
Front. Phys., 2013, 8(1): 80–93

DOI 10.1007/s11467-013-0277-0

REVIEW ARTICLE

Loop quantum modified gravity and its cosmological application

Xiang-Dong Zhang1,2,∗, Yong-Ge Ma2,†

1Department of Physics, South China University of Technology, Guangzhou 510641, China
2Department of Physics, Beijing Normal University, Beijing 100875, China

E-mail: ∗scxdzhang@scut.edu.cn, †mayg@bnu.edu.cn

Received November 19, 2012; accepted December 14, 2012

A general nonperturvative loop quantization procedure for metric modified gravity is reviewed. As
an example, this procedure is applied to scalar-tensor theories of gravity. The quantum kinematical
framework of these theories is rigorously constructed. Both the Hamiltonian and master constraint
operators are well defined and proposed to represent quantum dynamics of scalar-tensor theories. As
an application to models, we set up the basic structure of loop quantum Brans–Dicke cosmology. The
effective dynamical equations of loop quantum Brans–Dicke cosmology are also obtained, which lay a
foundation for the phenomenological investigation to possible quantum gravity effects in cosmology.
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1 Introduction

As a background-independent approach to quantize gen-
eral relativity (GR), Loop quantum gravity (LQG) has
been widely investigated in past 25 years [1–4]. Recently,
this non-perturbative loop quantization procedure has

been generalized to the metric f(R) theories [5, 6],
Brans–Dicke theory [7], and scalar-tensor theories [8].
The fact that this background-independent quantization
method can be successfully extended to those modified
theories of gravity relies on the key observation that these
gravity theories can be reformulated into the connection
dynamical formalism with a compact structure group.
The purpose of this paper is to review how to get the
connection dynamics of these modified gravity theories
and how to quantize these theories by the nonperturba-
tive loop quantization procedure.

In fact, modified gravity theories have recently re-
ceived increased attention in issues related to “dark mat-
ter”, “dark energy” and non-trivial tests on gravity be-
yond GR. Since 1998, a series of independent and ac-
curate observations, including type Ia supernova, cos-
mic microwave background anisotropy, weak gravity lens,
baryon oscillation, etc, implied that our universe now is
undergoing a period of accelerated expansion [9]. These
results have caused the “dark energy” problem which is
difficult to get a satisfactory interpretation within the
framework of GR. Hence it is reasonable to consider the
other possibility that GR is not a valid theory of grav-
ity on a galactic or cosmological scale. Besides the well-
known f(R) theories, a competing relativistic theory of
gravity was proposed by Brans and Dicke in 1961 [10],
which is apparently compatible with Mach’s principle.
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To represent a varying “gravitational constant”, a scalar
field is non-minimally coupled to the metric in Brans–
Dicke theory. To interpret the observational results, the
Brans–Dicke theory was generalized by Bergmann [11]
and Wagoner [12] to more general scalar-tensor theories
(STT). Moreover, scalar-tensor theories is also closely re-
lated to low energy effective actions of some string theory
(see e.g. [13–15]). Since it can naturally lead to cosmo-
logical acceleration in certain models (see e.g. [16–19]),
the scalar field in STT of gravity is expected to account
for the “dark energy” problem. In addition, some models
of STT of gravity may even account for the “dark mat-
ter” puzzle [20–22], which was revealed by the observed
rotation curve of galaxy clusters.

There are infinite ways to modify GR. One may sus-
pect which rules we should employ to do the modifica-
tion. The decisive rule certainly comes from experiments.
A large part of the non-trivial tests on gravity theory
beyond GR is closely related to Einstein’s equivalence
principle (EEP) [23]. There are many local experiments
existent in solar-system supporting EEP, which implies
that gravity should be described by metric theories. In-
deed, STT are a class of representative metric theories,
which have been the subject of receiving most attention.
That is why we use it as an example to demonstrate
our general loop quantization procedure for metric mod-
ified gravity theories. It is also worth noting that both
the metric f(R) theories and Palatini f(R) theories are
equivalent to certain special kinds of STT with the cou-
pling parameter ω(φ) = 0 and ω(φ) = −3/2, respectively
[24]. Meanwhile, the original Brans–Dicke theory is noth-
ing but the particular case of constant ω and vanishing
potential of φ. There are also some other types of modi-
fied metric gravity theories proposed in recent years, such
as Horava–Lifshitz theory [25] and critical gravity [26],
etc. Those theories are proposed based on the fact that
GR is nonrenormalizable at perturbative level, while the
introduction of higher order derivative terms might cure
this problem. Thus it is quite interesting to see whether
all those kind of metric theories of gravity could be quan-
tized nonperturbatively.

The following sections of this paper are organized as
follows. We first introduce a general scheme of loop quan-
tization for metric modified gravity in Section 2. Then
we use scalar-tensor theories as an example to show how
our general quantization procedure works. In Section 3,
we start with Hamiltonian analysis of STT. The coupling
parameter of the STT naturally marks off two sectors of
the theory. Based on the resulted connection dynamical
formalism of STT, we then quantize the STT by extend-
ing the nonperturbative quantization procedure of LQG
in Section 4 in the way similar to loop quantum f(R)
gravity [5, 6]. Nevertheless, the STT that we are consid-

ering are a much more general class of metric theories
of gravity than metric f(R) theories. The Hamiltonian
constraint operators in both sectors of the theory can be
well defined. To avoid possible quantum anomaly, mas-
ter constraint program of STT are given in Section 5.
For cosmological application of above quantum gravity
theories, we set up the basic structure of loop quantum
Brans–Dicke cosmology and get its effective equations of
motion in Section 6. Finally, some concluding remarks
are given in the last section. Throughout the paper, we
use Greek alphabet for spacetime indices, Latin alphabet
a, b, c, · · ·, for spatial indices, and i, j, k, · · ·, for internal
indices.

2 General scheme

In this section, we will first outline the general scheme
of loop quantization for metric modified gravity [27]. Es-
pecially, we mainly focus on 4-dimensional (4D) metric
theories of gravity which is consistent with Einstein’s
equivalent principle. The prerequisite is that the theory
which is under consideration should have a well-defined
geometrical dynamics, which means a Hamiltonian for-
malism with 3-metric hab as one of the configuration vari-
ables, and in addition the constraint algebra of this the-
ory is first-class (perhaps after solving some second-class
constraints). Without loss of generality, we can assume
that the classical phase space of this theory consists of
conjugate pairs (hab, p

ab) and (φB , πB), where φB could
be a scalar, vector, tensor or spinor field. Then the quan-
tization scheme has the following recipe.

(i) To obtain a connection dynamical formalism, we
first define a quantity K̃ab via

K̃ab =
2κ√
h

(
pab − 1

2
phab

)
(2.1)

Then we enlarge the phase space by transforming to the
triad formulation as

(hab, p
ab) ⇒ (Ea

i ≡
√

hhabe
a
i , K̃i

a ≡ K̃abe
b
i) (2.2)

Now we make a canonical transformation to connection
formulation as

(Ea
j , K̃j

a) ⇒ (Ea
j , Aj

a ≡ Γ j
a + γK̃j

a) (2.3)

and due to symmetric property of pab we have K̃a[iE
a
j] =

0. This will give us the Gaussian constraint, DaEa
i ≡

∂aEa
i + εijkAj

aEa
k = 0. Then it is straightforward to

write all the constraints in terms of the new variables.
(ii) For loop quantization, we first represent the fields
(φB , πB) via polymer-like representation, together with
the LQG representation for the holonomy-flux algebra.
Then the kinematical Hilbert space can be read as



82 Xiang-Dong Zhang and Yong-Ge Ma, Front. Phys., 2013, 8(1)

Hkin := Hgr
kin ⊗ Hφ

kin. All the basic operators and geo-
metrical operators could be well defined in this Hilbert
space. We can solve the Gaussian and diffeomorphism
constraints as in standard LQG. Then we would get
the gauge and diffeomorphism invariant Hilbert spaceas:
Hkin ��� HG ��� HDiff . In order to implement quan-
tum dynamics, the Hamiltonian constraint operator may
first be constructed at least in HG, although it usually
could not be well defined in HDiff . Then the master
constraint operator can be constructed in HDiff by us-
ing the structure of the Hamiltonian operator. (iii) One
may try to understand the physical Hilbert space by the
direct integral decomposition of HDiff with respect to
the spectrum of the master constraint operator. (iv) One
may also do certain semiclassical analysis in order to con-
firm the classical limits of the Hamiltonian and master
constraint operators as well as the constraint algebra.
The low energy physics is also expected in the analysis.
(v) Finally, to complement above canonical approach,
we can also try the covariant path integral (spinfoam)
quantization.

It should be noted that the last three steps are still
open issues in the loop quantization of GR. Thus in the
following sections, we will take scalar-tensor theories as
an example to carry out the steps (i) and (ii) in the above
scheme of loop quantization for metric modified gravity.

3 Hamiltonian analysis of scalar-tensor
theories

The most general action of STT reads

S(g) =
1
2κ

∫
Σ

d4x
√−g

[
φR−ω(φ)

φ
(∂μφ)∂μφ−2ξ(φ)

]

(3.1)

where κ = 8πG, R denotes the scalar curvature of space-
time metric gμν , and the coupling parameter ω(φ) and
potential ξ(φ) can be arbitrary functions of scalar field
φ. Variations of the action (3.1) with respect to gab and
φ respectively give us equations of motion

φGμν = ∇μ∇νφ − gμν�φ

+
ω(φ)

φ

[
(∂μφ)∂νφ − 1

2
gμν(∇φ)2

]

−gμνξ(φ) (3.2)

R +
2ω(φ)

φ
�φ − ω(φ)

φ2
(∂μφ)∂μφ

+
ω′(φ)

φ
(∂μφ)∂μφ − 2ξ′(φ) = 0 (3.3)

where a prime over a letter denotes a derivative with
respect to the argument, ∇μ is the covariant derivative

compatible with gμν and � ≡ gμν∇μ∇ν . By doing 3+1
decomposition of the spacetime, the 4D scalar curvature
can be expressed as

R = KabK
ab − K2 + R +

2√−g
∂μ(

√−gnμK)

− 2
N
√

h
∂a(

√
hhab∂bN) (3.4)

where Kab is the extrinsic curvature of a spatial hyper-
surface Σ, K ≡ Kabh

ab, R denotes the scalar curvature
of the 3-metric hab induced on Σ, nμ is the unit normal of
Σ and N is the lapse function. By Legendre transforma-
tion, the momenta conjugate to the dynamical variables
hab and φ are defined respectively as

pab =
∂L

∂ḣab

=

√
h

2κ

[
φ(Kab−Khab)−hab

N
(φ̇ − N c∂cφ)

]

(3.5)

π =
∂L
∂φ̇

= −
√

h

κ

[
K − ω(φ)

Nφ
(φ̇ − N c∂cφ)

]
(3.6)

where N c is the shift vector. The combination of the
trace of Eq. (3.5) and Eq. (3.6) gives

(3 + 2ω(φ))(φ̇ − Na∂aφ) =
2κN√

h
(φπ − p) (3.7)

It is easy to see from Eq. (3.7) that one extra constraint
S = p − φπ = 0 emerges when ω(φ) = −3/2. Hence
it is natural to mark off two sectors of the theories by
ω(φ) �= −3/2 and ω(φ) = −3/2.

3.1 Sector of ω(φ) �= −3/2

In the case of ω(φ) �= −3/2, the Hamiltonian of STT can
be derived as a liner combination of constraints as

Htotal =
∫

Σ

d3x(NaVa + NH) (3.8)

where the smeared diffeomorphism and Hamiltonian con-
straints read respectively

V (−→N ) =
∫

Σ

d3xNaVa =
∫

Σ

d3xNa[−2Db(pab)+π∂aφ]

(3.9)

H(N) =
∫

Σ

d3xNH

=
∫

Σ

d3xN

{
2κ√
h

[
pabp

ab − 1
2p2

φ
+

(p − φπ)2

2φ(3 + 2ω)

]

+

√
h

2κ

[
−φR +

ω(φ)
φ

(Daφ)Daφ

+ 2DaD
aφ + 2ξ(φ)

]}
(3.10)

By the symplectic structure
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{hab(x), pcd(y)} = δ(c
a δ

d)
b δ3(x, y)

{φ(x), π(y)} = δ3(x, y) (3.11)

lengthy but straightforward calculations show that the
constraints (3.9) and (3.10) comprise a first-class system
similar to GR as:

{V (−→N ), V (−→N ′
)} = V ([−→N,

−→
N

′
])

{H(M), V (−→N )} = −H(L→
N

M)

{H(N), H(M)} = V (NDaM − MDaN) (3.12)

We can show that the above Hamiltonian formalism of
STT is equivalent to their Lagrangian formalism [8].

To obtain the connection dynamical formalism of the
STT, following the general scheme mentioned in last sec-
tion, we define

K̃ab = φKab +
hab

2N
(φ̇ − N c∂cφ)

= φKab +
hab

(3 + 2ω)
√

h
(φπ − p) (3.13)

Then we can introduce new canonical pairs (Ea
i ≡√

hea
i , K̃i

a ≡ K̃abe
b
i), where ea

i is the triad such that
habe

a
i eb

j = δij . Now the symplectic structure (3.11) can
be got from the following Poisson brackets:

{Ea
j (x), Eb

k(y)} = {K̃j
a(x), K̃k

b (y)} = 0

{K̃j
a(x), Eb

k(y)} = κδb
aδj

kδ(x, y) (3.14)

Note that since we have K̃ab = K̃ba, there is an addi-
tional constraint,

Gjk ≡ K̃a[jE
a
k] = 0 (3.15)

Now we can make a second canonical transformation via
defining:

Ai
a = Γ i

a + γK̃i
a (3.16)

where Γ i
a is the spin connection determined by Ea

i , and
γ is a nonzero real number. It is easy to see that our new
variable Aj

a coincides with the Ashtekar-Barbero connec-
tion [28, 29] in the special case φ = 1. The Poisson brack-
ets among the new variables read

{Aj
a(x), Eb

k(y)} = γκδb
aδj

kδ(x, y)

{Ai
a(x), Aj

b(y)} = 0, {Ea
j (x), Eb

k(y)} = 0 (3.17)

Now the phase space of the STT consists of conjugate
pairs (Ai

a, Eb
j ) and (φ, π). Combining Eq. (3.15) with the

compatibility condition,

∂aEa
i + εijkΓ j

aEak = 0 (3.18)

the standard Gaussian constraint can be obtained as

Gi = DaEa
i ≡ ∂aEa

i + εijkAj
aEak (3.19)

which justifies Ai
a as an su(2)-connection. It is worth

noting that, had we let γ = ±i, the (anti-)self-dual com-
plex connection formalism would be obtained. The orig-
inal vector and Hamiltonian constraints can be written
in terms of new variables up to Gaussian constraint re-
spectively as

Va =
1
κγ

F i
abE

b
i + π∂aφ (3.20)

H =
φ

2κ

[
F j

ab − (γ2 +
1
φ2

)εjmnK̃m
a K̃n

b

]
εjklE

a
kEb

l√
h

+
κ

[3 + 2ω(φ)]

[
(K̃i

aEa
i )2

κ2φ
√

h
+ 2

(K̃i
aE

a
i )π

κ
√

h
+

π2φ√
h

]

+
1
κ

[
ω(φ)
2φ

√
h(Daφ)Daφ +

√
hDaDaφ +

√
hξ(φ)

]

(3.21)

where F i
ab ≡ 2∂[aAi

b] + εi
klA

k
aAl

b is the curvature of Ai
a.

The total Hamiltonian can be expressed as a linear com-
bination

Htotal =
∫

Σ

ΛiGi + NaVa + NH (3.22)

It is easy to check that the smeared Gaussian constraint,
G(Λ) :=

∫
Σ

d3xΛi(x)Gi(x), generates SU(2) gauge trans-
formations on the phase space, while the smeared con-
straint, V(−→N ) :=

∫
Σ

d3xNa(Va−Ai
aGi), generates spatial

diffeomorphism transformations on the phase space. To-
gether with the smeared Hamiltonian constraint H(N) =∫
Σ

d3xNH , we can show that the constraints algebra has
the following form:

{G(Λ),G(Λ′)} = κG([Λ,Λ′]) (3.23)

{G(Λ),V(−→N )} = −G(L→
N

,Λ) (3.24)

{G(Λ), H(N)} = 0 (3.25)

{V(−→N ),V(−→N ′
)} = V([−→N,

−→
N

′
]) (3.26)

{V(−→N ), H(M)} = H(L→
N

M) (3.27)

{H(N), H(M)} = V(NDaM − MDaN)

+G((N∂aM − M∂aN)habAb)

− [EaDaN, EbDbM ]i

κh
Gi

−γ2 [EaDa(φN), EbDb(φM)]i

κh
Gi

(3.28)

Here Eqs. (3.23)–(3.27) can be understood by the geo-
metrical interpretations of G(Λ) and V(−→N ). The detailed
calculation on the Poisson bracket (3.28) between the
two smeared Hamiltonian constraints can be seen in the
Appendix of Ref. [8]. Hence the constraints are of first
class. Furthermore, the constraint algebra of GR can be
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recovered for the special case when φ = 1. To summa-
rize, the STT of gravity in the sector ω(φ) �= −3/2 have
already been cast into the su(2)-connection dynamical
formalism. The resulted Hamiltonian structure is quite
similar to metric f(R) theories [6].

3.2 Sector of ω(φ) = −3/2

In the sector of ω(φ) = −3/2, Eq. (3.7) implies that there
is an extra primary constraint S = 0, which we call “con-
formal” constraint. Hence, as pointed out in Ref. [30],
the total Hamiltonian in this case can be expressed as a
linear combination of constraints as

Htotal =
∫

Σ

d3x(NaVa + NH + λS) (3.29)

where the smeared diffeomorphism constraint V (−→N ) is as
the same as (3.9), while the Hamiltonian and conformal
constraints read respectively

H(N) =
∫

Σ

d3xNH

=
∫

Σ

d3xN

[
2κ√

h
· pabp

ab − 1
2p2

φ
+

√
h

2κ

(
− φR

− 3
2φ

(Daφ)Daφ + 2DaD
aφ + 2ξ(φ)

)]
(3.30)

S(λ) =
∫

Σ

d3xλS =
∫

Σ

d3xλ(p − φπ) (3.31)

With the help of symplectic structure (3.11), straightfor-
ward calculations show that

{H(M), V (−→N )} = −H(L→
N

M)

{S(λ), V (−→N )} = −S(L→
N

λ) (3.32)

{H(N), H(M)} = V (NDaM − MDaN)

+S

[
Daφ

φ
(NDaM − MDaN)

]
(3.33)

{S(λ), H(M)} = H

(
λM

2

)
+
∫

Σ

Nλ
√

h(−2ξ(φ)

+φξ′(φ)) (3.34)

The Poisson bracket (3.34) implies that, we have to im-
pose a secondary constraint in order to maintain the con-
straints S and H in the time evolution as

−2ξ(φ) + φξ′(φ) = 0 (3.35)

It is clear that this constraint is second-class, and hence
one has to solve it. Here we consider the vacuum case
where the solutions of Eq. (3.35) are either ξ(φ) = 0 or
ξ(φ) = Cφ2, where C is a certain dimensional constant.
Thus the consistency condition has strongly restricted
the feasible STT in this sector to only two theories. As
pointed out in Ref. [24], for these two theories, the action

(3.1) is invariant under the following conformal transfor-
mation:

gμν → eλgμν , φ → e−λφ (3.36)

Thus, besides diffeomorphism invariance, those two the-
ories are also conformally invariant. Now in the resulted
Hamiltonian formalism the constraints (V, H, S) form a
first-class system. The following transformations on the
phase space are generated by the conformal constraint

{hab, S(λ)} = λhab, {P ab, S(λ)} = −λP ab (3.37)

{φ, S(λ)} = −λφ, {π, S(λ)} = λπ (3.38)

It is clear that the above transformations coincide with
those of spacetime conformal transformations (3.36).
Hence all constraints have clear physical meaning. Now
the physical degrees of freedom of this special kind of
STT are equal to those of GR because of the extra con-
formal constraint (3.31).

The connection-dynamical formalism for STT in this
sector can also be obtained by the canonical transforma-
tions to the new variables (3.16). Then the total Hamil-
tonian can be expressed again as a linear combination

Htotal =
∫

Σ

ΛiGi + NaVa + NH + λS (3.39)

where the Gaussian and diffeomorphism constraints keep
the same form as Eqs. (3.19) and (3.20), while the Hamil-
tonian and the conformal constraints read respectively

H =
φ

2κ

[
F j

ab −
(

γ2 +
1
φ2

)
εjmnK̃m

a K̃n
b

]
εjklE

a
kEb

l√
h

+
1
κ

[
− 3

4φ

√
h(Daφ)Daφ +

√
hDaDaφ +

√
hξ(φ)

]

(3.40)

S =
1
κ

K̃i
aEa

i − πφ (3.41)

Now the constraints algebra in the connection formalism
is closed as

{G(Λ), H(N)} = 0 (3.42)

{G(Λ), S(λ)} = 0 (3.43)

{S(λ), H(M)} = H

(
λM

2

)
(3.44)

{H(N), H(M)} =
[
V(NDaM − MDaN)

+S

(
Daφ

φ
(NDaM − MDaN)

)

+G((N∂aM − M∂aN)habAb)

− [EaDaN, EbDbM ]i

κh
Gi
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−γ2 [EaDa(φN), EbDb(φM)]i

κh
Gi

]
(3.45)

It is easy to see that the Poisson brackets among the
other constraints weakly equal to zero. Hence we have
cast STT of gravity with ω(φ) �= −3/2 into the su(2)-
connection dynamical formalism.

4 Loop quantization of scalar-tensor theories

Based on the connection dynamical formalism obtained
in the last section, the nonperturbative loop quantiza-
tion procedure can be naturally extended to the STT.
The kinematical structure of STT is as the same as that
of LQG coupled with a scalar field and f(R) theories
[5, 6]. The kinematical Hilbert space of the system is
a direct product of the Hilbert space of geometry part
and that of scalar field, Hkin := Hgr

kin ⊗ Hsc
kin. An or-

thonormal basis of this Hilbert space is the so-called
spin-scalar-network basis, Tα,X(A, φ) ≡ Tα(A) ⊗ TX(φ),
over some graph α ∪ X ⊂ Σ, where α and X con-
sist of finite number of curves and points in Σ respec-
tively. The basic operators of quantum STT are the
quantum analogue of holonomies he(A) = P exp

∫
e
Aa

of a connection along edges e ⊂ Σ, densitized triads
E(S, f) :=

∫
S

εabcE
a
i f i smeared over 2-surfaces, point

holonomies Uλ = exp(iλφ(x)) [31], and scalar momenta
π(R) :=

∫
R

d3xπ(x) smeared on 3-dimensional regions.
It is worth noting that the spatial geometric operator,
such as the area [32], the volume [33] and the length [34,
35] operators, are still valid in Hgr

kin of quantum STT. As
in LQG, it is natural to promote the Gaussian constraint
G(Λ) as a well-defined operator [2, 4]. Then its kernel is

the internal gauge invariant Hilbert space HG with gauge
invariant spin-scalar-network basis. Since the diffeomor-
phisms of Σ act covariantly on the cylindrical functions
in HG, the group averaging technique can be employed
to solve the diffeomorphism constraint [3, 4, 6]. Hence
the desired diffeomorphism and gauge invariant Hilbert
space HDiff for the STT can also be obtained [6, 8].

4.1 Sector of ω(φ) �= −3/2

While the kinematical framework of LQG and polymer-
like scalar field have been straight-forwardly extended to
the STT, the nontrivial task in the case of ω(φ) �= −3/2
is to implement the Hamiltonian constraint (3.21) at
quantum level. In order to compare the Hamiltonian
constraint of STT with that of metric f(R) theories in
connection formalism, we write Eq. (3.21) as H(N) =∑8

i=1 Hi in regular order. It is easy to see that the terms
H1, H2, H7, H8 just keep the same form as those in f(R)
theories (see Eq. (39) in Ref. [6]), and the H3, H4, H5

terms are also similar to the corresponding terms in f(R)
theories. Here the differences are only reflected by the co-
efficients as certain functions of φ. Now we come to the
completely new term, H6 =

∫
Σ

d3xN ω(φ)
2φ

√
h(Daφ)Daφ.

This term is somehow like the kinetic term of a Klein–
Gordon field which was dealt with in Ref. [36]. We can
introduce the well-defined operators φ, φ−1 as in Ref. [6].
It is reasonable to believe that function ω(φ) can also be
quantized [6]. By the same regularization techniques as
in Refs. [6, 36], we triangulate Σ in adaptation to some
graph α underling a cylindrical function in Hkin and re-
express connections by holonomies. The corresponding
regulated operator acts on a basis vector Tα,X over some
graph α ∪ X as

Ĥε
6 · Tα,X = lim

ε→0

217N(v)ω̂(φ)
36γ4(iλ0)2(i�)4κ

φ̂−1(v)χε(v − v′)
∑

v∈α(v)

1
E(v)

∑
v(Δ)=v

ε(sLsMsN )εLMN Û−1
λ0

(φ(ssL(Δv)))

×[Ûλ0(φ(tsL(Δv))) − Ûλ0(φ(ssL(Δv)))]Tr(τiĥsM (Δv)[ĥ−1
sM (Δv), (V̂Uε

v
)3/4]ĥsN (Δv)[ĥ−1

sN (Δv), (V̂Uε
v
)3/4])

×
∑

v′∈α(v)

1
E(v′)

∑
v(Δ′)=v′

ε(sIsJsK)εIJKÛ−1
λ0

(φ(ssI (Δv′ )))[Ûλ0(φ(tsI (Δv′))) − Ûλ0(φ(ssI (Δv′)))]

×Tr(τiĥsJ (Δv′ )[ĥ
−1
sJ (Δv′ ), (V̂Uε

v′ )
3/4]ĥsK(Δv′ )[ĥ

−1
sK(Δv′ ), (V̂Uε

v′ )
3/4]) · Tα,X (4.1)

We refer to Ref. [6] for the meaning of notations in Eq.
(4.1). It is easy to see that the action of Ĥε

6 on Tα,X

is graph changing. It adds a finite number of vertices
at t(sI(v)) = ε for edges eI(t) starting from each high-
valent vertex of α. As a result, the family of operators
Ĥε

6(N) fails to be weakly convergent when ε → 0. How-
ever, due to the diffeomorphism covariant properties of
the triangulation, the limit operator can be well defined

via the so-called uniform Rovelli–Smolin topology in-
duced by diffeomorphism-invariant states ΦDiff as

ΦDiff (Ĥ6 · Tα,X) = lim
ε→0

(ΦDiff |Ĥε
6 |Tα,X〉 (4.2)

It is obvious that the limit is independent of ε. Hence,
both the regulators ε and ε can be removed. We then
have
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Ĥ6 · Tα,X =
∑

v∈V (α)

217N(v)ω̂(φ)
36γ4(iλ0)2(i�)4κE2(v)

φ̂−1(v)
∑

v(Δ)=v(Δ′)=v

ε(sLsMsN )εLMN Û−1
λ0

(φ(ssL(Δ)))

×[Ûλ0(φ(tsL(Δ))) − Ûλ0(φ(ssL(Δ)))]Tr(τiĥsM (Δ)[ĥ−1
sM (Δ), (V̂v)3/4]ĥsN (Δ)[ĥ−1

sN (Δ), (V̂v)3/4])

×ε(sIsJsK)εIJKÛ−1
λ0

(φ(ssI (Δ′)))[Ûλ0(φ(tsI (Δ′))) − Ûλ0(φ(ssI (Δ′)))]

×Tr(τiĥsJ (Δ′)[ĥ−1
sJ (Δ′), (V̂v)3/4]ĥsK(Δ′)[ĥ−1

sK(Δ′), (V̂v)3/4]) · Tα,X (4.3)

In order to simplify the expression, we introduce f(φ) =
1

3+2ω(φ) for the other terms containing it in H(N), which
can also be promoted to a well-defined operator f̂(φ).
Hence, the terms H3, H4 and H5 can be quantized as

Ĥ3 · Tα,X =
∑

v∈V (α)

4N(v)f̂(φ(v))
γ3(i�)2κ

φ̂−1(v)[ĤE(1),
√

V̂v][ĤE(1),
√

V̂v] · Tα,X (4.4)

Ĥ4 · Tα,X = −
∑

v∈V (α)∩X

220N(v)f̂(φ(v))
35γ6(i�)6E2(v)

π̂(v)
∑

v(Δ)=v(Δ′)=v

Tr(τiĥsL(Δ)[ĥ
−1
sL(Δ),

ˆ̃K])ε(sLsMsN )εLMN

×Tr(τiĥsM (Δ)[ĥ−1
sM (Δ), (V̂v)3/4]ĥsN (Δ)[ĥ−1

sN (Δ), (V̂v)3/4])ε(sIsJsK)εIJK

×Tr(ĥsI (Δ′)[ĥ−1
sI(Δ′), (V̂v)1/2]ĥsJ (Δ′)[ĥ−1

sJ (Δ′), (V̂v)1/2]ĥsK(Δ′)[ĥ−1
sK(Δ′), (V̂v)1/2]) · Tα,X (4.5)

Ĥ5 · Tα,X =
∑

v∈V (α)∩X

218κN(v)f̂(φ(v))
34γ6(i�)6E2(v)

φ̂(v)π̂(v)π̂(v)
∑

v(Δ)=v(Δ′)=v

ε(sIsJsK)εIJKTr(ĥsI (Δ)[ĥ−1
sI (Δ), (V̂v)1/2]

×ĥsJ(Δ)[ĥ
−1
sJ (Δ), (V̂v)1/2]ĥsK(Δ)[ĥ

−1
sK(Δ), (V̂v)1/2])ε(sLsMsN )εLMN

×Tr(ĥsL(Δ′)[ĥ
−1
sL(Δ′), (V̂v)1/2]ĥsM (Δ′)[ĥ

−1
sM (Δ′), (V̂v)1/2]ĥsN (Δ′)[ĥ

−1
sN (Δ′), (V̂v)1/2]) · Tα,X (4.6)

While the H7 and H8 terms keep the same form as in
f(R) theory, which read respectively

Ĥ7 · Tα,X =
∑

v∈V (α)

27N(v)
3γ2iλ0(i�)2κE(v)

×
∑

e(0)=v

X i
e

∑
v(Δ)=v

ε(sIsJsK)εIJK

×Û−1
λ0

(φ(ssI (Δ)))[Ûλ0 (φ(tsI (Δ))) − Ûλ0(φ(ssI (Δ)))]

×Tr(τiĥsJ (Δ)[ĥ
−1
sJ (Δ), (V̂v)1/2]

×ĥsK(Δ)[ĥ
−1
sK(Δ), (V̂v)1/2]) · Tα,X (4.7)

Ĥ8 · Tα,X =
1
κ

∑
v∈V (α)

N(v)ξ̂(φ(v))V̂v · Tα,X (4.8)

Here the action of the volume operator V̂ on a spin-
network basis vector Tα(A) over a graph α can be fac-
torized as

V̂ · Tα =
∑

v∈V (α)

V̂v · Tα (4.9)

Therefore, the total Hamiltonian constraint in this sector
has been quantized as a well-defined operator Ĥ(N) =∑8

i=1 Ĥi in Hkin. It is easy to see that Ĥ(N) is internal
gauge invariant and diffeomorphism covariant. Hence it is
at least well defined in the gauge invariant Hilbert space

HG. However, it is difficult to define Ĥ(N) directly on
HDiff . Moreover, as in f(R) theories, the constraint al-
gebra of STT do not form a Lie algebra. This might lead
to quantum anomaly after quantization.

4.2 Sector of ω(φ) = −3/2

In the special case of ω(φ) = −3/2, the smeared version
S(λ) of the extra conformal constraint (3.41) has to be
promoted as a well-defined operator. Note that both φ

and π(R) are already well-defined operators. We can use
the following classical identity to quantize the conformal
constraint S(λ),

K̃ ≡
∫

Σ

d3xK̃i
aEa

i = γ− 3
2 {HE(1), V } (4.10)

where the Euclidean scalar constraint HE(1) by defini-
tion was

HE(1) =
1
2κ

∫
Σ

d3xF j
ab

εjklE
a
kEb

l√
h

(4.11)

Both HE and the volume V have been quantized in LQG.
Now it is easy to promote S(λ) as a well-defined opera-
tor, and its action on a given basis vector Tα,X ∈ Hkin

reads

Ŝ(λ) · Tα,X
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=

⎛
⎝ ∑

v∈V (α)

λ(v)
γ3/2κ(i�)

[ĤE(1), V̂v]−
∑
x∈X

λ(x)φ̂(x)π̂(x)

⎞
⎠

· Tα,X (4.12)

It is clear that Ŝ(λ) is internal gauge invariant, diffeo-
morphism covariant and graph-changing. Hence it is well

defined in HG. The Hamiltonian constraint operator in
this sector is similar to that in the sector of ω(φ) �= −3/2.
The difference is that now ω(φ) = −3/2. Hence we write
Eq. (3.40) as H(N) =

∑5
i=1 Hi in regular order. It is easy

to see that the terms H1, H2, H4, H5 just keep the same
form as those in the last subsection, while the quantized
version of H3 is

Ĥ3 · Tα,X = −
∑

v∈V (α)

216N(v)
35γ4(iλ0)2(i�)4κE2(v)

φ̂−1(v)
∑

v(Δ)=v(Δ′)=v

ε(sLsMsN )εLMN Û−1
λ0

(φ(ssL(Δ)))

×[Ûλ0(φ(tsL(Δ))) − Ûλ0(φ(ssL(Δ)))]Tr(τiĥsM (Δ)[ĥ
−1
sM (Δ), (V̂v)3/4]ĥsN (Δ)[ĥ

−1
sN (Δ), (V̂v)3/4])

×ε(sIsJsK)εIJKÛ−1
λ0

(φ(ssI (Δ′)))[Ûλ0(φ(tsI (Δ′))) − Ûλ0(φ(ssI (Δ′)))]

×Tr(τiĥsJ (Δ′)[ĥ
−1
sJ (Δ′), (V̂v)3/4]ĥsK(Δ′)[ĥ

−1
sK(Δ′), (V̂v)3/4]) · Tα,X (4.13)

Hence the total Hamiltonian constraint operator
Ĥ(N) =

∑5
i=1 Ĥi now is also well defined in HG.

5 Master constraint

In order to find the physical Hilbert space and avoid pos-
sible quantum anomaly, master constraint programme
was first introduced into LQG by Thiemann in his semi-
nal paper [37]. The master constraint can be employed to
implement the Hamiltonian constraint. This programme
can also be generalized to the above quantum STT.

5.1 Sector of ω(φ) �= −3/2

In the sector of ω(φ) �= −3/2, by definition, the master
constraint of the STT classically reads

M :=
1
2

∫
Σ

d3x
|H(x)|2√

h
(5.1)

where the expression of Hamiltonian constraint H(x) is
given by Eq. (3.21). The master constraint can be regu-
lated by a point-splitting strategy [38] as

Mε =
1
2

∫
Σ

d3y

∫
Σ

d3xχε(x − y)
H(x)√

VUε
x

H(y)√
VUε

y

(5.2)

Introducing a partition P of the 3-manifold Σ into cells
C, we can get an operator Ĥε

C,β acting on the internal
gauge-invariant spin-scalar-network basis Ts,c in HG via
a state-dependent triangulation,

Ĥε
C,α · Ts,c =

∑
v∈V (α)

χC(v)Ĥε
v · Ts,c (5.3)

where χC is the characteristic function over C, α denotes
the underlying graph of the spin-network state Ts, and

Ĥε
v =

∑
v(Δ)=v

Ĥε,Δ
GR,v +

8∑
i=3

Ĥε
i,v (5.4)

with

Ĥε
3,v =

16f̂(φ(v))
γ3(i�)2κ

φ̂−1(v)[ĤE(1), (V̂Uε
v
)1/4][ĤE(1), (V̂Uε

v
)1/4] (5.5)

Ĥε
4,v = −

∑
v(Δ)=v(Δ′)=v(X)=v

218f̂(φ(v))
33γ6(i�)6E2(v)

π̂(v)Tr(τiĥsL(Δ)[ĥ
−1
sL(Δ),

ˆ̃K])ε(sLsMsN)εLMN

× Tr(τiĥsM (Δ)[ĥ−1
sM (Δ), (V̂Uε

v
)1/2]ĥsN (Δ)[ĥ−1

sN (Δ), (V̂Uε
v
)1/2])ε(sIsJsK)εIJKTr(ĥsI(Δ′)[ĥ−1

sI (Δ′), (V̂Uε
v
)1/2]

× ĥsJ (Δ′)[ĥ−1
sJ (Δ′), (V̂Uε

v
)1/2]ĥsK(Δ′)[ĥ−1

sK(Δ′), (V̂Uε
v
)1/2]) (5.6)

Ĥε
5,v =

∑
v(Δ)=v(Δ′)=v(X)=v

220κf̂(φ(v))
34γ6(i�)6E2(v)

φ̂(v)π̂(v)π̂(v)ε(sIsJsK)εIJKTr(ĥsI(Δ)[ĥ
−1
sI (Δ), (V̂Uε

v
)1/4]

× ĥsJ (Δ)[ĥ
−1
sJ (Δ), (V̂Uε

v
)1/2]ĥsK(Δ)[ĥ

−1
sK(Δ), (V̂Uε

v
)1/2])ε(sLsMsN )εLMNTr(ĥsL(Δ′)[ĥ

−1
sL(Δ′), (V̂Uε

v
)1/4]

× ĥsM (Δ′)[ĥ−1
sM (Δ′), (V̂Uε

v
)1/2]ĥsN (Δ′)[ĥ−1

sN (Δ′), (V̂Uε
v
)1/2]) (5.7)

Ĥε
6,v =

∑
v(Δ)=v(Δ′)=v

215ω̂(φ)
34γ4(iλ0)2(i�)4κE2(v)

φ̂−1(v)ε(sLsMsN )εLMN Û−1
λ0

(φ(ssL(Δ)))
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× [Ûλ0(φ(tsL(Δ))) − Ûλ0(φ(ssL(Δ)))]Tr(τiĥsM (Δ)[ĥ
−1
sM (Δ), (V̂v)1/2]ĥsN (Δ)[ĥ

−1
sN (Δ), (V̂v)3/4])

× ε(sIsJsK)εIJKÛ−1
λ0

(φ(ssI (Δ′)))[Ûλ0(φ(tsI (Δ′))) − Ûλ0(φ(ssI (Δ′)))]

× Tr(τiĥsJ (Δ′)[ĥ
−1
sJ (Δ′), (V̂v)1/2]ĥsK(Δ′)[ĥ

−1
sK(Δ′), (V̂v)3/4]) (5.8)

Ĥε
7,v =

29

3γ2iλ0(i�)2κE(v)

∑
e(0)=v

X i
e

∑
v(Δ)=v

ε(sIsJsK)εIJKÛ−1
λ0

(φ(ssI (Δ)))[Ûλ0(φ(tsI (Δ))) − Ûλ0(φ(ssI (Δ)))]

× Tr(τiĥsJ (Δ)[ĥ
−1
sJ (Δ), (V̂Uε

v
)1/4]ĥsK(Δ)[ĥ

−1
sK(Δ), (V̂Uε

v
)1/4]) (5.9)

Ĥε
8,v =

1
κ

ξ̂(φ(v))
√

V̂Uε
v

(5.10)

Here Ĥε,Δ
GR,v keeps the same form as the corresponding

terms in Ref. [6]. Note that the family of operators Ĥε
C,α

are cylindrically consistent up to diffeomorphism. Thus
the inductive limit operator ĤC is densely defined in HG

by the uniform Rovelli–Smolin topology. Hence, we could
define master constraint operator M̂ acting on a diffeo-
morphism invariant state as

(M̂ΦDiff )Ts,c

= lim
P→Σ,ε,ε′→0

ΦDiff

[
1
2

∑
c∈P

Ĥε
C(Ĥε′

C )†Ts,c

]
(5.11)

Note that although the quantitative actions are different,
our construction of M̂ is qualitatively similar to those in
Ref. [6, 36]. Similar methods in Ref. [6, 36] can be used
here to prove that M̂ is a positive and symmetric op-
erator in HDiff . Hence it admits a unique self-adjoint
Friedrichs extension. It is then possible obtaining the
physical Hilbert space of the quantum STT of this sec-
tor by the direct integral decomposition of HDiff with
respect to M̂.

5.2 Sector of ω(φ) = −3/2

In the case of ω(φ) = −3/2, both the implementation of
the Hamiltonian constraint and the implementation of

the conformal constraint need to employ the master con-
straint programme. We then define the master constraint
for this sector as

M :=
1
2

∫
Σ

d3x
|H(x)|2 + |S(x)|2√

h
(5.12)

where the expressions of Hamiltonian constraint H(x)
and the conformal constraint S(x) are given by Eqs.
(3.40) and (3.41) respectively. It is clear that

M = 0 ⇔ H(N) = 0 and S(λ) = 0 ∀N(x), λ(x)

(5.13)

Now the constraints form a Lie algebra. The master con-
straint can be regulated by a point-splitting strategy as

Mε =
1
2

∫
Σ

d3y

∫
Σ

d3xχε(x−y)
H(x)H(y) + S(x)S(y)√

VUε
x

√
VUε

y

(5.14)

Introducing a partition P of the 3-manifold Σ into cells
C, we get an operator Ĥε

C,β acting on spin-scalar-network
basis Ts,c in HG by a state-dependent triangulation as
Eq. (5.3). Here, note that Ĥε

v has less terms than in Eq.
(5.3) as

Ĥε
v =

∑
v(Δ)=v

Ĥε,Δ
GR,v +

5∑
i=3

Ĥε
i,v (5.15)

where

Ĥε
3,v = −

∑
v(Δ)=v(Δ′)=v

214

33γ4(iλ0)2(i�)4κE2(v)
φ̂−1(v)ε(sLsMsN )εLMN Û−1

λ0
(φ(ssL(Δ)))

× [Ûλ0(φ(tsL(Δ))) − Ûλ0(φ(ssL(Δ)))]Tr(τiĥsM (Δ)[ĥ−1
sM (Δ), (V̂v)1/2]ĥsN (Δ)[ĥ−1

sN (Δ), (V̂v)3/4])ε(sIsJsK)

× εIJKÛ−1
λ0

(φ(ssI (Δ′)))[Ûλ0(φ(tsI (Δ′))) − Ûλ0(φ(ssI (Δ′)))]

× Tr(τiĥsJ (Δ′)[ĥ−1
sJ (Δ′), (V̂v)1/2]ĥsK(Δ′)[ĥ−1

sK(Δ′), (V̂v)3/4]) (5.16)

and Hε
4,v and Hε

5,v keep the same form as the correspond-
ing terms in the sector of ω(φ) �= −3/2. The operator cor-
responding to the conformal constraint can be defined in
a similar way,

Ŝε
C,α · Ts,c =

∑
v∈V (α)

χC(v)Ŝε
v · Ts,c (5.17)

where

Ŝε
v = Ŝε

1,v + Ŝε
2,v (5.18)

with

Ŝε
1,v =

2
γ3/2κ(i�)

[ĤE(1), (V̂Uε
v
)1/2] (5.19)
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Ŝε
2,v = −

∑
v(Δ)=v(X)=v

27

3γ3(i�)3E(v)
φ̂(v)π̂(v)

× ε(sIsJsK)εIJKTr(ĥsI (Δ)[ĥ−1
sI (Δ), (V̂Uε

v
)1/2]

× ĥsJ (Δ)[ĥ
−1
sJ (Δ), (V̂Uε

v
)1/2]

× ĥsK(Δ)[ĥ
−1
sK(Δ), (V̂Uε

v
)1/2]) (5.20)

Note that the family of operators Ĥε
C,α and Ŝε

C,α are
cylindrically consistent up to diffeomorphism. Hence the
inductive limit operator ĤC and ŜC can be densely de-
fined in HG by the uniform Rovelli–Smolin topology.
Thus we could define master constraint operator M̂ act-
ing on diffeomorphism invariant states as

(M̂ΦDiff )Ts,c

= lim
P→Σ,ε,ε′→0

ΦDiff

[
1
2

∑
c∈P

(Ĥε
C(Ĥε′

C )†+Ŝε
C(Ŝε′

C )†)Ts,c

]

(5.21)

Similarly, we can prove that M̂ is a positive and sym-
metric operator in HDiff and hence admits a unique
self-adjoint Friedrichs extension [6, 36]. Hence, it is also
possible to obtain the physical Hilbert space of the quan-
tum STT in this special case by the direct integral de-
composition of HDiff with respect to the spectrum of
M̂.

6 Cosmological application of quantum
Brans–Dikce theory

For cosmological application of above loop quantum
STT, in this section, we will set up the basic struc-
ture of loop quantum Brans–Dicke cosmology and get
its effective equations of motion [39]. For simplicity, we
only consider the spatially flat (k = 0) homogeneous and
isotropic universe in Brans–Dicke theory. Recall that the
original Brans–Dicke theory is the particular case of STT
with constant ω and vanishing potential of φ. Thus the
Hamiltonian constraint of Brans–Dicke theory reads

H =
φ

2κ

[
F j

ab − (γ2 +
1
φ2

)εjmnK̃m
a K̃n

b

]
εjklE

a
kEb

l√
h

+
κ

3 + 2ω

[
(K̃i

aEa
i )2

κ2φ
√

h
+ 2

(K̃i
aE

a
i )π

κ
√

h
+

π2φ√
h

]

+
ω

2κφ

√
h(Daφ)Daφ +

1
κ

√
hDaDaφ (6.1)

In the cosmological model, classically the metric of
spacetime can be written as the following Friedman-
Robertson-Walker (FRW) formalism,

ds2 = −dt2 + a2(t)[dr2 + r2(dθ2 + sin2 θdφ2)] (6.2)

where a is the scale factor. The classical Friedman equa-
tion of Brans–Dicke cosmology reads
(

ȧ

a
+

φ̇

2φ

)2

=
2ω + 3

12

(
φ̇

φ

)2

+
8πGρ

3φ
(6.3)

Our task is to quantize this model by the loop quantiza-
tion method and find the quantum dynamical equation
as well as its effective expression.

6.1 Loop quantum Brans–Dicke cosmology

Since the space of our cosmological model is infinite, we
introduce an “elemental cell” V and restrict all integral
to V . The homogeneity of the universe guarantee that
the whole space information is reflected in this elemental
cell. Now we choose a fiducial Euclidean metric oqab and
introduce a pair of fiducial orthnormal triad and co-triad
as (oea

i , oωi
a) respectively such that oqab = oωi

a
oωi

b. For
simplicity, we let the elemental cell V be a cubic mea-
sured by our fiducial metric and denotes its volume as
Vo. Because our FRW metric is spatially flat, we have
Γ i

a = 0 and hence Ai
a = γK̃i

a. Via fixing the degrees of
freedom of local gauge and diffeomorphism, we finally
obtain the connection and densitized triad by symmetri-
cal reduction as [40]

Ai
a = c̃V

− 1
3o

0 ωi
a, Eb

j = pV
− 2

3
0

√
det(0q)

o
eb

j (6.4)

where c̃, p are only functions of t. Hence the phase space
of the cosmological model consists of conjugate pairs
(c̃, p) and (φ, π). The basic Poisson brackets between
them can be simply read as

{c̃, p} =
κ

3
γ, {φ, π} = 1 (6.5)

Note that by the symmetric reduction, the Gaussian and
diffeomorphism constraints are satisfied automatically.
Also in our homogeneous model, the last two spatial
derivative terms in the Hamiltonian constraint (6.1) can
be neglected. Hence we only need to consider the first
five terms in (6.1). The reduced Hamiltonian in the cos-
mological model reads

H = −3c̃2
√|p|

γ2κφ
+

κ

(3 + 2ω)φ|p| 32
(

3c̃p

κγ
+ πφ

)2

(6.6)

To quantize the cosmological model, we first need to
construct the quantum kinematic of Brans–Dicke cos-
mology by mimicking the loop quantum STT. This is
the so-called polymer-like quantization. The kinematic
Hilbert space for the geometry part can be defined as
Hgr

kin := L2(RBohr, dμH), where RBohr and dμH are re-
spectively the Bohr compactification of the real line and
Haar measure on it [40]. On the other hand, for con-
venience we choose Schrodinger representation for the
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scalar field [41]. Thus the kinematic Hilbert space for the
scalar field part is defined as in usual quantum mechan-
ics, Hsc

kin := L2(R, dμ). Hence the whole Hilbert space is
a direct product, Htotal

kin = Hgr
kin ⊗ Hsc

kin. Now let |μ〉 be
the eigenstates of p̂ in the kinematic Hilbert space Hgr

kin

such that

p̂|μ〉 =
8πGγ�

6
μ|μ〉 (6.7)

It turns out that those states satisfy the following or-
thonormal condition

〈μi|μj〉 = δμi,μj (6.8)

where δμi,μj is the Kronecker delta function rather than
the Dirac distribution. For the convenience of studying
quantum dynamics, we define new variables

v := 2
√

3sgn(p)μ̄−3, b := μ̄c̃ (6.9)

where sgn(p) is the sign function for p and μ̄ =
√

Δ
|p| with

Δ = 4
√

3πγ�2
p being a minimum nonzero eigenvalue of

the area operator [42]. They also form a pair of conjugate
variables as

{b, v} =
2
�

(6.10)

It turns out that the eigenstates of v̂ also contribute an
orthonormal basis in Hgr

kin. We denote |φ, v〉 as the or-
thogonal basis for the whole Hilbert space Htotal

kin .
Now we come to the quantum dynamics. We treat the

first two terms of Hamiltonian constraint (6.1) in the
same way as in standard LQC [43]. Hence, the first two
terms of the Hamiltonian constraint act on a quantum
state Ψ(ν, φ) ∈ Htotal

kin as

(Ĥ1 + Ĥ2)Ψ(ν, φ) =
1
φ

[f+(v)Ψ(ν + 4, φ)

+f0(v)Ψ(ν, φ) + f−(v)Ψ(ν − 4, φ)] (6.11)

where

f+(v) =

√
3Δ

16κγ2

∣∣∣|v + 3| − |v + 1|
∣∣∣|v + 2|

f−(v) = f+(v − 4), f0(v) = −f+(v) − f−(v) (6.12)

Then we turn to the third term H3 ≡ κ
3+2ω

(K̃i
aEa

i )2

κ2φ
√

h
. Due

to spatial flatness, we have K̃i
aEa

i = 1
γ Ai

aEa
i . In the cos-

mological model, this term can be reduced by

1
γ

Ai
aEa

i � 3
γ

c̃p =
3κ�bv

4
(6.13)

Because we use polymer representation for geometry,
there is no quantum operator corresponding to connec-
tion c̃ as in standard LQC [41]. Hence, we have to replace
the connection by holonomy to get a well-defined opera-
tor. It turns out that the term H3 can be quantized, and

its action on a quantum state reads [39]

Ĥ3Ψ(φ, v) =
2
√

3κ
βφ(Δ)

3
2

(
3�

4

)2

sin(b) ˆ|v| sin(b)Ψ(φ, v)

= −
√

3κ

2βφ(Δ)
3
2

(
3�

4

)2

[|v + 2|Ψ(φ, v + 4)

−2|v|Ψ(φ, v) + |v − 2|Ψ(φ, v − 4)] (6.14)

where we set β = 3 + 2ω. Similarly, the fourth term
H4 ≡ 2κ

3+2ω
(K̃i

aEa
i )π

κ
√

h
can also be quantized, and its action

on a wave function reads

Ĥ4Ψ(φ, v) =
2
√

3κ

β(Δ)
3
2

(
3�

4

)
2sgn(p) sin(b)π̂Ψ(φ, v)

=
2
√

3κ

β(Δ)
3
2

(
3�

4

)
�sgn(p)

·
[
∂Ψ(φ, v + 2)

∂φ
− ∂Ψ(φ, v − 2)

∂φ

]
(6.15)

The last term H5 ≡ κ
3+2ω

π2φ√
h

can be quantized as

Ĥ5Ψ(φ, v) =
2
√

3κ

β(Δ)
3
2
|̂v|−1(π̂)φ̂π̂Ψ(φ, v)

= − 2
√

3κ
β(Δ)

3
2
(�)2B(v)φ

∂2Ψ(φ, v)
∂φ2

(6.16)

where

B(v) =
(

3
2

)3

|v|
∣∣∣|v + 1|1/3 − |v − 1|1/3

∣∣∣3 (6.17)

The total Hamiltonian constraint equation of loop quan-
tum Brans–Dicke cosmology reads(

5∑
i=1

Ĥi

)
Ψ(φ, v) = 0 (6.18)

6.2 Effective equation

To study the effective theory of loop quantum Brans–
Dicke cosmology, we also want to know the effect of mat-
ter fields on the dynamical evolution. Hence, we include
an extra massless scalar matter field ϕ into Brans–Dicke
cosmology. Then classically the total Hamiltonian con-
straint of the model reads

H = −3c̃2
√|p|

γ2κφ
+

κ

(3 + 2ω)φ|p| 32
(

3c̃p

κγ
+ πφ

)2

+
p2

ϕ

2|p| 32
(6.19)

where pϕ is the momentum conjugate to ϕ. The effec-
tive description of LQC is a delicate and topical issue
since it may relate the quantum gravity effects to low-
energy physics. The effective equations of LQC are be-
ing studied from both canonical perspective [44–47] and
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path integral perspective [48–52]. Since the key element
in the polymer-like quantization of previous subsection
is to take holonomies rather than connections as basic
variables, a heuristic and simple way to get the effec-
tive equations is to do the replacement c̃ → sin(μ̄c̃)

μ̄ or
b → sin b. Under this replacement, the effective version
of Hamiltonian constraint (6.19) takes the form

H = −3 sin2(μ̄c̃)
√|p|

κγ2φμ̄2
+

κ

βφ|p| 32
[
3 sin(μ̄c̃)p

μ̄κγ
+ πφ

]2

+|p| 32 ρ (6.20)

where ρ = p2
ϕ

2|p|3 by definition is the matter density. It is

worth noting that the effective Hamiltonian (6.20) can
also be derived by a path integral formalism [39]. Then
the canonical equations of motion read

ṗ =
2
√|p|
γφμ̄

sin(μ̄c̃) cos(μ̄c̃)

− 2κ

βφ|p| 12
sgn(p)

(
3 sin(μ̄c̃)p

μ̄κγ
+ πφ

)
cos(μ̄c̃) (6.21)

φ̇ =
2κ

β|p| 32
(

3 sin(μ̄c̃)p
μ̄κγ

+ πφ

)
(6.22)

In the above calculation, the Poisson brackets (6.5) were
used. The Combination of equations (6.21) and (6.22)
gives

(
ṗ

2p
+

φ̇

2φ

)2

=

[
sgn(p)

γφμ̄
√|p| sin(μ̄c̃) cos(μ̄c̃) +

κ

βφ|p| 32
(

3 sin(μ̄c̃)p
μ̄κγ

+ πφ

)
(1 − cos(μ̄c̃))

]2

=

[
sgn(p)
γφ

√
Δ

sin(μ̄c̃) cos(μ̄c̃) +
φ̇

2φ
(1 − cos(μ̄c̃))

]2

(6.23)

On the other hand, from effective Hamiltonian constraint
(6.20) we can get

−3 sin2(μ̄c̃)
κγ2φΔ

+
βφ̇2

4κφ
+ ρ = 0 (6.24)

which implies

sin2(μ̄c̃) =
ρeff

ρc
(6.25)

where ρc = 3
γ2Δκ =

√
3

32π2G2γ3�
and ρeff = βφ̇2

4κ + φρ.
Taking account of Eq. (6.25), we can rewrite Eq. (6.23)
as(

ȧ

a
+

φ̇

2φ

)2

=
[

1
φ

√
κ

3
ρeff (1 − ρeff

ρc
)

+
φ̇

2φ

(
1 −

√
1 − ρeff

ρc

)]2

(6.26)

This is the effective Friedmann equation of Brans-Dicke
cosmology, which contains important quantum correc-
tion terms. In addition, we can show that for a con-
tracting universe, ρeff monotonically increase while v

decreases [39]. Thus it is easy to see from Eq. (6.26) that,
when ρeff approaches ρc, one gets cos(μ̄c̃) = 1 − ρeff

ρc
=

0. Then from Eq. (6.21), we can obtain ṗ = 0. This im-
plies that a quantum bounce would happen at that point
for a contracting universe.

We end up this section with several remarks. First,
when φ = 1, because of ρeff = ρ and φ̇ = 0 we would
return to the well-known effective Friedmann equation of
LQC [43, 45] as

(
ȧ

a

)2

=
κ

3
ρ

(
1 − ρ

ρc

)
(6.27)

Second, when ρeff � ρc, we can omit ρeff

ρc
terms in Eq.

(6.26) to get the classical limit of this equation as
(

ȧ

a
+

φ̇

2φ

)2

=
1
φ2

κ

3
ρeff =

κ

3φ2

(
βφ̇2

4κ
+ φρ

)

=
βφ̇2

12φ2
+

κρ

3φ
(6.28)

which is nothing but the classical Friedmann equation of
Brans–Dicke cosmology. Hence the effective theory has
correct classical limit.

7 Conclusion and outlook

Modified gravity has received increased attention over
the issues of “dark matter”, “dark energy” and nontriv-
ial tests on gravity beyond GR. Some kinds of modi-
fied gravity theories have also become popular in cer-
tain unification schemes such as string theory. Whether
some modified gravity theories could be nonperturba-
tively quantized is certainly an interesting and challeng-
ing question. In this review, as an example, we first set
up the su(2)-connection dynamical formalism of STT.
Then LQG method has been successfully extended to
the STT by coupling to a polymer-like scalar field. This
successful extension strongly hints that the nonperturba-
tive quantization procedure might be valid even for more
general modified gravity theories. At least, as we demon-
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strated, loop quantization procedure should be valid for
any metric theories with a well-defined geometrical dy-
namics. Hence it is desirable to study the Hamiltonian
formulation of modified gravity theories and try to cast
those theories into the su(2)-connection dynamical for-
malism. Then, we can naturally extend nonperturbative
loop quantization method to those theories.

The concrete results of this paper are summarized as
follows. A general loop quantization scheme for metric
modified gravity is first given in Section 2. Then we
use STT as an example to show how our general pro-
cedure works. By doing Hamiltonian analysis, we have
successfully derived the Hamiltonian formulation of STT
of gravity from their Lagrangian formulation. The result
shows that these theories can be naturally divided into
two different sectors by the coupling parameter ω(φ). In
the first sector of ω(φ) �= −3/2, the resulted canonical
structure and constraint algebra of STT are similar to
those of GR minimally coupled with a scalar field. While
in the sector of ω(φ) = −3/2, the feasible theories are
strongly restricted and a new primary constraint which
generating conformal transformations of spacetime is ob-
tained. The corresponding canonical structure and con-
straint algebra are also obtained. It is worth noting that
the Palatini f(R) theories are equivalent to this sector
of STT. The successful background independent LQG re-
lies on the key observation that GR can be cast into the
su(2)-connection dynamics. We have shown that the con-
nection dynamical formalism of the STT can also be ob-
tained by canonical transformations from the geometrical
dynamics. Based on the connection dynamical formalism
with structure group SU(2), loop quantization method
has been successfully extended to the STT by coupling
to a polymer-like scalar field. The quantum kinematical
structure of STT is the same as that of loop quantum
gravity coupled with a scalar field. Thus the important
physical result that both the area and the volume are dis-
crete at kinematic level remains valid for quantum STT
of gravity. While the dynamics of STT is more general
than that of LQG, the Hamiltonian constraint opera-
tors and master constraint operators for STT can also
be well defined in both sectors respectively. In particu-
lar, in the sector ω(φ) = −3/2, the extra conformal con-
straint can also be promoted as a well-defined operator.
Hence the classical STT in both sectors have been suc-
cessfully quantized non-perturbatively. This ensures the
existence of the STT of gravity at fundamental quantum
level. As the cosmological application of the above loop
quantum STT, we construct a particular type of loop
quantum scalar-tensor cosmology, which is the so-called
Brans–Dicke cosmology. For simplicity, we only restrict
ourselves to the sector of ω �= − 3

2 . It turns out that
the classical differential equation of Brans–Dicke cosmol-

ogy, which represents the cosmological evolution, is now
replaced by quantum difference equation. The effective
Friedmann equation of loop quantum Brans–Dicke cos-
mology is also given, which shows that the classical big
bang singularity is again replaced by a quantum bounce.
This effective equation lays a foundation for further phe-
nomenological investigation to possible quantum gravity
effects in Brans–Dicke cosmology.

It should be noted that there are still many aspects of
the connection formalism and loop quantization of mod-
ified gravity, which deserve discovering. Taking STT for
examples, it is still desirable to derive the connection
dynamics of STT by variational principle. The semiclas-
sical analysis of loop quantum STT is yet to be done.
In our loop quantum Brans–Dicke cosmology, some phe-
nomenological issues, such as inflation, would be studied
in future works. To further explore the physical contents
of the loop quantum STT, we would also like to study its
applications to black holes in future works. In addition,
one would also like to quantize STT via the covariant
spin foam approach. Furthermore, nonperturbative loop
quantization of other types of modified gravity, such as
Horava–Lifshitz theory and critical gravity, is also desir-
able.
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