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We propose a scheme to coherently control spin squeezing of atomic Bose—Einstein condensate
(BEC) via the technique of electromagnetically induced transparency (EIT). We study quantum
dynamics of the mean spin vector and spin squeezing. It is shown that the mean spin vector and

spin squeezing of the BEC can be controlled and manipulated by adjusting the external coupling
fields or/and internal nonlinear interactions of the BEC. It is indicated that the spin squeezing can
be generated rapidly in the dynamical process and maintained in a long time interval. It is found
that a larger effective Rabi coupling between atoms and lasers can produce a stronger spin squeezing,
and the squeezing can maintain a longer time interval.
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1 Introduction

Many-body quantum mechanics offers the possibility to
overcome the single particle limit by the use of entangle-
ment as a resource [1-3]. Spin squeezing [4,5] is one ex-
ample where entanglement provides a resource for quan-
tum enhanced metrology [6]. For atomic two-level sys-
tems the concept of spin squeezed states and a mecha-
nism to obtain them was introduced by Kitagawa and
Ueda [7]. One year later Wineland et al. pointed out
its potential usefulness for atom interferometry [8]. The
basic idea is to use a quantum correlated spin state for
Ramsey type interferometry in which the quantum fluc-
tuations in the different spin directions are redistributed
[9]. Atomic spin squeezing has already been experimen-
tally demonstrated in vapor cell experiments [10-13], ion
traps [14] and Bose-Einstein condensates (BECs) [15,16].

Recent studies indicate that there is a close relation be-
tween spin squeezing and quantum entanglement [17-21].
The advantage of spin squeezing over the well-known en-
tanglement measures, such as concurrence and negativity

spin squeezing, atomic Bose—Einstein condensates via electromagnetically induced

is that spin squeezing can be used as a measurement of
many-partite entanglement [22-24]. The interest in spin
squeezing arises not only from the fact that it exhibits
reduced fluctuations of the collection of atomic spins be-
low the potential spin noise limit, but also from the pos-
sibility of interesting novel applications in high-precision
spectroscopy [8] and atomic clocks [25].

Atomic BECs have become almost routinely available
in the laboratory. They provide us with large coher-
ent ensembles of ultra-cold atoms which can be used
to generate spin squeezing and perform quantum state
manipulation from an exquisitely well-controlled initial
state. There have been several proposals of how to en-
gineer spin squeezing in BECs [17,26-29]. Sgrensen et
al. proposed a scheme for creating massive entangled
spin squeezed states from a two-component condensate
using the inherent atom-atom interactions [17]. Micheli
et al. further investigated a scheme to dynamically cre-
ate many-particle entangled states of a two-component
BEC [26]. Zhang et al. considered a scheme that can cre-
ate massively entangled states of BECs using an effec-
tive interaction between two atoms from coherent Ra-
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man processes through a (two-atom) molecular inter-
mediate state [27]. Jin and Kim [28] proposed a simple
scheme for storage of spin squeezing in a two-component
Bose—Einstein condensate [30]. The purpose of this paper
is to propose a scheme of controlling of spin squeezing
in atomic BECs via electromagnetically induced trans-
parency (EIT) technique [31-33]. We show that quan-
tum dynamics of atomic spin squeezing in BECs can be
coherently controlled and manipulated by appropriately
adjusting the external laser fields or/and internal inter-
atomic nonlinear interactions.

2 Physical model and solution

We consider a cloud of BEC atoms which have three
internal states labeled by |1), |2), and |3) with ener-
gies F1, Fs, and Ej3, respectively. The two lower states
|1) and |3) are Raman coupled to the upper state |2)
via two classical laser fields of frequencies w; and wo
in the Lambda configuration, respectively. The inter-
action scheme is shown in Fig. 1. The atoms in these
internal states are subject to isotropic harmonic trap-
ping potentials V;(r) for i = 1,2,3, respectively. Fur-
thermore, the atoms in BEC interact with each other
via elastic two-body collisions with the d-function poten-
tials Vi;(r — ') = Uy;0(r — v'),where Uy; = dmwh?aif/m
with m and ajj being the atomic mass and the s-wave
scattering length between atoms in states ¢ and j, respec-
tively. A good experimental candidate of this system is
the sodium atom condensate for which there exist ap-
propriate atomic internal levels and external laser fields
to form the Lambda configuration having been used to
demonstrate ultraslow light propagation [34,35], ampli-
fication of light and atoms [36] in atomic BECs, and
generation of entangled squeezed states [37].

Fig. 1 Three-level Lambda-type atoms coupled to two classical
laser fields with the two-photon detuning A.

The second quantized Hamiltonian to describe the sys-
tem at zero temperature [38,39] is given by

H=H,+H,  +H. (1)

where H, gives the free evolution of the atomic fields,
ﬁa,l describes the dipole interactions between the
atomic fields and laser fields, and H, represents inter-
atom two-body interactions.

The free atomic Hamiltonian is given by

~ 3 N h2 9 .
=3 [dwilie) |-gne Vi) + B i)
@)

where F; are internal energies for the three internal
states, ¢;(z) and ¢! (z) are the boson annihilation and
creation operators for the |i)-state atoms at position
x, respectively, they satisfy the standard boson com-

mutation relation [z/;l(w),iﬁ;(:c’)] = 0;;0(x — 2') and

[fi(@), $;(2")] = 0 = [} (@), 4} (@")].
The atom-laser interactions in the dipole approxima-
tion can be described by the following Hamiltonian

N 1 o o .
ot = 5 [ dal@il(@)in (@)t

+ 208 () ihg (@)e! R =2t 4 [ ] (3)

where .Ql = 7#2151/5, and .QQ = 7#2352/h are the Rabi
frequencies of the two laser beams with p;; denoting a
transition dipole-matrix element between states |¢) and
|7), k1 and ko are wave vectors of correspondent laser
fields.

The collision Hamiltonian is taken to be the following
form

2 3 ) R ) R
7= 2 [aa Y- i@ @i@iie)
+Z2af;z&3<w>¢;<w>z&i<w>¢j<w>] (1)
i#£]

where aj¢ is s-wave scattering length of condensate in
the internal state |i) and ajf between condensates in the
internal states |i) and |7).

For a weakly interacting BEC at zero temperature
there are no thermally excited atoms and the quan-
tum depletion is negligible. The motion state is frozen
to be approximately the ground state. One may ne-
glect all modes except for the condensate mode and
approximately factorize the atomic field operators as
Vi) ~ bd;(x) where ¢;(x) is a normalized wavefunc-
tion for the atoms in the BEC, which is given by the
ground state of the following Schrodinger equation:

h2
—%VQ +Vi(x) + E;i | ¢i(x) = hvii(x) (5)
where hv; is the energy of the mode 1.

The valid conditions of the single-mode approximation
were demonstrated in Refs. [40-43], which indicate that
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this approximation provides a reasonably accurate pic-
ture for weak many-body interactions. Substituting the
single-mode expansions of the atomic field operators into
Egs. (2)—(4), we arrive at the following three-mode ap-
proximate Hamiltonian

H = hz I/ZlA)jl;Z — h(gllggi)leiiwlt

3
Faablhse et 4 He) + S bR
=1

i#£]
where the linear interaction between different BEC com-
ponents is described by tunneling coupling constants de-
fined by

5= 5 [ degi@)on(e)e s 7

which is the Rabi frequency for the transition between
the state |2) and state |i) (¢ = 1,2). And nonlinear in-
teractions among atoms are described by the following
coupling constants

2mh2ase
n =T [ dafoe) ®)

Amh2as¢
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which characterize the strength of the interatomic in-
teraction in each condensate and between two different
BEC components. They can be manipulated by Fesh-
bach resonances. We note that an analogous three-mode
Bose-Hubbard model has been discussed for BEC in a
special optical lattice potential [44].

Going over to an interaction picture with respect to

3
HO = ﬁVl Z lA)le)Z + h(wl - WQ)IA);)Bg + hwllgi)g (10)

i=1

we can transfer the time-dependent Hamiltonian (6) to
the following time-independent Hamiltonian

ﬁ[ = hAlA)glA)Q — h[gllgl;l + ggi)éi)g + HC]

3
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(11)

where A = vy — ] —wy = V9 — V3 — wy is the two-photon
detuning of the two laser beams.

We consider the situation of the ideal EIT which is
attained only when the system is at the two-photon res-
onance with the two-photon detuning A. Initially the
lasers are outside the BEC medium in which all atoms
are in their ground state. The condensed atoms are gen-

erally in a superposition state of two lower states when
they are in EIT. However, when the coupling laser is
much stronger than the probe laser, atomic population
at the intermediate level approaches zero while the up-
per level is unpopulation. Hence, under the condition of
(91/92)® < 1, the terms that involve bby in Hamiltonian
(11) may be neglected. After adiabatically eliminating
the atomic field operators in the internal states |2), from
Hamiltonian (11) we obtain by = (g1b1 + g2b3)/A and
b = (g7l + g3bL)/A. Then, we can obtain the following
effective Hamiltonian:

Hupy = Wbl + Wbl + MbPE + A DPE

+2X13b1b1bLbs + (g'bLby + H.c.) (12)

which contains only atomic field operators in internal
states |1) and |3). Here we have set i = 1 and intro-
duced
2 2 *
;o , gl ,_ 9195

wl - A ’ w3 - A 9 g = A

The analysis of the effective Hamiltonian can be
greatly simplified by the introduction of the angular mo-
mentum operators:

(13)

Jo = = (blby +b1bs),

N = N~

- = 5 (Bhbs — bbn)
The Casimir invariant is J2 = N(N + 1/2) with N =
bgb3 + bibl being the total number operator. In terms of
angular momentum operators the effective Hamiltonian
(12) may be rewritten as

Hepp=xJ? +6J. + QuJp + 0,J, (15)

where 2, = Re(2¢’) and 2, = Im(2¢’) are the real Rabi
couplings, and we have introduced the effective nonlin-
earity and effective detuning denoted by

X =AM+ A3 — i3

§=wh—wi+ Az —A)(N 1) (16)

Note that the effective nonlinearity x can be achieved
by the proper engineering of the scattering lengths via
Feshbach resonances. In the following, we choose the two
Rabi frequencies to be real, and then the effective Hamil-
tonian can be reduced

Hlpp=xJ2+06J. + 00, (17)

It is important for the following discussion to observe
that the independent control of the Rabi pulses charac-
terized by wh, wi and Q, can be well carried out experi-
mentally.

In general, it is difficult to treat the Hamiltonian (17)
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in an exact way because of the presence of nonlinear in-
teractions between the atoms and the lasers. Here we use
secular approximation that enables one to obtain approx-
imate results in closed form. For convenience we define
a new set of angular momentum operators obtained by
rotation around the y axis [45]:

R, 0 1 0 Je
R = | —sinp 0 cospy J, (18)
Rz cosn 0 sinn jz
where the auxiliary parameter 7 is defined by
sinng = __0 cosn = _ (19)
T E e e
Then, we have
R+ = —isin njm +icos njz + jy
R_ =isinnJ, —icosnJ, +J, (20)

In terms of the R operators, the Hamiltonian (17) can
be rewritten as
i

where Hy and H; are given by
o 3 X  2.1hp P 0212
Hy = (2ysecnR, + 7 cos n{Ry,R_} + xsin” nR:
Hy = xcosnsinn{R., R,} — %COSQ 77(1%3_ +R?) (22)

where {R;, R;} denotes the anti-commutator. Clearly Hy
is diagonal in the representation consisting of the eigen-
states |5, & —m) of R, and R? = R2 + Ri + R? with
the eigenvalues given by

N(N/2+1 N
( /4+ >cos277+.(2:,3 <?m>secn

N 2
+x <1 — 2608277) <? m>

In the secular approximation we neglect the off-diagonal
term H; in the Hamiltonian (21). Hence the wave vector
at arbitrary time |¢(¢)) under Hamiltonian evolution is
formally written as

[(t)) & e~ ot/ P 1y (0))

E(m) =x

(23)

(24)

3 Dynamics of spin squeezing

In this section, we study how to manipulate quantum
dynamics of spin squeezing by EIT technique. We show
that the spin squeezing of the BEC can be controlled
by changing characteristic parameters of the condensed
atoms and lasers in the EIT system.

Firstly, we investigate quantum dynamics of the mean

2013, 8(1)

spin vector. It is important to study the mean spin since
we regard the spin as squeezed only if the variance of
one spin component normal to the mean spin vector is
smaller than the standard quantum limit. Suppose that
the initial state of the BEC |¢(0)) is a microscopic su-
perposition state of N-atom wave function of the BEC

|40 szZ

which can be prepared by applying a short /2 pulse to
a single-component BEC with all the atoms being in the
internal ground state |1) [46,47]. With the laser fields
turned on at t = 0, then at time ¢t > 0 the state of the
system becomes

W)(t» — 27N/2 —ixtcos? nN(N/2+1)/4

X Z \/E _“’mt|

N N

|22

o o m) m)  (25)

- —m (26)

where C& = N!/[m!(N—m)!], and the running frequency
is given by
N N ?
O = (secn <? — m) +1n'x <5 — m> (27)
where we have introduced the parameter ' = 1 —

3 cos? 1.

According to the definition of spin squeezing, at first
we need to know the expectation values (J;) for i €
{z,y, z}. After a short calculation, we can easily obtain

the following results:

>

(J.) = 5 cos™ (1 xt) cos(2,secnt)
7\ N N—1/,1 .

(Jy) = 5 cos (' xt) sin(£2ysec nt)

(J.) =0 (28)
which means that the polar angle § = arccos ((jz ) =
/2, and the azimuth angle ¢ is

5 arccos (R<SJ:;>9) = (. tsecn (J,) >0

| 27 — arccos (Iégfrfe) =21 — Qutsecny  (J,) <0
(29)
where R is the length of mean spin defined by

R= + (Jy)2 + ()2

= — ‘cos (77 xt)’ (30)

If we denote the mean spin direction by n3 and the
other two directions perpendicular to it are denoted by
n1 and mo, respectively, then the directions can be writ-
ten in spherical coordinates as
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n —sing cos¢ 0
ny | = 0 0 1 (31)
n3 cos¢ sing 0

which indicates that the mean spin direction at time ¢
can be controlled by the azimuth angle ¢, i.e., by chang-
ing parameters of the BEC-laser system (2, and 4.

From Eq. (28) we can see that the mean spin vector
moves in the x—y plane, and satisfies the following equa-
tion of motion

<jﬂc>2 + <jy>2 = R? (32)
From Egs. (30) and (32) we can see that the mean spin
length changes periodically with respect to the time evo-
lution, and the maximal value of the mean spin length is
Rpax = N/2, which is determined by the number of the
condensed atoms. The evolution period can be manipu-
lated by changing the internal parameter of the BEC x
and the coupling parameter of the external laser fields
cosn. In Fig. 2, we plot the mean spin length R for var-
ious {2, as a function of yt.

5
\ | e
41 14\ - 02,720 |
N Q1o |
31
R |
A
29 |\,
1{ -\
S\
0 —
0 4

Fig. 2 The length of the mean spin R for various {2, as a function
of xt with the total number of atoms N = 10.

In particular, from Eqs. (28)-(32), we can find that
when the condition 1’ = 0, i.e., cos?n = 2/3 is satisfied,
the evolution equation of the mean spin can be rewritten
as the following form:

d{J)

N
a %

(J) (33)
where 2 = \/g 2, n is the precessing frequency. There-
fore, given the condition cos?n = 2/3, the evolution of
the mean spin vector can be regarded as a precession
around the z axis in the z—y plane. The value of the pre-
cessing frequency {2 is only determined by the value of
£2;, which can be controlled by adjusting the laser-atom
interaction and the two-photon detuning. In Fig. 3 we

plot the precession of the mean spin vector during the
BEC evolution.

U

o]

X

|
|
|
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Fig. 3 Precession of the mean spin vector in the BEC time evo-
lution when cos? 7 = 2/3.

Having studied the mean spin dynamics, we now con-
sider the degree of spin squeezing which was first defined
by Kitagawa and Ueda [7], and the spin squeezing pa-
rameter is quantified by
52 — 4(AJ774)2

N
where the subscript 77, refers to an axis perpendicular to

(34)

the mean spin direction ng, in which the variance (AJ)?
is minimal, and J;, = J -7, . The inequality &2 < 1
indicates that the system is spin squeezed.

In order to obtain the spin squeezing parameter £2,
we have to calculate the variance (AJz )2 which can be
expressed as [48,49]

(A, = 5(C— VA4 )

where the three parameters A, B and C are defined by

(35)

A= (J2 —J2).B={Ja,Ja})
C=(J3 +J3,) (36)

where Jz, = —J, sin¢ + J, cos ¢ and Jg, = J..
It is easy to see that the three parameters A, B and C'

can be expressed in terms of the three expectation values
(J2), (J2) and (J4(2J. + 1)) as follows:

A= % { g <g + 1) - 3<j3>] — cos(2¢)Re<ji>}
7% sin(26)Im(J2)
B = —sin¢Re(J; (2J. + 1)) + cos gIm(J (2], + 1))

=3 {[3 (5 +1)+ )] - costearmer}

—% sin(2¢)1m<ji> (37)
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For the wave function given by Eq. (26), it is straight-
forward to get the following mean values:

- N
(J2) = ”y
(72) = T2 oo o2y 1)
(J4(2]. +1)) = wei‘b cos™ 2 (' xt)
x [cos(nxt) — e X! (38)
_ Using these angular momentum relations [48] <j§ +
Iy o= F(F+1) = (), (7 - J)) = Re(J),

(s Jyl+) = D0 2), (1, o)1) = Re( (2. + 1) and
([Jy, J2]+) = Im(J(2J, + 1)), after some tedious calcu-
lations, we further obtain

A= N(NT_”[I —cos™ (20 xt)]
B= W[COSN (0 xt) sin(y'x1)]
ooaslt -

In order to show that spin squeezing can be controlled
and manipulated with the external coupling fields in-
stead of the internal nonlinearity of the BEC, substitut-
ing these results into Eqs. (34) and (35), we can numer-
ically calculate the spin squeezing parameter £2 against
the scaled time xt. In Fig. 4 we plot the squeezing pa-
rameter ¢2 calculated numerically for the effective Rabi
coupling (2, as a function of x¢. From Fig. 4 we can see
that the spin squeezing can be generated rapidly in the
dynamical process and maintained in a long time inter-
val. A larger effective Rabi coupling §2, can produce a
stronger spin squeezing, and the squeezing can maintain
a longer time interval. The optimal point of spin squeez-
ing, i.e., the point of the minimal value of £2), can be
reached rapidly after beginning the dynamical evolution
of the system.

1.0
0.8
2,30y
Q.=20y
0-61 — 2.=10y
S
0.4
0.2
0.001  0.002
. t
0.0 B2 ; —
0 0.01 0.02 0.03

xt

Fig. 4 £¢2 as a function of xt for different 2., where we have
chosen the total number of atoms N = 50000.

The inset in Fig. 4 shows the magnification of the spin
squeezing regime around the optimal point of the spin
squeezing. We can see that the BEC can rapidly reach
the optimal spin squeezing state in a short-time interval.
In fact, in the short-time regime of |’xt| < 1, we have
A=0,B~ N(N-1)n'x|t/2 and C =~ N/2. In this case,
the spin squeezing parameter £2 can be approximately
written as the following simple form:

Er1—(N-1)n'xlt (40)

which indicates that the spin squeezing at time ¢ is deter-
mined by the number of condensed atoms N, and char-
acteristic parameters of the BEC and laser systems 7’
and x, and the optimal spin squeezing (£ =~ 0) occurs at
time toptimal = 1/(N — 1)0'x/.

It is interesting to note that from Eqs. (30) and (39)
we can observe that for the mean spin vector and spin
squeezing, the controllable parameter of the external
laser fields 1’ plays the same role as that of the internal
nonlinear interactions of the BEC x. This means that the
external-field-control way by EIT is equivalent to that of
manipulating the internal nonlinear interactions from the
point of view of control effect for the spin squeezing. The
external-field parameter 1’ can be manipulated by vary-
ing the Rabi frequencies and two-photon detuning of the
external fields while the internal nonlinear interactions
of condensed atoms can be controlled through tuning
the scattering lengths via Feshbach resonances. There-
fore, we can conclude that the mean spin vector and spin
squeezing of the BEC can be controlled and manipulated
by adjusting the external coupling fields or/and internal
nonlinear interactions of the BEC.

4 Conclusions

In conclusion, we have proposed a theoretical scheme
to coherently control and manipulate spin squeezing of
BEC via the EIT technique. We have studied quantum
dynamics of the mean spin vector and spin squeezing.
We have shown that the mean spin vector and spin
squeezing of the BEC can be controlled and manipu-
lated by adjusting the external coupling fields or/and
internal interatomic nonlinear interactions of the BEC.
We have found that the external-field-control way by
EIT is equivalent to that of manipulating the internal
nonlinear interactions from the point of view of control
effect for the spin squeezing. We have indicated that spin
squeezing can be generated rapidly in the dynamical pro-
cess and maintained in a long time interval, and found
that a larger effective Rabi coupling between atoms and
lasers can produce a stronger spin squeezing, and the
squeezing can maintain a longer time interval. Finally,
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it should be pointed out that in practice, the scheme
presented in this work could be realized in the BEC for
the ultra-slow light experiment [34].
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