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The dynamics of coupled excitable FitzHugh—Nagumo systems under external noisy driving is stud-

ied. Different from most of previous work focusing on the noise-induced regularity in the framework

of coherence resonance, here the average frequency (or firing rate) of coupled excitable elements is
of much more concern. We find that (i) their frequencies first increase and then decrease with the
increase of the coupling, and there is a clear crossover from a rush increase to a smooth increase
with the increase of noise strength, and (ii) for nonidentical cases, all elements transit to an identical

frequency simultaneously only after a certain coupling strength is achieved. These first-increase-then-

decrease non-monotonic frequency behavior and isochronous frequency synchronization are believed

to be two basic behaviors in coupled noisy excitable systems.

Keywords coupled excitable elements, firing rate, noise, coherence resonance

PACS numbers 05.45.Xt, 05.40.Ca, 87.19.lm

1 Introduction

The collective behaviors of coupled nonlinear elements
[1-3] are of great significance for our understanding of
many dynamical processes in biological systems, such as
the circadian rhythms showing that many living organ-
isms synchronize to the day-night cycle [4, 5] and the
coherent beats synchronously created by the intestinal
muscles in heart [6]. A clear fact is that all these col-
lective behaviors are created by a network of more or
less similar coupled systems, not a single one. Thus, it
is clear that the theoretical study of coupled nonlinear
oscillators in the nonlinear dynamics field can provide
a powerful and helpful means for these problems. On
the other hand, for many realistic systems, the effects
of various fluctuations, such as the influences of intrinsic
(intracellular), extrinsic (intercellular) and external (en-
vironmental) noises in multicellular systems, are always
unavoidable. Quite opposite to the idea that noise can
only be a nuisance, with the development of the theory
of stochastic resonance [7-12], researchers have already
found that noise may even induce coherent motion and
have many positive roles in biological functions, for ex-
ample, regulation in genetic networks, maintenance of
the quantitative individuality of cells, noise-driven diver-

gence of cell fates, noise-induced amplification of signals
and so on. Indeed, many other regularity effects induced
by noise or other types of disorder have been reported
and intensively studied, including stochastic resonance
without an external periodic force [13], coherence reso-
nance in excitable systems [14], array-enhanced stochas-
tic resonance [15], array-enhanced coherence resonance
[16, 17], vibrational resonance [18-21], diversity-induced
resonance [22-24], ghost resonance [25, 26], etc. There-
fore, it is only natural to see that the study of noise effect
on coupled nonlinear systems has continued being a hot
topic for several decades.

In a very recent paper [27], the collective dynamics
of coupled excitable FitzHugh-Nagumo (FHN) elements
in the presence of noise was studied. In particular, the
authors focused on how the average frequency (or firing
rate) changes with the variation of the coupling strength,
and they found an unexpected peak in the frequency vari-
ation before reaching synchronization. This model study
has well reproduced the unexpected peak in the varia-
tion of the beating rates observed in cultured cardiac
cells experiments. Following their work, in the present
paper we will further study the dynamics in coupled ex-
citable noisy FHN elements for different noise strengths.
We find that actually there are two different types of
frequency enhancement, corresponding to the large and
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small noises, respectively. In addition, we find that all
non-identical elements transit to the synchronous state
at the same value of coupling. This feature may funda-
mentally differ from our familiar concept of frequency
synchronization in coupled nonlinear oscillators, where
bifurcation trees are generally observed. Finally, a quali-
tative explanation is provided to establish a whole phys-
ical picture for these findings.

2 Single excitable noisy FHN

First, let us start from the classical work of Pikovsky
and Kurths for the finding of coherence resonance [14]
by studying a single noise-driven FHN model,

ct=a—2%/3—y
y=x+a+§() (1)

where ¢ is small allowing one to separate the = and y
variables for the fast and slow motions, respectively, and
another system parameter a characterizes the system dy-
namics: if |a| > 1, the system has only one stable fixed
point (z = —a,y = —a+a®/3), and otherwise for |a| < 1,
it shows a limit cycle. For |a| slightly larger than one
(la] 2 1), the system is excitable, namely, only a suffi-
ciently large perturbation can make the system deviate
from the fixed point and exhibit a large near-limit-cycle
excursion. In addition, £(¢) is a Gaussian white noise:
(€(t)&(t)y = Dé(t—t'), with D being the noise strength.
Though the FHN model is only a prototype for an ex-
citable system (e.g., neuron), it does perfectly catch the
essential character of excitability of neuron with = denot-
ing the membrane potential and y a recovery variable.
Here D governs the system dynamics if other system
parameters € and a are fixed: for |a| 2 1 and D = 0, the
system is quiescent, whereas for D # 0, different pat-
terns of pulse trains (or spike trains) can be generated.
Note that these pulse trains are induced and sustained
by noise. It was found that for both small and large D,
the noise-induced oscillations appear to be rather irreg-
ular, while for moderate noise relatively coherent oscil-
lations can be observed [14]. This noise-induced regular-
ity (termed coherence resonance) has been well charac-
terized quantitatively by the normalized fluctuations of
pulse durations (or coefficient of variation of pulse trains)

vVar(t,)
{tp)

where ¢, denotes the interval (or called interspike inter-

val) starting at the end of one pulse to the beginning of

R= 2)
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the next pulse plus the pulse duration, and the bracket
( ) indicates an average over large numbers for suffi-
ciently long time. As an example, the non-monotonic
resonant behavior of R as a function of D is shown in
both the semi-log plot and regular plot in Figs. 1(a) and
(b); here ¢ = 0.01 and a = 1.05 are the same as in
Ref. [14]. This regularity induced by noise may also be
demonstrated by other quantities, such as the character-
istic correlation time and the signal-to-noise ratio.

In this work, we are interested in the variation of the
average frequency (or firing rate) of the pulse trains,
which can be simply defined by

f=7= (3)

In the literature, the firing rate may be more specifically
termed as spike-count rate, which may be easily obtained
by counting the average number of spikes that appears
in a sole trial [28]. In Fig. 1 the value of f has also been
calculated, showing a clear monotonic increase. One may
find that a rush increase exists for very small D, and af-
ter a certain D, f turns out slowly increasing with D.
Below we will see that this feature may contribute to
the different behaviors of firing rate in coupled excitable
systems under different noise strengths.

The phenomenon of coherence resonance has been well
explained by the different noise dependencies of the ac-
tivation time ¢, and the excursion time ¢, [10, 14, 29].
tp = to +te. The activation time ¢, is the (waiting) time
needed to excite the system from the stable fixed point,
and it obeys approximately a Poissonian process with
strong dependence on D. In contrast, the excursion time
t. is the time needed to return from the excited state
to the fixed point, and it only weakly depends on D.
For small D, t, o exp(const x D~1) according to the
Kramers rate [30], and it decreases rapidly with Dj; this
scale relation has been confirmed by our numerical re-
sult if D < 5 x 10™%. Under this situation, t, >> t. and
t, = tq. Forlarge D, t, — 0 and ¢, =~ t.. On the assump-
tion of statistical independence between the two times,
the squared coefficient of variation can be subdivided
into two independent terms and it shows a minimum at
intermediate noise strength, indicative of the occurrence
of coherence resonance, as shown in the plot of R ver-
sus D in Fig. 1. We may also use the above knowledge
to intuitively understand the monotonic increase of f
and especially the fast increase component for extremely
small D: as D increases from zero, t, and, accordingly,
t, decreases rapidly since t, ~ t,, while for larger D, t.
dominates and ¢, becomes saturate with the change of
D since t), =~ t..
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Fig. 1 (a) and (b) The coefficient of variation of pulse trains
R and the firing rate f in a single FHN element as a function of
noise strength D in a semi-log plot and regular plot, respectively.
e = 0.01 and a = 1.05. Coherence resonance for the noise-induced
dynamical regularity of a noisy excitable element can be well char-
acterized by the non-monotonic behavior of R vs. D. In contrast,
f monotonically increases from zero.

3 Coupled excitable noisy FHNs

Next consider the following coupled system consisting of
N FHN noisy excitable elements, described by [16, 27]

ety = mi—a} [3—yi+ g (x5 — )
j

where ¢ represents the (electronic) coupling strength
(here we assume ¢ capable of being either positive
or negative, which corresponds to attractive or repul-
sive coupling, respectively.). >’ denotes the summa-
tion over connected neighbors, and here we consider
only the nearest-neighboring connection. Thus, for a one-
dimensional (1D) ring, the coupling term is g(x;y1 +
Zi—1 — 2x;), while for a 2D lattice, the coupling term
should be modified accordingly. For both the 1D and
2D cases, we choose the periodic boundary conditions.
Here the noises for all excitable elements are uncor-
related and their strengths are taken to be the same:
(&)E&;(t)) = D6jo(t — t'). The parameter ¢; is al-
ways chosen to be identical for all coupled elements, i.e.,
e; = 0.01 for all i’s, while a;’s are set to be slightly larger
than one and changeable for different i’s.
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As the first step, we consider the simplest case for iden-
tical @ and N = 2. Figure 2(a) shows the results for dif-
ferent noise strengths; here a; = a2 = 1.05. f1 = fo = f,
and the coupling terms in Egs. (4) become g(x2 — 1)
and g(x1 — x2) for i = 1 and 2, respectively. From bot-
tom to top, the curves correspond to four different D’s:
D =0.001,0.01,0.1, and 1, respectively. Clearly for the
attractive couplings (¢ > 0), all curves show a non-
monotonic behavior: they first climb and damp with
further increasing coupling. However, comparing these
curves, we do find some difference between them: for
small D, there is a rush increase for small g, while for
large D, only a smooth increase exists. This difference
can be contrasted to the common damping behavior un-
der large g. To take a closer view of their disparity, we
zoom in these curves on the small coupling part in Figs.
2(b) and (c) for D = 0.001 and D = 1, respectively. They
have not only confirmed the recent finding of frequency
enhancement in Ref. [27], but also shown richer behavior
than what researchers previously thought. Additionally
for the repulsive coupling (g < 0), f monotonically in-
creases with ¢, and the deviation from this for small D
is also obvious.

To characterize these different types of frequency en-
hancement and especially illustrate how they change
with D in detail, we may define the local maximum value
of the curve of f vs. g in the positive, right part (g > 0)
as fy [as shown in Fig. 2(b)] and its corresponding value
of g as gy, accordingly f_ and g_ the negative, left part
of f vs. g for g <0, and fy at g =0, and calculate their
values for different D’s; the results are shown in Fig.
3. In Fig. 3(a), g+ starts climbing from zero for small
D and increases rapidly for larger D, but contrarily, it
seems that ¢g_ jumps from a small constant to another
large constant around D a~ 1072, From Fig. 3(b), we
find that all fi, f_ and fy monotonically increase with
D, both fi and fy start from zero for small D, and f_
approaches to the value of fy with further increasing D.
These curves well indicate the appearance of the small
valley shown in Fig. 2(b) and its vanishing over a certain
threshold (D, & 0.174) [the vertical arrow in Fig. 3(b)].
Therefore, two different types of frequency enhancement
[including the hard and soft ones, shown in Figs. 2(b)
and (c), respectively] and their mutual transformation
exist without any ambiguity.

In order to test the generality of these findings, Fig.
4 illustrates several examples for other parameters and
system sizes. Two coupled nonidentical elements are
treated and their corresponding firing rates are exhib-
ited in Figs. 4(a) and (b), respectively. a; = 1.05 and
az = 1.10. Again for different noise intensities, two types
of frequency enhancement for small and large D appear.

Shuai Liu, Zhi-Wei He, and Meng Zhan, Front. Phys., 2014, 9(1)
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Fig. 2 (a) The dependence of the average frequencies (firing rates) of coupled noisy excitable elements on coupling g for different
D’s. If we focus on the attractive coupling (g > 0) part, as D increases from bottom to top, there are two different types of frequency
enhancement (a rush increase for small D and a slow increase for large D). N = 2 and a1 = a2 = 1.05. (b, ¢) The magnifications of
the frequency curves around g = 0 for two different D’s: D = 0.001 and D = 1, respectively. In (b), a small valley for small D should

contribute to the rush increase of frequency enhancement.
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Fig. 3 (a, b) The dependence of g4, g—, go, f+, f—, and fo on
D, indicative of a clear change for the average frequency from a
rush increase to a slow increase at D. & 0.174 (the vertical arrow).
Here g4 (g—) is defined as the local maximum value of the right
(left) part of frequency curve of f vs. g for g > 0 (g < 0) [as shown
in Fig. 2(b)]. Its corresponding frequency is denoted by fy (f-).
Correspondingly, go = 0 and fo is the frequency at g = 0. For more
details, see texts and the schematic show in Fig. 2.
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In Fig. 4(a), for D = 0.001, a magnification of the small
region around g = 0 also shows a small drop, which might
not be as apparent as its counterpart in Fig. 4(b). This
effect may come from the fact that the element 1 is more
excitable than the element 2 (az > a1). In addition, two
other cases for a ring of NV = 100 and a 20 x 20 2D lattice
are given in Figs. 4(c) and (d), respectively, which again
show the similar pattern; here a; = 1.05, identical for
all sites in both cases and the average frequencies for all
elements are plotted.

We are interested in not only how these coupled el-
ements change their firing rates with the coupling, but
also their relationship. It is notable that for the iden-
tical case, though all firing rates change with the cou-
pling, they always keep the same between each other.
To this end, in Fig. 5 we give several examples for cou-
pled nonidentical systems. In Figs. 5(a)—(c), N = 3 with
different D’s and a;’s considered. In Fig. 5(d), N = 10
with random a;’s chosen. Based on these extensive nu-
merical calculations, clearly all these elements not only
show frequency enhancement at intermediate coupling
prior to the synchronization, but also transit to the syn-
chronization simultaneously at exactly the same coupling
strength. We may call it isochronous synchronization,
which has been found to hold for all kinds of exhausted
numerical test for other parameters and even larger N.

In the study of an assembly of nearest-neighbor
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Fig. 5 The generality of isochronous synchronization demonstrated by different cases: (a) N =3, D = 0.001,a1 = 1.01, a2 = 1.02,a3 =
1.1; (b) N=3,D =0.5,a1 = 1.01,a2 = 1.02,a3 = 1.1; (¢) N =3,D =0.5,a1 = 1.02,a2 = 1.05,a3 = 1.1; and (d) N =10 and D = 0.5
with a; randomly chosen within [1.01, 1.21].

coupled limit-cycle oscillators, which can be theoretically cillator changes its frequency and transits to a common
described by the model of coupled Kuramoto phase os- synchronous frequency. In such a scenario, generally the
cillators [31-34], we are quite familiar with the general frequency of any oscillator can only lie between the max-
scenario to frequency synchronization for how each os- imum and the minimum of the intrinsic frequencies of
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the elements, and thus the frequency (enhancement) out
of the bound of the original frequencies is unusual. In
addition, as coupling increases, any two adjacent oscil-
lators (or adjacent clusters of oscillators) with close fre-
quencies can be easily synchronized and show a larger
synchronous cluster, and thus generally a tree of syn-
chronization from small to large clusters (and finally
only one biggest cluster) with the increase of coupling is
observable [32-34]. Clearly here the frequency enhance-
ment and the isochronous synchronization without sub-
bifurcation and tree structure, which have been found in
coupled noisy excitable elements, are fundamentally dif-
ferent from those in coupled limit-cycle oscillators. They
might come from their distinctive origin of oscillation:
noise-induced oscillation.

4 Qualitative physical picture

Below we attempt to understand these peculiar behav-
iors in a qualitative manner, though the whole systems
dynamics is very complicated. Since the dynamics of sin-
gle excitable element in the presence of noise is clear:
the noise intensity should be high enough to overcome
the threshold and produce a near-limit-cycle oscillation
(spike), it might be easy to start from investigating how
the coupling influences this behavior. For this purpose,
we present the schematic shows for different types of cou-
pling (either attractive or repulsive coupling) in Fig. 6.
The simplest case N = 2 is considered. Clearly in the
presence of attractive coupling in Fig. 6(a), the element
1 (solid circle), which stays at the quiescent state, is
pulled by a force from the element 2 (open circle). As a
result, it becomes easier for element 1 to overcome the
threshold and be excited, and the direct outputs are that
the activation time t, becomes shorter and its average
frequency increases. This is consistent with the exten-
sive experimental observations that the number of spikes
and further the firing rate of a neuron always increase
with an effective stimulus for the neuron. On the con-
trary, if the repulsive coupling is considered [Fig. 6(b)],
it will produce a frequency-attenuation effect. Based on
these analyses, the monotonic increase for both g > 0
and g < 0 shown in Fig. 2(c) should be quite natural.
In addition, the unusual behavior for small D has to
come from the rush variation of f discovered in Fig. 1,
and under this situation (]g| < 1), the noise-effect be-
comes dominant over the coupling-effect and produces a
roughly symmetrical effect for both positive and negative
g in Fig. 2(b).

Below let us focus on the attractive coupling. In Fig.
7(a), the spike trains of coupled excitable elements are

Shuai Liu, Zhi-Wei He, and Meng Zhan, Front. Phys., 2014, 9(1)

] =— 2

(@) g>0 (b) g<0

Fig. 6 Schematic show for the different bulk behaviors
(frequency-enhancement and frequency-attenuation) induced by
the attractive (g > 0) (a) and repulsive (g < 0) (b) couplings,
respectively.

schematically shown. Again only N = 2 is considered. In
the absence of coupling, the spikes (black vertical lines)
of two elements are independent and both obey approx-
imately a Poissonian process. With the (attractive) cou-
pling added on, a direct effect is that element 1 will act
with its spikes added on element 2’s, and vice versa, as
shown by the dashed vertical lines. We may define the
probability of this direct adding effect due to the inter-
action as (0 < n < 1), and assume that n is propor-
tional to the scaled coupling, namely, 7 = g/gsyn, with
Jsyn used to denote the critical coupling strength for syn-
chronization. Based on the definition of firing rate in Eq.
(3), a direct effect is the increase of frequency due to the
increased number of spikes, and quantitatively we have

fi(g) = fi +nf2
f2(9) = fa+nf1 (5)

where f1(g) and f2(g) denote the frequencies under cou-
pling g for sites 1 and 2, respectively, and f; and fs
are the corresponding frequencies in the absence of cou-
pling (¢ = 0). Their linear increase relations have been
illustrated in Fig. 7(b). Note that here the z axis is for
coupling g and the y axis is for frequency f.

Clearly above we consider only how the two spike
trains are purely superimposed by the interaction and
we do not consider how each spike train changes with
the coupling. Actually with the increase of coupling, the
spike trains should become more sparse, which will nat-
urally decrease the frequency. Below let us see this com-
petitive effect. For the analysis of the collective dynamics
around the synchronization state (i.e., x1 = 29 = ... =
zy and y1 = y2 = ... = yn), we may denote X = (x;)
and Y = (y;) as its global dynamics with ( ) represent-
ing the average over all coupled elements. From Egs. (4),
we have

eEX=X-X3/3-Y —r’X—p?/3
Y =X +ao+£1t)/VN (6)
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Fig. 7 Schematic show for the occurrences of the coupling-
induced first-increase-then-decrease frequency variation, which is
contributed by two opposite effects: the frequency enhancement in
(a) and (b) and the frequency decrease in (c), and the isochronous
frequency synchronization. In (b), (c), and (d), the z axis is for
coupling g and the y axis is for frequency f. For more details, see
the texts.

where ap = (a;), and 7 = {((z; — X)?) and p* =
{(z; — X)?) for the high-order fluctuation around the
global dynamics, which will vanish and be ignored if
the global synchronization has been achieved. Here since
the analysis is applied around the synchronization state,
clearly the coupling strength term does not appear in
the equations. Comparing these equations with Eqs. (1)
for a single FHN, we may see that the coupled system
after synchronization can be viewed as a single element
subject to a white noise with scaled strength D/N. Note
that similar analysis has been used by other researchers
for other problems [16]. This relation can be expressed
by

f(gsyn7D>:f(g:OvD/N) (7)

Combined with the fact of the monotonic increase of f
vs. D in Fig. 1 for a single FHN, it definitely indicates
that the average frequency should be greatly depressed
by synchronization. Based on this point, the coupling-
induced frequency attenuation (dashed line) is schemat-
ically shown in Fig. 7(c) with a reasonable linear estima-
tion for the coupling g between g = 0 and g = gsyn.
Finally, these two opposite effects: coupling-induced
frequency attenuation [Fig. 7(c)] and coupling-induced
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frequency enhancement [Fig. 7(b)] are combined and con-
sidered together in Fig. 7(d), which clearly shows the
similar first-increase-then-decrease patterns in numerics
as above. We also find that the isochronous synchroniza-
tion occurs, exhibiting independent transition processes
and a common synchronization threshold. Therefore, we
believe that a reasonable qualitative picture in physics
has been provided to explain the competitive dynamics
in coupled excitable elements.

5 Conclusion

To summarize, we have found two key properties in
coupled noisy excitable elements: the frequency en-
hancement and isochronous synchronization, which are
believed to be the main characteristics of collective noisy
dynamics induced by both noise and coupling. We have
also classified two different types of frequency enhance-
ment including hard rush and soft slow ones. The un-
derlying possible mechanism for the non-monotonic fre-
quency variation with the change of coupling is uncov-
ered. All these findings have been extensively confirmed
in numerics and supported by our qualitative analysis.
Clearly the spike-count rate (or firing rate) of neuron
is of great importance in the information encoding, de-
coding and even computing in neural network and brain
network. They are relevant to many important and fun-
damental problems in the study of experimental and the-
oretical neuroscience, such as visually responsive neurons
in the retina, lateral geniculate nucleus of the thalamus,
and primary visual cortex [28]. Therefore, we expect that
these interesting findings reported in the paper are capa-
ble of shedding an improved light on our understanding
of biological complexity and complicated dynamics and
functions in networks of neurons and noise-induced col-
lective behaviors in excitable systems in general.
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