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Within Lie algebraic model, the vibrational chaotic dynamics in triatomic molecules are studied. The
molecules of H2S, NO2, and O3 are sampled to explore the dynamical differences between the local
and normal mode molecules. The comprehensive effects of the local and normal mode vibrations,
resonances and chaos on the dynamical entanglement are studied. The results demonstrate that the
resonances as well as chaos can promote the evolution of dynamical entanglement.
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1 Introduction

The molecules can be defined as the local and normal
mode molecules because of the differences of their vibra-
tional spectroscopy [1, 2]. The striking feature of local
mode molecules is that the splitting between the low-
est members in each of the overtone manifolds is rapidly
decreasing with the increase of total quantum numbers
[3], while the corresponding splitting can hardly decrease
for the normal mode molecules [4]. On the other hand,
the dynamical studies have shown that their dynami-
cal behaviors are also significantly different [2, 5, 6]. One
usual method to extract dynamical information from the
quantum energy levels is via the classical–quantum ap-
proach [7–9], which can provide a vivid picture of molec-
ular dance. There are many pathways to investigate the
classical–quantum correspondence, such as the dynamics
in the quantum phase space [10], etc. The analysis of the
phase structure is an effective method to investigate the
molecular dynamics [8]. By the method of Poincaré sec-
tion, the phase structures of local mode molecules have
been discussed based on the local mode description. How-
ever, for the normal mode molecules, there are still many
open questions, such as the normal-to-local mode tran-
sition at higher energies [4, 11] and the irregular tori on
the Poincaré section [12]. Recent studies have also high-
lighted the importance of quantum dynamical entangle-
ment as an indicator of the underlying classical dynamics

[13–15]. The researches have shown that the degree of en-
tanglement is the largest when the initial state lies at the
edge of regular islands or in the chaotic sea [16, 17].

The Lie algebraic model of molecules has been proven
to be an effective model in the description of vibrations
in polyatomic molecules [18–20]. The Lie algebraic model
has a simple form in description, and the anharmonicities
of each mode and resonances between different modes
can be introduced automatically by the matrix elements
of operators [21]. Because of those advantages, the al-
gebraic method has extensive applications from small
molecules to molecular chains [22–28], and other ques-
tions on molecular physics [5, 29, 30].

In this paper, the vibrational chaotic dynamics of
the small molecular system are investigated based on
the Lie algebraic model. The comparative study about
the dynamical differences of the local and normal mode
molecules are considered. And the comprehensive effects
of the global effects of classical dynamics on the entan-
glement are discussed by studying the linear entropies of
coherent states.

The organization of the paper is as follows. In Sec-
tion 2, the U(4) algebraic Hamiltonian for symmetrical
bent triatomic molecules is reviewed, and the classical
limit of Hamiltonian is also given based on U(4) alge-
braic Hamiltonian in this section. In Section 3, the phase
structures of the three triatomic molecules are depicted
by the Poincaré sections, and the effects of global dynam-
ics on the generation of entanglement are also discussed.
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A brief summary is presented in Section 4.

2 Theoretical framework

For a triatomic molecule, a U(4) algebra is introduced to
describe the three mechanical degrees of freedom of each
bond. The dynamical group is U1(4)⊗U2(4) (we denote
the left bond of triatomic molecules as bond 1, and the
right bond as bond 2), and the dynamical symmetric
chains are written as [20]

U1(4) ⊗ U2(4) ⊃ U12(4) ⊃ O12(4)
(1)

U1(4) ⊗ U2(4) ⊃ O1(4) ⊗O2(4) ⊃ O12(4)

The quantum Hamiltonian, based on the U(4) alge-
braic model, is expressed as [20]

H = A1C1 +A2C2 +A12C
(1)
12 +A′

12C
(2)
12 + λM12 (2)

where A1, A2, A12, A′
12, and λ are the expansion coef-

ficients which can be determined by fitting the spectro-
scopic data. C1 and C2 are Casimir operators of groups
O1(4) and O2(4), respectively; C(1)

12 and C
(2)
12 are two

Casimir operators of O12(4); and M12 is the Majorana
operator denoting the coupling between two bonds. The
explicit form of the matrix elements can be found in Ref.
[24].

2.1 Classical limit of algebraic Hamilton and chaotic
dynamics

To describe the classical chaotic dynamics of intramolec-
ular vibrations, we need to find the classical limits of al-
gebraic Hamiltonian of Eq. (2). Following the approach
of intensive boson operators introduced by Gilmore [31],
the classical limits of algebraic Hamiltonian (2) are ob-
tained via

Hcl = H(z, z†) (3)

where z is a complex quantity, and z† is its correspond-
ing complex conjugate. By considering the canonical co-
ordinates through the canonical transformation, the clas-
sical limit of algebraic Hamilton Eq. (3) can be written
as the usual form in molecular coordinates as follows [32]:

Hcl = V + T (4)

The potential energy V reads as

V (y1, y2) = a0 +D1y
2
1 +D2y

2
2

+ a0
12y1y2 + a1

12

[
(1 − y2

1)(1 − y2
2)
] 1

2 (5)

where yi = 1 − e−βi(ri−rie) (i = 1, 2) is the Morse vari-
ables; r1 and r2 are bond lengths, and βi is the Morse
steepness parameters; rie is equilibrium bond length. The
other parameters are deduced from the coefficients in
the quantum Hamiltonian Eq. (2), namely, a0 = (A1 +

A12)N2
1 +(A2+A12)N2

2 + 1
2λN1N2; a0

12 = − 1
2λN1N2 and

a1
12 = (2A12− 1

2λ)N1N2; Di = −(Ai +A12)N2
i , i = 1, 2 is

the single bond’s dissociation energy. The general prop-
erties of the potential energy of Eq. (5) are studied in
Refs. [24–26], and they have been successfully applied in
determining the potential energy surfaces of both local
and normal mode triatomic molecules [24–28].

In the case of frozen bond angle, the kinetic term of
triatomic molecules in the intramolecular coordinates is

T (p1, p2) =
1
2
[
(μ1 + μ3)p2

1 + (μ2 + μ3)p2
2

]

+ μ3 cos (φ0)p1p2 (6)

where p1 and p2 are the momentum of two bonds, μ1 =
1/m1, μ2 = 1/m2, m1 and m2 are the masses of the
atoms at the two ends of bonds; μ3 = 1/M , and M is
the mass of central atom and φ0 is the equilibrium bond
angle. In the present study, the triatomic molecules H2S,
NO2, and O3 are sampled, and parameters taken from
Refs. [24, 27, 28] of the three molecules in Eqs. (2) and
(5) are listed in Table 1. These parameters are represent-
ing the natures of vibrational lines and potential energy
surfaces of the three molecules [24, 27, 28].

Table 1 The parameters of the triatomic H2S, NO2, and O3. 1)

Molecule Ni βi Ai A12 λ rie φ0

H2S 40 1.93 −13.57 −2.14 0.458 1.34 1.6057

NO2 115 3.4507 −1.9052 0.0055 −0.6369 1.1872 2.3439

O3 70 2.679 −11.6522 2.9914 −3.0782 1.2075 2.0385

Note: 1) i = 1 and 2 are the two bonds in molecules. Ai, A12, λ are in
cm−1; βi is in Å

−1
; rie is in Å; φ0 is in rad.

2.2 Local mode parameter of a molecule

The local mode parameter ξ = −χ/λrr′ is proposed
to identify the local and normal mode molecules [1],
where χ is the bond’s anharmonicity parameter and
λrr′ is the coupling coefficient between the two bonds.
For the molecules in normal mode limit |ξ| � 1, while
the opposite happens in the case of local mode limit
molecules. The anharmonicity parameter in the U(4) al-
gebraic model is expressed as

χi = −4(Ai +A12) (7)

And the coupling parameter between the two bonds is
expressed as

λrr′ =
1
2
ωi

(
g
(e)
rr′

grr
+
f

(e)
rr′

frr

)

=
1
2
ωi

⎡

⎢⎢
⎣

(
∂2T

∂p1∂p2

)

e(
∂2T

∂p2
i

)

e

+

(
∂2V

∂r1∂r2

)

e(
∂2V

∂r2i

)

e

⎤

⎥⎥
⎦ (8)

where ωi = −4(Ai+A12)Ni is the harmonic wavenumber
of a single bond. The superscript (or subscript) e denotes
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that the molecule located at equilibrium position. Then,
the local mode parameter, under the algebraic model, is
written as

ξ−1 =
Niμ3 cosφ0

μ1 + μ3

+
λN3

i β
2
i

4(Ai +A12) + 4A12N2
i β

2
i − λN2

i β
2
i

(9)

χi, λrr′ , and ξ for three molecules are tabulated in Table
2.

Table 2 χi, λrr′ , and ξ for H2S, NO2, and O3. 1)

Molecule χi λrr′ ξ

H2S −62.84 −9.3396 −6.7283

NO2 −7.5988 −122.6529 −0.0620

O3 34.6432 −82.9153 0.4178

Note: 1) i = 1 and 2 are the two bonds in molecules.

3 Chaotic dynamics of molecular vibrations in
phase structures

The bond coordinates ri and momenta pi satisfy Hamil-
tonian’s canonical equations. Through the numerical in-
tegration, the intramolecular classical dynamics are ob-
tained. By employing the method of Poincaré section,
the phase structures of each energy level are presented.
The Poincaré section is a useful method in discussing the
chaos in the low dimensional systems. For a Hamiltonian
with two degrees of freedom, because the energy is con-
served, the trajectories can spread in three dimensional
phase space. We then define the Poincaré section as the
section of r2 = r2e in the phase space so that every time
a trajectory pierces this section with p2 > 0 the cor-
responding point (r1, p1) is plotted. Generally speaking,
there are periodical points, quasi-periodical tori, islands
chains and irregular points on the Poincaré section. For
the intramolecular vibrations, they are corresponding to
the periodical vibration, quasi-periodical vibration, non-
linear resonances and chaotic vibrations, respectively.

3.1 Basic structures of local and normal mode
molecules in phase space

With the aim to present the basic structures of
the Poincaré sections of the local and normal mode
molecules, we sample two typical sections of H2S and
NO2 molecules to make the discussion which are plotted
in Fig. 1.

Panel (a) of Fig. 1 presents that the Poincaré sec-
tion of H2S with total vibrational energy (TVE) is at
2164.41 cm−1. This section shows a typical structure of
the local mode molecule, which can be simply divided
into three regions [33]: two local mode regions (yolk and
shell parts of the section), and the antisymmetrical nor-
mal mode region lain between them. From the viewpoint

of IVR, in the local mode regime, once the bond is ex-
cited, the energy remains localized in that bond with
fairly small fluctuation [34]. But the energy exchanges
freely for the normal mode vibration. However, even in
the local mode regions, our calculation shows that the
two bonds are vibrating with similar frequencies. This
means that the energy discrepancy is not high enough
to result in a discrepancy of frequency. This type of vi-
bration is named as the quasi-local mode vibrations by
Kryvohuz and Cao recently [35].

Fig. 1 Typical Poincaré sections of the local and normal mode
molecules. Panel (a) is section of H2S computed at TVE=2164.41
cm−1, and panel (b) is the section of NO2 with TVE=2627.34
cm−1. The red line in panel (b) denotes the fractured torus of the
normal mode molecules.

For normal mode molecules, the Poincaré sections are
different from the local mode molecules. The Poincaré
section of NO2 with TVE= 2627.34 cm−1 is shown in
Fig. 1(b). The section is clearly divided into the sym-
metric (the upper semi-sphere) and antisymmetric (the
under semi-sphere) regions of normal vibrational modes.
It should be noted that some unclosed tori appear at
the borders of the two normal mode regions, and tori
can cross with each other at the upper border of the
symmetrical normal mode region. Actually, two of these
isolated segments belong to one trajectory. Namely, the
half of red torus L1, as shown in Fig. 1(b), locates at the
border of the antisymmetrical normal mode region, and
the other half appears at the border of symmetrical nor-
mal mode region. In the following discussion, we name
this type of tori as the “fractured tori”.
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In the local mode description, each bond of the tri-
atomic molecule is seen as an isolated Morse oscillator,
and the usual description of bond’s vibrational energy is
defined as follows

Hi(yi, pi) = aiy
2
i +

1
2
(μi + μ3)p2

i , i = 1, 2 (10)

Due to the coupling in the triatomic system, bonds’
energies depend on each other. We name here the en-
ergy defined via Eq. (10) as the “bond’s energy-like” in
the following discussion.

From the observation of the bonds’ energy-like, the
fractured tori often have a distinctive feature that one
bond is firstly excited. Such fractured tori phenomenon
is a dynamical distinguishing characteristic of the initial
local-mode character and normal-mode character vibra-
tion in normal mode molecules. And, the rate of energy
transfer between bonds of the initial normal-mode char-
acter states is more rapid than that of the initial local
mode states.

3.2 Chaotic dynamics of local mode molecule: Case
study of H2S

The resonance islands appear on the section of H2S for
the first time when TVE is around 15 000 cm−1, and
the total quantum number N of the stretching vibration
is around 6. Panel (a) of Fig. 2 is the section of TVE =
18 276.7 cm−1. Two observable resonance islands chains
emerge on the Poincaré section: the (3 : 2) resonance
chain (labeled as red tori) in the yolk part and the (2 : 3)
(labeled as the blue tori) resonance chain located in the
shell, where the ratio (3 : 2) [or (2 : 3)] is used to denote
the relationship of the bonds’ vibrational frequencies.

Fig. 2 Poincaré sections of H2S molecule. The TVE of H2S
are: 18 276.7 cm−1 for panel (a), 23 571 cm−1 for panel (b),
31 984 cm−1 for panel (c) and 41 235 cm−1 for panel (d), respec-
tively. The blue lines in the panels denote the nonlinear resonance
island chains, while the red irregular points are the chaotic trajec-
tories.

The appearance of these resonance islands means that
the vibrational frequency discrepancy between bonds
come forth, which is caused by the energy discrepancy.
With the growth of TVE, more and more resonance is-
lands appear on the Poincaré section, and the chaotic
trajectories are originated in the overlapping regions of
the resonances [36]. In panel (b) of Fig. 2, the section of
TVE= 23 571.0 cm−1 is plotted. The chaotic trajectories
(labeled as red trajectories) appear around some major
resonance islands. In such energy range, the local mode
vibration takes the main region on the Poincaré section.
The long time averaged energy discrepancy between two
bonds is also increasing with the growth of TVE.

We define here the effective bond’s depth Deff of the
single bond, which is written as

Deff = V (r1 → ∞, r2 = r2e) − V (r1 = r1e, r2 = r2e)

= −(A1 +A12)N2
1 +

(
1
2
λ− 2A12

)
N1N2 (11)

When TVE is around Deff , the vibration is chaotic. For
H2S, Deff = 32 350.4 cm−1. Panel (c) of Fig. 2 presents
the Poincaré section with H2S for TVE = 31 984 cm−1.
Although the surface is dominated by the chaotic tra-
jectories, the resonance islands have still arisen. When
TVE is far above Deff , due to the local mode nature, the
tori originated in the local mode regions can cause that
the “bond’s energy-like” is higher than the Deff . Its con-
sequence is that most of the chaotic and local mode tori
tend to disappear on the Poincaré section. The Poincaré
section of H2S for TVE = 41 235 cm−1 is displayed in
panel (d) of Fig. 2, where only the antisymmetrical nor-
mal mode region exists. Such section means that the vi-
bration of H2S draws back to regular in the high excited
states.

3.3 Chaotic dynamics of the normal mode molecules:
Case study of NO2

The Poincaré sections of NO2 with higher energy are still
composed of the normal mode regions. Panel (a) of Fig.
3 is the section of TVE=7228.5 cm−1. The resonance is-
lands turn up at the unstable symmetrical normal region,
and they are fractured as well. One chain of fractured is-
lands is sampled as the blue torus shown in panel (a).
When the Poincaré section is dominated by the chaotic
trajectories, the fracture phenomenon can be concealed
by the irregular points of the chaotic tori. In panel (b)
of Fig. 3, the Poincaré section of TVE = 10 152.3 cm−1

is plotted. But we can find a region (using red points)
with much denser points which is the tori cross region,
and the bonds’ energy-like is higher than TVE in such
region.

Panels (c) and (d) of Fig. 3 give the transformation
of the chaotic trajectories when TVE is near Deff . Dif-
ferent from H2S, the chaotic trajectories of NO2 can dif-
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fuse all over the symmetric normal mode region, and the
resonance islands all fade away by chaotic trajectories.
However, the antisymmetrical normal mode region al-
ways exists on the section. When TVE transcends the
Deff , there are only anti-symmetrical normal mode re-
gion left on the section. Panel (d) of Fig. 3 shows this
case.

Fig. 3 Poincaré sections of NO2 molecule. The TVE of NO2

are: 7228.6 cm−1 for panel (a), 10 152.3 cm−1 for panel (b),
16 311.6 cm−1 for panel (c) and 22 000 cm−1 for panel (d), re-
spectively. Here, the blue lines in panels (a) and (b) are denoting
the resonance islands, while the crossing regions of the chaotic tra-
jectories are labeled as the red points in panels (b) and (c).

3.4 Chaotic dynamics of intermediate of local and
normal mode limits: Case study of O3

The Poincaré sections of O3 are displayed in Fig. 4. With
low TVE, as shown in panel (a) of Fig. 4, the section is

Fig. 4 Poincaré sections of O3 molecule. The TVE of O3 are:
1044.3 cm−1 for panel (a), 6173.8 cm−1 for panel (b), 13 122 cm−1

for panel (c) and 15 000 cm−1 for panel (d), respectively. The red
line in panel (b) denotes the fractured tori of quasi-local mode
vibration. The blue lines in panel (c) are denoting the resonance
islands.

composed of the symmetric and antisymmetric normal
mode regions. The fractured tori also arise at the bor-
der of the normal mode regions which are the typical
tori of the normal mode molecules. However, as TVE
grows higher, the quasi-local mode tori begin to appear
on the section. As shown in panel (b) of Fig. 4, the sec-
tion of TVE = 6173.8 cm−1 has a structure of local mode
molecules. Meanwhile, the resonance islands and chaotic
tori begin to appear around such TVE, but there is no
significant frequencies difference between the vibrations
of two bonds. The appearance of the fractured tori (the
red tori) on the shell part means that the vibration has
dual characters of local and normal mode molecules.

Panel (c) of Fig. 4 gives the sections of O3 with
TVE = 13 122 cm−1, where the widespread chaos appear
on the section. The entire surface of section is similar to
the highly excited states of NO2, but some resonance
have islands still survived, which are different with NO2.
When TVE = 15 000 cm−1, which is above the Deff , the
chaotic tori disappear.

3.5 Global effects of classical dynamics on dynamical
entanglements

Recently, several researchers have also proposed to apply
the quantum–classical correspondence to study the dy-
namical entanglement, which allows us to compute and
interpret the properties of a quantum system in terms of
the properties of its classical counterpart. Initially, the
early researches on some nonlinear models, which include
the coupled kicked tops [15], the Dicke model [37], and
Jaynes–Cumming model [38], have supported that the
classical chaos can induce a stronger entanglement. How-
ever, exceptions have been found in recent studies [39,
40]. In their studies, it is found that the entanglement is
insensitive toward the choice of regular or chaotic initial
condition but is highly determined the global dynamics
[39].

For the molecular systems, extensive investigations
have found that the classical nonlinear resonances as
well as the classical chaos have great impact on the in-
tramolecular dynamics [41]. However, there are seldom
works done to find the relationships between the classical
chaos and the dynamical entanglement [32]. Physically,
entanglement between bonds can be interpreted the in-
terdependence between bonds. Therefore, it is important
to explore the relations between the classical dynamics
and the dynamical entanglement. In our previous study,
we have found that the classical local mode vibration cor-
responds to the long beats in the generation of dynam-
ical entanglement, and the maximum value of entangle-
ment always appears in the transition regions from the
local-mode character states to the normal-mode charac-
ter states.

In the present study, alternatively, the global effects



Liang-Jun Zhai, Yu-Jun Zheng, and Shi-Liang Ding, Front. Phys., 2012, 7(5) 519

of the nonlinear resonances and chaos are explored by
employing the following coherent states:

|ψ(0)〉 = e−
|α|2

2

N∑

n

αn

√
n!
|n,N − n〉 (12)

where α is a parameter denoting the amplitude of the
coherent states. Here, we set α to be the maximum real
number satisfying 〈ψ(0)|ψ(0)〉 ≈ 1. And N varies from
1 to 18. In the TVE range confined by N , this state
could be the bridge connecting the quantum and classi-
cal dynamics. Here, we use the linear entropy and its long
time-average to characterize the degree of entanglement
between the stretching bonds.

It is seen that the degree of entanglement of H2S is
much smaller than NO2 and O3. When N is larger than
6, the local mode tori begin to appear on the section of
O3. Correspondingly, the degree of entanglement of O3

begins to decrease as well. The results show that the lo-
cal mode vibration can decrease the entanglement. On
the other hand, for the local mode molecule H2S, there
is a significantly increase of long time-averaged linear en-
tropy, while the resonance islands as well as chaos begin
to appear on the Poincaré sections. Such correspondence
demonstrates that resonance island as well as chaos can
promote the generation of entanglement.

4 Conclusion

In this paper, the H2S, NO2, and O3 are selected as ex-
amples to give a comparative discussion about the chaos
of local and normal mode triatomic molecules. For the
normal mode molecule NO2, the fractured tori are found,
and tori can cross with each other in specific areas. By
the analysis of their underlying dynamics, it is shown
that the bond’s energy-like can exceed TVE. The strange
behavior remands us that the bonds’ energy should be
specificly concerned when we apply the local mode de-
scription to the normal mode molecules. By the study of
dynamical entanglement the degree of entanglement is in
a low level when the local mode vibration appears. In ad-
dition, the chaos and resonance are found to have greatly
promoted on the evolution of dynamical entanglement.

The small molecule is a system with potential applica-
tions in quantum computations. Since the intramolecular
vibrational dynamic is one of the decoherence sources
of quantum computation and quantum information, re-
searches on the intramolecular vibrational dynamic are
necessary for the molecular system. The U(4) algebraic
model is suitable to treat the bending vibration as well
as the rotation, therefore as an extension of this work the
decoherence dynamics will be studied in the framework
of U(4) algebraic model.
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33. C. Jaffé and P. Brumer, J. Chem. Phys., 1980, 73: 5646

34. W. P. Sibert, Reinhardt, and J. T. Hynes, J. Chem. Phys.,

1982, 77(7): 3583

35. M. Kryvohuz and J. Cao, J. Phys. Chem. B, 2010, 114(19):

6549

36. B. V. Chirikov, Phys. Rep., 1979, 52(5): 263

37. X. Hou and B. Hu, Phys. Rev. A, 2004, 69(4): 042110

38. R. M. Angelo, K. Furuya, M. C. Nemes, and G. Q. Pellegrino,

Phys. Rev. A, 2001, 64(4): 043801

39. N. N. Chung and L. Y. Chew, Phys. Rev. E, 2009, 80: 016204

40. M. Lombardi and A. Matzkin, Phys. Rev. E, 2011, 83: 016207

41. S. Keshavamurthy, Int. Rev. Phys. Chem., 2007, 26(4): 521


