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We review our theoretical advances in quantum tunneling of Bose–Einstein condensates in optical
traps and in microcavities. By employing a real physical system, the frequencies of the pseudo
Goldstone modes in different phases between two optical traps are studied respectively, which are
the crucial feature of the non-Abelian Josephson effect. When the optical lattices are under gravity,
we investigate the quantum tunneling in the “Wannier–Stark localization” regime and “Landau–
Zener tunneling” regime. We finally get the total decay rate and the rate is valid over the entire
range of temperatures. At high temperatures, we show how the decay rate reduces to the appropriate
results for the classical thermal activation. At intermediate temperatures, the results of the total
decay rate are consistent with the thermally assisted tunneling. At low temperatures, we obtain the
pure quantum tunneling ultimately. And we study the alternating-current and direct-current (ac
and dc) photonic Josephson effects in two weakly linked microcavities containing ultracold two-level
atoms, which allows for direct observation of the effects. This enables new investigations of the
effect of many-body physics in strongly coupled atom-cavity systems and provides a strategy for
constructing novel interference devices of coherent photons. In addition, we propose the experimental
protocols to observe these quantum tunneling of Bose–Einstein condensates.
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1 Introduction

Quantum tunneling refers to the quantum mechanical

phenomenon where a particle tunnels through a bar-
rier that it classically could not overcome. This plays
a primary role in several physical phenomena, such as
the nuclear fusion that occurs in main sequence stars
[1], radioactive decay, and has important applications to
modern devices such as the tunnel diode [2], cold emis-
sion and STM. Quantum tunneling was developed from
the research of radioactivity [3], which was discovered
by Henri Becquerel [4] in 1896. Marie and Pierre Curie
earned the Nobel Prize in Physics in 1903 for further
study of Radioactivity [4].

Hund was the first to take careful notice of tunneling
in 1927 when he was calculating the ground state of the
double-well potential [4] which is a very important model
to study quantum tunneling. In 1995 the realization of
Bose–Einstein condensates (BECs) brings an ideal tool
to study this ancient problem. The tunneling of BECs
differs in two aspects from the traditional quantum tun-
neling, one is the macroscopic dimensions of the BECs,
and the other is that the atom–atom interactions plays
an important role in this quantum many-body system. In
the last few years, the tunneling between trapped Bose–
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Einstein condensates has attracted the huge attention of
many theorists and significant research effort has been
devoted to it [5–27].

The Josephson effect is a quantum tunneling phe-
nomenon of supercurrent first discovered in supercon-
ducting Josephson junction, the junction consists of two
superconductors coupled by a weak link which is weak
enough only allow a slight overlap of the electron pair
wave functions of the two superconductors. The weak
link can consist of a thin insulating barrier (S-I-S), a
short section of non-superconducting metal (S-N-S), or
a physical constriction that weakens the superconductiv-
ity at the point of contact (S-s-S).

The Josephson effect was named after Brian David
Josephson, who predicted the electron can cross insu-
lation without voltage at the both ends of the tunnel
junction and forming current when the thickness of the
insulating layer is only a few dozen Å in 1962 when he
was still a graduate student, it seems that the insulat-
ing layer also become superconductors. Beginning with
Josephson’s original paper [28], the Josephson effect has
become a exemplification of the phase coherence rep-
resentation in a macroscopic quantum system. Thanks
to the rapid experimental development in cold atom
physics, the Josephson junction has been came ture for
the trapped Bose–Einstein condensates (BEC) of 87Rb
[29] and 23Na [30]. The Josephson effect has many ap-
plications, superconducting quantum interference device
(SQUID)Is one of them, which is the instrument to ac-
curately measure the magnetic field. The contribution of
Josephson Effect made the superconducting applications
valuable, at the same time it led to a series of interesting
physical problems.

In this article, we review our theoretical advances
in quantum tunneling of Bose–Einstein condensates in
optical traps. We give an detailed introduction of the
quantum tunneling between F = 2 spinor Bose–Einstein
condensates in double optical traps which called non-
Abelian Josephson Effect in Section 2. Section 3 is de-
voted to investigate the quantum tunneling of Bose–
Einstein condensates in optical lattices under gravity.
and in Section 4, we discuss the Josephson Effect for pho-
tons of Bose–Einstein condensates in two weakly linked
microcavities. Finally, we summarize our results.

2 Quantum tunneling in double optical traps

The Josephson effect can be successfully explained by us-
ing the principle of quantum mechanical tunneling. First
of all, we taken the two superconductors as two poten-
tial wells, and then the insulating layer between the two

wells correspond to construct a barrier. When the layer
is thick enough, the electron pair in the two conduc-
tors are independent. With the thinning of the insulating
layer, the two wave functions of the conductors begin to
overlap which provides quantum correlations on different
conductors and makes the electron pairs passed through
the insulating layer to reach another conductor smoothly,
thereby forming supercurrent. If both ends of the super-
conductor coupled with DC voltage, electrons are able to
shuttle back and forth in the insulating layer and formed
AC current. These predictions were soon confirmed by
the experimental observation of Anderson.

However, most of the studies about the Josephson ef-
fect focus on the Abelian case. The Abelian Josephson ef-
fect giving rise to a weak interaction between the macro-
scopic states of each superconductor which separated by
a thin layer of normal material. The interaction men-
tioned above allows a tunneling-mediated current flow
across the thin layer. The Abelian Josephson effect in
terms of a junction of two systems with spontaneously
broken Abelian symmetry [31, 32]. The non-Abelian
Josephson effect, theoretically speaking, is universal in
nature and covering many topics from particle physics to
condensed matter physics. Esposito et al. who extended
the Abelian case to the non-Abelian case in field theoretic
language recently [33]. The non-Abelian Josephson ef-
fect come out in a junction with non-Abelian symmetries
broken spontaneously which usually contains multicom-
ponent order parameters. The symmetry in non-Abelian
case will give rise to more than one kind of tunneling
modes [34]. These tunneling modes can be distinguished
by the excitation of pseudo Goldstone bosons which have
small but finite masses [33].

2.1 Ground state

As shown in Fig. 1, we consider a homogenous spin-2
Bose gas system with s-wave interaction. We describe
this system by the following mean field free energy:

F (ψ) =
1
2
[j0(ψ†ψ)2 + j1〈f〉2 +

j2
5
|Θ |2] − μψ†ψ (1)

where j0, j1 and j2 are interaction strengths of differ-
ent spin channels related to the scattering length, ψ =
(ψ2, ψ1, ψ0, ψ−1, ψ−2)T is the order parameter of the sys-
tem, 〈f〉 = ψ†fψ is the mean value of the spin operator
and

Θ =
2∑

a=−2

(−1)aψaψ−a (2)

is the expression of a single pair of identical spin-2 par-
ticles. By minimizing this free energy we can get the
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ground state configuration. There are couple of distinct
phases in this system [36, 35]. The low-lying excitation
spectrum and the symmetry of each phase will be ana-
lyzed under zero magnetic field.

Fig. 1 The experimental schematic of a spin-2 Bose gas trapped
in a double well with chemical potentials μL of left and μR of right
trap, which initially satisfy μL = μR. To drive Josephson effect,
we add a small distortion δμ to μR.

Antiferromagnetic phase: When the magnetic field
is inexistence, there is only one kind of antiferromagnetic
phase are satisfied when j2 < 0 and j1 − j2/20 > 0. The
corresponding ground state configuration is degenerate
with reference to five continuous variables, and this will
lead to five masses Goldstone modes [36]. Four of these
modes of the free energy correspond to the U(1)×SO(3)
symmetry. The extra degeneracy besides the symmetry
will be removed when the quantum fluctuation is consid-
ered which is correct only on the mean field level.

Ferromagnetic phases: When j1 < 0 and j1 −
j2/20 < 0, there are two kinds of ferromagnetic phases
are actively favored. The configurations of the corre-
sponding ground state are given by

ψ =
√
neiθ(0, 1, 0, 0, 0)

ψ =
√
neiθ(1, 0, 0, 0, 0) (3)

where θ is an arbitrary global phase and n = μ/(j0+4j1)
is the particle density. It is clearly that these ground
states have a U(1) symmetry and will leads to only one
massless Goldstone mode. Accordingly, two uncoupled
systems have a U(1)

⊗
U(1) symmetry. When a weak

coupling is applied, this symmetry will softly break into
a U(1) diagonal symmetry. This type of symmetry break-
ing corresponds to an Abelian Josephson effect, and the
low-lying excitation spectrum corresponding to this state
has been derived as ωk =

√
εk(εk + 2g4n) [35], where

g4 = j0 + 4j1 and εk = k2. We should notice that when
coupling is applied, this Goldstone mode will break into
two modes: one pseudo Goldstone mode and one zero
energy mode. This pseudo Goldstone mode has a small
but finite gap and leads to a density mode fluctuation in
d.c. Josephson current.

Cyclic phase: When j1 > 0 and j2 > 0, the ground
state configuration is given by

ψ =
√
n

2

(
eiθ2

√
2
, 0, eiθ0, 0,

eiθ−2

√
2

)
(4)

where n = μ/j0 is the particle density in each well and
the global phase of the ground state satisfy θ2 + θ−2 −
2θ0 = π [36, 37]. One can see that the ground state
of cyclic phase is mapped to a tetrahedron on the unit
sphere by using the Schwinger boson representation [38].
The ground state of cyclic phase leads to four Goldstone
modes on account of a full U(1)×SO(3) degeneracy. We
will reveal that these modes will also lead to non-Abelian
Josephson effect [34].

2.2 Non-Abelian Josephson effect

As shown in Fig. 1, we will analyze the non-Abelian
Josephson effect of a spin-2 Bose–Einstein condensate
system in a double-well optical trap. We suppose that the
coupling between the Bose gas in each well is very weak
for the energy barrier between the two wells is strong
enough and the overlap of the ground state wave func-
tions (which we denote as ϕL(x) and ϕR(x) in left and
right well) can be safely neglected. We take the same
mode function for all five spin components, this approx-
imation called the single mode approximation which is a
widely used approximation and it is valid when the spin
interaction is symmetric. The system can be described by
the following coupled potential Vc under these assump-
tions

Vc = F (ψL) + F (ψR) − J(ψ†
LψR + ψ†

RψL) (5)

where J is the coupling parameter and ψL and ψR are
the order parameter of the system in left and right well
respectively. Because we will only be interested in the
d.c. Josephson effect which captures the essence of the
non-Abelian symmetry breaking as simple as possible,
we take the same chemical potential for the Bose gas in
each well. The dynamic equations of the condensate is

i
d
dt
ψaL =

δVc

δψ∗
aL

i
d
dt
ψaR =

δVc

δψ∗
aR

(6)

by using it we can get the equation of motion of the
Josephson current and analyze the pseudo goldstone
modes in each phase. However, the symmetry of the
ground state in ferromagnetic phase only leads to an
Abelian Josephson effect as we have mentioned above,
which is not discussed in our paper. We just analyze
the antiferromagnetic phase and cyclic phase which are
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important realizations of non-Abelian Josephson effect
consequently.

Antiferromagnetic phase: The ground state of an-
tiferromagnetic phase is

ψL = ψR =
√
n

2
(1, 0, 0, 0, 1) (7)

we linearized the equation of motion around the ground
state Eq. (7) to obtain the pseudo goldstone modes, and
then we get n = (μ + J)/(c0 + c2/5) by minimizing the
potential Vc under the above ground state. We obtain the
linearized equations of the fluctuations in this phase and
analyze the excitation spectrum with this ground state
configuration.

(i) The m = 0 mode. We can obtain the equation of
motion of m = 0 mode as

i
d
dt
φ0L = (− j2

5
n+ J)φ0L +

j2
5
nφ∗0L − Jφ0R (8)

and the equation of φ0R is similarly. It corresponds to
an Abelian Josephson current for this mode is decoupled
from others. We obtain the eigenenergies of this mode

by solving Eq. (8), one is ω0 = 2
√
J(J + 2|j2|n

5 ) corre-
sponding to a pseudo Goldstone mode and the other is
zero corresponding to a massless Goldstone mode.

Fig. 2 The frequencies of the pseudo Goldstone modes as a func-
tion of coupling parameter J in the case of antiferromegnetic phase.
All the frequencies is proportional to

√
J when J approaches zero

and the dependence on J becomes linearizing when J is large com-
pared to the interaction energy. Reproduced from Ref. [34], Copy-
right c© 2009 American Physical Society.

(ii) The m = ±1 coupled modes. The coupled equa-
tions of m = ±1 modes are shown in the following

i
d
dt
φ1L = [n(j1−

j2
5

)+J ]φ1L +n(j1−
j2
5

)φ∗−1L−Jφ1R

i
d
dt
φ−1L = [n(j1 −

j2
5

) + J ]φ−1L

+n(j1 −
j2
5

)φ∗1L − Jφ−1R (9)

and a similar suit of equations of φ±1R. The solution
of these equations involves two pseudo Goldstone modes
with the same gap of

ω±1 = 2
√
n(j1 − j2/5)J + J2 (10)

(iii) The m = ±2 coupled modes. The coupled equa-
tions of m = ±2 modes are similar to the ones of m = ±1
case. Here and after, we will not list the detailed coupled
equations of motion but just give the result. The solution
of m = ±2 equations give two pseudo Goldstone modes
with energy gap

ω
(1)
±2 = 2

√
n(j0 +

j2
5

)J + J2

ω
(2)
±2 = 2

√
n(j1 −

j2
20

)J + J2 (11)

As we all can see that there are totally five pseudo Gold-
stone modes with four different gaps in this phase which
accord with our analysis of the ground state degeneracy.
The dependence of the above frequencies on coupling pa-
rameter J are shown in Fig. 2. We expect that in future
experiments the above modes of fluctuations can be ob-
served in this system. With reference to 87Rb system,
under typical experimental condition, the value of inter-
acting strengths are given as [39]: j1n: 0–10 nK, j2n:
0–0.2 nK and j0n about 150 nK. We assume that the
coupling parameter J is much smaller than the inter-
action energy of the condensate given as about 0.1 nK
according to the weak coupling limit. With this under-
standing, we can obtain the frequencies of the fluctuation
related to the antiferromagnetic phase, which is of order
100 Hz. In current experiments, the measurement of fluc-
tuations on this characteristic time scale (about 10 ms)
is accessible.

Cyclic phase: We can obtain the pseudo Goldstone
modes for the cyclic phase by following the same proce-
dure in the antiferromagnetic phase.

(i) The m = ±1 coupled modes. As is known to all,
there are two massless Goldstone modes with the same
energy [35]. We find that by solving the equation of mo-
tions each of them leads to a pseudo Goldstone mode
with a gap:

ω±1 = 2
√
J2 + 2j1nJ (12)

The four pseudo Goldstone modes in this phase is con-
sistent with our previous analysis on the symmetry. In a
condensate of 85Rb atoms, these kinds of fluctuations are
expected to be realized [36]. Under typical experimental
condition, the value of interacting strengths based on the
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current estimates of scattering lengths are given as: j1n:
0–20 nK, j2n: 0–0.6 nK and j0n about 600 nK. In the
mentioned cases, we can also estimate the d.c. Joseph-
son frequencies in cyclic phase, the frequencies is about
100–300 Hz. In Fig. 3, the dependence of the above fre-
quencies on coupling parameter J is shown.

Fig. 3 The frequencies of pseudo Goldstone modes as a function
of coupling parameter J in the case of cyclic phase. The depen-
dence on J is similar to the case in antiferromegnetic phase. How-

ever, there are two degenerate modes ω
(2)
0,±2 and ω±1 in this case,

which are originated from the two degenerate Bogoliubov modes
in the uncoupled system. Reproduced from Ref. [34], Copyright c©
2009 American Physical Society.

(ii) The m = ±2, 0 coupled modes. We have found
that in the corresponding uncoupled system [35] each
Goldstone mode breaks into one massless mode and one
pseudo Goldstone mode. Since there are two Goldstone
modes, we find two pseudo Goldstone modes in the un-
coupled system which energy given by

ω
(1)
0,±2 = 2

√
J2 + j0nJ

ω
(2)
0,±2 = 2

√
J2 + 2j1nJ (13)

2.3 Experimental protocol and signatures

How to design an experimental protocol to observe this
novel non-Abelian effect in experiments? To our knowl-
edge, in any real physical system, this effect has not
been explicitly spelled out, which is what we attempt
to do here. First of all, we need a system of multi-
component order parameter which has a non-Abelian
symmetry in the ground state to generalize to the non-
Abelian junction in experiments. In sharp contrast with
magnetic trap, the spin of the alkali atoms is essentially
free in an optical trap [40–42]. The scenario of our non-
Abelian construction would properly provided by this
spinor nature. We now introduce the system which con-

tain a spinor atomic BEC in a double-well optical traps
briefly. The essence of the non-Abelian effect has not
been captured though the dynamical tunneling proper-
ties of spin-1 and “pseudo spin-1/2” bonsonic systems
have been calculated [43–47]. Due to the non-Abelian
symmetry breaking we focus on the pseudo Goldstone
modes, which is at the heart of Josephson effect. Com-
pared with the spin-1 system, the spin-2 system has pos-
sible advantages in the sense that the symmetry proper-
ties are much richer to explore the non-Abelian effect. We
should note that some elements of the symmetry group
are hidden in the ground state in spin-1 system. For ex-
ample, the symmetry group of ground state is U(1)×S(2)
in the polar state of spin-1 system, which is a subgroup
of the symmetry group of the Hamiltonian U(1)×SO(3)
[42]. In low spin system, some rotation in the symmetry
group of the Hamiltonian will leave the ground state un-
changed and do not contribute to Goldstone modes, that
is the reason why this happens. In contrast with the low
spin system, in the antiferromagnetic and cyclic phase
of spin-2 condensate, the full U(1) × SO(3) symmetry
is preserved in the ground state configuration, which ex-
cept for some specific values of the parameter [38].

In Fig. 1, the simple experimental set up of a spin-2
Bose gas trapped in a double well potential is illustrated.
With the following steps we can detect the d.c. non-
Abelian Josephson current. To initiate a density oscilla-
tion in the system is the first step. This can be realized by
slightly changing the depth of one well and then tuning
it back, which will cause a small imbalance in chemical
potential (μR → μR + δμ) between the two wells. The
second step is to detect the time dependence in differ-
ent spin component of the particle numbers. Such kind
of detection can be realized by two steps, the first steps
is spatially separating different spin component with a
Stern–Gerlach method during time of flight after switch-
ing off the trapping potential. Then, by the absorption
imaging method, the number of atoms in each spin com-
ponent which related to the respective spatial density
distributions can be evaluated. By following these steps,
we can measure the density oscillation of each spin com-
ponent which are coupled together as a result of the non-
Abelian symmetry of the system. The dependence of the
oscillation frequencies on J can be realized by varying the
barrier between the two wells and repeating the above
measurement.

The condensates of 87Rb atom in F = 2 state, in
mean field theory, are predicted to be polar (j2 < 0 and
j1 − j2/20 > 0), but close to the border to cyclic phase
(j1 > 0 and j2 > 0) [36]. In recent experiment, polar be-
havior in the F = 2 ground state of 87Rb condensate has
been observed [39]. As a result, we look forward to the
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pseudo Goldstone modes of the antiferromegnetic phase
could be observed in experiments. We have mentioned
above that the value of interacting strengths under typ-
ical experimental condition are given as [39]: j0n about
150 nK, j1n: 0–10 nK and j2n: 0–0.2 nK, which leads
to the fluctuation time scale of about 10ms. The mea-
surement, on this time scale, is completely accessible in
F = 2 spinor Bose–Einstein condensates of 87Rb sys-
tem within recent experimental technique [39, 48]. For
purpose of observing this dynamical oscillation in exper-
iment clearly, the temperature of the system should be
lower than the gap of the pseudo Goldstone modes, which
is about 1–10 nK. We expect that such kind of measure-
ment performed in a system of the cyclic phase will be
realized in a condensate of 85Rb atoms in the near future
[36].

3 Quantum tunneling in optical lattices

In this part, we investigate another type of quantum tun-
neling by considering two different Bose–Einstein con-
densates: one is in optical lattices under gravity in
the regime of “Wannier–Stark localization”, metastable
states can exhibit interesting decay behavior in this
regime; the other is in the Landau–Zener regime.
Landau–Zener tunneling is a very basic quantum phe-
nomena, It describes the quantum tunneling between
adjacent energy levels of a system which under linear
drive. This phenomenon was found by Landau, Zener
and Stueckelberg in 1932 independently, and also known
as the Landau–Zener–Stueckelberg tunneling. This tun-
neling generally exist in many systems, and has a wide
range of applications, such as chemical reaction systems,
nuclear physics, and spin system. Although this phe-
nomenon was found over seventy years, but the passion
for it has not reduced. This phenomenon continues to
have been observed in some physical systems recently,
such as cold-atom systems, superlattices and supercon-
ducting devices. We calculate the total decay rate in the
Wannier–Stark regime for all temperatures [49] by using
the periodic instanton method [50].

We will differentiate two tunneling regimes of BEC
in optical lattices under gravity: (i) tunneling between
spatially localized states in each individual wells, which
corresponding to tunneling between Wannier–Stark lo-
calized states; and (ii) tunneling between spatially de-
localized states in different Bloch bands, which usually
called Landau–Zener tunneling is only the adiabatic ap-
proximation to the regime [51, 52]. When any external
force is absent, the tunneling between the localized states
is what creates the Bloch bands, which only survive for

weak external forces. Thus the system is in the Landau–
Zener tunneling regime for a small force, whereas the
system shifts to the Wannier–Stark regime for a large
force. The tunneling which related Landau–Zener tun-
neling has been measured Experimentally [55]. Here we
will investigate the tunneling in Wannier–Stark regime
theoretically.

3.1 Wannier–Stark tunneling

Weakly Bose–Einstein condensates were trapped in 30
wells [51] or 200 wells [52] under gravity in experiments.
Approximately 103 atoms were contained in each well
with the peak densities matching the Gaussian profile.
The wells are oriented vertically, so the interwell gravi-
tational potential drive the atoms undergo coherent mo-
tion. The gravitational potential mgz also determines
the chemical potential difference between adjacent wells.
Figure 4 describes the optical potential combined with
the gravitational trapping potential. The corresponding
Hamiltonian of this system is

H =
P 2

2m
+ Ud(x, y) sin2(

2π
λ
z) +mgz (14)

where m is the atomic mass, P is the momentum opera-
tor, λ is the wavelength of light of the optical potential,
Ud(x, y) is the depth of each well, and mgz is the gravity
potential.

Fig. 4 Intraband site-to-site tunneling resonantly sets in when
the temporal modulation frequency νm of the lattice phase is an in-
teger multiple of the Bloch frequency νB , which corresponds to the
potential energy between adjacent sites due to the gravity acceler-
ation g. Reproduced from Ref. [54], Copyright c© 2008 American
Physical Society.

For definiteness and to simplify the analysis, we fo-
cus on the parameter region (defined quantitatively be-
low) in which atoms decay from a localized state (ground
or excited) in one well to the continuum and consider
tunneling of atoms from a metastable state with finite
energy E through a potential barrier U(z). We require
mg < 4π

λ Ud(x, y) to guarantee the existence of the well.
We use the same definition of Δ as in Fig. 1 of Ref.
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[51], Δ > 0 means that the atoms can decay to infin-
ity via a single tunneling. In this case, we can approx-
imate a single well of the lattices by a cubic potential,
where Δ = Δtop − [Ud(x, y)−E], E is the energy of any
metastable state and Δtop = mgλ/2 is the difference be-
tween tops of two nearby maxima of the optical lattices
under gravity. When E = E0, the excited metastable
state will reduce to a metastable ground state, where E0

is the lowest metastable state. Under the circumstances,
we can use an effective potential U(z) to approximate
the optical lattices under gravity.

The periodic instanton method is an efficient tool to
study quantum tunneling of metastable states in quan-
tum field theories. The periodic instanton represents the
pseudo-atom configuration responsible for tunneling un-
der the energy E barrier. A metastable state tunnel-
ing out from a potential U(z) can be treated as motion
in the corresponding inverted potential with imaginary
time τ = it, where

U(z) = U0 +
Ud(x, y) cos θ0

2
(
4π
λ
z + θ0)2

+
Ud(x, y) sin θ0

3
(
4π
λ
z − π+ θ0)3

U0 = −Ud(x, y) cos θ0 + Ud(x, y)(π− θ0) sin θ0

θ0 = arcsin
mgλ

4πUd(x, y)
(15)

In Euclidean space-time, The Euler–Lagrange equations
lead to

1
2
m(

dz
dτ

)2 − U(z(τ)) = −E (16)

where zp(τ) = z3 + (z2 − z3)sn2(u|k) is the correspond-
ing “periodic instanton” solution with period T , and
zp(τ + T ) = zp(τ), where z1(E) > z2(E) > z3(E) de-
note three roots of the equation V (z) = E. This case
is equal to a special coordinate with periodic boundary
conditions [50]; sn(u|k) denotes a Jacobian elliptic func-

tion with the modulus k =
√

z2−z3
z1−z3

, where

u = γ(k′)τ, k′ =
√

1 − k2

γ(k′) =

√
32π3Ud(x, y) cos θ0(z1 − z3)

3mλ3(π− 2θ0)

is complementary modulus of k [49].
Because the velocity of instanton vanishes at the turn-

ing points z2 and z3, the Feynman propagator of path
integral is divergent for previous periodic instanton so-
lution. We can smoothe this singularity out by turning
point integrations of dz2 and dz3 with τ2 − τ3 = 2β.
Further, we use their leading WKB approximations to
replace the wave functions ψE(z2) and ψE(z3), then ex-

pand the action in powers of z2 − zp(β) up to the second
order, which corresponds to the one loop approximation.
One instanton contribution to the transition amplitude
A1 can be obtained by using the one loop expansion of
the action and completing the turning point integration.
Similarly, jth instanton contributionAj can be obtained,
etc.

We can use the imaginary part of the complex energy
E to define the decay rate Γ of the quantum metastable
states, Γ = 2

�
ImE. Let us denotes an eigenstate of the

HamiltonianH with energy E by |Ψ〉. Consider the tran-
sition amplitude At from |Ψ〉 to |Ψ〉, which means the
“survival probability” of |Ψ〉, over Euclidean time 2β in
the present of quantum tunneling,

At = 〈Ψ |e−2Hβ |Ψ〉 = e−2Eβ (17)

where β = iT , T is the temperature. This defined tran-
sition amplitude At can be calculated by using the path
integral method [56] for periodic instanton. Then, we can
find the decay rate Γ by comparing the defined ampli-
tude At in Eq. (17) with the calculated amplitude At in
following Eq. (18).

All instantons were totally independent in the dilute
gas approximation, the total transition amplitude At is
summate over all the instanton contributions

At = e
−2Eβ−i β

K1(k′)

r
8π2Ud(x,y) cos θ0(z1−z3)

3mλ2 e−Ω

(18)

where

Ω = [(1 − k2)(k2 − 2)K1(k) + 2(k4 − k2 + 1)K2(k)]

×64k4

15�

√
2πm
3λ

Ud(x, y) cos θ0(z1 − z3)
5
2 (19)

here K1(k) and K2(k) are the complete first and second
kinds elliptic integrals.

Generally, by comparing calculated amplitude At in
Eq. (18) with defined amplitude A in Eq. (17), we find
that the decay rate at finite energy E can be written as

Γ =
ωE

�K1(k′)
e−Ω (20)

where ωE =
√

2(z1 − z3)/3ω0 is the frequency depend
on energy. It describes the frequency of small oscil-
lations ω0 =

√
16π2Ud(x, y) cos θ0/(mλ2) around the

metastable minimum. This compact formula is valid for
the entire region of energy 0 < E < Umax, here

Umax = U0 +
1
6
Ud(x, y) cos θ0 cot2 θ0 (21)

It can be used to applied for any excited states from
the bottom to the top of the well. For energies far below
the barrier maximum E � Umax, the decay rate Γn of
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nth low excited state can be evaluated by introducing
the harmonic approximation En = n�ω0 + E0,

Γn =
1
n!

(
432Umax

�ω0
)nΓ0 (22)

When n = 0, Γn reduces to Γ0 of the metastable ground
state with energy E0,

Γ0 = 12ω0

√
3Umax/(2π�ω0)e

− 36Umax
5�ω0 (23)

The decay rate depends on the depth of the well.
The tunneling rate from the well could be controlled
by adjusting the depth of the optical wells Ul(x, y), so
that it was slow enough to observe many of the tempo-
rally modulated signal periods directly before the traps
were depleted, but fast enough to observe atoms leav-
ing the traps. By lowering the well depths, the tun-
neling rate could be increased which producing fewer
pulses with more atoms per pulse. This interesting phe-
nomenon has been observed in experiments. We also find
that the Landau–Zener tunneling rate will not depend on
the depth of the well, and it is constant in experiments
[51, 52].

Figure 5 shows the decay rates Γ0 of Wannier–Stark
regime and ΓLZ of Landau–Zener regime as a function
of acceleration a for sodium atoms with experimental
parameters: U0/h = 72 kHz, kl = 1.37×107 m−1, where
ΓLZ = ma

2�kl
e−

ac
a , ac = πE2

gap/(4�
2kl) is a critical accel-

eration, Egap/h = 70 kHz is the energy gap between the

Fig. 5 The acceleration dependence of the decay rate Γ0 for
sodium atoms of Wannier–Stark regime and ΓLZ of Landau–Zener
regime with experimental parameters: V0/h = 72 kHz, kl =
1.37 × 107 m−1, where ΓLZ = ma

2�kl
e−ac/a, ac = πE2

gap/(4�
2kl) is

a critical acceleration, Egap/h = 70 kHz is the energy gap between
the first and second bands.

first and second bands [25]. We can find that the system
is in the Landau–Zener tunneling regime for a < aeq,
whereas for a > aeq the system shifts to the Wannier–
Stark regime, where aeq is the acceleration when Γ0 =
ΓLZ. It is note that aeq < ac. For sodium atoms with pre-
vious experimental parameters, aeq = 1.064×104 m/s2 <
ac = 1.109 × 104 m/s2.

Comparing the decay rate Γ0 of the Wannier–Stark
regime with ΓLZ of the Landau–Zener regime for ex-
periments [51, 52] is very interesting. With Yale ex-
perimental parameters for 87Rb atoms, we find that
Γ0 = 12.26 × 103 s−1, ΓLZ = 12.37 s−1. The Landau–
Zener regime lifetime is 88 ms, and it is very close to
lifetime 50 ms observed in the Yale experiment [51]. For
87Rb atoms with Istituto Nazionale di Fisica della Mate-
ria(INFM) experimental parameters, Γ0 = 2.36×103 s−1

and ΓLZ = 2.6 s−1. The corresponding Landau–Zener
regime lifetime is 0.39s, and it is very close to the lifetime
0.3 s observed in the INFM experiment [52]. Atoms in
the Wannier–Stark regime decay faster 1000 times than
those in the Landau–Zener regime in both cases.

3.2 Temperature dependence

The temperature dependence of the decay rate can be ob-
tained by taking a statistical average of the decay rates
of different states,

Γ (T ) = Γ0(1 − e−�ω0/(kBT ))e
432Umax

�ω0
e−�ω0/(kBT )

(24)

where kB is the Boltzmann constant. For rudibium atoms
with experimental parameters: V0/h = 72 kHz, kl =
1.37×107 m−1, a = 8×103 m/s2, Fig. 6 shows three ob-
vious regions with different behavior for Γ (T ). The decay
is purely thermally activated and exhibits the expected

Fig. 6 The temperature dependence of the decay rate Γ (T ) for
87Rb atoms with Yale experimental parameters λ = 850 nm,
Ud(x, y) = 2.1ER, where ER = 2π2�2/(mλ2) is the recoil energy.
Reproduced from Ref. [49], Copyright c© 2002 American Physical
Society.
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Arrhenius law behavior at high temperature [53], ΓAR =
ω0
2π e

−Umax
kBT . At intermediate temperature, “thermally as-

sisted” tunneling was observed, in which the atom is
thermally excited to a excited quantum states and the
decay then proceeds from these states by quantum tun-
neling. And at a still lower temperature, the regime
of pure quantum tunneling come out from the trapped
ground state, which is controlled by the “vacuum” in-
stanton trajectory. Thus we can define Tcr = �ω0

2πkB
as

the “crossover” temperature, below which quantum tun-
neling dominates. The decay rate will increase with tem-
perature raising when above Tcr and is independent with
temperature when below Tcr.

To make clear of the meaning of Γ (T ), we assume that
the population with an initial thermal distribution of the
atoms decay as

N(t) =
N0

Z0

∑

n

e−Γnt− En
kBT (25)

whereN0 is the initial population of trapped atoms.N(t)
does not decay exponentially itself because it is a sum
of exponential decay factors, i.e., if we plot logN(t) as a
function of time, it is not a straight line. Since there is
not a single slope, it cannot be assigned a single decay
rate. At long times, with the corresponding rate given by
Γ0, the curve approaches a straight line, in other words,
the slowest channel dominates the long time behavior.
As a matter of fact, the slope at time t = 0 corresponds
to the rate of Γ (T ) as calculated, that is to say, Γ (T ) is
simply the initial rate of decay of the population.

If there is no thermalization of the population during
decay, the above discussion is valid, which is a situation
that the experimentalist can realize. On the other side,
such that thermalization can be established in a time
tc by intentionally introducing intra-well transitions be-
tween the different levels. In this case, if tc compared to
1/Γ (T ) is short, the rate will decay at Γ (T ) at all times.
If it is larger than 1/Γ (T ), the rate will decay initially
non-exponentially until time tc, and after tc the rate will
decay at Γ (T ′), where T ′ is any temperature below T .
Due to the initial decay, there will be a cool down of the
population.

3.3 Experimental observation

The phenomenon of the Wannier–Stark intraband tran-
sitions in lattice potentials which been studied theoreti-
cally have been demonstrated experimentally for the first
time by Ivanov et al. in 2008. In their experiment (see
Fig. 4), the lattice potential has the form [54]:

U(z, t) = mgz +
U0

2
cos{2kL[z − z0 cos(2πνmt)]} (26)

where the lattice depth is U0, the gravity potential is
mgz, the optical-lattice wave vector is kL, the phase-
modulation amplitude and frequency are z0 and νm re-
spectively.

The experiment was started by cooling and trapping
about 2 × 107 88Sr atoms at 3 mK which in a magneto-
optical trap operating on the resonance line of 1S0−1P1

at 461 nm. Then by a second cooling stage in a red
magneto-optical trap operating on the 1S0−3P1 nar-
row transition at 689 nm, the temperature is further
reduced and finally obtain ∼5 × 105 atoms at 1 μK.
This preparation stage takes about 2.5 s. In 150 μs, the
red magneto-optical trap was switched off and a one-
dimensional optical lattice which was originated by a
single mode frequency doubled Nd:YVO4 laser was adi-
abatically switched on. The wave length of the beam
λL = 532 nm and it was vertically aligned and retro-
reflected by a mirror producing a standing wave with
a half-wavelength λL/2 = 266 nm. The corresponding
photon recoil energy was chosen as ER = h2/(2mλ2

L) =
kB×381 nK, and the maximum lattice depth was chosen
as 20 ER. The phase of the lattice potential can be mod-
ulated by mounting a piezo-eletric transducer (PZT) on
the retro-reflecting mirror, and the PZT was driven at
frequency νm by a synthesized frequency generator.

How can the intraband transitions between Wannier–
Stark levels observed experimentally? For Wannier–
Stark tunneling give rise to coherent delocalization ef-
fects, this can be observed through a coherent ballistic
expansion of the atomic wave packet which well-localized
initially. Wannier–Stark intraband tunneling is not af-
fected by typical decoherence mechanisms which usu-
ally occurring in the Landau–Zener intraband case. Line
broadening due to the transverse profile of the lattice po-
tential is one of the most obvious different. The atomic
species 88Sr remarkably robust against decoherence pro-
cesses, which capacitate us to observe Wannier–Stark
tunneling up to five neighboring levels, corresponding
to driven tunneling across five neighboring sites coher-
ently. Thus the resonance spectra exhibit Fourier-limited
widths over excitation times of the order of seconds ow-
ing to such a quantum robustness.

A generalized two-level system can describe the dy-
namics of tunneling between two distinct Wannier–Stark
levels, on the other, the coherent transitions over a large
number of lattice periods can describe the line broad-
ening. This hypothesis can be verified by studying the
response of the system at different driving frequencies.
First of all, the shape of the resonance will be dis-
cussed when the modulation close to the Bloch frequency
νm � νB. A typical data set of the atomic extent for dif-
ferent modulation frequencies are shown in the inset of
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Fig. 7, while the potential depth, the excitation time and
the amplitude of modulation keeping constant. The data
points are well fitted with the following function:

η(νm, t) =

√
η2
0 + v2

nt
2sinc(

νm − nνB

Γ
)2 (27)

where sinc(x) is the resonance function sin x
x for a two-

level transition probability and accounts for the reso-
nance term in the tunneling rate, Γ represents the res-
onance half width at half maximum which will be mea-
sured for varying excitation times T when modulating
at a frequency close to νB. The results are shown in Fig.
7, where the linewidth of the resonance for an excitation
time varying between 50 ms to 2 s. As expected from
the ideal two-level system, the accordance of the data
with the hyperbola 1/(πT ) forecast that the resonance
linewidth is purely Fourier limited. Under their experi-
mental conditions, for increasing the sensitivity of force
measurements with submillimeter spatial resolution, co-
herent intraband Wannier–Stark tunneling turns out to
be quite practical. More details see Ref. [54].

Fig. 7 Resonance width as function of the modulation time T .
The resonance is probed in the region νm � νB. The solid line
(red line) is the hyperbola (πT )−1 expected from a Fourier-limited
resonance width in a two-level system. Inset: resonance spectrum
for 50 ms excitation time. The fitting function is of the form of
Eq. (27). Reproduced from Ref. [54], Copyright c© 2008 American
Physical Society.

4 Quantum tunnneling in two linked
microcavities

In this part, we explore the Josephson effects of pho-
tons of a many-body optical system with strongly inter-
actions where the polaritons condense into a superfluid
quantum phase [57]. The wave function of this superfluid
quantum phase is a superposition of the coherent states
of photons and two-level atoms [58]. The order param-
eter of photon wave-funtion can describe the superfluid

phase by an effective field theory when the freedom of the
atom polarization are integrated out [64]. These coherent
photons can serve as good candidates for the quantum
simulations of the correlation effects since they are novel
quasiparticles that are self-interacting and behave like
massive bosons in condensed matter physics.

4.1 The Hamiltonian and excitations

By measuring the chemical potential-current relation of
the ac and dc Josephson effects in real experiments, the
striking signatures of the Josephson effects are demon-
strated [59]. But in neutral systems such as atomic BECs,
it is very difficult to implement the chemical potential-
current relation for the external circuits and current
sources are absent [60]. Here an optical correlation sys-
tem has been set up. As shown in Fig. 8, the system con-
tained two fibre-based Fabry–Perot (FFP) or ultrahigh-
finesse optical cavities [61, 63], which can achieve a
strong coupling regime with a small rate of decay of the
cavity field κ and large single-atom peak coupling rate j0.
By moving the atoms in a modulated local atom-field, a
time-dependent coupling between the moving atoms and
cavity photons can be realized, thus a biased photonic
current could be applied. This technique provides a prac-
tical way to explore the Josephson effects of photons for
the first time, which play an important role for under-
standing the temporal interference of coherent photons.

Fig. 8 Experimental set-up. Two fibre-based Fabry–Perot (FFP)
cavities are linked with a intercavity tunneling amplitude K. Each
cavity contains Na two-level 87Rb atoms trapped by an external
magnetic potential or dipole beam. g is the coherent coupling rate
between an individual atom and the cavity field, γ and κ are the
dissipation rate of the atomic spontaneous emission and the cavity
field itself. Reproduced from Ref. [57], Copyright c© 2009 American
Physical Society.

The two cavities contains Na = 104 two-level 87Rb
atoms which trapped by an external magnetic poten-
tial or dipole beam respectively and are linked with
the intercavity tunneling amplitude K. The relevant pa-
rameters were chosen as j0/(2π) = 215 MHz [63] and
(κ, γ)/(2π) = (1.3, 3.0) MHz [61]. In Fig. 9(a), in or-
der to increase the atomic confinement and gain control
over the coupling rate, a far-detuned optical lattice was
switched on, here the period of the overlap between the
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cavity mode and optical lattice is 6.4 μm [61]. A tunable
coupling rate can be realized by moving the ultracold
atoms within the cavity, which is crucial for the realiza-
tion of the d.c. Josephson effects of photons experimen-
tally. The modulated local atom-field coupling rate j(x)
is shown in Fig. 9(b), where

j2(x) =
∫
ρ(r)
Na

|g0 cos(2πx/λc) exp(−r2⊥/w2)|2dr

with λc and w being the wave-length and mode radius.

Fig. 9 Control of the coupling along the resonator axis. (a) The
atoms are placed at a position x along the cavity axis, and are
loaded into the optical lattice. The cavity mode (λc = 780 nm)
and far-detuned optical lattice (λL = 830 nm) standing waves in
each cavity have a variable overlap with 6.4 μm period. (b) The
loaded atoms show a strongly modulated coupling depending on
the local overlap between lattice and cavity mode. Reproduced
from Ref. [57], Copyright c© 2009 American Physical Society.

In the rotating-wave approximation, the Hamiltonian
of this system with Josephson coupled atom-field inter-
action can be described by a combination of the Dicke
Hamiltonian [62] with photon tunneling between two
weakly linked microcavities. The dynamics of the full
system is determined by the following Hamiltonian

Ĥ =
∑

i=1,2

Ĥi + K(p̂†1p̂2 + p̂1p̂
†
2) (28)

Ĥi = ωcp̂
†
i p̂i +

Na∑

j=1

ωa

2
(b̂†i,j b̂i,j − â†i,j âi,j)

+ji(b̂
†
i,j âi,j p̂i + p̂†i â

†
i,j b̂i,j) (29)

where ωa and ωc are the atom and cavity resonance fre-
quencies with the detuning Δc = ωc−ωa. âi,j and b̂i,j are
fermion operators, which are satisfy the single-occupancy
constraint [64] and naturally associated with the lower
and upper levels of each atom; p̂†i (p̂i) is the single-mode
creation (annihilation) operator of the photons in each
cavity.

K = 2ωc

∫
dr(εi(r) − ε(r))w∗

1(r)w2(r) (30)

represents the intercavity tunneling amplitude [65],

where wi(r) and εi(r) are the eigenmode of an indi-
vidual single cavity and the dielectric function, ε(r)
is the dielectric function of the coupled cavities, and
the modulated local atom-field coupling rate is ji(x) �
2π× [50 cos(2πx/6.4) + 150] MHz.

The excitations of the atom-cavity system will be an-
alyzed with the Hamiltonian (29) in the grand-canonical
ensemble

˜̂
Hi = Ĥi − μiN̂

e
i (31)

with

N̂ e
i =

Na∑

j=1

1
2
(b̂†i,j b̂i,j − â†i,j âi,j + 1) + p̂†i p̂i (32)

which fixed the total number of excitations. An effec-
tive action for photons is the first step to study the ex-
citations of the system, and it will be arrived by us-
ing the coherent state functional integral representation
for the partition function [64, 58] with single-occupancy
constraint â†i,j âi,j + b̂†i,j b̂i,j = 1 and integrating over the
fermion fields,

Se[ϕi] =
∫ β

0

dτϕ∗
i (∂τ + ω̃i

c)ϕi − μiN
a/2

−NaTr ln

(
∂τ + ε̃i jiϕi/

√
Na

jiϕ
∗
i /
√
Na ∂τ − ε̃i

)
(33)

here ω̃i
c = ωc − μi and ε̃i = (ωa − μi)/2. Then by mak-

ing the static assumption ϕi(τ) = Ψi, the free energy is
written as

Fi = ln[2 cosh(
1
2
βEi))]/β + ω̃i

c|Ψi|2 − μiN
a/2 (34)

with Ei =
√
ε̃2i + j2i |Ψi|2.

The saddle condition ∂Fi/∂Ψ∗
i = 0 combined with the

excitation density constraint equation

ρe
i =

1
βNa

∂Fi

∂μi
(35)

determined the mean-field equations of a polariton con-
densate, which read

ω̃i
cΨi = j2i N

a Ψi

2Ei

ρe
i −

1
2

=
|Ψi|2
Na

− ε̃i

2Ei
(36)

Here we only considered the zero-temperature excita-
tions of the system with the ground state energy of the
Hamiltonian (29) given by Ei = ω̃i

c|Ψi|2−NaEi−μiN
a/2

by letting β → ∞.
The coherent field amplitude Ψ of the system and

the chemical potential μ are dependent on the excita-
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tion density ρe and detuning Δc when the atoms are
placed at a position of the cavity with a fixed coupling
rate j. From the inset of Fig. 10 we can see that there
exists an important feature of the above equations (36):
the photon occupancy density ρ = |Ψ |2/Na is linearly
dependent on the excitation density approximately for
the low excitation density (ρe < 0.5) and the atomic res-
onance (Δc = 0). When the photonic tunneling between
two cavities was considered, this linear relation will be
beneficially for it can keep constant the total number
of the coherent photons of two weakly linked polariton
condensates.

Fig. 10 Excitations of a polariton condensate. This diagram
shows the dependence of excitation density ρe on the coupling rate
j for chemical potential (μ − ωc)/jmin

√
Na = −1 (red line), and

the chemical potential as a function of g for the excitation density
ρe = 0.3 (blue line). Inset shows the photon occupancy density
ρp as a function of the excitation density ρe for atomic resonance
(Δc = 0), where the red dashed line is the linear fitting. Repro-
duced from Ref. [57], Copyright c© 2009 American Physical Society.

Besides, see Fig. 8(b), a far-detuned optical lattice
have been switched on to modulate the atom-field cou-
pling rate. The atoms moving along the cavity axis can
feel a tunable coupling rate j(x), resulting in a variable
excitations in the atom-cavity system. As shown in Fig.
10, the chemical potential as a function of j for ρe = 0.3,
and the excitation density ρe depend on the coupling rate
j for (μ−ωc)/jmin

√
Na = −1. The conclusion is that the

tunable coupling rate determined the excitations, which
enables an investigation of the Josephson effects of pho-
tons.

4.2 The ac and dc Josephson effects of photons

The two cavities are initially tuned to atomic resonance
and the polariton condensates are excited in equilibrium
with low excitation density. Then the macroscopic wave
function of the system can be described as

|Ψ(t)〉 = Ψ1(t)|1〉 + Ψ2(t)|2〉 (37)

with

Ψi(t) =
√
Np

i (t)eiθp
i (t) (38)

being the complex amplitudes, and |i〉 being the two
base states for each polariton condensate [66, 67]. Al-
though the photon occupations Np

i (t) and phases θp
i (t)

are time-dependent, the total amount of the coherent
photons Np = Np

1 +Np
2 is a constant. The ground state

energy of each atom-cavity system can be expand to the
second order of the coherent photon occupancy density
for low density excitations. Then the effective nonlinear
Schrödinger equation will be get which can describe the
dynamics of the coherent tunneling of photons approxi-
mately

i�
∂|Ψ(t)〉
∂t

� [
∑

i

(E0
i + Ui|Ψi|2)|i〉〈i|

+K(|1〉〈2| + |2〉〈1|)]|Ψ(t)〉 (39)

where

Ui = ji/(16
√
NaU3

i ) (40)

are the effective self-interactions of photons induced by
the coupling between the atoms and the photons and

E0
i = ωc − μi − ji/(4Ui) (41)

are the zero-point energies in each cavity with Ui is the
dimensionless chemical potential which defined as

Ui = (ωc − μi)/(ji
√
Na) (42)

Then the equations of motion for the relative population
δ(t) and relative phase φ(t) can be obtained from the
above equation (39), which read

�δ̇(t) = (2EJ/N
p)

√
1 − δ2(t) sinφ(t) (43)

�φ̇(t) =
2EJδ(t)

Np
√

1 − δ2(t)
cosφ(t)+

NEc

2
δ(t)+Flx(t)(44)

where Ec = U1 + U2 is the capacitive energy which is
almost a constant and EJ = NpK is the Josephson cou-
pling energy. The motion of the atoms in one of the
cavities can be described by lx(t), and the average force
on single atoms exerted by the external trap is

F =
√
Na[ρe/(2U3) − 1/(2U)]

dj
dx

(45)

which generates the chemical potential difference Flx(t)
between the two cavities. Here, both of the condensates
are excited with the same dimensionless chemical poten-
tial U at the beginning in each cavity.

confined to the Josephson regime (Ec 
 EJ), and
just consider a small population imbalance (δ � 1). In
this case, the critical current of photons was given by
ωJ = 2EJ/(�Np) and Eq. (43) is reduced to the atomic
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current-phase relation δ̇ � ωJ sinφ. Then by combining
with Eq. (44), we get the driven pendulum phase equa-
tion

φ̈ = ω2
p(sin φ+ v/vc) (46)

where vc = �ω2
p/F is the critical velocity and ωp =√

EJEc/� is the Josephson plasma frequency. Further-
more, the phase evolution equation φ̇ = −Δμ/� applies
with the chemical potential difference Δμ = μ1 − μ2 for
the condensates in the Josephson regime. Then an anal-
ogous superconducting circuit [60] will be derived,

ωJ sinφ+ σΔμ+ Δμ̇/(NpEc/2) = δ̇equil (47)

where σ is the conductance due to the noncoherent pho-
tons, which is negligible during the characteristic time
scale of the cavity coherent process. δequil is the equilib-
rium value of the relative population and δ̇equil = ωJv/vc
is the applied current of photons bias. Finally, the chem-
ical potential difference is associated with the population
imbalance Δμ = NpEc

2 (δ − δequil). In experiments, this
relation can be used to measure the chemical potential
difference between two cavity polariton condensates.

As shown in Fig. 11, the chemical potential-current
relation was performed by solving Eqs. (43) and (44)
numerically. At the very beginning, both the polariton
condensates are excited at a density ρe = 0.3 and the
atoms in each cavity are positioned at x = 1.6 μm.
EcN

p/� = 7.06 ns−1 and EJ/(�Np) = 6.29 × 10−4 ns−1

are the corresponding value of the energy parameters
with the intercavity tunneling amplitude K = 2π × 0.1
MHz. Then in one of the cavities, the atoms are moved
at a constant velocity with the average force F = 6.6
ns−1·μm−1, and at tf = 200 ns the population imbal-
ance between two cavities will be finally observed.

In Fig. 11(c), the dependence of the chemical potential
difference and the relative population on the velocity of
the moving optical lattice are shown, at vc = 0.48 μm/μs
which exhibits a sharp transition. When the velocity of
the moving lattices below the critical velocity, the system
takes an averaged constant phase difference between two
condensates with applied a finite photonic current source
δ̇equil, see Fig. 11(a). The chemical potential difference
is directly proportional to the time average of φ̇, that
is to say, Δμ/� = 1

tf

∫ tf

0 φ̇dt, in this case, it is locked

around zero. Thus a coherent photonic current δ̇ = δ̇equil

flows constantly through the cavities and finally achieve
a finite population imbalance. This is the d.c. photonic
Josephson effect, which can be measured in cavity exper-
iment. Additionally, δ̇equil exceeds the critical photonic
current ωJ when v > vc, as shown in Fig. 11(b), the pop-
ulation imbalance remains on a low average value and the
relative phase starts running. This lead to some photonic

Fig. 11 The chemical potential-current relation in the polariton
condensates. (a) and (b) Time evolution of the relative popula-
tion (solid line) and phase (dashed line) for v = 0.8vc (a) and
v = 1.5vc (b). (c) Dependence of the relative population (solid
line) and the chemical potential difference (dashed line) on the ve-
locity of the moving optical lattice. This diagram shows that there
exists a sharp transition with the critical velocity vc = 0.48 μm/μs.
Reproduced from Ref. [57], Copyright c© 2009 American Physical
Society.

current flows through the capacitive paths, which result-
ing in a finite chemical potential difference Δμ. The ac
Josephson effect of photons can be observed in this case,
that is to say the oscillations of population difference
between the two cavities.

By measuring the coherent photons transmitted from
each cavity with a standard photon counting system, the
dc and ac Josephson effects of photons can be observed
experimentally. In the atom-cavity system, the dynam-
ics of the atom-cavity system is quantum dissipative with
the atom-field interaction is in the strong coupling regime
[68]. The cavity photon lifetime τκ = 2π/κ ∼ 754 ns and
atom spontaneous emission lifetime τγ = 2π/γ ∼ 330
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ns determined the typical time scales of the dissipations.
Here, the operation time was chosen at tf = 200 ns. This
is corresponds to a couple of plasma oscillations with pe-
riod τp = 2π/ωp ∼ 100 ns within the above time scales.

The motion of the atoms is another aspect of our pro-
posal that should be considered. The atoms are confined
in a single lattice site by ramping up a tight optical lat-
tice in each cavity. The kinetic energy increasing rate of
the atoms should be smaller than the harmonic frequency
of the optical lattice when the external trap moved the
atoms in one of the cavities, thus the atoms could be
adiabatically moved. Moreover, the Bose–Einstein con-
densates of the atoms should coupled to the cavities as
shown in the recent experiment [61] to confine the atoms
in a single lattice site. As shown in the supplementary
notes of Ref. [61], the kinetic energy of the atoms then
can be neglected, which is valid for the wide line condi-
tion Erec � �Γ . Further, it was found that the energy
spectrum of the excitation will not affected by heating
of BECs.

5 Conclusions and perspective

In summary, we review our theoretical advances in quan-
tum tunneling of Bose–Einstein condensates by propos-
ing an experimental protocol to realize the so called non-
Abelian Josephson effect in spin-2 Bose system which
involves non-Abelian symmetry in the first place. We
find that the frequencies of pseudo Goldstone modes re-
late to both the coupling parameter and the interacting
strengthes, which is a nonlinear effect. These results are
of particular significance for exploring the novel features
of the non-Abelian Josephson effect which are very dis-
tinct from the Abelian case. Then we investigate the
quantum tunneling in optical lattices under gravity, and
we finally get the pure quantum tunneling at low temper-
atures. At last, we show how to implement the quantum
tunneling of coherent photons between two cavity polari-
ton condensates. Such protocol allow us to observe the dc
and ac Josephson effect of photons directly, which is of
great help to explore new phenomena of ultracold atoms
and cavity quantum electrodynamics. Additionally, our
proposal may be useful to realize quantum interference
devices in the future.
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