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We explain how to treat a microscopic wave function of a-condensation taking a 3a-nucleus as
a typical example. The wave function has been originally proposed ten years before by Horiuchi,
Ropke, Schuck and the present author (Phys. Rev. Lett., 2001, 87: 192501). The microscopic model,
which fully takes into account the Pauli principle between all the constituent nucleons, effective inter-
nucleon forces and the Coulomb force, can play an important role in reproducing an a-gas nature
thanks to a-condensation as an excited state of a-like nuclei. An essential point of the wave function
is to describe their ground state simultaneously. We study its typical features by giving an analytical
formula of the norm kernel and the kernel concerning the one-body operator for 3a-condensation.
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1 Introduction

We have conjectured an excited state of na nuclei, which
is regarded as an a-condensation, on the basis of a new
microscopic wave function introduced in our paper ten
years ago [1]. The state occurs as a dilute a-gas where
the « particles are composite bosons consisting of the
fermionic nucleons with maximal occupied spin-isospin
states. In order to study the a-condensation with com-
posite bosons, therefore, it is definitely inevitable for us
to employ a microscopic model which takes full account
of the Pauli exclusion principle between all the con-
stituent nucleons, the effective inter-nucleon force and
the Coulomb force without any approximation.

Unlike a fully traditional-microscopic a-cluster model,
an ingredient of the wave function is to change the nature
of variational parameters in the Hill-Wheeler equation
from the relative distances between « particles to their
density within the framework of the microscopic model.
Obviously, in the traditional a-cluster model, which
consists of na-clusters, there are n — 1 independent pa-
rameters corresponding to the number of the internal
relative distances, by subtracting the c.m. coordinate.
On the other hand, for the new microscopic wave func-
tion, we consider only one-parameter contribution for
a-condensation apart from entangled parameters coming
from relative motion of a-clusters. Successfully applied
to na nuclei consisting of 2- to ba-clusters, this simple
wave function has anticipated that there can be an ex-

cited state around the na break-up energy, which might
be regarded as the a-condensation [2]. This is because
the wave function has absolutely a long range tail, which
could not be artificially cut off and could play an im-
portant role in guaranteeing the stability of the a-gas.
The more sophisticated development that introduces the
quadratic deformation, has been already done by Funaki
et al. [4, 5]. However, until now, no details to treat the
wave function have been given anywhere. In this report,
one of the main aims is to show the analytical deriva-
tions of the exchange kernels, which are an indispensable
tool to solve the Hill-Wheeler equation, by taking 3a-
condensation as a typical example. Their various kinds of
the behaviors are illustrated for the nuclei from 2« to 6cv.

We describe the new wave function and its charac-
teristics in the following section. Section 3 presents the
derivation method of the analytical formulae of the norm
kernel. In Section 4, the behavior of the norm kernel
is discussed. Furthermore, a new treatment for the de-
formed condensation is proposed in Section 5. Section 6
is devoted to the energy kernel concerning the one-body
operator. Section 7 is about the behavior of the one-body
kernel in terms of the Taylor expansion. Concluding re-
marks are given in Section 8.

2 Characteristics of the wave function for «
condensation

First of all, we should present the wave function respon-
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sible for the na-condensation as follows:
{Cl(Ro,b)}" 0) (1)

where Cf (Rg,b) is an a-like particle creation operator
on a center-of-mass (c.m.) orbit around the origin in the
Gaussian constraint, which is defined by

| Wna(ROa b)> =

Ct(Ry,b) = (7rR02)_3/2/dR e B/ Ro% At (p) (2)

Here, the usual a-cluster creation operator is given by

4
= H /dTWR(Tk)aLm (71)
k=1
The single nucleon wave function is

R(’l“) = (4)

and af_(r) is the creation operator of a nucleon with

(3)

(ﬁb)—3/2e—(r—R)2/(2b2)

spin-isospin o7 at the position of r. The parameter b
is the harmonic oscillator strength for a single nucleon
wave function in the a-cluster state. Note that auxiliary
coordinate is not c.m. coordinate, rg = Zi:l r/4 and
will be eliminated as mentioned later. Substituting Eq.
(4) into Eq. (2) and integrating over the parameter R,
we get

2 3/2
b ) e—2ré/(b2+2R3) (bint (5)

Cl(Ro,b)|0) = (m
0

where r¢ is the c.m. coordinate for an a-cluster and ¢;,;
means its internal wave function, which includes only
relative coordinates among 4 nucleons concerning the a-
cluster. Note that it is very convenient to represent an
a-cluster configuration created from a vacuum state with
Brink-type model wave function [3], which has been usu-
ally employed in the traditional microscopic « cluster
models, that is,

&) = [AL®)]" |0)
Or,(T1)  ¢Rm,(T2) @R, (T3
=\ 13 3, H OR,(T1)  OR,(T2)  OR,(T3
=loR,(r1)  Or,(r2)  ORs(T3)

©)

Then, we give Eq. (1) for 3a-clusters,
|

cos « cos 3 cosy — sin asin 7y
— cos acos Bsiny — sinacosy

cosasin 3

Eq. (10) allows us to examine a 3-dimensional deforma-
tion of a-condensation. The integral of Eq. (10) with

respect to R is carried out directly as follows:

MC—1/26—2r§;/b2+4/(MCb2MR) (13)
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b2 9/2
s, =(=——

3
./4|: H e2T2G(k)/(b2+2Rg)¢int(k):|

k=1

(7)

We can easily understand from Eq. (7) that all the a-
clusters belong to the same (0s)-orbit with the strength
V0?4 2R3, and that a necessary condition for a-
condensation is satisfied. Therefore, if Ry — 0, the
strength coincides with that of a-cluster, and 3a-nucleus
comes to the ground state of 2C. This circumstance
is common with that of the traditional-microscopic a-
cluster model. The fermionic property of nucleons is in
the antisymmetrizer which excludes that 3a-clusters ap-
proach each other. We imagine that this condition goes
to a dilute a-gas structure. From Eq. (7), we can esti-
mate the c.m. part of the 3a-clusters in the exchange
kernels, which should be removed:

6 3/2 2 2 2 2 2 2
<W) o678/ (V°+2R3)—6r% / (b° +2RF) (8)

Integrating over r¢, we have

(0% +283) (0 + 2R2) |

202 (b2 + R3 + R{?)

(9)

Next, we introduce a generalized creation operator of

Eq. (2) as
Yz " 2
Cl = / dR" [ (wRo;?)~V2e(R/R05)" 41 () (10)
J

where suffix j stands for one of the 3 spatial components
of (z,y, z). The vector (R’m’, Ry, sz’) is related to a lin-
ear transformation M, which is a general rotation:

R’ = MR

that is,
1!
R Myg Mgy Mgz R,
1! i
R, = Myz Myy Myz Ry (11)
2
R Mze Mzy My R,

If we employ the Euler angles («, 3,7), we can present

the matrix M as

sin v cos B cosy + cos asin 7y —sin 3 cosy
—sin a cos Fsiny + cos a cosy sin (3 sin ~y (12)
sin arsin 3 cos 3

f
where the constant M, is defined by

Mxx M:cy M:cz
Me=| My, My, My,
MZLE sz Mzz
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where

2Ro: Roy 5
R, b2

zys etc. (14)
J
and Mg is a function of the c¢.m. of 3a-clusters

x,Y,2

Mg =Y Mfrgir
ij

where My, is a cofactor of My,. For Eq. (9), we get a
generalized formula for the c.m. part:

—1/2
6 3/2 Haxx Hay Moz
<b_2) Hyz  Hyy  Hyz (15)
Mz Hzy Hzz

where
B 2 2, AM,
e =\ rome T2 ) Ot Do

Here M/ means that the parameter Ry, in Eq. (14) is
substituted with R{,, and so on. In this way, the an-
gular momentum projection is available, and unlike the
atomic condensation originated in a big number of par-

etc.

ticles, we expect another type of condensation coming
from an easy deformation thanks to the small number of
them.

3 Derivation of the norm kernel

It is extremely difficult to obtain the expected values
when we start from Eq. (7) because we need the integra-
tion procedure with respect to all the coordinates of nu-
cleons after carrying out the anti-symmetrized operation.
Instead, we propose a method in which we integrate over
the six parameters in the bracket of the wave functions,

Ry, Ry, R;3, R}, R, R}, after integrating all the real co-
|
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ordinates 71, - - -, 712. As for the normalization kernel, we
should first list the overlapping matrix element between
single nucleon wave functions as follows:

(or, (r)loR, (1)) = o (BB /@) — g

Next, using Eq. (16), we get the overlapping between a-

(16)

cluster configurations corresponding to the norm kernel:
4
G Gz G

(Bo| o) = | Go1 Gao Gos
Gs31 Gz Gazs

(17)

We should carry out

1 _
(B (Ro)| B (BY) = 5 (nREmRE) 2 [ -
3 2 2 /2 2
-/HdedR; o (RURGHRE/RS) (¢,10,)  (18)
k=1

The power 4 on the determinant comes from the maximal
occupation of the spin-isospin states, and factor 1/(3!) is
originated in the symmetric property for the exchange of
nucleons. The multi-integral of Eq. (18) is an enormous
sum of Gauss functions which have always a quadratic
form. For example, the first term without any exchange
of nucleons between a-clusters can be written as

3
I (Ro, R}) = (ngngf)*W/.-./HdedR;
k=1

_(R2/R2 12 2
.e (Rk/RoJFRk /Ro)Gik

3
= (WRSWR62)79/2/"'/HdedR;v
k=1

Lo (RE/REHRE/RE)~(Ri-R)' /0 (1)

The integrand has a quadratic form in an exponent as
follows:

X 0 0 0 0 Ry

0 X 0 o U 0 R,
( R.. Ry. R , ' R ) 0 0 X 0 0 U R3 (20)

o prmeE o0 o0 |[X 00 0 || R

0 U 0 0o X" 0 5

0 0o U 0 0 X’ A

|
where one for the lower-left and R} - R one for the lower-right,
X — b + 1 r_ e + 1 _ 1 respectively.

R b2 RE b7 b2 The evaluation of integral I; (Ro, R}) is easy because

Here, the 6 x 6 coefficients matrix is decomposed by four
3 x 3 sub-matrices which correspond to R; - R; part for
the upper-left, R; - R’ one for the upper-right, R} - R;

of the well-known integral formula:

I (Ro, R)) = (RmR) ™/
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_ _1+43
X 0 0 o o °
0o X 0 0 U 0
0 0 X 0 U
7 (21)
u o 0 X 0 0
o U 0 0 X 0
o 0o U 0 0 X

where the power 3 over the middle bracket comes from
3-dimensional integral with respect to x,y, z. This is be-
cause the same results appear in each direction owing to
the sphere constraint. As for the deformed constraint, we
are going to talk about it later. The normalization fac-
tor (mR3wR)~%/% can be inserted in the determinant as
follows:

—3/2
z 0 0 wu 0 0
0O = 0 O u 0
0 O 0 0
I (Ro, Ry) = ! !
vw 0 0 2 0 0
0O » 0 0 2 0
0O 0 w 0 0 2
—3/2
xx’ — u? 0 0 /
= 0 ' — u? 0 (22)
0 0 xx’ — u?
where
R2 R RoR)
:17—1+b2,:17*1+b2, ="

The general term I, (Ro, R{,) coming from some permu-
tation is presented by substituting the term szl G
in Eq. (19) as

4
H G1i,, G250, Gk tm 7 Jm 7 km

m=1

(23)
Eq. (23) with respect to the overlapping matrix is rewrit-
ten as

G G153 Gy Gt G93° Go3* G G Gigg?

which has a symbolic matrix in terms of the power a,,
for the function G,,,, as

(&11 ai2 &13]
a21 G22 Aa23 =
lasi a2 ass)

[ Ot
2omOm 2om 02 2o 035
(D m 01k Do 02k Dy O3k ]

Following the expression (24), the first term H2:1 Gt
is written as

Yo 02 Do 030, |

(24)
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4 0 0]
0 4 0 (25)
0 0 4]

We know from this definition that the coefficient a,,, has
only 5 integers, that is, 0, 1, 2, 3 and 4. The expression
is utilized later in order to account for the character of
the integrand.
Let us demonstrate its explicit form of the integral as
follows:
I (RO’ R()) =
(mR2mRZ) /2 / ce / dR;dR,dR3dR|dR,d R}
o Ri/Ri—R3/Ri—Rj /R~ R /R~ Ry | Ri — Ry’ | R¢?
ef(R17R< )?/(4b?)—(R2— Ry )?/(40®)—(Rs— Ry}, )/ (4b%)
/(4b*)—(R2—R
)= (
)= (

o (Ri-R)° 1) /(46— (Rs—Ri5)* /(46°)
'ef(Rl R;)?/(4b*)—(R2—R);)*/(4b*)— (Rs—Rj;3)° / (4b%)
.e—(Rl Rl,)’ Ry—R},)?/(40°)—(Rs—Rj,)?/(4b%)

(26)

The exponents with respect to the creation operator
give only the diagonal elements in the coefficient ma-
trix where the upper-left sub-matrix has 1/R3 and the
lower-right one has 1/R{?. The overlapping part G, can
give four elements in the coefficients matrix as follows:
1/(4b2) for the p-th diagonal element in the upper-left
submatrix and for the r-th part in the lower-right one,
and —1/(4b?) for pr-element in the upper-right and rp-
element in the lower-left one. The contribution from the
12 G to the diagonal elements is exactly the same as
1/b%. On the other hand, the upper-right and the lower-
left parts have their own property due to the permuta-
tions. Thus, we can write the coefficients matrix as

X 0 0 allU’ algU/ a13U/
0 X 0 ale/ CLQQU/ ang/
0 0 X a31U’ a32U’ aggUl
allU’ aglU/ a31U’ X' 0 0
ai12 UI a292 UI as2 UI X/ 0
algU/ ang/ aggU/ 0 0 X'
(27)
where
1
U = U (28)

The coefficients in the off-diagonal parts have the follow-
ing two characters:

(1) As mentioned before, all the coefficients a;; have
the integers, and 0 < a,, < 4, that is, 0, 1, 2, 3 and 4
are possible numbers.

(2) The following equalities come from 4 times of de-
terminant:
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1 1 29
ZZ%T:L r=1,2,3; ZZaPT:L p=1,2,3 (29)
p=1 r=1 The integral I, (Ro, R{) is also evaluated as
|
—3/2
x 0 anv’  appu  aisu
0 T anu’  agu’  aoszu’
0 0 T aziv’  azou’  azsu’
Ty (Ro, Ry) = e (30)
q ’ ’ ’ /
anu  a21u 4z T 0 0
ngu/ 0,22’[,&/ aggu/ 0 x’ 0
a1zt agzu’  assu’ 0 0 x’
[
where The 6 x 6 determinant in Eq. (30) can be easily reduced
, 1 to the 3 x 3 one by using an ordinary sweep-out method:
W= ( (1) Multiply the first row by ajju’/z, and subtract
them from the fourth row, then we get
|
€T 0 0 allu’ algu’ algu’
0 x 0 asnu’ asou’ aszu’
0 0 T aziu’ azau’ aszz3u’ (32)
0 anv’  asiv T — allallu’Q/:zr *(1110,12’&/2/56 —allalgu’Q/:zr
apptt!  ageu’  asqu’ 0 x’ 0
algu’ 0,23’[1,/ aggu/ 0 0 x’

(2) Multiply the first row by aj2u’/z, and subtract

them from the fifth row, next, multiply the first row by
J

X 0 0 allu’

0 T 0 ag v’

0 0 x azu’

0 anv aziv’ 2 — allallu’Q/:C
0 agg’u/ a32u’ —algallu’Q/:v
0 agg’u/ CL33’U/ 70,130,1111,/2/;’17

(3) Multiply the second row by asiu’/x, and subtract
them from the fourth row, next, multiply the second row
by agau’/x, and subtract them from the fifth row, third,
multiply the second row by assu’/x, and subtract them
from the sixth row.

(4) Multiply the third row by asju’/x, and subtract
them from the fourth row, next, multiply the third row
by asou'/x, and subtract them from the fifth row, third,
multiply the third row by assu’/z, and subtract them
from the sixth row, then we get

z 00 allu’ CL12’U/ algu’
0xz0 asnu’ asou’ aszu’
00=x aziu’ azau/ aszzu’
000 2'—cnu?/r —cppu?/z —c13u?/x
000 —cou?/z 2 —cpu/r —cozu?/z
000 —c3u?/x —c3u?/x 2 — cazu?/x

(34)

|
ay3u’ /x, and subtract them from the sixth row, then we

get

algu’ algu’
agg’ul a23u'
/ /
a32U a33U
12 12 (33)
—a11a12U /.”L' —a11a13U /,T
/ 12 72
¥ —ajpappu’ /e —ajgaizu’T/x
12 / /2
—ajzau’ /x ' — azaisu’/x
[
where

3
1
Cpr = m § QpQr
k=1

(5) Multiply three x in the diagonal parts by the fourth
row, the fifth row and the sixth row, then we get

xx — ciu? —cpou? —cy3u?
—coru? xx’ — coou? —co3u? (35)
—cau? —c3ou? xx’ — cazu®

Thus, we can get the result of multi-integral:
I (RO, Ré)) =

xx’ — cpu? —c1ou? —cp3u? e
—coqu? xx — coou? —co3u? (36)
—c3qu? —c30u? xx — cagu’

We enumerate the characteristics for the determinant of
Eq. (36):
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(1) It is the eigen-equation with respect to an unknown
parameter xz’/u?.

(2) All the matrix elements ¢, are positive, ¢pr < 1
and symmetric, then it has positive eigenvalues.

(3) The sum Zi,l cpT (p =1,2,3) is unity because

3 1 1 3 1 3
Zcpr e Zzakpakr = Zzakpzzakr
r=1 r=1k=1 k=1 r=1

3
SIS

therefore, at least one of the eigenvalues is absolutely

-~

(37)

NH

unity. It can be decomposed by

Iq (RO’ R6) =
Kx:v' — )\:(Lq)UQ) (x:v' - )\éQ)u2) (za’ — u2)} o (38)
where

0<A <1, j=1,2

(4) We can see that the eigen-equation related to Eq.
(35) directly stands for that of the eigen-frequency of
a connected complex-spring among the a-clusters. By
this meaning, the nucleon-exchanges through the anti-
symmetrization may be regarded as springs. The more
details will be discussed elsewhere within the framework
of a di-nucleon-condensation wave function.

Thanks to a computer software, we can sum up all the
same terms which have the same eigenvalues )\gq) and
)\gq). As a consequence, we can find that there are only 9
independent terms among (3!)* ones. We demonstrate all
the independent terms in Table 1. The second term with
)\éq) = 1 corresponds to the case that one nucleon ex-
change takes place only between two a-clusters, namely,
the remaining a-cluster moves freely. The third term also
with A{?
changes between two a-clusters, and the remaining one
is free from the other two. The other six terms show the

= 1 belongs to the case of two-nucleon ex-

Table 1 9 independent terms, where W, means the weight of
terms with the same eigenvalues.

. W, AW AL ¢ W, AP W
11 1 1 6 36 1/16 9/16
2 12 1/4 1 7 6 1/4  1/4
3 9 0 1 8 —12 1/16 1/16
4 8 7/16 7/16 9 36 0 1/4
5 -72 (2-+3)/8 (2+V3)/8

9
(i) i) = (o )22 10, (2’

_ (CC:Z? ) 9/2

= (z2")7%2(1

- /\SQ)U2) (:c:z:/
-8/2 ZW [(1=A7s) (1-207s)]

3/22 < k+2 >sk = (zz')"%(1 — 5)73/2N(s)
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existence of entangling nucleon exchanges among three
a-clusters. It is also useful to show the corresponding
symbolic matrices in Table 2, which are basic expressions
of general exchange kernel with one-, two- and three-
body operators. The number of their diagonal part de-
pends on that of non-exchange nucleon in each a-cluster.
On the contrary, their off-diagonal parts concern compli-
cated exchange-parts. Seen from the definition of sym-
bolic matrix (24), there are various symmetric properties
which lead to the same value of integral. For example,
take the case of ¢ = 4, and we know easily the relation
of Eq. (39):

3 0 1] [3 1 0] [1 0 3]
1 3 0 =20 3 =3 1 0
0 1 3] [1 0 3] |0 3 1]
1 3 0]
=0 1 3 (39)
13 0 1]

where the cases with 0 for diagonal elements are reduced
to Eq. (39
corresponding to Table 1, where we can see the relation-

). We show the symbolic matrices in Table 2

ship of the nucleon exchanges among a-clusters. In par-
ticular, we arrange that the number of the diagonal parts
in each term exactly correspond to that of the remaining
nucleons without any exchange among a-clusters.

Table 2 9 independent terms in the expression of sybolic matrix.

q q q

1 [4 0 0] 4 [3 0 1] 7 [2 0 2]
0 4 0 1 3 0 20
o 0 4] lo 1 3] o 2 2]

2 [4 0 0] 5 [3 0 1] 8 [2 1 1]
0 3 1 1 2 1 12 1
lo 1 3] o 2 2] 1 1 2]

3 [4 0 0] 6 [3 1 0] 9 [2 1 1]
0 2 2 1 2 1 2 1 1
o 2 2] [0 1 3] Lo 2 2]

4 Behavior of the norm kernel

Next, we should expand Eq. (18) in terms of s = u?/za’
that can go from 0 to 1. Namely, we obtain

- qu)uQ)} e

—3/2

(40)
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where we use the binomial coefficient which is normal-
ization coming from the first term without any nucleon
exchanges. This is because

Nl = 1= 9 (1] = 3

k=0

E+2Y 4
L )s (41)

From Eq. (40), we get two types of the norm kernel which
are concerned with a direct form coming from the multi-
integral and its Taylor expansion. The former is utilized
in the region of large s going to 1, and the latter is
available for the region of small s approaching SU3 shell
model limit.

The coefficients py are exactly 0 up to k = 3 under
a quantum condition of '2C. Then the first numerical
value is ps = 0.03955 - --. Its tendency is shown in Fig.
1 up to k£ = 50. We can see a moderate behavior of pj
which shows very slow convergence to the unity of series
for s ~ 1. It is noted that when Ro/b ~ 3, s ~ 0.8.
We cannot employ a series of Eq. (40) in analyzing an
«a-gas state because a large value of s plays an impor-
tant role. However, we can carry out a precise calcula-
tion near Ry/b ~ 0 where the ground state should be
described. We give the expansion coefficients py for the
other na-condensation from n = 2 to 6 in Table 2. The
normalization for py is given in

1
= k+-(3n—-5

N(s) = g Dk 2( ) sk
k=0 k

(42)

because the direct term without any exchange of nucle-
ons is written as

o 1
k+-Bn-5
No(s) =(1-— 5)73("71)/2 = Z + 2( n—5) s*

k=0 k
(43)

where the binomial coefficient with half-integer is defined
by

1.0
0600000000007
oe»oo° MWQW
= o
0.8 oooo
<®
®
L4
0.6 ¢
= ®
) °
o @
04 i
¢
0.2 ®
L3
®
0.0 o T T T 7
0 10 20 30 40 50

Fig. 1 Expansion coefficients pp. Reproduced from Ref. [6],
Copyright (© 2009 World Scientific Publishing Co.
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BOICERIES
GG+

Table 3 tells us the difficulty that we have in giving nu-
merical expansion coefficients for large numbers of a-

(44)

|3
\

condensations in the microscopic model. It is also im-
portant to note that, in the 2a-condensation, the expan-
sion coefficients exactly coincide with those of the norm
kernel which is expanded by the harmonic oscillator for

Table 3 The expansion coefficients py for na-condensation. The
power —m on the numerical value means x10~".

kE pp(2a)  pr(3a) pr(4a) pr(5a) pr(6c)

0 0 0 0 0 0

1 0 0 0 0 0

2 0.7500 0 0 0 0

3 09375 0 0 0 0

4 09844 039551 0 0 0

5  0.9961  0.1112 0 0 0

6 0.9990 0.1981 0.608973 0 0

7 0.9998  0.2863 0.275372 0 0

8  0.9999  0.3678 0.828872 0 0

9  1.0000 0.4396 0.1855~1 0 0
10  1.0000 0.5015 0.3389-1  0.3368=* 0
11 1.0000  0.5542 0.5394-1  0.193873 0
12 1.0000  0.5990 0.7783~1  0.634173 0
13 1.0000  0.6372 0.1047 0.155172 0
14 1.0000  0.6700 0.1335 0.3153=2  0.6727~6
15 1.0000  0.6982 0.1634 0.563372  0.4909°°
16 1.0000 0.7227 0.1939 0.9145-2  0.1981~4
17 1.0000  0.7441 0.2242 0.1380~%  0.5846~%
18 1.0000  0.7629 0.2542 0.1964=1  0.141073
19  1.0000  0.7795 0.2833 0.2668~1  0.294573
20  1.0000  0.7942 0.3115 0.3488—!  0.552373
21 1.0000  0.8074 0.3387 0.4418~1  0.952473
22 1.0000 0.8193 0.3647 0.5448~1  0.1535~2
23 1.0000  0.8300 0.3895 0.6568~1  0.2341~2
24 1.0000 0.8396 0.4132 0.7767~1  0.3409~2
25  1.0000 0.8484 0.4357 0.9034=Y  0.4776~2
26 1.0000  0.8564 0.4570 0.1036 0.64732
27 1.0000  0.8638 0.4772 0.1173 0.85262
28  1.0000  0.8705 0.4964 0.1313 0.1095~1
29  1.0000  0.8767 0.5146 0.1456 0.13771
30 1.0000 0.8824 0.5319 0.1601 0.1699~1
31 1.0000 0.8877 0.5483 0.1747 0.2061~1
32 1.0000 0.8926 0.5638 0.1894 0.2463~1
33 1.0000 0.8971 0.5785 0.2040 0.2903~1
34 1.0000 0.9014 0.5925 0.2186 0.3382~1
35  1.0000  0.9053 0.6058 0.2331 0.3898~1
36 1.0000  0.9090 0.6184 0.2474 0.4449~1
37 1.0000 0.9125 0.6304 0.2616 0.5033~1
38 1.0000 0.9158 0.6418 0.2756 0.5648 1
39  1.0000 0.9188 0.6527 0.2894 0.6292~1
40 1.0000  0.9217 0.6631 0.3029 0.6963~1
41 1.0000  0.9244 0.6730 0.3162 0.7659~1
42 1.0000  0.9270 0.6824 0.3292 0.83771
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the relative coordinate between 2a-clusters. In Fig. 2, we
illustrate the tendency of N(s)/Ny(s), which can show
the effects of the anti-symmetrization as function of s.
We understand its incredible behavior in the small re-
gion of s where a strong fall-down of the numerical val-
ues takes place. Such a remarkable property strengthens
with an increasing number of a-clusters. In particular,
the value for 6a-condensation is only 4.708 x 1073% at
s = 0.01. We easily understand that a tremendous effort
is necessary to remove a serious round-off error in numer-
ical calculations. Otherwise, we could not estimate the
ground-state property of na-nuclei. Of course, the fea-
ture of the a-gas state strongly depends on the accurate
evaluation of the ground state. We think that this is one
of the most important points in this wave function.

Rolb

05 1.0 1.5 20 30 41 62140
1.0 I 1 1 | | S T

IU'l .
1072
]0—3 =
]04 -
1073
1076
1077
1078

10 9 T T T T
0.2 0.4 0.6 0.8

log, o[N(s)/Ny(s)]

1.0
5

Fig. 2 N(s)/No(s), the lower-side scale is s and the upper-side
scale is the Ro/b in the case of Rg = R{,. Reproduced from Ref.
[6], Copyright © 2009 World Scientific Publishing Co.

5 Generalization of the norm kernel with
deformation of the a-condensation

In the 3a-condensation, the creation operator defined by
Eq. (10) gives (3 x 6) x (3 x 6) determinant for the result
of the integral with respect to Ry, R, as follows:

J;E;E J;Ey J;Ez
Jyr gy Jyz (45)
Jz;E Jzy Jzz

where J** and the others are 6 x 6 matrix. For example,
the first diagonal matrix is given by

T 0 0
0 T 0
0 0 T
a11Uy A21Uz A31Uz; X 0 0
0 x' 0
0 x’

11Uz A12Ug G13Ug
A21Ug A22Ux A23Ug
31U A32Uz G33Ug

Jil):l) —

12Uy A22Uz A32Ug

13Uz 23Uy a3z, 0

(46)

and so on. Here the parameter x is common with that in
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Eq. (22), but 2’ is given by a little modification of Eq.
(14) as

Y2 2 R2
/ /2 )T Oz
' =R, +
Ox 12 2
~ RZ b

J
The parameter u, is also the same as Eq. (14),

ROiR/Ow
o
We define the following relation the same as the preced-
ing section for the later discussion:

, 1
Uy = — Uy

4

As for the non-diagonal matrices, for instance, we write
J*Y as follows:

Uy =

0 0 0 0 0
0 0 0 0 0
y_ |0 0 0 0 0 )
0 0 0 ty 0 0
0 0 0 tey O
0 0 0 0 tay

where t,, is given by adding the primes (') to Roy, Roy
in M,y in Eq. (14):

z,Y,2

After the same procedure of the sweep-out as mentioned
in the preceding section, we get (3 x 3) x (3 x 3) deter-
minant:

Ky Ky Kv= (48)
KZ:E KZy KZZ
where K** and the others are 3 x 3 matrices as
xz’ — cpqu? —cu? —c13u?
K" = —co1u? 2’ — cogu? —ca3u?
—c31u? —c3ou? 2’ — cazu?
(49)
for the diagonal matrices, and
toy 0 0
K" = 0 Loy 0 (50)
0 0 oy

for the off-diagonal matrices. Eq. (48) is rewritten by
adequate exchanges of the row and column as follows:

K*z  K*Y K*# Lll L12 L13
Kvr  KYY Kv* L21 L22 L23 (51)
K?* K?Y K#* L31 L32 L33
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where , [ =A@ 0 o VP
J
xx’ — cyu? oy tes . Z W, H 0 Vg — )\g»q) 0
L" = tye yy' — cuui by a=1 i=1 0 0 V3 — )\;q)
[ taoy 2z Ciill (56)
2 From Eq. (56), we can understand that the one-
x
’ L, dimensional parameter s in Eq. (40) is substituted with
LV = ¢ 2 52 - bara
cij | 0wy 02 7 (52) the three-dimensional one as s = (1/vy, 1/vs, 1/v3), and
0 0 z that the Taylor expansion of N(s) is also easy, which is,

We can use the eigenvalues which are the same as those
of the preceding section, then we get

Jrx Jry Jrz Lll L12 L13
Jyz Jvy Jyvz | =] L2 1,22 23 | =
J*T J?Y J?? L31 L32 L33
ra’ —u? oy tes
tym yyl - uz tyz
ton tay 22" —u?
o [z = APu2 tuy to
: H tym yy/ - )‘gq)ui tyz (53)
j=l1 ton oy 2 — qu)uﬁ

We have a simple formula for the norm kernel which
are attributed to the eigenvalues coming from the anti-
symmetrization. The large numbers of a-condensation
are also easily treated in this method even if the de-
formation is introduced. This formula is transformed by
using the eigenvalues related to the geometrical matrix
as

xx tey tos
= =
R I PR
_yr % Y2 1=10 v 0 (54)
Uyly — UZ Uy
tow tay 22! 0 0 v
UsUs  Usly u?
Eq. (53) is rewritten as
v —1 0 0
(uiuiuﬁ)g 0 vy — 1 0
0 0 vy — 1
s =AY o 0
T o vy — A 0 (55)
=0 0 -

The norm kernel with the deformation is given by
(¥3a(Ro)| ¥3a(R))

vy — 1 0 0
= (uguyuz) > | 0 vy — 1 0
0 0 V3 — 1

—1/2

(d) k1
E : Prikoks 51 52 53
k1k2k3

(57)

where pi, k. ks 18 symmetric for the exchange of suffices
ki, k2, ks. In the case of 3a-condensation, the binomial

coeflicients are exactly unity as the normalization seen
in Eq. (41). This is because

No(S) = [(1 — 51)2(1 — 82)2(1 — 53)2]

_ ki ko ks
= E 51 52783

ki1kaks

~1/2

(58)

In Table 3, we present the coefficients on the 3a-
condensation, where we see important quantum condi-
tions coming from the Pauli exclusion principle. For the
3a-condensation, the coefficients p,(i),ﬂ r, are concerned
with the coefficients py defined by Eq. (40) as follows:

k+2 k1+ko+ks=k @
k Pr = Z Dy koks

k1,k2,k3=0

(59)
Take k = 4, and we obtain

6
<4> 0.3955 x 107" =3 x 0.1187 4+ 3 x 0.7910 x 107!

(60)

The linear terms with pé(,lcl = 0 start at ks = 6, but their

first term is very small as compared with the others with
/{1 + /€2 + /€3 = 6.
For na-condensation, we can generalize the expression

(57) as

N(s) =

>

<%(n3)+k1><%(n3)+k2>
k1koks ki k2
l(n73)+k3

(H ) bttt

At first, we note the remarkable but natural property
for the 2a-condensation in Table 5. All the coefficients
with the same k; = ki1 + ko + k3 have the same value
because the linear, the plane and the cubic properties
are not absolutely distinguished in the 2a-condensation.
We list the first allowed points for na with the linear-,
the plane- and the cubic-condensations in Table 6. It is
obvious that the 3a-condensation has no difference for
the plane- and the cubic-ones. Therefore, total difference
for the three kinds of condensations exists in more than

(61)



Akihiro TOHSAKI, Front. Phys., 2011, 6(3)

4a-nucleus.

Table 4 The expansion coefficients pg)b ks for 3a-condensation,
where k¢t = k1 + k2 + k3. The numerical values are symmetric for
the exchange of suffices.
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Table 6 The first allowed k¢ for linear-, the plane- and the cubic-

condensations.

ke ki ko ks pio . (30) ke ki ke ks pil) . (30)
0O 0 o0 0 O 7 0 0 7 0.35497!
0 1 6 0.96037!
1 0 0 1 0 0 2 5 02841
0 3 4 0.359%
2 0 2 1 1 5 0.2450
1 1 1 2 4 0.3852
1 3 3 04247
3 0 3 2 2 3 04801
1
1 1 1 8 0 0 8 0.674271
0 1 7 0.1401
4 0 0 4 O 0 2 6 0.3276
0o 1 3 0 0 3 5 04120
0 2 2 0.1187 0 4 4 0.4356
1 1 2 079107t 1 1 6 0.2928
1 2 5 0.4356
5 0 0 5 0 1 3 4 04911
0 1 4 0197871 2 2 4 0.5392
0 2 3 0.1854 2 3 3 0.5683
1 1 3 0.1384
1 2 2 0.2299 9 0 0 9 0.1029
0 1 8 0.1829
6 0 0 6 0115971 0 2 7 03672
0 1 5 0540771 0 3 6 04549
0 2 4 02372 0 4 5 04894
0 3 3 0.2905 1 1 7 0.3358
1 1 4 0.1931 1 2 6 04771
1 2 3 0.3210 1 3 5 0.5391
2 2 2 0.3889 1 4 4 0.5564
2 2 5 0.5821
2 3 4 0.6230
3 3 3 0.6467
Table 5 The expansion coefficients pg)b ks for 2a-condensation,

where k¢t = k1 + k2 + k3. The numerical values are symmetric for

the exchange of suffices.

ke k1 ke ks p](;?kzka(Za) ke ki ke ks p](;?kzka(Za)
00 0 0 0 4 0 0 4 09844
0 1 3 09844
1 0 0 1 0 0 2 2 09844
1 1 2 09844
2 0 0 2 0.7500
0 1 1 0.7500 5 0 0 5 0.9961
0 1 4 09961
3 0 0 3 09375 0 2 3 0.9961
0 1 2 09375 1 1 3 0.9961
1 1 1 09375 1 2 2 0.9961

2c 3o 4o Sa 6a
k‘t kt kt k?t k?t
linear: kt =040+ k3 2 6 12 20 30
plane: kt = 0+ ko + k3 2 4 8 12 16
cubic: k¢t = k1 + ko + k3 2 4 6 10 14

Finally, it might be important to avoid a confusion by
pointing out the case of 4a-condensation as
L 12 13 4
L2022 23 24
31 32 33 34
Al A2 43 a4

Kvr Ky KVYE | =
K* K*Y K*#*

vi—1 0 0
= (@22u?) x| 0 -1 0
0 0 vy —1
s =AY o 0
1] 0 vy — A\ 0 (62)
=1 0 0 s — )\(_q)

J
Namely, the dimension of the matrices K** and so on
depends on the number of the a-clusters, but that of
matrices LY is always 3 because of the spatial dimen-
sion.

6 Derivation of the energy kernel on the one-
body operator

We now come back to the ordinary problem without the
deformation of the a-condensation. We address ourselves
to the energy kernel on the one-body operator where
the kinetic energy operator and the r2-operator, which
is necessary for obtaining the r.m.s radius of the wave
function, are included. We begin with the matrix ele-
ments of the a-cluster configuration:

(2,]0|2,)
3
= 42| 20) Y (9r,()|0f" o, ()G
; sJ

Eq. (63) can be rewritten in an explicit form of determi-
nants. For example, the parts with j = 1 have

O G Gis

1

1( )(Rlv o, Ry) = Oéll) Gao Gas

Oéll) Gaz  Gi33

Gi1 Gz Gis

Ga1 Gaz  Gas (64)
Ga1 Gas  Gz3




330

where the factor 4 is omitted for simplicity. The one-body
matrix elements OZ(]1 ) are defined by

0(1) (or,(r)] Oﬁ-l) o, (1))

Their explicit forms are given by each operator. If we

(65)

employ the operator r.m.s radius 7“32,
O} = (¢r,(r)] 12 |6 (r))
= [2172 + 1 (R; + R;) } Gij (66)
As for the kinetic energy operator we give
O = (om.(r)] — 22 [omy
.y E =t (R R)) } G (67)

where M is the nucleon mass, and hw = h%/(Mb?). The
matrix elements for the last two operators have a divided
form where the constant term is the first and the quadric
form on R; + R;- is the second. For the case of Gaussian
operator, the matrix element is

0} = (9m,(r)| e [ém; (r))

3/2 o
) e ) Gy (68)

B 1

N (1 + 3b?
In Egs. (66) and (67), the contribution from the first term
is attributed to the norm kernel by multiplying some con-
stant. On the other hand, the second term can be written
by the differential with respect to a coeflicient v as

— lim ge_V(RijER;)Q
y—0 0y
We expect that, together with Eq. (68), all the matrix

elements for Ol(J1 ) have absolutely the common factor as

(R, + R})’ = (69)
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Og) x e*'Y(Ri:I:R;fGZ_J_ (70)
so that Eq. (64) is given by
G_V(RliR/lyGu G2 Gis
1(1) (Ry,---, Ry) e (R£RY) Ga1 Gz Gas
eV (Rs:RY) Gs31 Gaz  G33
G G2 Gis
Ga1 Gaa  Gag (71)
Ga1  Gaz  Gass

Next we should consider the same multi-integral as Eq.
(18):

I (Ro, Ry ) = (eRinR) "2 [ -

3
/H dede e*(Ri/RngRf/R&z)fl(l) (Ry, - .,R’3)

(72)
where the integrand is a lot of summations of Gaussian
function. Before examining general terms coming from
the integrand, the same as Eq. (19), we write out the

first term without any exchange of nucleons between a-
clusters,

IV (Ro, Ry ) = (nR3mRE) ™2 - / .

3
[ TR, o m ) e
k=1

3
= (wRéng}’)*g/”/-~/HdedR;
k=1

o~ (R3/R3+R /R ) —(Re—Ry, )" /0> = (Ri Ry ) (73)

The same with Eq. (19), the integrand has a quadric
form in an exponent as follows:

X+y 0 0 | Uzxy 0 0 R,
0 X 0 0 Uu o R,
0 0 X 0 0 U R;
(Ri. Rs. Ry | R, Ry Ry ) , / -
Uty 0 0 | X'+ 0 0 ||R
0 U 0 0 X 0 R,
0 0 U 0 0o X' R,
Therre i sl of hs gl B (195 0o | (4,) )02 0 0 [
. . = 0 rz'—u? 0
1Y (o, ) = D7 0 0 22/ —u?
T+ Y 0 0 U TF Yo 0 0 —3/2 -
! v 0 “ 0 where
0 0 = 0 0 u
~u FYarr 0 0 &' 4y 0 0 Yaw = Ry = b2y (z — 1)
0 u 0 0 2 0 Yot = REY = b2y (2' — 1)
0 0 0 0 Yoz = RoRyy = b*yu
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The determinant in Eq. (75) can be written as
Dy = (:c:z:' — u2)3

+ (/Yz’z’x + Wz;vx/ =+ 2’711’“) (wxl - U2)2

= (za’ — u2)3 + 02y [~ (z + )

+ 2 (z2’ £u?)] (22’ — u2)2 (76)
which shows a linear formula with respect to . This
property conserves through all the terms in the kernel
for one-body operator as will be mentioned soon.

The determinant of the general term Lgl) (Ro, R{),7)

has the expression with an extra parameter v for Eq.
(30):

T+ Yea 0 0 ant FYaar aipv ayzu’
0 T 0 asu’ asou’ assu’
0 0 x aziu’ azou’ assu’
ant FYew a2t azit’ x4 Yy 0 0
aau’ asott! asou’ 0 x 0
azu’ assu’ assu’ 0 0 '
(77)

The determinant Eq. (77) is decomposed by four deter-
minants according to a primitive rule on the determi-

nants:

X 0 0 ajlu algu’ aisu

0 T 0 ant’  ageu’  aszu’

0 0 x as1v’  asau’  assu’
an  anu’  aszu ' 0 0
algu’ (IQQU/ agg’u/ 0 x 0
algu’ agg’u/ CL33’U,/ 0 0 x’

Yxx 0 0 allu’ algu’ algu’

0 X 0 0,21’&/ aggu/ agg’u/

. 0 0 T az1v’  azeu’  assu’
Ve 21t azuw’ 7 0 0
0 asot!  asgu’ 0 x’ 0
0 assu’  assu’ 0 0 x’

x 0 0 Faz a2t aizu

0 x 0 0 agou’  agsu’

L 0 0 x 0 aszou’  assu’
anv’  ant’ amu’ e 0 0
a12’u/ a2 u’ aggu/ 0 x 0
algu’ CL23U/ aggul 0 0 !

Yrx 0 0 FYzar apu’  ajzu’

0 X 0 0 0,22’&/ CL23’LL/

n 0 0 x 0 azou’  asgsu’
FYzar G210 aziu Ve 0 0
0 asott!  asgu’ 0 x 0
0 agsu’  assu’ 0 0 x’
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The first term in Eq. (78) is exactly the same with that
of the norm kernel, and the final one is identically equal
to 0, which explains the reason why the determinant in
the general term of the integral is not quadric but lin-
ear with respect to the parameter ~. This property is
also kept for the integral on the two-body operator. The
second and the third terms are concerned with the pa-
rameter v, where the linear dependence is shown. Thus,
let us consider the properties of the second and the third
determinants in Eq. (78). At first, we should reduce the
6 X 6 determinant to a 3 x 3 one using the sweep-out
method as follows:

Vzz 0 0 apv’ appu’ apzu’
0 x 0 asnt’  agu’  assu’
0 0 T az1v’  azau’  assu’
TYaew a2t azm; z’ 0 0
0 asot’ azou’ 0 z’ 0
0 assu’  assu’ 0 0 x’
Yozl £ Vppraiiu —chqu? —c)qu?
= Tepraoru) xx’ — chyu? —chau? (79)
+Yparazi 0/ —chou? zx’ — chau?
and
T 0 0 TVear G120 arzu
0 x 0 0 asott!  agzu’
0 0 T 0 a32u’ agg’u/
anu'  agu’ aziv’ Yprar 0 0
algu’ CLQQ’LL/ a32u’ 0 x’ 0
a1zt agsu’  assu’ 0 0 x’
Yo'z T £ Yoprar1t! —cpou? —cy3u?
= +Yeprarou’ xx’ — coou? —co3u?
+Yearaizu’ —c30u? xx — cagu’
(80)
where

3 3
c 1 lpQlr,s  C. _ b GOl
pr = g 2 ek G = g D apkas
k=1 k=1

Here, ¢, is exactly the same as that in Eq. (35). Egs.
(79) and (80) are also decomposed by the two determi-
nants of each other:

Voot £ Yparar1u —clpu? —c)qu?
Typeranitt 2’ — chyu? —chau?
g azit —chou? xa’ — chyu?
' tax’ £apu® —du? —c)qu?
= b’y +asu'? 2z’ — chou? —chau?
+agu'’ —chou?  ma — chyu®
—a’ —chou? —chqu?
=y || 0z’ — chu? —chau?
0 —chou? ! — chgu®
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7' +a 2 .2 .2
11U Ci12U Ci13U
/2 / ) /2
+ | faoiu T — Chol —Cah3U
2
+azu’ —chou? rx’ — chau?
/ / 2 / 2
— B2y | g | T T C22Y —Co3l
=07 2 r 2
cholt xx’ — chqu
2
xx' + aju’ —clou? —c)su?
12 ’ /o2 /2
+ +asiu TT — Cooll —Ch3U
2
+azu’ —Chou? ra’ — chqu?
2
—a H o — /ku + H (z:c —)\,(),k)u2)
k=1 k=1
(81)
and
/ 2 2
Ya'x! T =+ Yz’ Q11U —C12U —C13U
+Yeprarot’ xx! — coou? —cozu?
Fvpararsu’ —c30u? xx’ — cygu’
Yxa' @13 32 33
2
—x +xx’ £ apu —c1ou? —cy3u?
2
= b’y +aqu’ xx’ — coqu? —co3u?
2
+asu’ —c30u? xx’ — cgzu®
—T —c12u2 —c13u2
=0’y || 0 22/ — copu? —coau?
0 —C3au? xx’ — cgzu®
2
zx' + apu’ —c1ou? —cy3u?
2
+ | Zapu xx’ — coou? —co3u?
2
Fazu’ —c30u? xx' — cgzu®
2 . xx — coou? —co3u’
=07 o 2 o 2
C32U xrxr C33U
2
zx' £ aju/ —c1ou? —cp3u?
2
+ | Fap xx — coou? —co3u’
2
+aq3u’ —c3ou? zx' — cazu?
2 3
+
=b%y |-z H (za’ — Aakt®) + H (:wc’ — )\l()k)UQ)
k=1 k=1

(s2)

It is noted that the second eigen-equation in each part is
not symmetric, which may lead to complex eigenvalue.
Egs. (81) and (82) make the determinant in the general
form of the integral Lgl) (Ro, R}),7y) together with Eq.
(38):

—b2y lx ﬁ (w:v' - )\E;Qu2> + x’kf[l (:m - )\(%zﬁﬂ
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kf[l (:c:v' - )\l(ft)iﬂ) + H (:E:c’ - Ag?,?ﬁ)}

k=1
(83)

This is also regarded as a generalization of Eq. (83).
Thus, we have 5 kinds of indices which distinguish the
integral; that is, A, A\a, Ap, Aar, and Ap. We sum up the
terms of which the indices are the same with each other
with an aid of the computer software. As a consequence,
we have only 25 independent terms as shown in Table 7,
where we rewrite the final middle-bracket with the poly-
nomials in order to avoid showing the complex numbers
and the irrational numbers in Table 7

x — /\I(IIQUQ) = (:1::0’)2 (1 + d(q)s + d(q) 2)

k=1
= (z2')? P\ (s)
2
[T (e2 = A%?) = (@a')? (1 +d%s + dys?)
k=1
= (:ca:/)Q Pé?)(s)
and
3 3
H (,Tx/ ) H (ZC.T _ b/k u2>
k=1 i

= (z2)° (2 + déq Js +
= (az')’ P{?(s)

Table 7 is also restricted to the case of e™”
Eq. (70), directly related to the dependent terms on
and 2’ in the kinetic energy kernel. The column of g,
corresponds to that of ¢ in Table 7 where 9 independent
terms are shown in the norm kernel. Therefore, the eigen-

dgq )32+d(()qi)s3>
(84)

(Ri_R;')2 in

are omitted in Table 7. We can know how

the terms with the same eigenvalues of )\,(cq)

values of )\,(cq)
are divided
from each other. Take the case of ¢, = 4 as an example,
and we show the difference of the two terms. As for the

term of ¢ = 7, the integrand is as follows:
N\ 2
eiV(RliRl) G?lGlngnggngGgg (85)

On the other hand, the term of ¢ = 8 has the integrand
of

SN2
e_’y(Rl_Rl) GllG?3G§1G22G§2G33 (86)
which is equivalent to
SN2
677(R17R3) G?lGlngnggngGgg (87)

Namely, if the one-body operator puts on a nucleon
which does not concern the exchange between a-clusters,
the result of the integral leads to the case of ¢ = 7. On
the contrary, ¢ = 8 if the one-body operater operates on
a nucleon related to the chain-like exchange among three
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Table 7 25 independent terms, where Wq(l) means the weight of terms with the same eigenvalues, where the label * in the columns

of d:(;f)l and d:(v% means the case of dgcql) = dfﬂ)l and d;%) = di‘%.

q an Wq(l) dgcql) d;%) dig)l d(z% déq*) dgq*) d(()qf)

1 1 1 —2 1 * * —6 6 -2

2 2 —4 —5/4 1/4 * * —9/2 3 —-1/2

3 -6 —13/8 5/8 % % —19/4 7/2 —3/4

4 -2 —13/8 5/8 * * —15/4 3/2 1/4

5 3 3 —1 0 * * —4 2 0

6 6 -3/2 1/2 X % —4 2 0

7 4 6 —5/4 91/256 % . —4 319/128 —63/128

8 2 —5/4 91/256 * * -3 135/128 —7/128

9 5 —18 —7/8 3/64 * * —13/4 41/32 —1/32
10 —12 —9/8 19/64 —1 11/64 —25/8 39/32 —3/32
11 —12 —1 11/64 —9/8 19/64 —25/8 39/32 —3/32
12 —12 -1 11/64 X X -3 31/32 1/32
13 —6 —-9/8 19/64 —7/8 3/64 —5/2 17/32 —1/32
14 —6 —7/8 3/64 —9/8 19/64 —5/2 17/32 —~1/32
15 —6 —9/8 19/64 * * —11/4 21/32 3/32
16 6 18 —1 35,256 % . —7/2 207/128 —15/128
17 6 —5/4 99/256 * * —7/2 219/128 —27/128
18 6 —5/4 99/256 -1 35/256 —11/4 87/128 9/128
19 6 -1 35/256 —5/4 99/256 —11/4 87/128 9/128
20 7 6 -1 3/16 X X -3 9/8 —-1/8
21 8 —6 —3/4 11/256 * * —5/2 67/128 —3/128
22 —6 —3/4 11/256 * * -2 —1/128 1/128
23 9 12 —-7/8 1/8 —3/4 0 —21/8 1/8 0
24 12 —3/4 0 —7/8 1/8 —21/8 1/8 0
25 12 —7/8 1/8 * X —9/4 1/4 0

a-clusters. We also show in Table 8 that the 8 terms have
their conjugate in between each other with respect to x
and 2’ as follows:

Dlo(:c,x’) = Dll(llf/, I)
Di3(z,2") = Dyy(2', x)

Dig(z,2") = Dig(2', x)
and

Dos(z,2") = Day(2', x) (88)
The other 17 terms are self-conjugate as

Dy(z,2") = Dy(a', x) (89)

These characteristics can be shown in Table 8 by using
the symbolic matrix defined by Eq. (24). We explain the
relation of conjugate by focusing on the arrangement of
the row and column. At first, we point out that the pair
of the conjugates naturally belongs to the same ¢,,, which
leads to the same term of the norm kernel. The cases of
q = 10 and ¢ = 11 belong to ¢, = 5. For ¢ = 10, we show
the row and column which have a pivot as the element
labeled by circle,

[0]
02
2]

[1 02 1] (90)

On the other hand, for ¢ = 11, the row and column are

as follows:
[1]

[0 2 o02] 1 (91)
[02]

The exchange characters for the row and column are in-
verted for ¢ = 10 and ¢ = 11.

7 Behavior of the one-body kernel

The one-body kernel is written by

25
(W3 (Ro)| O Usa(RY)) =433 WV,

q=1

25
— 1) )—3/2
_4'3ZW¢1( )Dq /

q=1

(92)

where D, is the function of the dimensionless parameter
b2~ which is related to the width of one-body operator.
As an analysis, we should expand Eq. (92) with the pa-
rameter b%y. This is because the first order of it just
corresponds to the second term of the matrix element in
the kinetic energy kernel in Eq. (67). Using Eqs. (82) and
(84), we write out an explicit form of D,:
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- | SO + 1P - B | (03)

The integral Lgl) (Ro, R}),7y) is given by the Taylor ex-
pansion with respect to b%~y:

IV (Ro, Ry, y) = D32

= (gc:v’)_g/2 {(1 —5) ﬁ (1 — )\,(cq)s)

Table 8 The 25 independent terms by the expression of symbolic
matrix, where the symbol o puts on the position of the one-body
operator.

q Q4n q qn q d4n

1 1 o4 00710 5 [3 017 19 6 [3 1 0]
0 40 1 02 1 1 2 ol
[0 0 4] [0 2 2] [0 1 3]

2 2 Jo4 00711 5 [3 01720 7 [o2 0 2]
0 31 1 21 2 22
Lo 1 3] 10 2 o2 0o 20|

32 [4 00712 5 [3 017 21 8 [o2 1 1]
0 o3 1 1 21 1 1
0 1 3] |0 02 2| [1 12]

N

42 [4 00113 53 01] 22 8 [2o0l 1]
0 3 ol ol 21 1 21
0 1 3] 0 2 2] |1 2|

=

5 3 Jo4 00] 14 5 [3 0o0l] 23 9 [o2 1 1]
0 22 1 21 2 11
Lo 2 2] L0 22| 1o 22|

6 3 [4 00115 5 [3 01] 24 9 [2 11]
0 02 2 1 2ol 2 11
10 2 2] 10 2 2| L0 2 o2

)

7 4 [o3 01716 6 [03 1 0] 25 9 [2 ol 1]
1 30 1 21 2 11
Lo 1 3] Lo 1 3] L0 2 2]

8 4 [3 01717 6 [3 1 0]
ol 30 1021
|0 1 3] 10 1 3]

9 5 [03 01718 6 [3 ol 0]
121 1 21
L0 2 2] 10 1 3]

—3/2

b2y [%Pm(q)(S) + le(?)(S) - Po(q)(s)] }
() 3/2{ H (1 AD s )

1
LP9(s) - B )]

3/2

3, [1
+§b 7{;3&1)(5) +

.ﬁ(l)\l(g)s)_5/2+...} (94)

k=1
Therefore, the one-body kernel is given by an expansion
formula in terms of b2~:

(W30 (Ro)| O | W30 (RY)) = 4 -3 (az') """

2
3/2{ZW 1) H (17/\55)5)
= k=1

—3/2

b2 [ L S @ p@ () TT (1 - 2@5)
S0 ;Z q T (S)kli[l( -k S)
2 —5/2
4= Z W 1)P(Q) H ( )\I(C‘Z)S)
k=1

;Wq(l)po(q) ﬁ( /\(q)) 5/2]+...}(g5)

There are four kinds of summations in Eq. (95). The first
one is just that of the norm kernel defined by Eq. (40):

25 2 @ 32
S wOT] (1 — Al s) — N(s) (96)
qg=1 k=1

The second and the third one lead to the same result due

to the symmetric property with respect to z and z’. We

define it as the function of K (®):
2

K@) (s Z W P@ (s H ( )\I(cq)s)

q=1 k=1

—5/2

[ V)

5/2

- Z WP H (1-22s) 7 o)

The final summation is defined as K(©:
KOs 0 pla o T @) /2
ZW P ()H(uxk s) (98)
k=1

We regard the one-body kernel as a generating function
of K®) and K, and rewrite Eq. (95) into

(Psa(Ro)| O ¥sa(Ry))

—4.3() (1 - 5)3/2{]\7(5) + ng'y

[(i/ N l) K@)(s) _K<o>(8)} +} (99)

X X

Next, we try to expand the functions K*) and K(©)
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with respect to s. Before doing so, we should see the an example. We give one of the methods deriving the
structure of Dy 3/2 with the case of (=) defined in Eq. norm kernel and the one-body energy kernel in an ana-
(83), namely, lytical way. This method is powerful only if we can use a

Dy = (za’ — u2)3 + b2y = (x +2')
+2 (:c:z:/ - u2)] (:c:z:/ — u2)2

= (za')° {(1 — )% - b%[(% + %)

computer memory analytically. Nevertheless, for the case
of large number of a-condensation, it is extremely diffi-
cult to have an expansion formula in terms of the density
of a-clusters because of a serious round-off error coming
from the tremendous large numbers of permutations.

a2 -]} (100) Bable 9 The expion i ) fr e ondesaion
The power (—3/2) for D; is given by taking account of Eop20) pBa)  p700)  p”(Ga)  p(6a)
commensurableness (1 — s) through all the terms: 0 0 0 0 0 0
1 0 0 0 0 0
ng/Q — (m/)—9/2 (1—s)73/2x {(1 — )2 2 12500 O 0 0 0
3 1.1250 0 0 0 0
) 1 1 3/2 4 1.0469 0747171 0 0 0
_bV[(;JFE) (1—-s)—2(1~-s) ]} 5 10156  0.1909 0 0 0
B 3 6 1.0049 0.3140 0.121872 0 0
= (z2) P (1 - 532 x {(1 —8) 3+ +35b 7 1.0015  0.4233 0.5254=2 0 0
8 1.0004 0.5127 0.1567—1 0 0
[ (l, + l) (1—s)*—2(1— 5)3} 4 } 9  1.0001  0.5833 0.3393"1 0 0
r oz 10 1.0000 0.6389 0.5946=1  0.7858% 0
(101) 11 1.0000 0.6831 0.9065~1  0.428573 0
From Egs. (42), (43) and (101), we obtain an appropriate ~ 12 1.0000 0.7186 0.1257 0133972 0
expressions of the expansion formulae: 13 1.0000 0.7476 0.1628 031402 0
14 1.0000 0.7718 0.2007 0.6143—2  0.1719°5
K(I)(s) _ ZM@( k+3 )sk 15 1.0000 0.7923 0.2383 0.1059:1 0.1197:;1
k k 16 1.0000 0.8097 0.2750 0.1664 0.4630
17 1.0000 0.8248 0.3103 0.2434—1 0.1315—3
KO (s 22 (0)< k+2 > K (102) 18 1.0000 0.8380 0.3439 0.3366-1  0.3060~3
19 1.0000 0.8496 0.3757 0.4452—1 0.61863
. . 20 1.0000 0.8599 0.4056 0.5676~1 0.1125—2
For na-condensation, we give 21 1.0000 0.8690 0.4337 0.7021-1  0.1886~2
@ k+ 3(n—1) 22 1.0000 0.8772 0.4601 0.8470~1  0.295972
K@ (s) =Y "p; ( 2 >sk 23 1.0000  0.8845 04847 01000  0.4400~2
k k 24 1.0000 0.8912 0.5077 0.1160 0.6259—2
) ( n— 5) 25 1.0000 0.8972 0.5293 0.1326 0.8573—2
K®(s) =2 Z ( A )Sk (103) 26 1.0000 009027 05495  0.1494  0.1138"
27 1.0000 0.9077 0.5683 0.1665 0.14681
The coefficients p( @) and p,(co) are listed in the following 28 10000 0.9124 0-5860 0-1837 0'185171
Tables 9 and 10. We enumerate their features. 29 1.0000 0.9166 0.6026 0.2010 0.2286
. . 30 1.0000 0.9205 0.6182 0.2181 0.2771-1
e Except for 2a-condensation, the coefficients .
monotonously increase and approach unity. 3L 10000 0.9241 06328 02351 0'330771
. . . 32 1.0000 0.9274 0.6466 0.2519 0.3891
e The starting points of k with non-zero compo- .
. ) 33 1.0000 0.9305 0.6595 0.2685 0.4520
nent are Fhe' same with those of the norm 'kernel 34 1.0000 0.9334 0.6715 0.2847 0.5192—1
N(s). This 1§ be.cause the.quantum COHdlthI'l of 35 1.0000 0.9361 0.6533 0.3007 0.59031
na—condensatlog is also satisfied for the functions I 0.9387 0.6942 0.3163 0.6659—1
K®)(s) and K©)(s). 37 1.0000  0.9410 0.7045 0.3315 0.7433~1
38 1.0000 0.9432 0.7142 0.3464 0.8245-1
. 39 1.0000 0.9453 0.7235 0.3609 0.9084~1
8 COIlCllldlIlg remarks 40 1.0000 0.9472 0.7322 0.3751 0.9946—1
We present a mathematical formula for the microscopic 4l 1.0000 0-9491 0.7406 0.3888 01083
42 1.0000 0.9508 0.7485 0.4022 0.1173

wave function of a-condensation, taking 3a-clusters as
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(0

Table 10 The expansion coefficients p,, ) for na-condensation. The power —m on the numerical value means x10~"".

Eoopee) p0Ga) p"@a) p"Ga)  pU6a) | ko p”e) p7Ga) M) p"Ga)  p(6a)
0 0 0 0 0 0 22 1.0000 0.8740 0.4550 0.8316~1  0.28892
1 0 0 0 0 0 23 1.0000 0.8817 0.4799 0.9835-1  0.4302—2
2 0.9722 0 0 0 0 24 1.0000 0.8886 0.5031 0.1142 0.61282
3 1.0529 0 0 0 0 25  1.0000 0.8949 0.5249 0.1306 0.8405—2
4 1.0285 0.6592=1 0 0 0 26 1.0000 0.9006 0.5453 0.1474 0.111771
5 1.0110 0.1743 0 0 0 27  1.0000 0.9058 0.5644 0.1644 0.1443-1
6 1.0037 0.2933 0.1120—2 0 0 28  1.0000 0.9105 0.5823 0.1816 0.18211
7 1.0012 0.4019 0.4897~2 0 0 29  1.0000 0.9149 0.5990 0.1988 0.2250~1
8 1.0004 0.4925 0.147271 0 0 30  1.0000 0.9190 0.6148 0.2159 0.2731°1
9 1.0001 0.5654 0.3214°1 0 0 31 1.0000 0.9227 0.6296 0.2328 0.326271
10 1.0000 0.6233 0.5674-1 0.7409~% 0 32 1.0000 0.9261 0.6435 0.2496 0.38401
11 1.0000 0.6696 0.8705-1 0.406873 0 33 1.0000 0.9293 0.6566 0.2662 0.4464—1
12 1.0000 0.7071 0.1213 0.127872 0 34  1.0000 0.9323 0.6690 0.2824 0.5131°1
13 1.0000 0.7370 0.1579 0.301272 0 35 1.0000 0.9351 0.6806 0.2984 0.58381
14 1.0000 0.7634 0.1953 0.5916-2  0.16437° 36  1.0000 0.9377 0.6917 0.3140 0.6581~1
15  1.0000 0.7849 0.2327 0.1024=1  0.11494 37  1.0000 0.9401 0.7021 0.3293 0.7359—1
16  1.0000 0.8033 0.2693 0.1613~1  0.44584 38  1.0000 0.9423 0.7120 0.3442 0.8166~1
17 1.0000 0.8192 0.3046 0.2366~1  0.12703 39  1.0000 0.9445 0.7213 0.3588 0.9001~1
18  1.0000 0.8331 0.3382 0.32811  0.29633 40  1.0000 0.9465 0.7302 0.3730 0.9860~1
19  1.0000 0.8452 0.3702 0.4348—1  0.60043 41 1.0000 0.9483 0.7386 0.3868 0.1074
20  1.0000 0.8560 0.4002 0.5554~1  0.1095—2 42 1.0000 0.9501 0.7466 0.4002 0.1164
21 1.0000 0.8655 0.4285 0.6883~1  0.18382
Finally, we point out that all the terms coming Rev. Lett., 2001, 87: 192501
from permutations are attributed to the problem con- 2. A. Tohsaki, H. Horiuchi, P. Schuck, and G. Répke, Nucl.
cerned with eigen-frequency. By this meaning, the anti- Phys. A, 2004, 738: 259
symmetrization in terms of this wave function would be 5 5 31 Brink, Many-Body Description of Nuclear Structure
regarded as a superposition of compound spring systems. and Reactions, in: Proceedings of the International School of
Physics “Enrico Fermi”, Course 36, edited by Claude Bloch,
Acknowledgements The present author would like to thank his New York: Academic Press, 1966
collaborators, Y. Funaki, H. Horiuchi, P. Schuck, G. Ropke and T.
Yamada since 1999. He would like to extend his gratitude to H. 4. Y. Funaki, H. Horiuchi, A. Tohsaki, P. Schuck, and G. Ropke,
Toki for his constant encouragement. Prog. Theor. Phys., 2002, 108: 297
5. Y. Funaki, A. Tohsaki, H. Horiuchi, P. Schuck, and G. Ropke,
References Phys. Rev. C, 2003, 67: 051306(R)
6. A. Tohsaki, Y. Funaki, H. Horiuchi, P. Schuck, G. Roepke,

1. A. Tohsaki, H. Horiuchi, P. Schuck, and G. Ropke, Phys.

and T. Yamada, Int. J. Mod. Phys. A, 2009, 24: 2003




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


