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The homotopy analysis method and Galerkin spectral method are applied to find the analytical
solutions for the Gross—Pitaevskii equations, a set of nonlinear Schrédinger equation used in sim-
ulation of spin-1 Bose—Einstein condensates trapped in a harmonic potential. We investigate the
one-dimensional case and get the approximate analytical solutions successfully. Comparisons be-
tween the analytical solutions and the numerical solutions have been made. The results indicate
that they are in agreement well with each other when the atomic interaction is weakly. We also find
a class of exact solutions for the stationary states of the spin-1 system with harmonic potential for

a special case.
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1 Introduction

In recent years, the experimental achievement of spinor
condensates [1-5] offers new regimes to study various
quantum phenomena that are generally absent in a
single-component condensate. For the F'=1 spinor con-
densate, such as 2*Na, 3K, 8"Rb, there are three degrees
of freedom represented by magnetic quantum number,
mg = —1, 0, 1 due to the vectorial nature. As a result,
the order parameter, or wave function, of the condensate
characterizing the F'=1 spinor condensate have three
components, denoted by ¥ = (11,%0,%_1)T, where T
denotes the transpose. Theoretically, the spin-1 BEC
was first studied by Ho [6], Ohmi and Machida [7] by
generalizing the Gross—Pitaevskii equation (GPE) under
the restriction of gauge and spin-rotation symmetry. The
multi-component GPEs describing the evolution of the
wave functions of the condensate can be obtained from
the derivative of the energy functional, ih%—f = 6(%?].
When the Zeeman terms are negligible, the energy func-
tional E[¥] is given by [6, 8]

spin-1 Bose-Einstein condensate,

Gross—Pitaevskii equation, homotopy analysis

ij%[fﬁw+vam

2m

E[¥] = /df{ P

+9 24 (1)
where m is the atomic mass, ¥ = (z,y, z) the Cartesian
coordinate vector, U(F) the external potential, /i the re-
duced Planck constant, p = Ei:_l [ta|? the particle
density. The coupling constants cg,cy govern the non-
linear interaction between different spin components of

2
the condensate and ¢y = % = %(ao + 2as),c0 =
_ 2
92290 — 4M (g, — ag). The suffixes 0, 2 denote the

total spin (for FF = 1, total spin 0 or 2 are possible
for bosons) and g = %(/{ = 0,2) characterize the
strength of the interaction between two particles having
a total spin of F' and it is related to the corresponding
s-wave scattering length as, which can be adjusted exper-
imentally by optical Feshbach resonance [9]. The usual
mean-field interaction cq is positive for repulsive inter-
action and negative for attractive interaction. However,
the energy functional shows that ¢y must be nonnegative;
otherwise, the system would collapse. The spin-exchange
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interaction c¢q is positive for anti-ferromagnetic (polar)
interaction [10] and negative for ferromagnetic interac-
tion [11]. (f) = ((fa), (fy), (f2)) is the spin vector and
(fa) = 2,1611271 Vi (fa)ti(a = z,y, z) are the spin den-
sity, where fy, fy, f. are the spin-1 matrices

] 0 0 . 0 -1 0
1

fm = = 1 1 ; fy = 7= 0 —1

2 2

V2 0 0 V2 1 0

1 0 O
fz= 0 0 O (2)

0 0 -1

From Eq. (1) the coupled field equations are obtained
in the form
oY1 { h?

ot 37 V2 U +cop+ ez + ol

ih

—|¢—1|2)]¢1 + et

0 K2 .
lﬁ% = { %VQ + U(7) + cop + ca(|t1]?

+|¢—1|2)] o + 2catp1hg V1

oYy
ot

h2
ih = [—%V2+U(F)+Cop+02(|¢o|2

e — |w1|2>]w1 PSR 3)

with the normalization condition Y5 _ | [ |1, |?d7 = N,
where N is the total number of atoms in the condensate,
and the asterisk denotes the complex conjugation.

In most cases, the confinement due to the magnetic
trap is well-described by a harmonic oscillator potential

1
UG = gmlwio® +wly? +wiz?) @)

with wg,w, and w, being the trap frequencies in the z-
, y-, and z-directions, respectively. In the disk-shaped
condensates, i.e., wy, = w, and w, > w,, the three-
dimensional (3D) GPEs can be reduced to 2D GPEs.
In the cigar-shaped condensates, i.e., wy, > w, and
w, > w,, the 3D GPEs can be reduced to 1D GPEs.

In this paper, we only consider the cigar-shaped con-
densates. By introducing the dimensionless variables ' =

wet, @ = x/ano, Y, = \/ai,/Nva(a = 0,£1), where

h

Aho = is the characterized length of harmonic
oscillator, and omitting the primes, we get the dimen-

sionless coupled GPEs from Eq. (3)

i% = Hoty + [Bon + Ba(|t1|? + |10
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—[_1 )] + Bty

i% = Hotoo + [Bon + Ba ([t + [v—1]*)]%o
+202t1 g1
i% = Hop—1 + [Bon + B2(|tbo|* + -1 /?

— 1)1 + Bad s (5)

with the normalization condition

1 400
3 / o, t)Pdz = 1 (6)

a=—1""

where n = Z(l)é:71 |¢a|2, Yy = Wy/wma'7z = Wz/waca BO =

comN VVy¥z __ 4AnN(ao+2a2) /Ty7V= ﬂ _ comN VYyV=z
h2ap, 2w - 3anho 2 0 P2 T RZan, 2w -
47 N(az—ag) /Yy V=
3ano 2 ) and
N 102 1
Hy=—=— + =2 7
20x2 2 (M

We also define the dimensionless magnetization per par-
ticle

“+o00
M :[ (Jou? = [p—1[?)dz, -1<M <1 8)

The dimensionless energy (measured by fiw, ) per particle
can be expressed as

e [T (35

B WIURYE + ai?Y-0) + 2 [l + o]

2
1 B,
+§$2|¢a|2) + —20 n?

210l (9 + 1) = 2Py ?] }d:z: (9)

It can be seen from above that all the physical pa-
rameters have been absorbed in the nonlinear param-
eter By and (2, which can be varied by tuning the trap
frequency and they are proportional to the number of
atoms. Calculations with the same [y and (2 can cor-
respond to results for different species, but in diverse
experimental conditions. We make the transformation
Vol t) = ho(x)e ot to seek the stationary-state solu-
tions to Eq. (5). Without loss of generality, we assume
that 1, (z)(a = 0, +1) are all real-valued. For simplicity,
we write the equations in matrix form

Hotp — b + BoAr ()¢ + Ba A2 (¥)¢h = 0

where 1) = (¢1,10,%_1)" (the tilde is already omitted),

w = diag(pa, o, p—1), p1, o, —1 are the chemical po-
tentials, which satisfy

(10)

po = (p1 + p-1)/2 (11)
Ai () = diag(n,n,n), n = S0 _ | %2, Ax(¢) is defined

as



Yu-Ren Shi, et al., Front. Phys., 2013, 8(3) 321
Ui+ 95 — 2, 0 Vg
Az ()= 0 Y7+ Y2 4+ 2910y 0 (12)
g 0 P2y + g — 7
I
Because of the degeneracy of the spin-1 BEC system, the Ho®(x,0) = A(0)(x,0) (14)

solution of Eq. (10) is probably not unique.

The theoretical studies of the condensate have been
carried out in several papers since the achievement of it
in experiments [12-23]. However, to our best knowledge,
there is little works on seeking the analytical solutions of
Eq. (10), which has a harmonic potential and the non-
linear interaction coefficients are constants. In fact, it
is a rather difficult task to find the exact solutions of
Eq. (10). In this paper, we apply the homotopy anal-
ysis method (HAM) [24, 25] and the Galerkin spectral
method to find the approximated analytical solutions of
Eq. (10). The HAM is an analytic approximation method
presented by Liao in 1992 [26] for solving nonlinear prob-
lems. By now, it has been widely applied to solve differ-
ent types of nonlinear problems in science and engineer-
ing [24, 25, 27-42]. We also obtain the numerical results
for the ground state solutions to Eq. (5) by the CNGF
method [20]. Comparisons between the analytical results
and the numerical results also have been done. The re-
sults show that they are in agreement well with each
other when the nonlinear interactions are not too strong.
Furthermore, we successfully find a class of ezact solu-
tions to Eq. (10) under certain conditions, which implies
that the HAM probably can be used to seek the exact
solutions for some nonlinear evolution equations.

2 The Homotopy Analysis Method

The HAM is independent of any small/large physical
parameters at all: one can always transfer a nonlinear
problem into an infinite number of linear subproblems by
means of the HAM. It also provides us a convenient way
to guarantee the convergence of solution series so that it
is valid even if nonlinearity becomes rather strong. For
interested readers, we refer to Refs. [24, 25] and relative
references for more details. As is done in the standard
HAM, we construct a homotopy

(1—q)(Ho® — A®) = qp[Ho® — A® + Bo. A (D) P
+ B Az (D) D] (13)

where & = &(x,q) = (F1,Fo,F-1)T, 4 = Aq) =
diag()‘la Ao, )\—l)a Fo= Fa(wa Q); Ao = )‘a(q)(a =0, :tl)a
g € [0,1] is the embedding parameter and p is an aux-
iliary parameter (an adjustable constant), called the
convergence-control parameter. When ¢ = 0, Eq. (13)
becomes

Eq. (14) is a set of linear Schrodinger equations with
harmonic potential for stationary state, thus @(x,0) can
be easily obtained. When ¢ = 1, Eq. (13) suggests that
Y(x) = P(x,1) and p = A(1). It can be seen from Eq.
(13) that as the parameter ¢ increases from 0 to 1, the
solution @(z,q) varies from @(z,0) to ¥ (z), so does the
A(q) from Ay = A(0), the initial guess of p, to p. If this
continuous variation is smooth enough, the Maclaurin’s
series with respect to ¢ can be constructed for @(z,q)
and A(q) respectively, and further, if all the series are
convergent at ¢ = 1, we then have

+oo
Y(@) = D(x,q)|g=1 = Po(2) + Y Bi()
k=1

+oo
p=A@)g=1 = Ao+ D A

(15)
k=1
with
1 0%d(x,q)
3 = _ - N2/
k(z) k' aqk o
= (FLi(@), Fo(@), Foy (@)
1 d¥A(q)
A = — = diag()\l,k, A0,k> A=1,k)
k! dgk =0
kE=0,1,2,--- (16)
being the k-th order deformation derivatives, where
1 OFF,(x,q)
E, . e VA
,k(l') k! dqk q=0
1 d*Aa(q)
Aajp = —=———F— , a=0=%1 (17)
ko dev |,

Note that @ (x) is a matrix that has three rows and one
column and Ay, is a diagonal matrix that has three rows
and three columns.

Differentiating Eq. (13) k times with respect to g then
setting ¢ = 0 and finally dividing them by k!, we gain
the k-th order deformation equation for @ (x)

k=0: ﬁ0¢0:A0¢0
k=1: Hy® — Ag® — Ay By = p(BoFo + B2G0)
. k—1
k>1: Ho((ﬁk—(ﬁk_l)—l—z /lj((ﬁk_l_j—ék_j)—/lk by
=0
k—1

=p | Ho @1 — Z A Pp—1—j+BoFr—1+02Gk—1 | (18)

=0
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in which 7y = (Fi ke, For, Fo1.6)"s G = (G1.k Gooks
gfl,k)Tv where
k k—j
:Z Fn ZFalFakjlv H—lo
j=0 1=0 a——1
k k—j
gmzzz i (FLiFy e—j—1 + Fou Fok—j—t
=0 1=0
—F 1 F 1 —j) + Fo1jFo 1 Fok—j—
k k—j
Gor = ZZ Foj(FiuFy j—joi + Fo1F oy o—jy
j=0 1=0
+2F  F 1 e—ji)
k k—j
Gk = Z Z Fo1j(Fo1aF oy p—jmt 4 FouFok—j—i
=0 1=0

— F1Fy i) + FijFo i Foe—jt (19)

The system of Eq. (18) is a recursive one, which means
we can get @1(x) once Py(x) is given; furthermore, we
can get @3(x) when both @y(z) and @;(x) are derived,
and so on. Unfortunately, only @y(z) can be obtained
easily although all the equations are linearized. It is
rather difficult to obtain the exact solutions for @ (x)
when k£ > 0. Here, we use the Galerkin spectral method
to find the approximate analytical solutions for ¥y to
Eq. (18). We note that a similar procedure is also em-
ployed in Refs. [41, 42], where this approach is named
the spectral-homotopy analysis method.

For a given k, suppose that &;(x) and 4; (j =
0,1,---,k—1) have been derived and we now find @ (x)
and Ai. We consider a basis of functions, {¢;(z)|l =
0,1,---, L}, perhaps satisfying some set of boundary con-
ditions over the interval (—oo,400), which is complete
enough for expanding the unknown function over that
interval to sufficient accuracy. For simplicity we assume
that these functions form an orthonormal basis for the
space. It is a natural choice to take ¢;(x) as the eigen-
functions of the 1D harmonic oscillator

di(x) = e~ 2Hy(x)/1/ 21V,

where H;(z) is the Hermite polynomial with order I. The
basis functions {¢;|l =0,1,---, L} form an orthonormal
set which satisfy

1=0,1,---,L (20)

+oo
@lo5) = [ antaos(a)ds =i (21)
and
Hodu(z) = (1 +1/2)¢u(x) (22)
All the unknown functions @ (x) (k =0,1,---) now can

be expressed as the linear combination of the basis func-
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tions

), a=0,+1; k=0,1,2,-

L
= ZAa,k,l¢l (x

=0
(23)

where A, are expansion coefficients, under which the
boundary conditions Fy, ;(x) = 0 are satisfied automati-
cally.

For the case of & = 0, the first equation in Eq. (18)
can be rewritten as

HoFpo(2) = AaoFao, a=0,%1 (24)

from which we can choose Fy o(x) = Aa,0,000(z) with
AQOZ—O(Z>O) aHdAao—— (OA—O :l:l)
For k£ =1, we have
Aa,l,l(l + 1/2) - Aoz,OAAoz,l,l - >\a,1Ao¢,0,0 <¢0|¢l>
= pCa0.0 ($561)

a=0,£1;1=0,1,---,L (25)
from which one can get
boo = L0 () = IR0
and
Aurs = pCa,o,ol<¢8|¢l>
0, [ is odd
= 15 (] —
pc\}o;_io (= )l\/(2ll_l DE , liseven
l=1,2,---,L (27)
where

1

C10,0 = BoAi0,0 Z Ai,o,o + 52(14%,0,0 + A(QJ,O,O

a=-—1

2 2
— AZ4 0,0)A1,0,0 + B2A4-1,0,045,0,0

1
Co,0,0 = BoAo,0,0 Z Ai,o,o + 52(14%,0,0 + A2—1,0,0

a=-—1

+ 241 0,04-1,0,0)40,0,0
1

C-1,00 = foA-1,0,0 Z AZ o0+ B2(A

a=-—1

100+A000

— A% 0.0)A1.00 + B2A1.0045 0,0 (28)

The coefficient A, 1,0 can not be determined by now.
Without loss of generality, we may adopt Aq 1,0 = 0 be-
cause they can be combined with A 0,0, which will be
determined by the normalization condition (6), the mag-
netization (8) and the relation between py, o and p_1,
ie., Eq. (11), together. (Note that if the jth component
of the wave functions is zero, then Eq. (11) is no more
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valid and it should be replaced by [ |[¢;|*dz = 0.) For
the same reason, we take Ay k0 =0 (k> 1).

The similar way can be used to find @y (z) and Ay
when k& > 1. As k or L increase, however, the com-
putational quantity will increase rapidly. Fortunately,
the procedure described above can be implemented eas-
ily with the aid of symbol calculation software, such as
Maple or Mathematica. Finally, at the Kth order ap-
proximation we have the analytical solution

K
b(x) = R () = Bo() + ) By(x)
k=1

K

prp = Ao+ > Ay
k=1

(29)
which can be written in an explicit component form

K
wa(w) ~ Fa,O(x) + Z Fa,k(w)
k=1

K

Mo =~ )\a,O + Z )\a,k(x)a
k=1

a=0,+1 (30)

It is worth remarkable that the Gauss-Hermite quadra-
ture, employed in Refs. [43, 44], is also used, which makes
our method more efficient to implement by the computer
algebraic software.

3 Results and discussion

To verify the accuracy of the HAM descried above and
to explore the behavior of the spin-1 BEC system, we
consider two systems that their stationary states can be
obtained numerically. The two systems are composed by
87Rb and 2?Na in the F = 1 hyperfine state and have
repulsive atomic interactions. The numerical results are
obtained by the CNGF methods [20]. In practice, we take
M = 0.2 to perform the computation of HAM.

When the spin-1 BEC system is composed of 8"Rb
atoms, then m ~ 1.445 x 1072° kg. The frequencies
of the external magnetic potential can be adopted as
wy = 27 x 40 Hz, wy = w, = 27 x 130 Hz [45]. Other
parameters are taken to be I ~ 1.05457 x 10734 J.s,
ag = 10ap =~ 0.52917 nm, ay = 2ap ~ 0.10583 nm, where
ag =~ 0.052917 nm is the Bohr radius. Thus we have
Bo ~ 9.420 x 107N and 3y ~ —5.383 x 10~*N, which
indicates that 8y ~ 9.4 and $» ~ —5.4 when N = 10%.
Under this case, it is obviously that the atom-atom inter-
action is repulsive and it increases as the total number of
particles increase. On the other hand, the spin-exchange
interaction is attractive, which can reduce the nonlinear
interaction among atoms. If we use 2>Na as an exam-
ple, then m ~ 3.8194 x 10726 kg. We take ag = 6ap and
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as = 10ap, other parameters are adopted as before, then
Bo ~ 8.994 x 1074N and (32 ~ 1.384 x 10~4N, suggests
that By =~ 9.0 and (s ~ 1.4 when N = 10%. Clearly, both
the atom-atom interaction and the spin-exchange inter-
action are repulsive and the interaction increases as the
total number of particles increase. The spin-exchange in-
teraction can enhance or debase the nonlinear interaction
among atoms.

In the frame of HAM, the solutions are expressed as
a series of basis functions. Note that the solutions con-
tains the adjustable parameter p, which provides us with
a simply way to adjust and control the convergence of
the solution series. In general, by means of the so-called
p-curve, it is straightforward to choose an appropriate
range for p which ensures the convergence of the series.
In Refs. [31, 35], the authors proposed an optimal HAM
to find the “best” p by minimizing the residual error.
However, for our method described above, the compu-
tational quantity is terrible to perform such a calcula-
tion, especially for larger K and L. In this paper, we
use two steps to find the values for p. Firstly, we find
a rough value of p by observing the p-curve. Secondly,
we adjust p to change the magnitude of the residual er-
ror. The value for p is accepted when the residual error
is small enough. If the residual error can not be small
enough, we have to increase the value of K to find the
higher order approximation solutions. By this approach,
the value of p is an “acceptable one” but not the “best
one”. It should be remarkable that one of the difficulty
in the HAM is to prove the convergence of the series. In
Refs. [36-38], the author made some efforts to present a
rigorous mathematical approach to show the convergence
of the obtained series. It is very important to guarantee
the convergence of homotopy-series. Once the series are
convergent, the solutions obtained by the HAM has con-
verged to the exact solutions. However, it is a pity that
there do not exist any mathematical theorems which can
guide us in details how to construct a good enough ho-
motopy for any a given nonlinear equation. In theory,
the convergence of homotopy-series is strongly depen-
dent upon the initial approximation and the auxiliary
linear operator as a whole [25].

In practice, we find that as the nonlinear interactions
increase, the interval of convergence becomes smaller and
smaller. Thus, our method described above fails to give
a good result when the nonlinear interactions is large
enough. This can be understood as following. When the
nonlinear interactions become stronger, the interaction
energy among atoms is much greater than the kinetic en-
ergy, which can be neglected under this case. Therefore,
the auxiliary linear operator and the initial approxima-
tion we chosen can no longer be a good choice, which
leads the present approach is no good for stronger inter-
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actions.

Figure 1 shows the numerical values of the energy
E per particle and the chemical potential w1, given by
the CNGF method [20] with 2049 grids in the interval
x,y € [—6.4,6.4], and the analytical results, obtained by
the HAM described above, for different values of 3y and
f2. In Fig. 1(a) and (b), B2 < 0, while 3> > 0 in Fig.
1(c) and (d). The values of p we choose can ensure that
the series are convergent. For the case of #2 < 0, both
the numerical results and the analytical results provide
that po = p—1 = p1. However, this is not necessarily the
case if f3 > 0. When both [y and (5 are positive, the
numerical results exhibit that the ground state solutions
satisfy 1o(z) = 0, which is confirmed by the analytical
results. Under this case, p is undefined and Eq. (11) is
no more valid.

It can be seen from Fig. 1(a) and (b) that the ana-
lytical results are very close to the numerical results as
Bo + P2 is small. When [y (82) is fixed, the difference
of the chemical potential between the analytical results
and the numerical results increases as B2 (fy) increases.
While it is not obvious that the error of energy E varies
as the chemical potential does. In the cases of Fig. 1(c)
and (d), we find that the chemical potential p; is no
longer equal to u_; for the ground state solutions. The
values of 1 and pu—_; depend on the magnetization M.
In Fig. 1(c), one can see that the analytical dimension-

(@) 3.5
£o=10.0
M=0.2

3.0+
2.5
2.0
1.54
1.0

0.5 Analytical results

—— Numerical results

0.0 T T
9.0 -75 -6.0

45
)

0.0

(© 22

« Analytical results
Numerical results

00 05 10 15 30 25

B

3.0
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less energy is agreement very well with the numerical
results. The difference between the chemical potential
of the numerical results and the corresponding analyti-
cal results are also small (~ 0.01) and the relative error
is less than 0.1%. For the case we considering in Fig.
1(c), the chemical potential p; (p—1) approximately in-
creases (decreases) linearly as (2 increases. In Fig. 1(d),
one can also see that the error increases as [y increases,
just as shown in Fig. 1(b). The densities of the wave
functions 1, (z)(c = 0, £1) given by our method and the
corresponding numerical results, derived by the CNGF
method, are shown in Fig. 2 for different values of (3
and (. It also can be seen that the analytical results are
in agreement very well with the numerical results when
Bo + P2 is not too large. We note that the density at the
center of the trap is lower for bigger values of Gy + (s,
which is expected because of the corresponding higher
inter-particle repulsion.

From Fig. 2, one can see clearly that the error, mainly
induced by the truncation of the HAM and the spectral
Galerkin method (the round-off error is small enough
that can be neglected), increases as the value of Gy + (o
increases. An effective way to decrease the error is in-
creasing K when L is large enough, but the computa-
tional quantity will increase rapidly. To see this more
transparent, Table 1 lists the difference between the nu-
merical results and the analytical ones for different orders

(b) 3.5

pr="1.0
M=0.2

3.04
2.5
2.04
1.5

1.04

+ Analytical results
—— Numerical results

0.0 T T T T
2.0 4.0 6.0 8.0

Bo

10.0

@

2.5

2.0

1.54

1.04

Analytical results
—— Numerical results

0.5 T T T T T T
1 2 3 4 5 6 7 8

Bo

Fig. 1 Comparison of the chemical potential and energy between the numerical results (solid line), given by the CNGF method,
and the analytical results (dotted symbol), given by the HAM, for different values of Bp and (B2. In (c), the energy per particle
versus (2 is shown in the subplot. The parameters are taken as K = 4 and L = 8.
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Fig. 2 Comparison of the densities of the matter wave between the numerical results (solid line), given by the CNGF
method, and the analytical results (dotted symbol), given by the HAM, for different values of o and (2. One can see that
the error increases as the nonlinear interaction increases. The parameters are taken as K =4 and L = 8.

of the HAM approximations K, where the number of ba-
sis functions used in the spectral Galerkin method is fixed

as L = 8. In Table 1, we define ¢ = max [N (25)? —
a=0,%+1
A )2 — ‘wa(m])2 w (11) | _
Yo (z;)?] and €, = wgé?%’ém NG to mea
a=0,%1

sure the magnitude of density difference between the nu-
merical results and analytical ones, the superscript N and
A denotes numerical result and analytical result, respec-
tively. € and €, can be regarded as the maximum absolute
error and relative error of the particle densities. It can
be seen from Table 1 that the error decreases as the or-
der of the HAM approximations increases. One can also
see that the error increases as the nonlinear interactions
Bo + (2 increases, just as we can see from Figs. 1 and 2.
When the atomic interactions is strong, i.e., By + (2 is
large enough, we have to take larger K and L to obtain

an appropriated result, which will take a long time to
perform such a calculation.

When §y+ (2 = 0, the HAM provides a class of exact
solutions to Eq. (10), which read

1+M 1— M2

2

¢o(r), to(z)= do(x)

17

Yo1(x) = do(x)

with g1 = po = p—1 = 1/2. Solution (31) is the ground
state solution with the Gaussian profiles for a set of lin-
ear Schrodinger equations that has a harmonic potential.

(31)

One can note that the coefficients of atom-atom interac-
tion and spin-exchange interaction, i.e., Gy and s, are in
absence of the expressions. The reason is that the atomic
interaction are exactly balanced by the spin-exchange
interaction when (y + f2 = 0. Heuristically, under this

Table 1 Comparison of the analytical results with the numerical results of chemical potential and energy E for different values of K
with Bp = 10. The superscript N and A denotes numerical result and analytical result, respectively.

B2 = —4 (BN =1.45203) Bo=—1 (EN =1.82941)

K EA |EN — E4| € er (%) p EA |EN — EA| € er (%) P

1 1.48313 0.03110 2E-2 63.86 -0.55 1.91422 0.08481 3E-2 80.53 -0.48
2 1.45551 0.00348 5E-3 25.28 -0.68 1.86209 0.03268 2E-2 43.39 -0.70
3 1.45267 0.00064 3E-3 5.52 -0.71 1.83132 0.00191 4E-3 7.76 -0.70
4 1.45228 0.00025 3E-3 2.11 -0.705 1.83156 0.00215 6E-3 5.82 -0.615
5 1.45208 0.00005 8E-4 0.99 -0.65 1.83012 0.00071 2E-3 3.15 -0.55
6 1.45206 0.00003 TE-4 0.99 -0.685 1.82978 0.00037 2E-3 1.84 -0.50
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condition, we also obtain a set of excited state solutions
to Eq. (10)

1—M?
)

1+M
0 (e),

1-M
s o

Yi(z) = Yo(z) =

poa(x) = (z) (32)

with 3 = po = p—1 =v+1/2 (v =1,2,3, ), where v
is a quantum number. Solutions (32) cannot be obtained
by the CNGF method because this approach is designed
to seek the ground state solutions of the spin-1 system.

The HAM is usually used to find the approximate so-
lutions for nonlinear problems. But now, we find that
it may be applied to seek the exact solutions for some
nonlinear evolution equations.

4 Conclusion

In summary, an analytical approach based on the ho-
motopy analysis and Galerkin method is adopted to
find the approximate analytical solutions of a set of
Gross—Pitaevskii equations, which is used to describe
the dynamical behavior, based on the mean-field theory,
of spin-1 BEC in a harmonic potential. Comparisons be-
tween the analytical solutions we got and the numerical
results, obtained by the CNGF method, have been made.
The results indicate that our results are agreement very
well with the numerical results if the nonlinear inter-
action is not too large. We also obtain a class of exact
solutions to the GPEs with harmonic potential for a
special case, which implies that the HAM may be ap-
plied to find a class of exact solutions for some nonlinear
evolution equations. The method used in this paper can
be generalized to solve many nonlinear mathematical
physics problems in various fields.
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