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In the paper we extend the Multiple-Relaxation-Time (MRT) Lattice Boltzmann (LB) model pro-
posed in [Europhys. Lett., 2010, 90: 54003] so that it is suitable also for incompressible flows. To
decrease the artificial oscillations, the convection term is discretized by the flux limiter scheme with
splitting technique. A new model is validated by some well-known benchmark tests, including Rie-
mann problem and Couette flow, and satisfying agreements are obtained between the simulation
results and analytical ones. In order to show the merit of LB model over traditional methods, the
non-equilibrium characteristics of system are solved. The simulation results are consistent with the
physical analysis.
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1 Introduction

In recent years, the Lattice Boltzmann (LB) method
has emerged as an attractive computational ap-
proach for complex physical system [1–7]. The lat-
tice Bhatnagar–Gross–Krook (BGK) model, based on
a single-relaxation-time approximation, is the simplest
and the most popular form. However, this simplicity
also leads to some deficiencies, such as the numerical
stability problem, and fixed Prandtl number. To over-
come these deficiencies of BGK model, the Multiple-
Relaxation-Time (MRT) lattice Boltzmann method [8–
10] has been developed, and successfully used in simulat-
ing various fluid flow problems [11–20]. Most of the ex-
isting MRT models work only for isothermal system. To
simulate system with temperature field, many attempts
have been made [21–23].

Besides the models mentioned above, we proposed
an MRT Finite Difference lattice Boltzmann model for
compressible flows with arbitrary specific heat ratio and
Prandtl number in previous work [24]. In the model, the
kinetic moment space and the equilibria of nonconserved

moments are constructed according to the seven-moment
relations associated with the local equilibrium distribu-
tion function. Numerical experiments showed that com-
pressible flows with strong shocks can be well simulated
by this model.

In the paper we extend the MRT LB model so that
it is suitable also for incompressible flows. In order to
efficiently decrease the unphysical oscillations, the flux
limiter scheme [25–28] with splitting technique is incor-
porated into the new model. When the system deviates
more from equilibrium, the LB simulation can give more
physical information [29–31], such as the non-equilibrium
characteristics of system. Here, in the new MRT LB
model, the non-equilibrium characteristics of system are
solved through a dynamic procedure where a shock wave
propagates from a heavy medium to a light one.

The rest of the paper is organized as follows. Section
2 presents the extended MRT LB model. Section 3 de-
scribes the finite difference schemes. Section 4 is for the
validation and verification of the new LB model. Non-
equilibrium characteristics are shown and analyzed in
Section 5. Section 6 makes the conclusion for the present
paper.
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2 Model description

According to the main strategy of MRT LB method, the
MRT LB equation can be described as:

∂fi

∂t
+ viα

∂fi

∂xα
= −M−1

il Ŝlk(f̂k − f̂eq
k ) (1)

where fi and f̂i are the particle distribution function
in the velocity space and the kinetic moment space re-
spectively, vi is the discrete particle velocity, i = 1,
· · ·, N , N is the number of discrete velocities, the sub-
script α indicates x or y. The matrix Ŝ = MSM−1 =
diag(s1, s2, · · · , sN ) is the diagonal relaxation matrix. M

is the transformation matrix between the velocity space
and the kinetic moment space. f̂i = mijfj , mij is an ele-
ment of the transformation matrix. f̂eq

i is the equilibrium
value of distribution function f̂i in the kinetic moment
space.

Fig. 1 Schematics of vi for the discrete velocity model.

In the previous work, we constructed a two-
dimensional MRT LB model based on the model by
Kataoka and Tsutahara [32] (see Fig. 1):

(vi1,vi2) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

cyc : (±1, 0), for 1 � i � 4
cyc : (±6, 0), for 5 � i � 8
√

2(±1,±1), for 9 � i � 12
3√
2
(±1,±1), for 13 � i � 16

where cyc indicates the cyclic permutation. Transforma-
tion matrix M and the equilibrium distribution function
f̂eq

i in the moment space are chosen according to the
seven-moment relations (see Appendix for details). At
the continuous limit, the above formulation recovers the
following Navier–Stokes (NS) equations:

∂ρ

∂t
+
∂(ρux)
∂x

+
∂(ρuy)
∂y

= 0 (2a)

∂(ρux)
∂t

+
∂

∂x
(ρu2

x) +
∂

∂y
(ρuxuy)

= −∂P
∂x

+
∂

∂y
[
ρRT

s7
(
∂uy

∂x
+
∂ux

∂y
)]

+
∂

∂x
[
ρRT

s5
(1 − 2

b
)(
∂ux

∂x
+
∂uy

∂y
)

+
ρRT

s6
(
∂ux

∂x
− ∂uy

∂y
)] (2b)

∂(ρuy)
∂t

+
∂

∂x
(ρuxuy) +

∂

∂y
(ρu2

y)

= −∂P
∂y

+
∂

∂x
[
ρRT

s7
(
∂uy

∂x
+
∂ux

∂y
)]

+
∂

∂y
[
ρRT

s5
(1 − 2

b
)(
∂ux

∂x
+
∂uy

∂y
)

−ρRT
s6

(
∂ux

∂x
− ∂uy

∂y
)] (2c)

∂e

∂t
+

∂

∂x
[(e+ 2P )ux] +

∂

∂y
[(e+ 2P )uy]

= 2
∂

∂x

{
ρRT

s8
[(
b

2
+ 1)R

∂T

∂x
+ (2

∂ux

∂x
− 2
b

∂ux

∂x

−2
b

∂uy

∂y
)ux + (

∂uy

∂x
+
∂ux

∂y
)uy]

}

+2
∂

∂y

{
ρRT

s9
[(
b

2
+ 1)R

∂T

∂y
+ (

∂uy

∂x
+
∂ux

∂y
)ux

+(2
∂uy

∂y
− 2
b

∂ux

∂x
− 2
b

∂uy

∂y
)uy]

}

(2d)

where P = ρRT , e = bρRT+ρu2
α is twice of the total en-

ergy, and b is a constant related to the specific-heat-ratio
γ = (b+ 2)/b.

In order to maintain the isotropy constraint of viscous
stress tensor and heat conductivity, some of the relax-
ation parameters should be equal to one another, namely
s5 = s6 = s7, s8 = s9. The above NS equations reduce
to

∂ρ

∂t
+
∂(ρuα)
∂xα

= 0 (3a)

∂(ρuα)
∂t

+
∂(ρuαuβ)
∂xβ

= − ∂P

∂xα
+

∂

∂xβ
[μ(

∂uα

∂xβ

+
∂uβ

∂xα
− 2

3
∂uχ

∂xχ
δαβ) + μB

∂uχ

∂xχ
δαβ ] (3b)

∂e

∂t
+

∂

∂xα
[(e+ 2P )uα] = 2

∂

∂xβ
[(
b

2
+ 1)λ′R

∂T

∂xβ

+λ′(
∂uα

∂xβ
+
∂uβ

∂xα
− 2
b

∂uχ

∂xχ
δαβ)uα] (3c)

where the viscosity μ = ρRT/s5, the bulk viscosity
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μB = (2/3 − 2/b)ρRT/s5, λ′ = ρRT/s8, (α, β, χ = x, y).
However, the viscous coefficient in the energy equa-

tion (3c) is not consistent with that in the momentum
equation (3b). By modifying the collision operators of
the moments related to energy flux:

Ŝ88(f̂8 − f̂eq
8 ) ⇒ Ŝ88(f̂8 − f̂eq

8 ) + (s8/s5 − 1)ρTux

×(4
∂ux

∂x
− 4
b

∂ux

∂x
− 4
b

∂uy

∂y
)

+(s8/s5 − 1)ρTuy(2
∂uy

∂x
+ 2

∂ux

∂y
) (4a)

Ŝ99(f̂9 − f̂eq
9 ) ⇒ Ŝ99(f̂9 − f̂eq

9 ) + (s9/s5 − 1)ρTux

×(2
∂uy

∂x
+ 2

∂ux

∂y
)

+(s9/s5 − 1)ρTuy(4
∂uy

∂y
− 4
b

∂ux

∂x
− 4
b

∂uy

∂y
) (4b)

we get the following energy equation:

∂e

∂t
+

∂

∂xα
[(e+ 2P )uα]

= 2
∂

∂xβ
[λ
∂T

∂xβ
+ μ(

∂uα

∂xβ
+
∂uβ

∂xα
− 2
b

∂uχ

∂xχ
δαβ)uα] (5)

where the thermal conductivity λ = ( b
2 + 1)Rλ′.

3 Finite difference scheme

In the original LB model [24], the time evolution is
based on the usual first-order forward Euler scheme,
while space discretization is performed through a Lax-
Wendroff scheme. In this work, the flux limiter scheme
with splitting technique corresponding to the MRT
model is adopted. The proposed flux limiter scheme can
efficiently decrease the unphysical oscillations around the
interfaces.

Fig. 2 Characteristic lines and corresponding projections in the
x and y directions. (a) f1(x, t); (b) f9(x, t).

Figure 2 shows the characteristic lines in the flux lim-
iter scheme and corresponding projections in x and y

directions. (J−1)
∣
∣
x

and (J−1)
∣
∣
y

are corresponding pro-

jections of node J − 1 in the x and y directions. Let fn
i,J

be the value of distribution function at time t in the node
J along the direction i, we rewrite the evolution of fi in
node J at time step t+ dt as follows:

fn+1
i,J = fn

i,J − dt
Aidx

[Fn
i,J+1/2

∣
∣
x
− Fn

i,J−1/2

∣
∣
x
]

− dt
Aidy

[Fn
i,J+1/2

∣
∣
y
− Fn

i,J−1/2

∣
∣
y
]

−dtM−1
il Ŝlk(f̂n

k,J − f̂n,eq
k,J ) (6)

where

Ai =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, for 1 � i � 4

1/6, for 5 � i � 8

1/
√

2, for 9 � i � 12√
2/3, for 13 � i � 16

(7)

Fn
i,J+1/2

∣
∣
x

(Fn
i,J−1/2

∣
∣
x
) and Fn

i,J+1/2

∣
∣
y

(Fn
i,J−1/2

∣
∣
y
) are

x and y components of the outgoing (incoming) flux in
node J along the direction i,

Fn
i,J+1/2

∣
∣
x

= fn
i (ix, iy) +

1
2
(1 − dt

Aidx
)

×[fn
i (ix+Aivix, iy) − fn

i (ix, iy)]ψx(ix, iy) (8a)

Fn
i,J−1/2

∣
∣
x

= fn
i (ix−Aivix, iy) +

1
2
(1 − dt

Aidx
)

×[fn
i (ix, iy) − fn

i (ix−Aivix, iy)]ψx(ix−Aivix, iy)

(8b)

Fn
i,J+1/2

∣
∣
y

= fn
i (ix, iy) +

1
2
(1 − dt

Aidy
)

×[fn
i (ix, iy +Aiviy) − fn

i (ix, iy)]ψy(ix, iy) (8c)

Fn
i,J−1/2

∣
∣
y

= fn
i (ix, iy −Aiviy) +

1
2
(1 − dt

Aidy
)

×[fn
i (ix, iy) − fn

i (ix, iy −Aiviy)]ψy(ix, iy −Aiviy)

(8d)

The flux limiter is expressed as

ψα(ix, iy)

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, θn
i (ix, iy)

∣
∣
α

� 0

2θn
i (ix, iy)

∣
∣
α
, 0 � θn

i (ix, iy)
∣
∣
α

� 1
3

(1 + θn
i (ix, iy)

∣
∣
α
)/2,

1
3

� θn
i (ix, iy)

∣
∣
α

� 3

2, 3 � θn
i (ix, iy)

∣
∣
α

(9)

where the smoothness functions are

θn
i (ix, iy)

∣
∣
x

=
fn

i (ix, iy) − fn
i (ix−Aivix, iy)

fn
i (ix+Aivix, iy) − fn

i (ix, iy)
(10a)

θn
i (ix, iy)

∣
∣
y

=
fn

i (ix, iy) − fn
i (ix, iy −Aiviy)

fn
i (ix, iy +Aiviy) − fn

i (ix, iy)
(10b)

248 Feng Chen, et al., Front. Phys., 2014, 9(2)



RESEARCH ARTICLE

The Lax–Wendroff scheme is recovered for the flux lim-
iter ψx = ψy = 1, and the first order upwind scheme is
recovered when ψx = ψy = 0.

4 Validation and verification

4.1 Performance on discontinuity

In order to check the performance of flux limiter scheme
on discontinuity, we construct the following problem

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(ρ, u1, u2, T ) = (1.5, 0.666667, 0.0, 1.55556),

x � L/2
(ρ, u1, u2, T ) = (1.0, 0.0, 0.0, 1.0),

L/2 < x < L

(11)

L is the length of computational domain. In the x direc-
tion, fi = M−1

ij f̂eq
j is set, where the macroscopic quanti-

ties adopt the initial values. In the y direction, the peri-
odic boundary condition is adopted. The physical quan-
tities on the two sides satisfy the Hugoniot relations.
Figure 3 shows the simulation results of the density,
pressure, x− component of velocity, and temperature at
time t = 0.06 with use of different space discretization
schemes. The parameters are γ = 2, dx = dy = 0.001,
dt = 10−5, s5 = s6 = s7 = 5 × 104, and other collision
parameters are 105. The simulations with Lax–Wendroff
scheme have strong unphysical oscillations in the shocked
region. The second order upwind scheme results in un-

physical “overshoot” phenomena at the shock front. The
simulation results with the flux limiter scheme are much
more accurate, and this scheme has the ability to de-
crease the unphysical oscillations at the discontinuity.

4.2 Lax shock tube problem

The initial condition of the problem is
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(ρ, u1, u2, T ) = (0.445, 0.698, 0.0, 7.928),

x � L/2
(ρ, u1, u2, T ) = (0.5, 0.0, 0.0, 1.142),

L/2 < x < L

(12)

The profiles of density, pressure, x− component of ve-
locity, and temperature at t = 0.45 are shown in Fig. 4,
where the exact solutions are presented with solid lines
for comparison. The parameters are γ = 1.4, dx = dy =
0.003, dt = 10−5, s5 = s6 = s7 = 2× 103, s8 = s9 = 103,
and other collision parameters are 105. Obviously, the
simulation results agree well with the exact solutions.

The above simulations show that compressible flows,
especially those with discontinuity and shock waves, can
be well simulated by the present model.

4.3 Couette flow

Here we conduct a series of numerical simulations of Cou-
ette flow. In the simulation, the left wall is fixed and the
right wall moves at speed ux = 0, uy = 0.1. The initial

Fig. 3 Simulation results with various difference schemes at t = 0.06.
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Fig. 4 LB simulation results and exact solutions for Lax shock tube at t = 0.45.

Fig. 5 Temperature profiles of Couette flow. (a) γ = 2, Pr = 0.5 corresponds to s5 = 103, s8 = 5 × 102, Pr = 5
corresponds to s5 = 2 × 102, s8 = 103, and (b) γ = 1.4, Pr = 0.1 corresponds to s5 = 103, s8 = 102, Pr = 5 corresponds
to s5 = 2 × 102, s8 = 103 (other collision parameters are 103).

state of the fluid is ρ = 1, T = 1, ux = 0, uy = 0.
The simulation results are compared with the analytical
solution:

T = T1 + (T2 − T1)
x

H
+

μ

2λ
u2

y

x

H
(1 − x

H
) (13)

where T1 and T2 are temperatures of the left and right
walls (T1 = 1, T2 = 1.005), H is the width of the chan-
nel. Periodic boundary conditions are applied to the bot-
tom and top boundaries, and the left and right walls
adopt the nonequilibrium extrapolation method. Figure
5 shows the comparison of LB results with analytical

solutions for thermal Couette Flows. (a) corresponds to
γ = 2, and (b) corresponds to γ = 1.4. It is clearly shown
that the simulation results of the new model are in agree-
ment with the analytical solutions, and the Prandtl num-
ber effects are successfully captured. The new model is
suitable for incompressible flows.

5 Non-equilibrium characteristic

To show the merit of LB method over traditional ones,
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in this section we study the non-equilibrium character-
istics using the new model. Among the moment rela-
tions required by each LB model, the equilibrium distri-
bution function feq

i can be replaced by the distribution
function fi only for the first three (density, momentum
and energy). If we replace feq

i by fi in the left hand of
other moment relations, the value of the left side will
have a difference from that of the right side. This dif-
ference represents the deviation of the system from its
thermodynamic equilibrium [29–31]. In this MRT LB
model, the kinetic moment space and the correspond-
ing equilibria of nonconserved moments are constructed
according to the seven-moment relations. So, the de-
viation from equilibrium in this model can be defined
as Δi = f̂i − f̂eq

i = Mij(fj − feq
j ). Δi contains the

information of macroscopic flow velocity uα. Further-
more, we replace viα by viα − uα in the transforma-
tion matrix M , named M∗ (see Appendix for details).
Δ∗

i = M∗
ij(fj − feq

j ) is only the manifestation of molecu-
lar thermalmotion and does not contain the information
of macroscopic flow.

Now, we study the following dynamic procedure. An
incident shock wave with Mach number 1.414 travels
from a heavy medium and hits a light one, where the
two different fluids are separated by an unperturbed in-

terface. The initial macroscopic quantity is as follows:
⎧
⎪⎨

⎪⎩

(ρ, u1, u2, p)s = (1.5, 0.666667, 0, 2.33334)

(ρ, u1, u2, p)h = (1, 0, 0, 1)
(ρ, u1, u2, p)l = (0.5, 0, 0, 1)

where the subscripts s, h, l indicate the shock wave re-
gion, the heavy medium region, and the light medium
region, respectively. In our simulations, the computa-
tional domain is [0, 1.2] × [0, 0.01], and is divided into
1200 × 10 mesh-cells. The initial position of the shock
wave is x = 0.24, the unperturbed interface lies at the
position x = 0.4. The inflow boundary is applied at the
left side, the outflow boundary is applied at the right
side, and periodic boundary conditions are applied at
the top and bottom boundaries. γ = 2 in the whole do-
main. The density, pressure, x− component of velocity
and temperature profiles and Δ∗

i (i = 5, 6, 7, 10, 11) on
the center line y = 0.005 at time t = 0.3 are shown in Fig.
6. The parameters are dt = 10−5, s5 = s6 = s7 = 5×104,
and other collision parameters are 105.

In the figures, the system shows three different in-
terfaces, rarefaction wave, material interface, and shock
wave. The physical quantity changes significantly at
the three interfaces, and the vertical lines indicate the

Fig. 6 LB numerical results and non-equilibrium characteristics at t = 0.3.
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positions of interfaces. The system starts to deviate from
equilibrium once the physical quantity starts to change.
When the physical quantity arrives at its steady-state re-
quired by the Hugoniot relations, the system goes back
to its equilibrium state. The peak values of deviations Δ∗

i

at the shock wave interface are larger than the others.
This is because the shock dynamic procedure is faster
than the other two processes, and the system has less
time to relax to its thermodynamic equilibrium.

At the interfaces, Δ∗
5, Δ∗

7 and Δ∗
11 have small ampli-

tudes. Δ∗
5 contains two parts, x and y components of

internal translational kinetic energy. This indicates that
the two parts deviate from equilibrium in opposite di-
rections with the same amplitude. Δ∗

6 shows an opposite
deviation for the rarefaction wave interface and the shock
interface. The physical reason is as below. The temper-
ature gradient first initiates variance of the internal ki-
netic energy in the direction of temperature gradient.
(Here, the temperature shows gradient in the x direc-
tion.) Then, part of the internal kinetic energy variance
is transferred to other degrees of freedoms via collisions
of molecules. The internal kinetic energy in the temper-
ature gradient direction further varies, and so on. The
shock wave increases the density, pressure and tempera-
ture, while the rarefaction wave decreases those quanti-
ties. So, Δ∗

6 shows a negative deviation for the rarefaction
wave interface while showing a positive deviation for the
shock interface. The values of Δ∗

10 at the material inter-
face and shock wave interface have the same order, and
are much larger than that at rarefaction wave. This is be-
cause the sizes of temperature variation near the material
interface and shock wave differ little, and are larger than
that near the rarefaction wave. When the temperature
gradient vanishes, the system attains its thermodynamic
equilibrium.

6 Conclusions

In the paper an MRT LB model for compressible flows
is extended so that it is suitable also for incompress-
ible flows. In order to efficiently decrease the unphysical
oscillations, space discretization adopts the flux lim-
iter scheme with splitting technique. It is validated and
verified via same well-known benchmark tests, includ-
ing Riemann problem and Couette flow, and satisfying
agreements are obtained between the new model results
and analytical ones. In order to show the merit of LB
model over traditional methods, we studied the behav-
iors of system deviating from its equilibrium through a
dynamic procedure where shock wave propagates from a
heavy material to a light one. The simulation results are

consistent with the physical analysis.
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Appendix A: Transformation matrix and
equilibria of the nonconserved moments

In the model by Kataoka and Tsutahara, the local equi-
librium distribution function feq

i satisfies the following
relations:

ρ =
∑

feq
i (A1a)

ρuα =
∑

feq
i viα (A1b)

ρ(bRT + u2
α) =

∑
feq

i (v2
iα + η2

i ) (A1c)

Pδαβ + ρuαuβ =
∑

feq
i viαviβ (A1d)

ρ[(b+ 2)RT + u2
β]uα =

∑
feq

i (v2
iβ + η2

i )viα (A1e)

ρ[RT (uαδβχ + uβδαχ + uχδαβ) + uαuβuχ]

=
∑

feq
i viαviβviχ (A1f)

ρ{(b+ 2)R2T 2δαβ + [(b+ 4)uαuβ + u2
χδαβ ]RT

+u2
χuαuβ} =

∑
feq

i (v2
iχ + η2

i )viαviβ (A1g)

where a parameter ηi is introduced, in order to describe
the (b − 2) extra-degrees of freedom corresponding to
molecular rotation and/or vibration, where ηi = 5/2 for
i = 1, · · ·, 4, and ηi = 0 for i = 5, · · ·, 16.

The transformation matrix M in the MRT model is
composed as below: M = (m1,m2, · · · ,m16)T,

m1i = 1 (A2a)

m2i = vix (A2b)

m3i = viy (A2c)

m4i = v2
ix + v2

iy + η2
i (A2d)

m5i = v2
ix + v2

iy (A2e)

m6i = v2
ix − v2

iy (A2f)

m7i = vixviy (A2g)

m8i = vix(v2
ix + v2

iy + η2
i ) (A2h)

m9i = viy(v2
ix + v2

iy + η2
i ) (A2i)

m10i = vix(v2
ix + v2

iy) (A2j)

m11i = viy(v2
ix + v2

iy) (A2k)
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m12i = vix(v2
ix − v2

iy) (A2l)

m13i = viy(v2
ix − v2

iy) (A2m)

m14i = (v2
ix + v2

iy)(v2
ix + v2

iy + η2
i ) (A2n)

m15i = vixviy(v2
ix + v2

iy + η2
i ) (A2o)

m16i = (v2
ix − v2

iy)(v2
ix + v2

iy + η2
i ) (A2p)

where i = 1, · · · , 16.
Replacing viα by viα − uα in the transformation ma-

trix M , matrix M∗ is expressed as follows: M∗ =
(m∗

1,m
∗
2, · · · ,m∗

16)
T,

m∗
1i = 1 (A3a)

m∗
2i = vix − ux (A3b)

m∗
3i = viy − uy (A3c)

m∗
4i = (vix − ux)2 + (viy − uy)2 + η2

i (A3d)

m∗
5i = (vix − ux)2 + (viy − uy)2 (A3e)

m∗
6i = (vix − ux)2 − (viy − uy)2 (A3f)

m∗
7i = (vix − ux)(viy − uy) (A3g)

m∗
8i = (vix − ux)[(vix − ux)2 + (viy − uy)2 + η2

i ](A3h)

m∗
9i = (viy − uy)[(vix − ux)2 + (viy − uy)2 + η2

i ] (A3i)

m∗
10i = (vix − ux)[(vix − ux)2 + (viy − uy)2] (A3j)

m∗
11i = (viy − uy)[(vix − ux)2 + (viy − uy)2]) (A3k)

m∗
12i = (vix − ux)[(vix − ux)2 − (viy − uy)2] (A3l)

m∗
13i = (viy − uy)[(vix − ux)2 − (viy − uy)2] (A3m)

m∗
14i = [(vix − ux)2 + (viy − uy)2][(vix − ux)2

+(viy − uy)2 + η2
i ] (A3n)

m∗
15i = (vix−ux)(viy−uy)[(vix−ux)2+(viy−uy)2+η2

i ]

(A3o)

m∗
16i = [(vix − ux)2 − (viy − uy)2][(vix − ux)2

+(viy − uy)2 + η2
i ] (A3p)

where i = 1, · · · , 16.
The equilibria of nonconserved moments are as follows:

f̂eq
5 = 2P + (j2x + j2y)/ρ (A4a)

f̂eq
6 = (j2x − j2y)/ρ (A4b)

f̂eq
7 = jxjy/ρ (A4c)

f̂eq
8 = (e+ 2P )jx/ρ (A4d)

f̂eq
9 = (e+ 2P )jy/ρ (A4e)

f̂eq
10 = (4P + j2x/ρ+ j2y/ρ)jx/ρ (A4f)

f̂eq
11 = (4P + j2x/ρ+ j2y/ρ)jy/ρ (A4g)

f̂eq
12 = (2P + j2x/ρ− j2y/ρ)jx/ρ (A4h)

f̂eq
13 = (−2P + j2x/ρ− j2y/ρ)jy/ρ (A4i)

f̂eq
14 = 2(b+ 2)ρR2T 2 + (6 + b)RT (j2x + j2y)/ρ

+(j2x + j2y)2/ρ3 (A4j)

f̂eq
15 = [(b + 4)P + (j2x + j2y)/ρ]jxjy/ρ2 (A4k)

f̂eq
16 = [(b + 4)P + (j2x + j2y)/ρ](j2x − j2y)/ρ2 (A4l)
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