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Using the way of deriving infinitive sum representation of density operator as a solution to the master

equation describing the amplitude dissipative channel by virtue of the entangled state representation,

we show manifestly how the initial density operator of a single-mode squeezed vacuum state evolves
into a definite mixed state which turns out to be a squeezed chaotic state with decreasing-squeezing

and decoherence. We investigate average photon number, photon statistics distributions for this

mixed state.
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1 Introduction

Squeezed states are such for which the noise in one of
the chosen pair of observables is reduced below the vac-
uum or ground-state noise level, at the expense of in-
creased noise in the other observable. The squeezing ef-
fect indeed improves interferometric and spectroscopic
measurements, so in the context of interferometric detec-
tion and of gravitational waves the squeezed state is very
useful [1]. In a very recently published paper, Agarwal
[2] revealed that a vortex state of a two-mode system can
be generated from a squeezed vacuum by subtracting a
photon, and such a subtracting mechanism may happen
in a quantum channel with amplitude damping. Usually,
in nature every system is not isolated, and dissipation or
dephasing usually happens when a system is immersed
in a thermal environment, or a signal (a quantum state)
passes through a quantum channel which is described by
a master equation [3]. For example, when a pure state
propagates in a medium, it inevitably interacts with the
medium and evolves into a mixed state [4]. Dissipation
or dephasing will deteriorate the degree of nonclassical-
ity of photon fields, so physicists pay much attention to
it [5-7].

In the present work we investigate how an initial
single-mode squeezed vacuum state evolves in an ampli-

tude dissipative channel (ADC). When a system is de-
scribed by its interaction with a channel with a large
number of degrees of freedom, master equations are set
up for a better understanding how quantum decoherence
is processed to affect unitary character in the dissipation
or gain of the system. In most cases people are inter-
ested in the evolution of the variables associated with
the system only. This requires us to obtain the equations
of motion for the system of interest only after tracing
over the reservoir variables. A quantitative measure of
nonclassicality of quantum fields is necessary for further
investigating the system’s dynamical behavior. For this
channel, the associated loss mechanism in physical pro-
cesses is governed by the following master equation [3]:
dp(t)

e k(2apa’ — atap — pata) (1)

where p is the density operator of the system, and &
is the rate of decay. We have solved this problem with
use of the thermo entangled state representation [8]. Our
questions are: What kind of mixed state does the initial
squeezed state turns into? How does the photon statis-
tics distributions varies in the ADC?

Thus solving master equations is one of the fun-
in quantum optics. Usually peo-
ple use various quasi-probability representations, such
as P-representation, Q-representation, complex P-
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representation, and Wigner functions, etc. for convert-
ing the master equations of density operators into their
corresponding c-number equations. Recently, a new ap-
proach [8, 9], using the thermal entangled state repre-
sentation [10, 11] to convert operator master equations
to their c-number equations is presented which can di-
rectly lead to the corresponding Kraus operators (the
infinitive representation of evolved density operators) in
many cases.

The work is arranged as follows. In Section 2 by virtue
of the entangled state representation we briefly reviewed
our way of deriving the infinitive sum representation of
density operator as a solution of the master equation.
In Section 3 we showed that a pure squeezed vacuum
state (with squeezing parameter A) will evolve into a
mixed state (output state), whose exact form is derived,
which turns out to be a squeezed chaotic state with de-
coherence. We investigated the average photon number,
photon statistics distributions for this mixed state. The
probability of finding n photons in this mixed state was
obtained which turns out to be a Legendre polynomial
function relating to the squeezing parameter A and the
decaying rate x. In Section 4 we discussed the photon
statistics distributions of the output state. In Sections 5
and 6 we discussed the Wigner function and tomogram
of the output state, respectively.

2 Brief review of deducing the infinitive sum
representation of p(t)

For solving the above master equation, in a recent review
paper [12] we have introduced a convenient approach in
which the two-mode entangled state [10, 11]

1 -

) = exp (=3l 4 nal — a4 alat)00) (2
is employed, where a' is a fictitious mode independent
of the real mode af, [@,a’] = 0. |[n = 0) possesses the
properties

aln = 0) = a'[n = 0)
afln =0) = aln = 0) (3)
(a'a)"n = 0) = (a'a)"|n = 0)

Acting the both sides of Eq. (1) on the state |n = 0)
|T), and denoting |p) = p|I), we have

d
3 1P) = K(2apa’ = alap — pa'a)|I)
= k(2aa — a'a — a'a)|p) (4)

so its formal solution is

1p) = explt(2ad — a'a — a'a)] o) (5)

where |po) = pol|I), po is the initial density operator.
Noticing that the operators in Eq. (5) obey the follow-
ing commutative relation,

[ad,a’a] = [aa,ata) = da (6)
and
T ata
[7a a—;—a a,ad} = —aa (7)

as well as using the operator identity [13]

e)\(AerB) eAAeG‘(lfcixT)B/T (8)

(which is valid for [A, B] = 7B), we have

tatala ~
,QM(LW,,M) oAty s
e 3 —e rkt(a"at+a a)eT aa (9)

where 7" =1 — e~ 2rt,
Then substituting Eq. (9) into Eq. (5) yields [12]

o0 m

—rt(atatala T n~=n
lp) =e . )ZFGG lpo)

n=0

S m
—wtat T wtata
—e rta'a E anpoa’[ne Kta a|I>

n!
n=0
0o Tm
n!

—rtata n

a poaT"ef'{t“TaH) (10)

which leads to the infinitive operator-sum representation
of p,

p= ZanoMﬂi (11)

n=0

where

T/’Il
M, =1/ Fe_”mf‘la" (12)

We can prove

T T/’ILT 2tT

- _in_,—2kta'a n
gMnMn—g rae a
n n

" —axtal
_ E e2nnt: a‘i‘nan:e 2kta’a
n!
n

1 2kt T _ T
. eT e™ala . o 2kta'a
2kt T _ T
— e(c 1a'a N 2kta’a _ 1 (13)
stands for the normal ordering. Thus M, is a

kind of Kraus operator, and p in Eq. (11) is qualified to
be a density operator, i.e.,

where ::

Te[p(t)] = Tr[Y | MypoM;] = Trpo (14)

n=0
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Therefore, for any given initial state pg, the density op-
erator p(t) can be directly calculated from Eq. (11).
The entangled state representation provides us with an
elegant way of deriving the infinitive sum representa-
tion of density operator as a solution of the master
equation.

3 Evolution of an initial single-mode squeezed
vacuum state in ADC

It is seen from Eq. (11) that for any given initial state
po, the density operator p(t) can be directly calculated.
When py is a single-mode squeezed vacuum state,

we have

tanh A
a"exp | ———af? ) 0)
2
tanh A 2 _ tanh A 12 tanh A 12
=e 2 Y e T2 “gle 2 *0)
tanh A 12

=e 2 % (a+a tanh \)"|0) (18)

Further employing the operator identity [15]

(na+ vat)"

where H,,(z) is the Hermite polynomial, we know

tanh tanh n
po = sech\ exp <anT>\aT2> |0)(0] exp < a112 Aa2> (a+af tanh A)
tanh \ ) 1 tanh A
15 =| —i 1 H, \/ \/ al]:
(19) (1 2) <2tanh/\+ 2
we see
(20)
7l~cta a n
= sechA Z n From Eq. (18), it follows that
t hA n tdnh)\ TZ
xexp( = a”) 10)(0) ate o
tanh A tan [tanh A
tanh)\ . _ 3 an o Zh/\atan i an aT |0>
X exp (Ta2> afne=rtala (16) 2 2
(21)
Using the Baker—Hausdorff lemma [14], . .
, On the other hand, noting e *t@ agferta’a
MBeM B4 NA, B] + )‘_[A (4, B + (17) atert ertalage—rta’a — ge=rt and the norITnally ordered
2! form of the vacuum projector |0)(0] =:e~* *:, we have
|
£ = h/\ e T/" _ktata n tan2h>\aT2 0 0 ta112h>\a2 n _kta'a
p(t) = sec Z{)We ae |0){0le a'e

- s (T/ tanh A)’I’L e=2rt 612 tanh A . tanhA S tanh>\ 72’“(12 tanh A

= sechA Z o © 2 H, (i 5 a'e |0){0| H,,

. > (T/ tanh /\)n . e=25t (a2 +af?) tanh A _ata tanh A T tanh A

= sech\ Z W € 2 H B) (22)

Then using the following identity [16]

oo

t"l
n=0
20421 02) 9t
— (1= 12)71/2 exp | Clet ) 2ty (23)
and ere'a = g(c*~Da'a, , we finally obtain the expression
of the output state
( ) WeZa e® taIn(BT’ tanh)\) (24)

with
W= sech\ g e 2%t tanh A
V1= T72tanhZ X 1 — 772 tanh?®
T'=1— e 2t (25)

By comparing Eq. (15) with (24) one can see that af-
ter going through the channel the initial squeezing pa-
e 2"t tanh \

T—T"% tanh? X’

and |0)(0] — ——L—ea'aIn(BT" tanh )

v/ 1—=T"2 tanh? A

rameter tanh A in Eq. (15) becomes 8 =

a chaotic
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state (mixed state). Due to T’

e72;1t

I-T7?tanh? X
process. When st = 0, then 7/ = 0 and = tanh \, and
Eq. (22) becomes the initial squeezed vacuum state as
expected.

It is important to check if Trp(t) = 1. Using Eq. (22)

2
CEla)(e] = 1

> 0, we can prove

< 1, which means a squeezing-decreasing

and the completeness of coherent state
as well as the following formula [17]

) _
/ﬂec‘lzlﬁgzmz*+fz2+gz*2:;e@z+ﬁ:gsz

T (2 —A4fg
(26)

whose convergent condition is Re (( + f + ¢g) < 0 and
Re ( —4/9 ) < 0, we really see

3 B
_W/—exp[ (1 =BT tanh \)|2|* + = z*2+22

= =1 (27)
\/(BT’ tanh A — 1)2 — 32
so p(t) is qualified to be a mixed state, thus we see an
initial pure squeezed vacuum state having evolved into
a squeezed chaotic state with decreasing-squeezing after
passing through an amplitude dissipative channel.

4 Average photon number

Using the completeness relation of coherent state
and the normally orderlng form of p(t) in Eq. (22),

CEf+g and using e3@afe=2¢" = af 4+ Ba, as well as
d2 ) ef taIn(BT’ tanh)\)aTefa aln(BT' tanh ) _ CLTBT/ tanh /\7 we
W/ e® taIn(BT’ tanh )\) |Z> have
|
2 2
Tr(p(t)aTa) _ W/ 2<Z Bqt2 e® faln(BT’ tanhA)e2a CL|Z W/ d*z e2a1‘ e aln(BT’tanh)\)e%aZZaT|Z>
_W/ aaln(ﬁT/tanh)\ ( T+Ba)eg“2|z>
d? x /
— W8B _Zzeﬁ( 2JrzZ)< |( 7 tanh A + Z)eataln(BT tanh)\)|z>
™
d? B
- Wﬁ/—2(|z|2T’ tanh A + 2%) exp [(BT' tanh A — 1)|2|> + 5(2*2 + 22)} (28)
m

In order to perform the integration, we reform Eq. (28) to

2
Tr(p(t)a’a) = WH <T’t nh /\— + gg) X d— exp

of
20

{(BT’ tanh A — 1+ f)|z]> + B(z*2 +(1+ 5)22)}
2 f=s=0

1

=W3 (T' tanh A\— g

of B%) V/(BT"tanh A — 1+ f)? —
W2 — WB2T"2 tanh? A\ + WBT” tanh A

(BT tanh X — 1)2 — B2]3/2

in the last step, we have used Eq. (27). Using Eq. (29), we
present the time evolution of the average photon num-
ber in Fig. 1, from which we find that the average photon
number of the single-mode squeezed vacuum state in the
amplitude damping channel reduces gradually to zero as
the decay time is extended.

5 Photon statistics distribution

Next, we shall derive the photon statistics distribu-
tions of p(t). The photon number is given by p(n,t) =

(n|p(t)|n). With a™™|n) = \/(m + n)!/n!|m +n) and by
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B2(1+s) fs=0

~ L BT tanh A — 1
(BT tanh x — 1)2 — B2
[

(29)

using the un-normalized coherent state o) = exp[aa’]|0)
18, 19], leading to [n) = —& A" |a)a—q, ((Bla) = o),
as well as the normal ordering form of p(t) in Eq. (22),
the probability of finding n photons in the field is given
by

p(n,t) = (n|p(t)|n)
_Wodr dn B g2 /
567 a faIn(BT’ tanh \)  Sa?
T nldp dan<6| ¢ 2% a)la,p-=0
dar d”
= Z/' 5 dam exp(B*aBT’ tanh A
+50%% 4 §0%)|a,p=0 (30)
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1.4 |
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= 0.6
0.4
0.2

O.O A T T T T T T
0 1 2 3 4 5
Kt

Fig. 1 The average 7i(kt) as the function of k¢ for different val-
ues of squeezing parameter A (from bottom to top A = 0,0.1,0.3,
0.5,1).

Note that
[e%ameaTa In(BT” tanh A)e%az]'r
e

— gameaTa In(B8T” tanh )\)e% 2

SO

(nlp(t)In)* = (nlp(t)"|n) = (nlp(t)In)

an-i-n
W exp[2xtt' — t2 — tl2]t:t/:0
[n/2] "
= 2"n! : ne2m 31
" mZ:O 22m(m1)2(n — 2m)!z (31)

and we derive the compact form for p(n,t), i.e.,

pnst) = = (—ﬁ) T 4" xp(—2T" tanh AB* o — 572 — 0%)]a g0

nl ' 2) dpe dar
/2] ol
= W(BT' tanh \)" > :

22m ()2 (n — 2m)

m=0

Using the new expression of Legendre polynomials found
in Ref. [20]

/2] . o
' mZ::o 22m(ml)?(n — 2m)! (1 - ;) = Pa(2) (33)

we can formally recast Eq. (32) into the following com-
pact form, i.e.,

[n/2]
p(n,0) = sechA(tanh \)™ zlfimo Z

n!
22m(m!)2(n — 2m)

B %sechk tanh® X, n =2k
0 n=2k+1

which just correspond to the number distributions of
the squeezed vacuum state [21, 22]. From Eq. (34) it
is not difficult to see that the photocount distribution
decreases as the squeezing parameter \ increases. While
for Kt — oo, we see that p(n,o0) = 0. This indicates
that there is no photon in a system interacting with a
amplitude dissipative channel for enough long time, as
expected. In Fig. 2, the photon number distribution is
shown for different xt.

6 The Wigner functions

In this section, we shall use the normally ordering for
density operators to calculate the analytical expression

/ —2m
! (T' tanh \) (32)

p(n,t) = W(e "/ —Btanh \)" P, (e""T"+/—B tanh \)

Note that since v/—8tanh A is pure imaginary, while
p(n, t) is real, so we must still use the power-series expan-
sion on the right-hand side of Eq. (32) to depict figures
of the variation of p(n,t). In particular, when ¢ = 0, Eq.
(32) reduces to

/ n—2m
] (T tanh \)

(34)

|
of Wigner function. For a single-mode system, the WF

is given by [23]
W(a, o™, t)

= e?lof’ / Oir_f(—ﬁlp(t)lm exp[—2(fa” — )]
(35)

where |3) is the coherent state [18, 19]. From Eq. (35) it
is easy to see that once the normal ordered form of p(t) is
known, we can conveniently obtain the Wigner function
of p(t).

On substituting Eq. (24) into Eq. (35) we obtain the
WF of the single-mode squeezed state in the ADC,
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Fig. 2 Photon number distribution of the squeezed vacuum state in amplitude damping channel for A = 1, and different

kt: (a) kt =0, (b) kKt =0.5, (c) kt =1 and (d) t = 2.

W(a,a™,t) = Welel® / dj—f exp [— (1+ 87" tanh \)|8)? — 2(Ba* — B*a) + 25*2 + gﬁQ]

w

—2(1 + B8T" tanh \)|a|? + B(a*? + o?)

= X exp |2
7/ (1 + BT tanh \)2 — B2 P [

In particular, when ¢ = 0 and ¢t — oo, Eq. (36) re-
duces to W(a, ", 0) = L exp[—2|a|? cosh(2)) + ("2 +
a?)sinh(2))], and W(a, a*,00) = 1 exp(—2|a|?), which
are just the WF of the single-mode squeezed vacuum
state and the vacuum state, respectively. In Fig. 3, the
WF of the single-mode squeezed vacuum state in the
amplitude damping channel is shown for different decay
time xt.

7 Tomogram

As we know, once the probability distributions Py(Zy) of
the quadrature amplitude are obtained, one can use the
inverse Radon transformation familiar in tomographic
imaging to obtain the WF and density matrix [24]. Thus
the Radon transform of the WF is corresponding to the
probability distributions Py (&g). In this section we derive
the tomogram of p(t).

For a single-mode system, the Radon transform of WF,
|

R(Q)f,g _ Wf,g <q|egat2 eaTaln(BT’ tanh A)egaZ |q>f,g

d2ad2'y \/iq B
— 2 _lal? —
=WA / —5 exp la|* + ——a 5H

2|a? 36
(1 + BT tanh \)2 — B2 + |0‘|} (36)

|
denoted as R, is defined by [25]

Rl = [ da— o - g HIA@p(0)d
=Tr(|q) r.gr.9(alp(t)] =1q (dlpDlD) sy  (37)

where the operator |q) s 4r.4(q| is just the Radon trans-
form of single-mode Wigner operator A(f3), and

V2qal B 2
B

—=a?| [0) (39)

9)r,g = Aexp

as well as B = f —ig, A = [n(f? + ¢?)]"/*exp[—¢?/
2(f%+ ¢?)]. Thus the tomogram of a quantum state p(t)
is just the quantum average of p(t) in |g) s 4 representa-
tion (a kind of intermediate coordinate-momentum rep-
resentation) [26].

Substituting Eqgs. (24) and (38) into Eq. (37), and us-
ing the completeness relation of coherent state, we see
that the Radon transform of WF of p(t) is given by

B
Oé2 4 504*2)
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/3

2 B
xexp | —|v]? + ?q’y* + a*yBT' tanh A — —

B W A2 B
~VE TP EBP

o, -

T
P

e e

!
G T T
Satelae ,:41«-
e

*

2B

[B% 4 (B*)? + 2(T tanh A + 8 — 87 tanh? /\)|B|2]}

7*2_{__

B 2
2

Fig. 3 Wigner function of the squeezed vacuum state in amplitude damping channel for A = 1.0, different xt: (a) xt = 0.0,

(b) kKt =0.5, (c) kKt =1, and (d) st = 2.

where we have used the formula (26) and {(aly) =
exp[—|a|2/2 - |’Y|2/2 + a*q], as well as

B B* . (BT tanh \)?

pe (188 11 By ST

g% tanh \
[1 + e?¢|B|* tanh |2

AZsech\
R(q) s, = 11 + 29 tanh \| exp{

e

2
1+ —| — (BT'tanh\)?

i (40)

In particular, when ¢t = 0 (T = 0), Eq. (39) reduces to

(5

(B% 4 (B*)? + 2|B|? tanh )\)}

= o?i%)

(41)

which is a tomogram of single-mode squeezed vacuum Natural Science Foundation of China (Grant No. 11175113).

state.

In summary, using the way of deriving infinitive sum
representation of density operator as a solution to the
master equation describing the amplitude dissipative
channel by virtue of the entangled state representation,
we conclude that in this channel the initial density op-
erator of a single-mode squeezed vacuum state evolves
into a squeezed chaotic state with decreasing-squeezing.
About more applications of entangled state representa-
tion, one can refer Ref. [27].
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