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We find that laser process can be equivalently described by a symplectic evolution in the context of
thermo field dynamics, and the corresponding coherent state evolution for the corresponding master

equation is recognized. More interestingly, this embodies a new application of non-Hermitian Hamil-
tonian operator which can well expose the entanglement between the system and its environment.
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1 Introduction

In recent years, a class of non-Hermitian Hamiltonians,
which were considered unacceptable in physics before,
have been studied in quantum theory. Despite their non-
Hermitian nature, these Hamiltonians possess real pos-
itive spectra, therefore proper quantum theory can be
developed based on them [1]. The corresponding quasi-
Hermitian quantum theories has been widely applied in
problems such as Schwinger-Dyson Equations [2] and
Lee Model [3].

In this paper we shall report another application of
non-Hermitian Hamiltonians which is embodied in laser
process. It has been known that a laser process includes
both gain and damping, so it involves typical thermo-
dynamic mechanism. One also knows that the ordinary
Schrodinger equation for Hermitian Hamiltonian can-
not describe dissipation mechanism, so it is expected
that a Schroédinger-like equation for the laser process
might be described by some non-Hermitian Hamiltonian
in some approach. In fact, as one can see shortly later
that by adopting the thermo entangled state representa-
tion the master equation for laser process can be really
converted into a Schrodinger-like equation governed by
a non-Hermitian Hamiltonian, and this equation can be
exactly solved which cannot only well expose the entan-
glement between the system and its environment, but
also exhibit coherent state evolution for the process, this
also implies that the laser process corresponds to a sym-

plectic transformation in classical dynamics.

In quantum optics theory the time evolution of laser
in the lowest-order approximation can be described by
the following master equation of density operator [4-10]

de(t) _ g[2a’p(t)a — aa®p(t) — p(t)aa']

dt
+a[2ap(t)at — alap(t) — p(t)a'al (1)

where g and k are the cavity gain and loss, respectively,
at, a are photon creation and annihilation operator, re-
spectively. It is also known that the evolution due to the
interaction between a system and its environment can be
ascribed to an evolution from the initial density operator

po to p(t) [11, 12]

o0
p(t) =D MnpoM} (2)
n=0
Such an expression is named an operator-sum (Kraus)
representation, and M,, is named Kraus operator. In this
paper we shall show that the laser process cannot only
be depicted by Kraus representation, but also be equiva-
lently described by a symplectic evolution of initial den-
sity operator in the context of thermo-field dynamics.
That is, a unitary time evolution in the n-mode coher-
ent state representation is responsible for such a process.
Remarkably, this also implies a new application of non-
Hermitian Hamiltonian operator.
We begin with introducing the two-mode entangled
state
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1 . - ~
i) = exp (=3l 4 nal — a4 alal)00) ()

where @' is a fictitious mode independent of the real
mode af, and |0) is annihilated by @, [a,a] = 1. The
state |n = 0) possesses the properties

aln=0) =a'lnp=0), a'lp=0)=aln=0)

(a'a)"[n = 0) = (@'a)"|n = 0) (4)
Operating the both sides of Eq. (1) on the state |n =
0) = |I), and denoting |p) = p|I), and using Eq. (4) we
have the time-evolution equation for |p(t))

(1)) = {gl20'a" — aa' — aa')
+1(2aa — ata — a'a)}|p(t)) (5)

where |pg) = polI), and pg is the initial density operator.
By comparing (5) with the usual Schrédinger equation

. d
i |¥(0) = Hp(?)) (6)

and identifying |p(t)) as |¢(t)) we see that Eq. (5) in-
volves the corresponding Hamiltonian H

H =ig(2a'a’ — aa’ — aa') +ix(2aa — a'a —a'a) (7)

which is a non-Hermitian Hamiltonian. Thus, in solving
the master equation in the entangled states representa-
tion, there naturally appears the non-Hermitian Hamil-
tonian in the Schrodinger equation. This is remarkable.
As one can see shortly later, though H is not Hermitian,
the evolution of p(t) is still unitary.

The formal solution of Eq. (5) is

lp(t)) = U(t)lpo), |po) = polI) (8)
and
U(t) = exp{gt(2a'a’ — aa’ —aa")
+rt(20d — a'a —a'a)} 9)

It challenges us how to disentangle the exponential oper-
ator U (t). We have been reminded of two theorems about
the normally ordered expansion of multimode bosonic ex-
ponential operators and its coherent state representation
which are helpful to disentangling U(t) and sheds a new
insight on the physical explanation of laser evolution.

2 Two theorems
The two new theorems are [13, 14]

Theorem 1 The multimode bosonic exponential op-
erator exp{H}, H = $BI'B, I' is a symmetric 2n x 2n
matrix, B is defined by

T
B=(A A=l dl- al aras-- an), B_(f})

(10)

633
has its n-mode coherent state representation:
“r d2z;
exp{H} = /det Q H
- 7
Q -L\[(Z Z
. ~ ~ 11
|(_N S GG a

where the n-mode coherent state is

Z N v 7%
(7 )=121-D(2)10. D2)=ewiaz-a7")
(12)

and @, L, N, P are all n x n complex matrices and
Q 0 _In
N I, O

(13)
I,, is the n X n unit matrix.
The ket in (11) is

Q -L Z
| ( N P ) <Z>>
= exp{AT(QZ — LZ*) — A(-NZ + PZ*)}|0)

= exp{AT(QZ—LZ*)—i-%(ZN— Z*P)(QZ—LZ*)}|0)
(14)

L — _
P)-exp{FH}_M, H—<

The fact that I' is symmetric guarantees that M is a
symplectic matrix, obeying
MIIM =1II, IMII = —M~" (15)
or
QL=LQ, NP=PN, QP—-LN =1, PQ—NL=1
(16)
In other words, the transformation defined by operator

exp{H} is symplectic.

Theorem 2 By performing the integration in Eq. (11)
with the technique of integration within an ordered prod-
uct of operators [10, 11], we have

1 1 ~

Xexp{AT(lnﬁ_l)g} exp{%A(P_lN)g} (17)

According to Theorem 1, putting U(¢) in (9) into the
following symmetrized matrix form

Ut)=e"Dtexpl (@ af @ a)r

N | =
N

(18)
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with I" being the symmetric matrix

0 2g —g—K 0
2 0 0 —g—
I—t g g—~K
—g—K 0 0 2K
0 —g—K 2K 0

_, 29J5 —(g+ k)12
—(g+ r)Iy 2kJy

here

L 1 0 o 0 1

*lo1 ) 2 1o
10

J3 = =1

we calculate exp(I'Il) by first evaluating
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Il = ¢ 29J2 *(g + Ii)IQ 0 7[2
—(g + H)IQ 2k Jo I 0
— I —2g.J
¢ (g+ k)2 gJ2 (21)
2kJy (g + r)I2

On observing that
(19) —(9+r)2  —2gJ —g9J2 —gJ2
2kJa (g+ k) gl Kkl

[ 9(k=9))2 g(g—r)J2
_ — )L

g
9(9 — k)2 K(k—g)

—gJo —glJ. —r)I 0
_< 9J2 92><(9 k)12 >(22)
(20) gl kly 0 (k—g)]>
we can diagonalize I'll as

' —(g+r)2 —29Jo _ [ —9/
2KkJo (9 + KJ)I2 gl

Therefore

eI — exp —(g+r) 2 —29Jo ;
2:‘<&J2 (g + H)IQ

[ 92 —g)2 elo=m1p, 0
gl Kkl 0 e(ﬁ_g)tfg

_ 1 —g9J2 —gJ2 ela=r)t [y
g9(g — k) gl, kI 0

1 < [geln=9)t — gel9=mt|],

[ge(g*n)t _ ,{e(rt*g)t][2

g—r \ klelo=mt _elr=9)t] ],
with
QE ge(lﬁ*g)t _ I{e(g*"é)t 127 I= g[e(nfg)t o e(gfn)t]
g—kK g—K
K/[e(!]_'ﬁ)t — e(":_g)t] ge(g_ﬁ)t — K/e(’f_g)t
N= 2, =
g—K g—K

One can check that they obey Eq. (16). Thus using Egs.

(11), (17), and (24) we can reform Eq. (18) as

Ut) = \/detQ/HHdQZi

17
Q -L\/[(Z Z
1S 2 EMG)
K—g _lA' - a
By e 1<m

X exp [@T a)lnpP~1 < a )1

)

_y ) < (G-t 0 ) < —gJy —gJs )‘1 -
0 (k — g)tls gl kKl

1
—gJa —gJa
gIQ HIQ
0 KJa gl2
elr=9)t, —gJ2 —gl>

gle(r=9t — ela=r)t] J, )

_( Q@ L
(1) o

X exp l%(&' a)P_1N< Z )]
Jo

_ 1— —2(k—g)t _
= il g exp |:g[ ¢ ]G/TG/T:|

I ke—2(g—r)t _ g K — ge_2('€_g)t
_ —(k—g)t

925 i~ f (’i g)e

(25) X exp [(a a+a'a)ln Py

[Ka[l — e 29}t ~]
X exp a

S e
K — g672(l<afg)t
where we have used

L1 gl —ePtmo
L =
klem2(k—9)t _ 1]

—1 _
PIN == i (17)

JIsiP = geld=mt _ gelr—a)t
g—kK
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So far, we have seen that a laser process can be consid-
ered as a symplectic evolution in the context of thermo-
field dynamics, which has, on the other hand, shown a
new application of non-Hermitian Hamiltonian operator.

Further, let

1 — e 2(r—g)t — g)e—(r—9)t
T = e_—%(_)v 13 = %

Kk — ge—2t(k—g K — ge—2t(k—g)
Ty=—""9 1— g7y (29)

K — ge*Qt("*g) -

Using (26) we can express (8) as

p(t)) = Ty explgTiata’): exp{(Tz — 1)(a'a + a'a)}:
x expl[kThaal|po)
= Tyexp[gTia'al] exp[(a'a + a'a) In Ty]
x exp|kT1ad) |p0>
Z Ta———— r gJTl al’ exp[aTaln Tg]aipoaTi
,j=0
X exp[aTalnTg]ajm =0)

B 0 KingliJrj
=2 B
1!yl

i,j=0

a' expla’aln Ty]a poa’

x expla’alnTy)a’|n = 0)

B o HingliJrj
=2 B
g7,

i,j=0

150

faInThlaal poa’

expla

x expla’alnTy]|n = 0) (30)

Since a“a3|77 = 0) = allal|n = O> if any one-mode

operator Z Cjja’al satisfies Z Cijalalln = 0) =
,7=0 i,j=0
o0
> Cyjaatin = 0) = 0, then C;; = 0, which indicates
i,j=0
the Kraus representation for laser evolution

p(t) = > MijpoM); (31)
i,j=0
[ JT TlJFJ
My =221 (32)

z!]!TQQJ !

3 Normalization property of the Kraus
Operator in Eq. (32)

We can derive the normalization property of the Kraus
Operator in Eq. (32) straightforward through the follow-
ing calculation:

i MMy

i,7=0

:ZT3

4,J=0

P jTH_j S
%ahcﬂa” a' exp[2a’alnTy)]
i\,
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o0

:T3Z

i,j=0

Kigl Tlﬂ
’L'_] |T21

/—ZJ I 2)(z|a"
x exp(2a’alnTy)

oo lT
=13 i o [ 2 expigrifoP)

[T2z
X exp[—|z|2 + z*a+ za' —a'a) :

x a'exp[2a’alnTy]

o0

T 14N ; arg P Ty

x a'exp(2a’alnTy)

= 7/113 T ex 79111 aTa + R—TlaTa :
1—gnn P\1T g1y T2 '

x exp(2a’alnTy)

x exp(2aalnT)
=1

4 Conclusions

In summary, we found that laser process can be equiva-
lently described by a symplectic evolution in the context
of thermo-field dynamics, and the corresponding coher-
ent state evolution for the corresponding master equation
is recognized. More interestingly, in solving the master
equation in the entangled states representation, there
naturally appears the non-Hermitian Hamiltonian in the
Schrédinger equation. Though it is not Hermitian, the
evolution of density operator is still unitary. This em-
bodies a new application of non-Hermitian Hamiltonian
operator. For more applications of coherent states, we
refer the readers to Ref. [15].
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