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We exactly evaluate the entanglement of a six vertex and a nine vertex graph states which correspond
to non “two-colorable” graphs. The upper bound of entanglement for five vertex ring graph state
is improved to 2.9275, less than the upper bound determined by local operations and classical
communication. An upper bound of entanglement is proposed based on the definition of graph
state.
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1 Introduction

Entanglement is one of the most important concepts and
resources in quantum information theory. However, the
quantification of the entanglement of a given quantum
state is difficult except for bipartite pure state, where the
distance-like measure of the entanglement (Relative En-
tropy of Entanglement) [1, 2] and the operational mea-
sures of entanglement ( Entanglement of Formation, Dis-
tillable Entanglement) [3] are all equal to the entropy of
the reduced state obtained by tracing out one part of the
pure state. In a bipartite system, apart from pure state,
the entanglement of a mixed state is not easy to calculate
in general if not impossible. The situation becomes even
worse for a multipartite system where the basic states
corresponding to Bell basis are not clearly recognized
[4, 5]. Thus the extension of operational entanglement
measures to a multipartite system is not available. Nev-
ertheless, a variety of different entanglement measures
have been proposed for the multipartite setting. Among
them are the (Global) Robustness of Entanglement [6],
the Relative Entropy of Entanglement and the Geomet-
ric Measure [7]. The robustness measures the minimal
noise (arbitrary state) that needs to be added to make
the state separable. The geometric measure is the dis-
tance of the state to the closest product state in terms of
the fidelity. The relative entropy of entanglement is the
relative entropy of the state to the closest fully separable
state. It is a valid entanglement measure for multipartite
state.

The quantification of multipartite entanglement is usu-
ally difficult as most measures are defined as the solutions
to difficult variational problems. Even for pure multipar-
tite state, entanglement can be obtained only for some
special scenarios. Fortunately, due to the inequalities on
the logarithmic robustness, relative entropy of entan-
glement and geometric measure of entanglement [8–10],
these entanglement measures are all equal for stabilizer
states [11]. Thus for a stabilizer state |S〉, the entangle-
ment can be written as

E = min
φ

(− log2 |〈S|φ〉|2) (1)

where φ =
⊗

j(
√

pj |0〉+
√

1 − pjeiϕj |1〉) is the separable
pure state.

The entanglement is upper bounded by the local op-
erations and classical communication (LOCC) bound
ELOCC, and lower bounded by some bipartite entangle-
ment deduced from the state, that is, the “matching”
bound Ebi [12]. It is well known that all graph states are
stabilizer states [13], so the inequalities for the entangle-
ment of a graph state are

Ebi � E � ELOCC (2)

If the lower bound coincides with the upper bound, then
the entanglement of the graph state can be obtained
directly. This is true for “two-colorable” graph states
such as multipartite GHZ states, Steane codewords, and
states of ring graph with even vertices. For a state of
ring graph with odd n vertices, we have

⌊
n
2

⌋
� E �

⌈
n
2

⌉

[12]. Recently, progress has been made on the study of

c© Higher Education Press and Springer-Verlag Berlin Heidelberg 2012



Xiao-Yu Chen, Front. Phys., 2012, 7(4) 445

seperability of graph diagonal states [14, 15]. Graph state
has also been applied to the question of quantum ca-
pacity [16], which is closely related to the entanglement
problem.

In this paper we will be concerned with the entangle-
ment of a graph state whose graph is not “two-colorable”.
A new upper bound based directly on the definition of
graph state is proposed. The symmetry of the graph is
utilized to further reduce the upper bounds for some
highly symmetric graph states, including those of five
vertex ring and Peterson graph.

2 Graph state

A graph G = (V ;Γ ) is composed of a set V of n vertices
and a set of edges specified by the adjacency matrix Γ ,
which is an n × n symmetric matrix with vanishing di-
agonal entries and Γab = 1 if vertices a, b are connected
and Γab = 0 otherwise. The neighborhood of a vertex a

is denoted by Na = {v ∈ V |Γav = 1}, i.e., the set of all
the vertices that are connected to a. Graph states [17, 18]
are useful multipartite entangled states that are essential
resources for one-way computing [19] and can be exper-
imentally demonstrated [20, 21]. To associate the graph
state to the underlying graph, we assign each vertex with
a qubit, each edge representing the interaction between
the two corresponding qubits. More physically, the in-
teraction may be Ising interaction of spin qubits. Let us
denote the Pauli matrices at the qubit a by Xa, Ya, Za

and the identity by Ia. The graph state related to the
graph G is defined as

|G〉 =
∏

Γab=1

Uab|+〉V =
1√
2n

1∑

μ=0

(−1)
1
2μΓμT |μ〉 (3)

where |μ〉 is the joint eigenstate of Pauli operators Za

(a ∈ V ) with eigenvalues (−1)μa , |+〉V being the joint
+1 eigenstate of Pauli operators Xa (a ∈ V ) , and Uab

(Uab = diag{1, 1, 1,−1} in the Z basis) being the con-
trolled phase gate between qubits a and b. Graph state
can also be viewed as the result of successively perform-
ing 2-qubit Control-Z operations Uab on the initially un-
connected n qubit state |+〉V . It can be shown that graph
state is the joint +1 eigenstate of the n vertices stabiliz-
ers

Ka = Xa

∏

b∈Na

Zb := XaZNa , a ∈ V (4)

Meanwhile, the graph state basis are |Gk1,k2,···,kn〉 =
∏

a∈V Zka
a |G〉, with ka = 0, 1. Since all of the graph ba-

sis states are local unitary equivalent, they all have equal
entanglement, so we need only to determine the entan-
glement of graph state |G〉. Once the entanglement of
a graph state is obtained, the entanglement of all the
graph basis states are obtained.

3 The upper bound of graph state

The (squared) fidelity Fφ = |〈G|φ〉|2 plays a crucial rule
in calculating the entanglement. For a graph state, we
have

E = min
φ

− log2 |〈G|φ〉|2 = − log2(max
φ

Fφ) (5)

Denote F = maxφ Fφ as the fidelity between the graph
state and the closest pure separable state. One of the
ways to obtain the upper bound of entanglement is to
relax the maximization. For two-colorable graph, the set
with majority vertices is colored with Amber, and the
set with minority vertices is colored with Blue. Without
loss of generality, the Amber colored vertices are labelled
as a = 1, · · · , |A|, and the Blue vertices are labelled as
b = |A|+ 1, · · · , n. Since all Amber vertices are not adja-
cent with each other, we can perform Xa (a = 1, · · · , |A|)
measurements to all Amber qubits simultaneously. Ap-
plying Zb (b = |A| + 1, · · · , n) measurements to all Blue
qubits at the same time. Thus all Amber stabilizers Ka

can be measured simultaneously by LOCC. The maximal
number of states that can be discriminated by LOCC
then is 2|A| according to the theory of graph state ba-
sis [12]. Applying the inequality on the relationship of
LOCC discrimination of states and the entanglement [9],
one has |A| � n − E, that is,

E � n − |A| (6)

This upper bound of LOCC may be extended to graphs
that are not two-colorable by some modification. How-
ever, it is possible to obtain the upper bound without
the LOCC state discrimination.

We will obtain the upper bound of the entanglement
with the definition of the graph state. The graph state
may not be two-colorable. Suppose the maximal non-
adjacent vertices set A has |A| vertices. As before, we la-
bel these vertices with a = 1, · · · , |A|. The other vertices
are in the set B = V − A, and the vertices are labelled
with b = |A|+1, · · · , n. Note that the vertices within the
set B may be connected with each other, for the graph
may not be two-colorable. The adjacency matrix Γ now
is

Γ =

(
ΓA ΓAB

ΓT
AB ΓB

)

(7)

Since any vertices pairs are not adjacent in the set A,
the adjacency matrix of the set A is an all zero |A| × |A|
matrix,

ΓA = 0 (8)

Denote μ = (μA, μB), where the binary vectors μA =
(μ1, · · · , μ|A|), μB = (μ|A|+1, · · · , μn), then the graph
state can be written as |G〉 = |G1〉 + |G2〉, the
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unnormalized states

|G1〉 =
1√
2n

1∑

μA=0

(−1)
1
2 (μA,0)Γ(μA,0)T |μA,0〉

=
1√
2n

1∑

μA=0

|μA,0〉 (9)

where we have used the fact that

1
2
(μA,0)

(
0 ΓAB

ΓT
AB ΓB

)

(μA,0)T = 0 (10)

And

|G2〉 =
1√
2n

1∑

μA=0

∑

μB �=0

(−1)
1
2 (μA,μB)Γ(μA,μB)T |μA, μB〉

(11)

To obtain a lower bound of the extremal fidelity F , we
can choose

|φ〉 =
|A|⊗

a=1

(
√

pa|0〉 +
√

1 − paeiϕa |1〉) ⊗ |0〉⊗(n−|A|)

(12)

Since μB �= 0 in the state |G2〉 and the last (n − |A|)
qubits of |φ〉 are all in |0〉, we have 〈G2|φ〉 = 0. Thus one
has

〈G|φ〉 = 〈G1|φ〉 =
1√
2n

1∑

μA=0

〈μA|
|A|⊗

a=1

(
√

pa|0〉

+
√

1 − paeiϕa |1〉)

=
1√
2n

|A|∏

a=1

(
√

pa +
√

1 − paeiϕa) (13)

For all the separable states of type (12), the maximal
fidelity is

F0 = max
pa,ϕa

|〈G|φ〉|2 = 2−(n−|A|) (14)

which is achieved when pa = 1
2 , ϕa = 0(a = 1, · · · , |A|).

The upper bound of the entanglement is

− log2 F0 = n − |A| (15)

where |A| is the maximal number of non-adjacent ver-
tices of the graph. Note that we obtain the upper bound
without the knowledge of LOCC, and the result can be
applied to any graph state.

As an application, we consider the graph in Fig. 1(a).
The stabilizer code based on this graph is [[6, 1, 3]] quan-
tum error correction code. The maximal number of non-
adjacent vertices of the graph is 3 (i.e., vertices 1, 3, 6
or vertices 2, 4, 6). Thus we have the entanglement up-
per bound 6 − 3 = 3. Meanwhile, the lower “matching”
bound [12] is also 3. This is because of the fact that mul-

tipartite entanglement is no less than the corresponding
bipartite entanglement [12]. We have E � Ebi. The lower
bound Ebi is obtained with a bipartition of the graph
into subgraph C = {VC ,ΓC} and D = {VD,ΓD},with
VC = {1, 4, 5} and VD = {2, 3, 6}. Removing the lo-
cal edges in both parties by local Control-Z operations
Uij , we obtain 3 Bell pairs between the two parties. So
Ebi = 3. The detailed process is to apply U15 and U45

operations which are local in subgraph C, and apply U23

operation which is local in subgraph D. The edges of the
remaining graph are (1, 2), (3, 4) and (5, 6). The upper
bound and the lower bound coincide, thus the entangle-
ment of the graph state is 3.

Fig. 1 (a) The graph for [[6, 1, 3]] code; (b) Peterson graph.

4 Improving the upper bound with symmetry

For a graph state of ring graph with odd n vertices, we
have

⌊
n
2

⌋
� E �

⌈
n
2

⌉
. The upper bound is obtained by

LOCC and also by our non-adjacent vertices set method.
We will show that this upper bound can be further im-
proved for five vertex ring graph state by making use
of the symmetry of the graph. Our symmetrical consid-
eration also shows that the Peterson graph [13] state
has entanglement upper bound of 5, while LOCC and
non-adjacent vertices set method can only give an upper
bound of 6.

4.1 Five vertex ring

The graph of five vertex ring is the underlying graph of
the famous [[5, 1, 3]] stabilizer code. Denote the code-
words of [[5, 1, 3]] as |0〉 and |1〉 [3], and the graph state
will be |G〉 = − 1√

2
(|0〉 − |1〉). We simply suppose the

separable state to be

|φ〉 = (
√

p|0〉 +
√

1 − peiϕ|1〉)⊗5 (16)

where we have considered the symmetry of the graph.
Denote x =

√
p, y =

√
1 − peiϕ, the fidelity FG =

|〈G|φ〉|2 will be

FG =
1
32

|x5 − y5 + 5x4y − 5xy4|2 (17)

With a numerical calculation, the entanglement upper
bound can be found to be

min
p,ϕ

(− log2 FG) ≈ 2.9275 (18)
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A more precise condition for the maximum of FG can be
obtained. Let us consider the fidelity F0 = |〈0|φ〉|2,

F0 =
1
16

|x5 − 5xy4|2 (19)

The fidelity F0 can be rewritten as F0 = 1
16 [p5 +25p(1−

p)4 − 10p3(1− p)2 cos 4ϕ]. The maximal will be achieved
when cos 4ϕ = −1, so F0 = p

16 [p2 + 5(1 − p)2]2. The
derivative dF0

dp = 0 reduces to 6p2 − 6p + 1 = 0, which is

p = 1
2 (1± 1√

3
). For p = 1

2 (1− 1√
3
), d2F0

dp2 = − 5
4 (1+

√
3) <

0; For p = 1
2 (1 + 1√

3
), d2F0

dp2 = 5
4 (
√

3 − 1) > 0. Thus

the fidelity reaches its maximal F0 max = 3+
√

3
36 when

ϕ = ±π
4 ,± 3π

4 , and p = 1
2 (1 − 1√

3
). It is interesting

that at p = 1
2 (1 − 1√

3
), ϕ = ±π

4 , we have the maximal

fidelity FG max = 3+
√

3
36 . We may calculate the deriva-

tives of FG at points (p, ϕ) = (1
2 (1− 1√

3
),±π

4 ). The first

order derivatives are ∂FG

∂p = 0, ∂FG

∂ϕ = 0. The second

order derivatives are ∂2FG

∂p2 = − 5
4 < 0, ∂2FG

∂p∂ϕ = ± 5
12 ,

∂2FG

∂ϕ2 = − 5
108 (3 + 2

√
3) < 0. The Jacobian is

J =

∣
∣
∣
∣
∣
∣
∣
∣

∂2FG

∂p2

∂2FG

∂p∂ϕ

∂2FG

∂p∂ϕ

∂2FG

∂ϕ2

∣
∣
∣
∣
∣
∣
∣
∣

=
25

√
3

216
> 0 (20)

Thus (p, ϕ) = (1
2 (1 − 1√

3
),±π

4 ) are the points of maxi-
mal fidelity FG. We can also prove that (p, ϕ) = (1

2 (1 +
1√
3
),±π

4 ) are the points of maximal fidelity FG.
The entanglement upper bound is

min
p,ϕ

− log2 FG = − log2

3 +
√

3
36

≈ 2.9275 (21)

It is less than 3, the best upper bound by LOCC or non-
adjacent vertices set method.

Although we use the identical product state to obtain
the upper bound of the entanglement, and this upper
bound is far from the lower bound, which is 2, a ran-
dom search calculation indicates that this upper bound
is possibly the entanglement itself.

4.2 Peterson graph

For Peterson graph GP in Fig. 1(b), the lower bipartite
bound for the entanglement of the graph state is easily
obtained as 5, which is the number of Bell pairs between
the subgraph C with VC = {1, 2, 3, 4, 5} and subgraph D

with VD = {6, 7, 8, 9, 10}. The number of maximal non-
adjacent vertices set is 4, thus the entanglement upper
bound is 10 − 4 = 6.

Suppose the separable state to be

|φ〉 = (
√

p|0〉 +
√

1 − peiϕ|1〉)⊗10 (22)

Denote x =
√

p, y =
√

1 − peiϕ. We have

〈GP |φ〉 = 2−5
10∑

j=0

cjx
10−jyj (23)

The coefficient cj =
∑

μ∈Λj
(−1)

1
2μΓμT

, where Λj =

{μ|∑10
k=1 μk = j}. The coefficient vector is

c = (1, 10, 15, 0,−50, 108, 50, 0,−15, 10,−1) (24)

A special closest separable state is with p = 1
2 , ϕ = π

2 .
The maximal fidelity is

F = |2−3(−1 + i)|2 =
1
32

(25)

The entanglement upper bound coincides with its lower
bound. The entanglement of the Peterson graph state is
5.

5 Conclusions

We have proposed an upper bound for the entanglement
of a graph state. The bound is based on the definition
of the graph state. We obtain the bound by calculat-
ing the fidelity of the graph state with respect to some
separable state. The vertices of the graph are divided
into two subsets, one with all its vertices that are not
adjacent with each other. We make this subset as large
as possible and it has |A| vertices. Then the entangle-
ment of the n vertices graph state is upper bounded by
n − |A|. The entanglement measure can be the (Global)
Robustness of Entanglement, the Relative Entropy of
Entanglement, and the Geometric Measure. These mea-
sures are all equal for graph states. Using this bound,
we have found the entanglement of graph state which
[[6, 1, 3]] code is based on to be 3. The upper bound
of the graph state has been further improved for some
highly symmetric states. These states are five vertices
ring graph state and Peterson graph state. With the
product of identical qubit states, we find that the entan-
glement upper bound for five vertices ring graph state
is about 2.9275, which is less than 3, the bound given
by LOCC and our non-adjacent vertices set method.
We also determine the entanglement of Peterson graph
state to be 5 (less than 6 given by LOCC) by using the
product of identical qubit state as the closest separable
state.
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