥ ≈ k ∼ 1/δ, with VA = B/
√

4πmin0

being the local Alfvén velocity and di = c/ωpi being
the ion inertial length with the ion plasma frequency
ωpi = (4πn0e

2/mi)1/2 [16, 17]. This dispersion relation
of the obliquely propagated low frequency whistler mode
was recently confirmed by k-filter analysis for Cluster ob-
servation data [12]. In a recent review on fast magnetic
reconnection however, the whistler wave was thought of
as a standing wave, with the reconnected magnetic field
lines in the outflow region as its half spatial period, and
the field line relaxation as the wave oscillation ampli-
tude [18]. Clearly, this picture cannot explain the exci-
tation mechanism of the whistler wave and its polariza-
tion property, as well as the mode structure observed.
Therefore these issues are still open questions for further
understanding in theory and in comparison with obser-
vations.

We thus further study the whistler wave generation in
fast magnetic reconnection processes and its propagation
and polarity properties in this paper. The wave equation
is derived from a Harris-sheet-like equilibrium in Section
2. The singularity of magnetic reconnection is found in
magnetohydrodynamics (MHD) approximation. We then
resolve the singularity by WKB method and obtain the
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whistler wave solution on the reconnection layer. The
properties of the whistler wave are further discussed in
Section 3. The paper is then concluded with a summary
in Section 4.

2 Singularities in MHD regime and dispersion
relation of the mode

In high beta plasmas, such as in the interplanetary
plasma medium and the geomagnetosphere, the initial
static state equilibrium for magnetic reconnection can
be approximately modeled in a two dimensional (2D)
configuration

B0 = ŷB0(x) = ẑ ×∇ψ0(x), |x| � a

with ψ0(x) = B0x
2/2a, B0(x) = B0x/a, generated by an

approximate constant current J0 ≈ ẑcB0/(4πa). It can
be seen as the central segment of a Harris sheet. In such
an equilibrium, if the plasma is isothermal, the density
then has a distribution of n0(x) ≈ n0[1−x2/(2a2)], with
β0 ≡ β(a) = 4πn0(Te0 + Ti0)/B2

0 = 1, where the plasma
beta β = β(x) ≡ 8πn0(x)(Te0 + Ti0)/B2

0(x). Thus, for
the equilibrium we have β � 1 everywhere in |x| � a. For
perturbations in a form of f1(x, y, t) = f̃(x)e−i(ω0t−k//y),
the velocity and magnetic field perturbations are

v1(x, y, t) = (ẑ ×∇ϕ̃(x) + ẑṽz(x))e−i(ω0t−k//y) (1)

B1(x, y, t) = (ẑ ×∇ψ̃(x) + ẑB̃z(x))e−i(ω0t−k//y) (2)

The wave equation in the ideal MHD approximation can
then be easily derived as

d
dx

(
εA(x)

dξ̃x
dx

)
− k2

//εA(x)ξ̃x = 0 (3)

with the x-component displacement perturbation ξ̃x =
iṽx/ω = k//ϕ̃/ω, and

εA(x) ≡ ω2
0

k2
//

− V 2
A(x) =

ω2
0

k2
//

− B2
0(x)

4πρ(x)

=
ω2

0

k2
//

− B2
0x

2

4πρ0a2(1 − x2/a2)
(4)

where ρ0 ≡ n0mi. In the small x region then, x2/a2 � 1,
we approximately have

εA(x) ≈ ω2
0

k2
//

− V 2
A0x

2

a2
(4′)

Clearly, at εA(x0) = 0, i.e., x0/a = ω0/(k//VA0) with
VA0 = B0/

√
4πmin0, we have a logarithm singularity

for ξ̃x (as well as ϕ̃ and ψ̃), and a 1/(x − x0) singular-
ity for ξ̃y ∼ ϕ̃′ [19]. This singularity leads to the Alfvén
resonance. Thus, we call it the Alfvén resonance singu-

larity. Additionally, however, there is another singularity
at x = 0, if ω0 = 0 and thus

εA(x) = −V 2
A(x) = −V 2

A0x
2/a2 (5)

Clearly, it is a stronger singularity than that of Alfvén
resonances, with a 1/x singularity for ξ̃x (as well as ϕ̃ and
ψ̃) and a 1/x2 singularity for ξ̃y ∼ ϕ̃′. We then call it the
reconnection singularity due to the fact of its inducing
magnetic reconnection on the singular surface x = 0.

To resolve the singularity, kinetic and/or dissipation
effects should be introduced [19]. Here we apply the two-
fluid theory to the reconnection layer (near x = 0) to get
the leading order equations in the dimensionless form of

∂

∂t

∂2

∂x2
ϕ̃(0) = ±xik//VA

∂2

∂x2
ψ̃(0) (6)

∂

∂t
ψ̃(0) − i(±xk//VA)ϕ̃(0) = ±xik//VAdiB̃

(0)
z (7)

∂

∂t
ṽ(0)

z = ±xik//VAB̃
(0)
z (8)

∂

∂t
B̃(0)

z = −i(±xk//VA)di
∂2

∂x2
ψ̃(0) ±x ik//VA(x)ṽ(0)

z

(9)

where “±x” corresponds to the sign of x, and the dimen-
sional translations are

ψ̃

B0a
→ ψ̃,

ϕ̃

VA0a
→ ϕ̃,

B̃z

B0
→ B̃z,

ṽz

VA0
→ ṽz

a∇ → ∇, tVA0

a
→ t,

di

a
→ di

To solve Eqs. (6)–(9), we use WKB method by applying
the “eikonal” approximation

{ϕ̃(0)(x, t), ψ̃(0)(x, t)} = {ϕ̂, ψ̂}eiS(x,t) (10)

with

k ≈ k⊥ = kx =
∂S

∂x
,

∣∣∣∣∂kx

∂x

∣∣∣∣ � k2
x (11)

ω = −∂S
∂t
,

∣∣∣∣∂ω∂t
∣∣∣∣ � ω2 (12)

Substituting (10)–(12) to (6)–(9) we then have the dis-
persion relation

k2
⊥ =

(ω2 − k2
//V

2
A)2

ω2d2
i k

2
//V

2
A

(13)

In the regime of k2
⊥d

2
i 	 1, approximately

ω ≈ ∓0k//VAk⊥di = ∓0k//k⊥d2
i Ωci = ∓0k//k⊥d2

eΩce

(14)

Here the sign of “∓0” corresponds to the antisymmetry
about the origin, depending on the propagation prop-
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erty of the wave to make the frequency positive in the
propagation cases. Due to the feature of the reconnec-
tion process, we have: k⊥ < 0, k// > 0 in Quadrant I
(x > 0, y > 0); k⊥ < 0, k// < 0 in Quadrant II (x > 0,
y < 0); k⊥ > 0, k// < 0 in Quadrant III (x < 0, y < 0);
and k⊥ > 0, k// > 0 in Quadrant IV (x < 0, y > 0).
Then the sign of (14) is the same as the quadrupolar
Hall field with “∓0” corresponding to “–” in Quadrants
I & III, and “+” in Quadrants II & IV. Eq. (14) is then
the dispersion relation of low frequency whistler waves,
the same as the low frequency whistler mode predicted
and observed in the collisionless reconnection layer [12,
16].

3 Properties of the Whistler modes

From the approximation in deriving (14), it is obvious
that wave is generated in a region inside of the reconnec-
tion layer, de < 1/|k⊥| < di, called ion inertial layer. We
then analyze the features of the modes in this region.

3.1 The group velocity and reconnection rate

From Eq. (14), no losing of generality we can write out
the dispersion relation ω ≈ k//k⊥d2

eΩce in Quadrant IV.
It is different from the conventional whistler waves with
a dispersion relation of ω = k2d2

eΩce. The phase velocity
of the latter is Vph = kd2

eΩce, while its group velocity is
Vgr = 2kd2

eΩce. On the other hand, the whistler wave in
the reconnection layer is obliquely propagating with its
phase velocity almost perpendicular to the equilibrium
magnetic field due to k ≈ k⊥ = kx. Nevertheless, similar
to the kinetic Alfvén wave (KAW), perpendicular group
velocity of the oblique whistler is small, as

Vgr⊥ =
∂ω

∂k⊥
≈ k//d

2
eΩce (15)

while its parallel group velocity

Vgr// =
∂ω

∂k//

= k⊥d2
eΩce 	 Vgr⊥ (16)

Thus, the wave energy propagates mainly along the mag-
netic field.

By the wave energy conservation, we can approxi-
mately get the relation

Vgr⊥L = k//d
2
eΩceL ∼ Vgr//δ = k⊥d2

eΩceδ (17)

leading to the estimate of the reconnection rate, δ/L ∼
|k///k⊥|.

3.2 Electric vectors and polarity of the mode

From Eqs. (2) and (10)–(12), we can get B̃(0)
x = −ik//ψ̃

(0)

and B̃(0)
y = ik⊥ψ̃(0) easily. Then by Eqs. (8), (9) and (14),

we further obtain B̃(0)
z = ±yk⊥ψ̃(0), where

±y = −±x ·∓0 = ±x · ±0

corresponding to the sign of y. Then by the Faraday law

ik//Ẽ
(0)
z = i

ω

c
B̃(0)

x =
ω

c
k//ψ̃

(0) (18)

−ik⊥Ẽ(0)
z = i

ω

c
B̃(0)

y = −ω
c
k⊥ψ̃(0) (19)

ik⊥Ẽ(0)
y − ik//Ẽ

(0)
x ≈ −ik//Ẽ

(0)
x = i

ω

c
B̃(0)

z

= ±yi
ω

c
k⊥ψ̃(0) (20)

we can then have

Ẽ(0)
z = −i

ω

c
ψ̃(0) (21)

and in Hall MHD regime, Ẽ(0)
y � Ẽ

(0)
x ,

Ẽ(0)
x ≈ ∓y

k⊥ω
k//c

ψ̃(0) = ∓y ∓0

∣∣∣∣k⊥ωk//c

∣∣∣∣ ψ̃(0)

= ±x

∣∣∣∣k⊥ωk//c

∣∣∣∣ ψ̃(0) (22)

Then the polarity of the wave can be determined by

iẼ(0)
z

Ẽ
(0)
x

= ±x

∣∣∣∣ k//

k⊥

∣∣∣∣ (23)

It is clearly a right handed polarized wave with respect
to the equilibrium magnetic field. On the upper half of
the domain (x > 0), iẼ(0)

z /Ẽ
(0)
x > 0, the wave is right

handed elliptically polarized. On the lower half, how-
ever, the equilibrium magnetic field is pointed to the
−y direction. Then (z, x,−y) is a left hand system and
iẼ(0)

z /Ẽ
(0)
x < 0 is again right handed elliptically polar-

ized. Then the wave can be decomposed into an elec-
trostatic component of Ẽ′

x = Ẽ
(0)
x − ±x|ω/c|ψ̃(0) and a

right handed circularly polarized “extraordinary” wave
of ±x|ω/c|ψ̃(0)x̂+Ẽ(0)

z ẑ. The latter is the obliquely prop-
agated and right handed polarized low frequency whistler
wave.

3.3 The standing wave solution and Hall field structure

The pure growth solution of the mode is clearly a stand-
ing wave with ω2 = −γ2. And the dispersion relation has
a form of

k2
⊥ = − (γ2 + k2

//V
2
A)2

γ2d2
i k

2
//V

2
A

< 0, k⊥ = ±xi|k⊥| (24)

Therefore such a pure growth mode of the standing
wave solution has a spatial decay factor of e∓x|k⊥|x, and
1/|k⊥| ∼ di can be seen as the skin depth of the mode.
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Thus, the mode structure should be confined in the skin
depth region. Then the relation (14) is reduced to

γ ≈ k//VA|k⊥|di = k//|k⊥|d2
i Ωci = k//|k⊥|d2

eΩce (25)

where k// > 0 always for the standing wave solution. Ac-
cording to Eqs. (8), (9) and (24), (25), the standing wave
mode then has an out-of-plane magnetic component of

B̃(0)
z ≈ −i±xk//VAdi|k⊥|2

γ
ψ̃(0) = ∓xi|k⊥|ψ̃(0) (26)

Since ψ1 is symmetric on y = 0, and the factor of
i = eiπ/2 makes a phase shift of π/2, then in the con-
cerned region it is equivalent to the sign of ±y. There-
fore ∓xi → ∓x±y = ∓0. Thus, B̃(0)

z is antisymmetric
about the origin with the “–” sign in Quadrants I & III,
and the “+” in Quadrants II & IV. It is accorded to the
quadrupolar out-of-plane field observed in satellite data
and experiments.

4 Conclusion and summary

We in this paper analyze the properties, such as disper-
sion, generation, propagation, and mode structure etc.,
of the obliquely propagated low frequency whistler modes
in fast reconnection processes for high beta plasmas. The
basic picture of the low frequency whistler modes gener-
ation can be summarized as follows.

An outside excited incident wave of ξ1(x, y, t) =
ξ̃(x) exp(−i(ω0t− k//y)) can be transmitted in a Har-
ris sheet like plasma, either on upper and lower bound-
aries or by antenna coupling. It then has two Alfvén
resonance singularities on the layer of x = ±x0, where
x0 = aω0/(k//VA0). If the incident perturbation is a
standing wave with ω0 = 0, it has a reconnection singu-
larity at x = 0 in the ideal MHD regime. The singularity
is 1/x for ξ̃x (as well as ϕ̃ and ψ̃) and 1/x2 for ξ̃y ∼ ϕ̃′,
much stronger than that of Alfvén resonances.

To solve the singularity, we apply the WKB method
and derive the dispersion relation of ω ≈ ∓0k//VAk⊥di =
∓0k//k⊥d2

i Ωci = ∓0k//k⊥d2
eΩce, with the sign of “∓0”

having the antisymmetric about the origin with a “–”
sign in Quadrants I & III, and a “+” in Quadrants II &
IV. From the dispersion relation, we find that the prop-
agation features of the wave are different from that of
the conventional whistler waves. While the phase veloc-
ity of the whistler wave in the reconnection layer is now
oblique, almost perpendicular to the magnetic field, the
group velocity of the wave is however almost along the
field line. Furthermore, the wave is found right handed
polarized, a feature detected in spacecraft observations.

A standing wave solution for the pure growth mode

is also found. The analysis for the mode structure finds
that the out-of-plane magnetic component of the mode is
quadrupolar, as observed for fast magnetic reconnection
in space plasmas and found in Hall MHD reconnection
in simulations.

The above features of the low frequency whistler
modes in the reconnection layer are in accord with ex-
periments, observations, and simulations. However, the
magnitude of the modes, both for the right handed po-
larized wave and the out-of-plane components, should
be calculated in the nonlinear regime. Furthermore, the
cause of the whistler wave polarity and excitation of
modes in the electron skin depth regime are also open
questions to be answered.
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