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We review our recent theoretical advances in phase transition of cold atoms in optical lattices,
such as triangular lattice, honeycomb lattice, and Kagomé lattice. By employing the new developed
numerical methods called dynamical cluster approximation and cellular dynamical mean-field theory,
the properties in different phases of cold atoms in optical lattices are studied, such as density of
states, Fermi surface and double occupancy. On triangular lattice, a reentrant behavior of phase
translation line between Fermi liquid state and pseudogap state is found due to the Kondo effect.
We find the system undergoes a second order Mott transition from a metallic state into a Mott
insulator state on honeycomb lattice and triangular Kagomé lattice. The stability of quantum spin
Hall phase towards interaction on honeycomb lattice with spin—orbital coupling is systematically
discussed. And we investigate the transition from quantum spin Hall insulator to normal insulator
in Kagomé lattice which includes a nearest-neighbor intrinsic spin—orbit coupling and a trimerized
Hamiltonian. In addition, we propose the experimental protocols to observe these phase transition

of cold atoms in optical lattices.
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1 Introduction

Quantum phase transition in strongly correlated system
presents some of most challenging problems. However, in
a real material, the kinetic energy and interaction be-
tween electrons are hard to be varied. The effects of
interest would be complicated by multiple bands and
impurities. A new developing technology called optical
lattices presents a highly controllable and clean system
for studying strongly correlated system, in which the
relevant parameter can be adjusted independently [1-
9]. Optical lattices with different geometrical properties
can be set up by adjusting the propagation directions of
laser beams, such as triangular lattice, honeycomb lat-
tice and Kagomé lattice [10-16]. The Feshbach resonance
employed in the experiment can adjust the interaction
between the trapped atoms, such as °Li and *°K. Re-
cently, a series of experiments have been carried out to
investigate the quantum phase transition of cold atoms
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in optical lattices [17-24].

The recent theoretical and experimental progress in
laser-induced-gauge-field [25-31] makes it a hot spot to
study topological quantum states [32, 33] in cold atomic
system [34-42]. Subject to the compounds’ natural prop-
erties [43], the famous Haldane model [44] has not been
confirmed by experiments due to the difficulty of im-
plementing periodic magnetic field on actual material.
For topological insulator, an important extension from
the Haldane model to a time-reversal invariant system
[45-53], only a few materials are confirmed currently to
have such exotic topological properties [54-59], because
the existence of such properties requires relatively strong
spin—orbit coupling. However, in optical lattice system,
the lattice Hamiltonian can be engineered to guarantee
that this system hosts these novel topological phases [40,
41]. And the spin Chern number can be directly veri-
fied by using a method similar to the method used to
detect the (mass) Chern number in these atomic sys-
tems. Recently, the neutral-cold-atom integer and frac-
tional quantum Hall effects have been studied [60-62]
and also the realization of Haldane model has been de-
signed by using the laser-induced-gauge-field method in
optical lattice [37]. These systems have been widely in-
vestigated [38, 63].

Many analytical and numerical methods have been de-
veloped to investigate these strongly correlated systems
[64-76]. The dynamical mean-field theory (DMFT) [77]
has been proven to be a good approximation even for
three dimensional situation [78, 79]. However, in low di-
mensional system and frustrated system, the nonlocal
correlations cannot be simply ignored. With the cluster
extension of DMFT, such as dynamical cluster approxi-
mation (DCA) [80, 81] and cellular dynamical mean-field
theory (CDMFT) [82-84], the spatial correlations can be
incorporated effectually and the irreducible quantities of
embedded cluster are used as an approximation for cor-
responding lattice quantities. DCA and CDMFT have
been widely employed to investigate the low dimensional
and frustrated systems [85, 86].

In this article, we review our recent theoretical ad-
vances in phase transition in optical lattices with differ-
ent geometrical properties and spin-orbit coupling. In
Section 2, we present experimental sketches to obtain
optical lattice, such as square lattice, triangular lattice,
honeycomb lattice and Kagomé lattice. In Section 3, we
give a general introduction of the numerical method,
such as dynamical cluster theory and cellular dynami-
cal mean-field theory. Section 4 is devoted to investigate
the phase transition of cold atoms in triangular optical
lattice and interacting Dirac fermions on honeycomb lat-
tice. The phase transition of cold atoms with spin—orbit
coupling on honeycomb lattice and Kagomé lattice are
also presented. In Section 5, we discuss the experiment
protocol to observe the phase transition in optical lat-
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tices. Finally, we summarize our results.

2 Optical lattices

2.1 Two-dimensional square optical lattice

As shown in Fig. 1, a two-dimensional (2D) square lat-
tice can be formed by two pairs of laser beams, such as
a Yb fibre laser at wavelength A = 1024 nm, oriented
orthogonally on horizontal z—y plane. An additional ver-
tical optical lattice is applied to provide a vertical con-
finement, which is formed by two beams at an angle of
m/12. This vertical confinement is kept deep enough to
prevent vertical tunnelling. And the cold atoms is loaded
into a single site of the vertical lattice [20, 21].

Fig. 1 Sketch map of the experimental setup to form 2D square
optical lattice by two pairs of laser beams oriented orthogonally on
horizontal z—y plane, which is indicated by the red arrows. Two
vertical laser beams, indicated by the green arrows, with 7/12, is
applied to prevent vertical tunnelling, which makes the cold atoms
load into a single site of the vertical lattice.

2.2 Triangular optical lattice

As shown in Fig. 2(a), the triangular optical lattice can
be formed by three laser beams, such as the Yb fiber
laser at wavelength A = 1064 nm, with a 27/3 angle be-
tween each other. Cold atoms, which can be prepared by
mixing two magnetic sub-levels of the F' = 9/2 hyperfine
manifold, are trapped in this triangular optical lattice,
such as 4K [20]. Figure 2(b) shows the landscape of the
potential of triangular optical lattice in the x—y plane,
where the dark blue parts in the figure indicate the min-
imum lattice potential. Contour lines of the triangular
optical lattice are shown in Fig. 2(c). The red dash lines
show the geometry of this triangular optical lattice [9,
87].

2.3 Honeycomb optical lattice

The experimental setup of hexagonal optical lattice is
illustrated in Fig. 3(a). We can use Yb fiber laser at
wavelength A = 1064 nm to get three trapping potentials.
Each of the potential can be formed by two blue-detuned
laser beams at a 70.4° angle, as shown in Fig. 3(a). Then
we can get the trapping potential which can be writ-
ten in the form V(z,y) = Vo> .1 03 sin? [kr, (z cos 6+
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Fig. 2 (a) Sketch of experimental setup to form triangular opti-
cal lattice. Each arrow depicts a laser beam, the sphere in center
of the figure depicts the fermionic quantum gas, such as *°K. (b)
Landscape of potential V' (z,y). (¢) The contour lines of triangular
optical lattice. The dark blue circles indicate the minimum lattice
potential. The dash red lines show the geometry of this triangu-
lar optical lattice by connecting the minimum lattice potential.
Reproduced from Ref. [85], Copyright (© 2010 American Physical
Society.

ysinf;)+ 5], where 0, = §, 02 = —§, 03 = 3, kr, is opti-
cal wave vector projected onto x—y plane, Vj is the depth
of the lattice potential [88, 89]. The contour lines of this
hexagonal optical lattice are shown in Fig. 3(b), the blue
lines indicate the minimum lattice potential. Recently, a
spin-dependent optical lattice with hexagonal symmetry
has been realized in experiment [90].
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Fig. 3 (a) Sketch map of the experimental setup to form hexag-
onal optical lattice. (b) The contourlines of hexagonal optical lat-
tice, the blue lines indicate the minimum lattice potential. The
referenced paper is submitted to Chinese Science Bulletin.

2.4 Kagomé optical lattice

The kagomé optical lattice can be formed by three super-
laser beams with the same wave vector length but dif-

ferent polarizations. These super-laser beams are applied
along three different directions: e, and %ey:t@em, re-

spectively [74, 91, 92]. Each super-laser beam consists of
four large detuned standing-wave lasers with the same
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polarization but different wave vector length in the x—y
plane. The total potential is thus given by

3
Vir)=W Z{cos(ki-r +30;0/2)
i=1
+2cos(k;i-r/3+ ;ip/2)
+4 cos(k;-T/9 + 0;0/6)

+C cos[k;-r/9+ 6;(p/6 + m/2)]}> (1)

with the wave vectors k1:<§, %) k, k2:<_ \/73’ %)]ﬁ

ks = (0,1)k and §; = d3 = —d3 = 1. One can get a tri-
angular lattice when ¢ = 0 or 27 and a Kagomé lattice
when 0<p<27m. A uniform Kagomé lattice corresponds to
» = m, as shown in Fig. 4(a). When ¢ takes other values,
one can obtain the trimerized Kagomé lattice accompa-
nying distortion of the lattice structure [74, 91, 92]. As
shown in Fig. 4(b), the trimerized Kagomé optical lattice
is obtained when parameter ( = 1.5.
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Fig. 4 (a) A uniform Kagomé lattice for o=n and (=0. (b) A
trimer Kagomé lattice for p=n and (=1.5. Reproduced from Ref.
[38], Copyright (© 2010 American Physical Society.

2.5 Theoretical model

We first consider the Bose gas trapped in optical lattice
[1, 10]. The Hamiltonian of trapped interacting particles
can be written as

H= /d3m/3+(z) [i + Vo(x)} (z)

2m

+ / dag* (2)d (2)d(2) 3 () 2)

where 1,[) is the bosonic field operator, Vj is the optical
lattice potential, g is the interaction strength between
two atomic particles. By assuming all particles are on
the lowest band of the optical lattice, the bosonic field
operator can be written as 1(z) = 3. biw® (z — ;),
where b; is the destruction operator of particle in site x;.
Then we get the Bose-Hubbard Hamiltonian written as

. 1 e
— bty Z bRt
H——Ej Jiibt b+ 5 .E‘MUM@. bt biby (3)
, VLS

where

Jij = —/dxw(J(ﬂC - @) [ﬁ + Vo(w)} wo(x — ;) (4)
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and
Uijki = g/dxwo(:v—:vi)wo(:v—:vj)wo(:v—:vk)wo(:v—:vl)

(5)
Several species of atoms can be trapped in the lattice
with different hyperfine states, which can be identified
with spin degrees of freedom. For example, a spin 1/2
system can be created from two states ||) = |a) and
[T) = |b) [10]. By using similar setups mentioned above,
the Hamilitonian of interacting fermionic atoms trapped
in these optical lattices can be written as

H=—t Z CiCio + UanTnll

(ij)o

(6)

+

where ¢, and c¢;, denote the creation and the an-

nihilation operator of the fermionic atom on lat-
tice site ¢ respectively, n;, = c;cig represents

the density operator of fermionic atom. And ¢
(4//m)E,(Vo/E.)?/* exp(—2(Vy/E,)'/?) is the kinetic
energy, which can be adjusted by the lattice depth V4.
= /8/7kasE,(Vo/E,)*/* is the on-site interaction de-
termmed by the s-wave scattering length as, which can
be adjusted by Feshbach resonance.
In recent experiments, the Haldane model have been
realized in experiments by using laser-induce-gauge-field
method in an optical lattice. This artificial gauge field

proposed in Refs. [28, 29] is equinalent to a spin—orbit
coupling. These systems can be described by Hamilto-
nian as follows:

H=—t Z ¢ Cio + 1A Z vucl o.cj + UanTnZi

(ij)ap
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where 7, j denote the sites on lattice, ¢;, is the electron
annhilation operator, n;,, = cjacig, t is the hopping en-
ergy, A is spin—-orbit coupling which can be adjusted by
the laser-induced-gauge-field, and U is the onsite inter-
action.

These strongly correlated systems can be investigated
by numerical methods, such as dynamical mean-field the-
ory (DMFT) and its cluster extension, such as dynami-
cal cluster approximation (DCA) and cellular dynamical
mean-field theory (CDMFT).

3 Dynamical mean-field thory

3.1 Dynamical cluster approximation

In DCA [80, 81], the reciprocal space of the lattice con-
taining N points is divided into finite cells [81]. The
coarse-graining Green’s function G is achieved by averag-
ing Green’s function G within each cell. The lattice prob-
lem is mapped into a self-consistently embedded finite-
sized cluster. The coarse graining procedure of the DCA
is illustrated as follows: the Brillouin zone is divided
into N, cells, and each cell is represented by a cluster
momentum K. The coarse-grained Green’s function is

(K iwy) = ZGKﬁLk iwp,)

E s
k

where summation over k is taken within the coarse-
graining cell, and the w, is the Matsubara frequency.
The self-consistent loop of DCA is shown in Fig. 5.

1
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Fig. 5 Sketch of self Con51stent loop of DCA The calculatlon is started by guessing a self energy, then we repeat the iterative
loop part shown in the red square until reaching desired accuracy. Once the convergence is reached, by employing the analysis
part shown in the blue square, we can get the lattice quantities, for example, the double occupancy and the density of states.
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3.2 Cellular dynamical mean-field theory

In CDMFT [82, 83], the original lattice is mapped onto
an effective cluster model via a standard DMFT proce-
dure. The effective medium ¢ can be got by the Dyson
equation:
-1
1 $0;
— w1 — 1K) — S(iwn) (i)

g_l(iwn) =

(9)

the f(I? ) is the hopping matrix in the cluster and K
is taken within the reduced first Brioullion zone, 3(iws,)
is the self-energy matrix, and w, is the Matsubara fre-
quency. Then, we introduce an impurity solver to solve
this cluster problem, such as continuous time Monte
Carlo method. The self-consistent loop of CDMFT is
shown in Fig. 6.

I 5 1

—b(}t.(ia),)=7 e
" N G~ -1 (K)-Z (iwy)

85! (iw,) = (iw,)+ G (iw,)

Impurity solver: CTQMC

G.-\-}‘f '(iﬂ",,)

=¥ (iw,) =25 (iw,)— Gy ge(im,)

Fig. 6 Sketch of self-consistent loop of CDMFT. The calculation
is started by guessing a self-energy, then the iterative loop part is
repeated until desired accuracy is reached. Then, by employing the
analysis part, we can get the lattice quantities, for example, the
double occupancy.

4 Quantum phase transition of cold atoms

4.1 Triangular lattice

The obtained phase diagram of cold atoms trapped in tri-
angular optical lattice is shown in Fig. 7. As the interac-
tion increases, the system gets translated from Fermi lig-
uid to pseudogap state. When the interaction is stronger
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than the critical interaction distributing on the purple
line, the system gets translated from pseudogap to insu-
lator. The phase translation line between the Fermi lig-
uid and the pseudogap shows a reentrant behavior due to
Kondo effect at low temperature. When the temperature
is lower than T/t = 2.0, a Kondo peak emerges before
the appearence of the pseudogap when the interaction

increases.
1:5
1.0+
E Pseudogap
0.5 .
Fermi 4 Mott insulator
liquid 4, Kondo
a peak
0.0 T " T - .
6 8 10 12 14
Ut

Fig. 7 The phase diagram of Fermi atoms in triangular optical
lattice, where the square plots with solid line (green, red, blue) indi-
cate the transition line of the Fermi liquid and the pseudogap, the
circular plots with solid line (purple) indicate the Mott transition
line, and the triangular plots with dash line (pink) mark the Kondo
peak appearing region. Reproduced from Ref. [85], Copyright ©
2010 American Physical Society.
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Fig. 8 The density of states (DOS) as a function of frequency w
for different interaction. (a) At 7'/t = 0.50, a pseudogap, formed
by splitting of Fermi-liquid-like peak, appears when the interaction
increases. A gap is opened when the interaction is stronger than
the critical interaction U./t = 11.6. (b) At T/t = 0.25, a Kondo
resonance peak is found before the pseudogap appears. Reproduced
from Ref. [85], Copyright © 2010 American Physical Society.

We investigate the property of different phases men-
tioned above by maximum entropy method [93], which
is employed to get the density of states (DOS). Fig.
8 shows the evolution of DOS with various interaction
when T/t = 0.5 and T/t = 0.25. An obvious quasi-
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particle peak is found when U/t = 4.0, which shows that
the system stays at a Fermi liquid state. With the inter-
action, the Fermi-liquid-like peak splits into two small
peaks which form a pseudogap near the Fermi energy. A
gap is opened when the interaction is stronger than the
critical interaction U./t = 11.6, which shows that the
system becomes an insulator. When the temperature is
low, as show in Fig. 8(b) when T/t = 0.25, a Kondo
resonance peak is found before the appearence of a pseu-
dogap near Fermi energy.

0.12
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=
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Ut
Fig. 9 The double occupancy Dgcc as a function of interaction

U for different temperature. Reproduced from Ref. [85], Copyright
© 2010 The American Physical Society.

We also investigate the double occupancy Dyee =
OF/OU = 3" (ni1n;|) as a function of interaction U for
various temperature, where F' is the free energy, as shown
in Fig. 9. The D decreases as the interaction increases,
due to the suppressing of the itinerancy of atoms. When
the interaction is stronger than the critical interaction
of the Mott transition, Dy.. for different temperature
is almost coincident. The evolution of Fermi surface for
various interaction when 7'/t = 1.25 is shown in Fig. 10.
When U/t = 5.0, as shown in Figs. 10(a-1) and (a-2),
a circular ring which implies the particles distribution

X

0.10
031 (b-2)

0.05 0.2y
0.1

2
ky 0
0.20
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5 -2 0 7
k

~ 0 SN
k=22 Tk AUl
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on a certain energy displays a metallic behavior. When
the interaction increases, the ring becomes bigger and
the amplitude of the spectral weight becomes small, as
shown in Figs. 10(b-1) and (b-2). Figures 10(c-1) and
(c-2) show that the Fermi surface becomes a nearly flat
plane, due to the localization of the particles when the
interaction increases.

4.2 Honeycomb lattice

The phase diagram of interacting Dirac fermions on hon-
eycomb lattice is showed in Fig. 11. The system under-
goes a second-order Mott transition from a semi-metal
state into a Mott insulator state. The critical interaction
U, decreases as the temperature T decreases, and a finite
U./t ~ 3.3 for zero temperature phase transition is sug-
gested, which agrees with the large scale quantum Monte
carlo result U./t ~ 3.5 [94].

The density of states (DOS) for several interaction U
at temperature 7'/t = 0.05 are presented in Fig. 12. Two
quasi-particle peaks above and below Fermi level shift to
the Fermi surface when the interaction increases. Spec-
tral weight transferred to higher energy states, and even-
tually a gap opens at the Mott transition critical value
Ue/t ~ 3.7. It is found that the DOS near Fermi level
is independent of the interaction strength U until the
Mott transition happens. We investigate the double oc-
cupancy defined by the first derivative of the free energy
F, Dyec = g—g = (njyn4y) as a function of U for various
temperatures. As shown in Fig. 13, when U increases,
the Dy curves decrease smoothly on the entire domain
of U, which indicate second-order phase transitions. The
arrows indicate the phase transition point.

Figure 14(a) shows the distribution of quasi-particles

with energy w/t = 0.4 near a Dirac point (2v/37/3,
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0.025 00133

2 \

/,0 2
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Fig. 10 The Fermi surface as a function of momentum k for different interaction at 7'/t = 1.25: (a) U/t = 5.0, (b)
U/t =10.0, (c) U/t = 16.0. Reproduced from Ref. [85], Copyright © 2010 American Physical Society.
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Fig. 11 Phase diagram of the interacting Dirac fermions on hon-
eycomb lattice. The line separating the semi-metal and Mott in-
sulator marks a second-order phase transition. Reproduced from
Ref. [86], Copyright (© 2010 American Physical Society.
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wlt
Fig. 12 The density of states for different interaction strength U
at temperature T/t = 0.05. Within 6-site CDMFT, the DOS near
Fermi level is invariable until the Mott transition happens, which
denotes a constant Fermi velocity vp in the semi-metal regime.
Reproduced from Ref. [86], Copyright (© 2010 American Physical
Society.
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—a— T/=0.02
02 —o— 7/=0.05
. —— T/=0.10
2
R

0.1+

0.0 T T T
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Fig. 13 Double occupancy Docc as a function of interaction U
at different temperatures. The double occupancy is insensitive to
temperature for both weak- and strong-coupling regime, hence the
three curves for temperature 7'/t = 0.02,0.05,0.10 strictly super-
pose each other. The double occupancies decrease smoothly as U
increases, indicating second-order Mott transitions. The transition
points for different temperatures are marked by the arrows. Re-
produced from Ref. [86], Copyright (© 2010 American Physical
Society.

27/3). When the interaction U increases, the states are
being redistributed in the momentum space, although
the local density of states p(w) = >, A(k,w) is indepen-
dent of the interaction for small energy w. The evolution
of Fermi surface denoted by A(k,w/t = 0) is presented
in Fig. 14(b). Six Dirac points are found when U/t = 2.
The Mott phase transition happens isochronously on six
Dirac points due to the particle-hole symmetry. The lo-
cations of Dirac points are steady in momentum space
when interaction U increases. When U = 4.0, the Fermi
surface is destroyed by the interaction.
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U/r=3 U =4

Uir2

6

Fig. 14 The distribution of A(k,w) in momentum space for dif-
ferent interactions. (a) The distribution of A(k,w/t = 0.4) near
a Dirac point (2v/37/3,27/3) becomes isotropic in different direc-
tions when U increases. (b) A(k,w/t = 0) depicts the Fermi surface
of honeycomb lattice reduced to six Fermi points. Reproduced from
Ref. [86], Copyright (© 2010 American Physical Society.

4.3 Triangular Kagomé lattice

The triangular Kagomé lattice (TKL) can be got by
inserting an extra set of triangles inside the triangles
of Kagomé lattice, which has two different sublattices,
shown as A-trimers and B-trimers signed by the solid
circles and hollow circles respectively in Fig. 15. The
phase diagram of the interacting particles on triangular
Kagomé lattice is separated into metallic and insulat-
ing phases by a second-order Mott transition line, as
shown in Fig. 16. The critical value U, decreases as the

Fig. 15 The cell of triangular Kagomé lattice. The hollow cir-
cles denote the A-trimers and the black solid circles denote the
B-trimers. The referenced paper is unpublished.

105
10.0-

95
.

9.0

8.5 Mott insulator

8.0

0.1 02 03 04 05

Fig. 16 The phase diagram of triangular Kagomé lattice. A
second-order phase transition line separates the phase diagram into
two parts signed as metal and Mott insulator. The referenced paper
is unpublished.
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temperature T' decreases, and a finite U../t ~ 7.8 for zero
temperature phase transition is suggested.

4.4 Honeycomb lattice with spin—orbit coupling

We investigate the Kane-Mele-Hubbard model on hon-
eycomb lattice that reads:

H=—t Z c;;cjg + 1A Z vijc:;agﬁcjg
(ij)o {(ig))yap
+U Znﬁnil (10)
3

where 7, j label the sites on the honeycomb lattice, ¢;, is
the annhilation operator, n;, = c;cw, t is the hopping
energy, A is spin—orbit coupling, and U is the onsite inter-
action. The phase diagram of the honeycomb lattice with
spin—orbit coupling is shown in Fig. 17. A semi-metal
phase where the Dirac cones are preserved is found. We
have observed that spin liquid phase appears at very low
temperatures and the semi-metal domain prominently
develops with temperature as the topological band in-
sulator gap is also very small when A\ — 0. For T" — 0,
the semi-metal phase reduces to a line pointing along the
A = 0 axis which survives until relatively large interac-
tions. Both the spin liquid and topological band insulator
phases at A < 0.03 possess a small single-particle gap. In
the inset of Fig. 18, we present the single particle gap
and magnetization for A = 0.02 and T" = 0.025. The evo-
lution of the phase diagram with temperature is shown
in Fig. 18 for A = 0.02.

TBI/QSH

0 0.1 0.2

Fig. 17 Phase diagram of Kane-Mele model, including four
phases: (i) topological band insulator, (ii) magnetically ordered
spin density wave phase, (iii) non—-magnetic insulator phase, and
(iv) semi-metal region which is shown (from right to left) for tem-
peratures 7' = 0.025, 0.0125, and 0.005. Inset: Typical clusters
as used within cellular dynamical mean-field theory. Reproduced
from Ref. [63].

We extract the edge state spectrum in the presence of
interactions by computing the spectral function A(k,,w),
as shown in Fig. 19. We have observed the following: (i)
The plasmon velocity v associated with the edge modes
slightly decreases for increasing U. (ii) The intensity of
the spectral function decreases with increasing U. (iii)
The edge modes gap out when (S¥) becomes finite. In
Fig. 19 we show exemplarily the edge modes for fixed

Yao-hua Chen, et al., Front. Phys., 2012, 7(2)

i 7=0.025

m —*

0.2

0.1

Fig. 18 Temperature dependence of the phase diagram at spin-
orbital coupling A = 0.02. Inset: Single-particle gap Asp and mag-
netization m vs. U is shown for A\ = 0.02 and 7' = 0.025. Repro-
duced from Ref. [63].

A = 0.2, armchair boundary conditions, and U = 2.0,
3.0, and 5.2. We also compute the spectral function on
a cylinder for parameters U and A, which belongs to the
spin liquid phase (see Fig. 19). While the single particle
gap is very small we do not find edge states inside the
gap in accordance with the spin liquid phase. We also
access the double occupancy Doce = (nigngy) = 0F /0U
where F is the free energy. In Fig. 20 we show that Dg.c,

6

-2 -2
-1.0 0 1.0 -1.0 0 1.0
k.a }’(J.a

Fig. 19 Spectral function A(ky,w) for a cylinder geometry with
armchair edges (L = 96). Top: helical edge states of the topo-
logical band insulator phase with A = 0.2 and U = 2.0 or 3.0,
respectively. Bottom, left: for U = 5.2 > U, (spin density wave
phase) the helical edge states disappear while the single particle
gap remains finite. Bottom, right: A(ky,w) inside the spin liquid
phase: no edge states cross the gap. Reproduced from Ref. [63].

‘
el A=02,7=0.05 —e—

A=0.02, 7=0.025 —e—

0.2

0ce

2 015

0.11

g
L

6

Fig. 20 Double occupancy (n;1n;|) as a function of U is shown
for A = 0.02 (red circles) and 0.2 (blue squares). The blue arrow
(for A = 0.2) at U = 5.1 and the red arrow (for A\ = 0.02) at
U = 3.9 mark the phase transition into the magnetically ordered
phase. Note, the transition topological band insulator (black ar-
row) to semi-metal cannot be resolved. Reproduced from Ref. [63].
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which measures the itinerant properties of electrons, is
an insightful quantity to detect the magnetically or-
dered phase. The double occupancy is bounded as 1/4 >
Dyee = 0. In the opposite limit, U — oo, we clearly find
Dy = 0 as a fingerprint of Mott physics since we impose
half filling.

4.5 Kagomé lattice with spin—orbit coupling

In comparison with the condensed matter systems, we
find that detecting quantum spin Hall insulator has more
advantages in optical lattice system. Due to the time-
reversal symmetry, Chern number cannot be taken as
a topological invariant to characterize the quantum spin
Hall insulator in real electron system [95]. Chern number
Cy = 41 (C; = —1) in a quantum spin Hall phase for
the up-spin (down-spin) electrons and the total Chern
number C' = C} + C| = 0. Since one can not distin-
guish the contributions of the conductance from the up
or down spin electrons under current technology, it is
impossible to determine whether the system is in the
quantum spin Hall phase or normal phase by measur-
ing Hall conductance. However, in cold atomic systems,
it is the atom’s internal states that represent the spin,
not real spin, which brings certain benefits to measure-
ment. One can directly measure the spin Chern number
to determine whether the system lies in the quantum
spin Hall phase or not because optically measuring the
atomic internal states is very simple.

(b)

Fig. 21 (a) Schematic picture of the nearest neighbor intrinsic
SO coupling in 2D Kagomé lattice. The up-spin atoms hop along
(against) the arrowed direction with amplitude iAgo (—iAso). For
the down-spin atoms, the arrows are reversed. The dashed line
represents the Wigner—Seitz unit cell, which contains three inde-
pendent sites (A, B, C). (b) The trimer Kagomé lattice. Hopping
amplitude corresponds to t+x (t—k) for the thick (thin) bonds.
(c) Contours of the effective magnetic field for up-spin atoms de-
fined by Eq. (11). Reproduced from Ref. [38], Copyright © 2010
American Physical Society.

The Hamiltonian is given as follows:

H=—t Z c;;cjg + i/\Zvijchzcj + Z kijc;;cjg
(ij)o (i) (ij)o

(11)

where t is the hopping energy, A is the spin—orbit cou-
pling, and k;; describes an alternating pattern of bond
hopping integrals along the three pricipal spatial direc-
tions [see Fig. 21(b)]. For a further understanding of the
topological properties of the model, we show the edge
state effects in Fig. 22. From Fig. 22(a), we can see that
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there is a pair of chiral gapless edge states for every band
gap when the SO coupling dominates. This means that
the system is in topological insulator phases at 1/3- and
2/3-filling. When only the trimer term exists, it opens a
band gap at Dirac point but no edge states connect the
upper and lower bands [see Fig. 22(b)], therefore the sys-
tem is in a normal insulator phase at 2/3-filling. On the
other hand, we also see that the trimer term cannot open
a gap between the bands 1 and 2 [Fig. 20(b)]. Therefore
the system at 1/3-filling is still in the topological insu-
lator phase when two perturbations are present but the
trimer term dominates [see Fig. 22(c)].

(@), (),

34

Fig. 22 The band structure of the lattice model in the stripe
geometry. We take A\go = 0.1, K = 0 for (a), Agso =0, k = 0.1 for
(b) and Asp = 0.05, k = 0.1 for (c). Reproduced from Ref. [38],
Copyright 2010 American Physical Society.

Using the laser-induced-gauge-field method, one can
simulate the lattice with spin—orbit coupling. It is pro-
posed that both Abelian and non-Abelian gauge fields
can be simulated in cold atomic system. In addition, the
experiments to achieve such artificial gauge fields have
been reported [30, 31]. Interestingly, it was proposed that
a periodic magnetic field, which is not easy to be realized
in a condensed-matter system, can be created by two
opposite-travelling standing-wave laser beams [28, 29].
For wore information please refer to Ref. [31]. Therefore,
the total effective vector potential and magnetic field can
be written as

o = ahky {[sin(2k2y) — cos(kay) sin(y/kez)]es
+v/3 sin(2kay) cos(\/kg_:c)ey}
2mhk,
V3
Here, a = +1 representing the up- and down-spin. The

total effect field is shown in Fig. 19(c). It can be proved
that this effect field equals to the SO coupling in Eq.

(11).

(12)

[2sin(koy) sin(mz) + cos(2kay)]e (13)

[
eff = — &

5 Experimental protocol

We design the experimental protocol to observe the Mott
transition in optical lattices. The experiment can be
taken as follows: The fermionic atoms, such as 4°K, can
be produced as a pure fermion condensate by evaporative
cooling technology. Then laser beams with specific angles
can be applied to set up optical lattices with different ge-
ometrical properties, such as triangular and honeycomb.
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The kinetic energy t can be adjusted by the lattice depth
V5. And the Fesbbach resonance can be employed to con-
trol the on-site interaction [96-100]. In experiments, the
double occupancy Dy can be used to confirm whether
the Mott transition happens. It can be carried out as fol-
lows: We rapidly increase the depth of optical lattice to
prevent further tunnelling. Then the energy of atoms on
doube occupied sites is shifted by Feshbach resonance.
One spin component of atoms on double occupied sites
is transferred to an unpopulated magnetic sublevel by a
radio-frequency pulse. Then, the double occupancy can
be deduced by the fraction of transformed atoms ob-
tained by absorption imagining [20, 101]. In experiments,
the Fermi surface can be detected as follows: Ramping
down the optical lattice slowly enough to make the atoms
stay adiabatically in the lowest band while the quasi-
momentum is preserved. Then, the Fermi surface can be
obtained by absorption imagining after the atoms bal-
listically expand for several milliseconds by completely
turning off the confining potential [102, 103].

The method of detecting the quantum spin Hall phase
in cold-atomic optical lattice is presented in the follow-
ing. In cold atomic system, the information of quantum
states is usually measured from the density profile image.
So we first derive spin-atomic density from the Dirac
Hamiltonian, and information of the Chern number of
the system can be obtained. From the Streda formula, it
has been shown that the conductivity o,y (Chern num-
ber) is related to the atomic density og,=0p/0B|, 1,
when a uniform magnetic field B is applied in the sys-
tem. In optical lattice, the Chern number can be mea-
sured through the detection of the density profile [37, 62].
According to the Streda formula, one can get the rela-
tion between the spin Chern number and the spin-atomic
density as

Ca:pa(bO/B

This formula provides us the approach to measure
whether the system is in the quantum spin Hall phase.
Firstly, we measure the spin-atomic density and denote
it as p%i at 4=0 in the absence of B. Then the optical
lattice is rotated to generate the effective uniform mag-
netic field B, and the new density of the cold atoms p%, !
is measured again. If p% > p? and p} < p?, the system is
in QSH insulator phase.

(14)

6 Conclusions and perspectives

In summary, we have investigated the Mott transition
in several 2D optical lattices, such as triangular and
honeycomb lattice which can be set up by laser beams
with specific angles. As an artificial frustrated system, a
reentrant behavior of the transition between Fermi liquid
and pesudogap is found in triangular optical lattice due
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to the Kondo effect at low temperature. On honeycomb
lattice, we find that low-energy density of states is in-
dependent of the interaction strength in the semimetal
regime, hence the Fermi velocity always equals to the
one of non-interacting Dirac sea. And the system en-
ters Mott insulator via a second-order phase transition
accompanied by a pseudogap on the Fermi surface. We
also investigate the interplay between spin-orbit cou-
pling and particle-particle interaction on honeycomb
lattice. Phase diagram and temperature effects at weak
spin—orbit coupling is investigated. We also propose a
model including a nearest-neighbor intrinsic spin—orbit
coupling and trimerized Hamiltonian in Kagomé lattice.
The transition from the quantum spin Hall insulator to
the normal insulator is investigated. At last, we design
experimental schemes to simulate and detect the phase
transition of cold atoms in optical lattices.
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