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We present a detailed analysis of phase sensitivity for a nonlinear Ramsey interferometer, which
utilize effective mean-field interaction of a two-component Bose–Einstein condensate in phase ac-
cumulation. For large enough particle number N and small phase shift φ, analytical results of the
Ramsey signal and the phase sensitivity are derived for a product coherent state |θ, 0〉. When colli-
sional dephasing is absent, we confirm that the optimal sensitivity scales as 2/N3/2 for polar angle
of the initial state θ = π/4 or 3π/4. The best-sensitivity phase satisfies different transcendental
equations, depending upon the initial state and the observable being measured after the phase ac-
cumulation. In the presence of the collisional dephasing, we show that the N−3/2-scaling rule of the
sensitivity maintains with spin operators Ĵx and Ĵy measurements. A slightly better sensitivity is
attainable for optimal coherent state with θ = π/6 or 5π/6.

Keywords Ramsey interferometry, phase estimation, Bose–Einstein condensates, phase decay,
one-axis twisting model

PACS numbers 03.75.Dg, 03.75.Mn, 03.75.Gg

1 Introduction

Phase estimation with its precision beyond shot-noise
limit (SNL) is of significant importance for quantum in-
terferometry and quantum metrology. In general, the
achievable sensitivity depends on the input state [1–8],
the observable being measured at output ports [9–11],
and the coupling nature of the Hamiltonian in the phase
accumulation [12–16]. It has been shown that a linear
(Ramsey or Mach–Zehnder) interferometer with maxi-
mally entangled (N00N) state can achieve the Heisenberg
limit [5–9], better than the SNL.

Nonlinear Ramsey interferometers with atomic Bose-
Einstein condensates (BEC) have been discussed exten-
sively [17–23]. In particular, a two-component conden-
sate with the “one-axis twisting” Hamiltonian χĴ2

z is a
useful resource for generating spin squeezed states [24–
28], as well as maximally entangled N00N states [29–32].
To efficiently control or manipulate the quantum states,
it requires precise estimation of the mean-field interac-
tion strength χ [33]. Utilizing the nonlinear interaction
as phase shifter of the interferometer, the precision of

χ can reach the Heisenberg limit even with a product
coherent spin state (CSS) [13]. Perhaps more impres-
sively, the so-called super-Heisenberg limit (∝ 1/N3/2)
can be obtained if an optimal CSS is injected into the
phase shifter [14, 15]. Such a scaling is also achievable in
nonlinear optical and nano-mechanical systems [12, 16].

For the BEC-based Ramsey interferometer, phase de-
phasing induced by atomic collisions and external field
fluctuation gives rise to an enhanced decay of the Ram-
sey signal [34], which in turn degrades the achievable
sensitivity. To what extend the dephasing will affect the
achievable sensitivity is an important question. The role
of the single-particle dephasing [35] on phase sensitivity
of linear [36, 37] and nonlinear interferometers [13, 14]
has been investigated previously. In a recent work [38],
we further consider the influence of many-particle colli-
sional dephasing on the BEC-based interferometer. Our
analytical results confirm that the sensitivity of a small
phase shift φ ∼ 0 can reach the super-Heisenberg limit
with the Ĵy measurement [14].

Here, we present the details of Ref. [38] by focusing
on the optimal sensitivity of the nonlinear interferom-
eter with the collisional dephasing. For a small phase
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shift and large particle number N , we derive analyti-
cal expressions of the Ramsey signals and the sensitiv-
ities for the initial coherent spin state |θ, 0〉. Without
the collisional dephasing, we find that the slop and the
fluctuation of the Ramsey signal scale as (N/2)2 and√

N/2, respectively, which in turn leads to the super-
Heisenberg-limited sensitivity for the optimal CSS with
θ = π/4 or 3π/4 [14, 15]. In addition, the best-sensitivity
phase with spin operator Ĵx measurement satisfies differ-
ent transcendental equations and bifurcates at a critical
value of the polar angle θcr. For a relatively large colli-
sional dephasing, we prove analytically that the optimal
CSS is changed to the case θ = π/6 or 5π/6 for both Ĵx

and Ĵy measurements.
This paper is arranged as follows. In Section 2, we

review quantum metrology protocols relying on the lin-
ear and the nonlinear interferometers. Solving the mas-
ter equation, we obtain exact results of the signal and
the variances for collective spin operators Ĵx and Ĵy. In
Section 3, we perform standard short-time analysis to
the exact solutions and obtain analytical results of the
phase sensitivities. Within the central few fringes, our
results show a good agreement with numerical simula-
tions. Scaling behaviors of the sensitivity are analyzed
in Section 4 without and with the collisional dephasing.
Finally, we conclude in Section 5 with the main results
of our work.

2 Linear and nonlinear Ramsey interferome-
try

In most quantum metrology schemes, the system Hamil-
tonian can be described by (� = 1):

Ĥk = ΩxĴx + Ωy Ĵy + χ(Ĵz)k (1)

where the collective spin operators Ĵv =
∑

n σ̂
(n)
v /2,

defined in terms of Pauli matrices σ̂v with v = x, y,
and z. The tunable Rabi frequencies Ωx = Re(Ω) and
Ωy = Im(Ω) provide the Ramsey pulse or the beam split-
ter of the interferometers, and the last term with k = 1 or
2 contributes, respectively, to linear or nonlinear phase
shifter.

In analogy with standard Ramsey (or Mach–Zehnder)
interferometer, an input pulse is applied to the atoms
with all spin up, yielding a coherent spin state [39, 40]:
|θ, 0〉 = e−iθĴy |J, J〉, where the polar angle θ is given by
the pulse area. Free evolution of the CSS for a dura-
tion t leads to the state vector |Ψθ(φ)〉 = e−iφ(Ĵz)k |θ, 0〉,
with the phase shift φ = χt, accumulated by the k-body
Hamiltonian χ(Ĵz)k (k = 1 or 2). After the phase accu-
mulation, an equatorial component of the collective spin
Ĵx or Ĵy is measured to estimate the effective interaction
strength χ [14]. Since the CSS prepared by the θ-pulse
is Gaussian for large particle number N [25–27], the pre-

cision of the phase shift can be quantified by the error
propagation formula:

δφv = tδχv =
ΔĴv∣

∣
∣d〈Ĵv〉/dφ

∣
∣
∣
, v = x or y (2)

where the Ramsey signal 〈Ĵv〉 = 〈Ψθ(φ)|Ĵv |Ψθ(φ)〉
and the variance ΔĴv ≡ (〈Ĵ2

v 〉 − 〈Ĵv〉2)1/2 are
evaluated with respect to the state vector |Ψθ(φ)〉.
The observable Ĵx or Ĵy being measured after the
phase accumulation is equivalent with a detection
of population imbalance (i.e., the Ĵz measurement)
to the output state: e−i π

2 Ĵye−iφ(Ĵz)k

e−iθĴy |J, J〉 or
e−i π

2 Ĵxe−iφ(Ĵz)k

e−iθĴy |J, J〉.
For the linear interferometer case (with k = 1), the

achievable sensitivity is limited by the shot noise. To see
it clearly, we calculate the signal and the variance of Ĵx

as:

〈Ĵx〉 = J sin θ cosφ
(3)

(ΔĴx)2 =
J

2
(1 − sin2 θ cos2 φ)

where J = N/2, φ = χt, and θ is the polar angle of
the initial CSS. Since the slop and the variance of the
Ramsey signal d〈Ĵx〉/dφ ∝ N/2 and ΔĴx ∝ √

N/2, re-
spectively, it is easy to find δφx = 1/

√
N (i.e., the SNL)

for an optimal CSS with θ = π/2 or 3π/2. Replacing φ

with φ + π/2, we can obtain similar results for the Ĵy

measurement.
In this paper, we focus on the nonlinear interferom-

eter case. The Hamiltonian (1) with k = 2 describes
an atomic Bose–Einstein condensate with two single-
particle states [22, 23, 41]. In a real situation, collective
spin excitation and external field fluctuations may lead to
an enhanced phase diffusion of condensed atoms [25, 34].
To analyze it qualitatively, we assume that free evolution
of the condensate system obeys the master equation [42–
44]: dρ̂/dt = i[ρ̂, χĴ2

z ] + L[ρ̂], where the Liouvillian

L[ρ̂] = Γ (2Ĵzρ̂Ĵz − Ĵ2
z ρ̂ − ρ̂Ĵ2

z ) (4)

with the dephasing rate Γ . For the single-particle case,
Eq. (4) reduces to L[ρ̂] = Γ (σ̂z ρ̂σ̂z − ρ̂)/2 [35], which has
been investigated intensively for a linear [36, 37] and non-
linear interferometries [13, 14]. The many-body phase
decoherence considered here, known as the collisional de-
phasing [42, 43], can be solved exactly with the density
matrix elements ρm,n ≡ 〈J, m|ρ̂|J, n〉 given by

ρm,n(φ) = ρm,n(0)ei(n2−m2)φ−γ(m−n)2φ (5)

where the scaled dephasing rate γ = Γ/χ and ρm,n(0) =
cmc∗n. For the initial CSS |θ, 0〉, the probability am-

plitudes cm =
(

2J
J−m

)1/2
cosJ+m(θ/2) sinJ−m(θ/2). Re-

cently, the role of the phase diffusion on optical phase
estimation has been investigated for continuous variable
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Gaussian states and similar result of Eq. (5) has been
obtained by Genoni et al. [45].

The expectation value of an operator Â now becomes
〈Â〉 = Tr(ρ̂Â). Using Eq. (5), it is easy to obtain
〈Ĵ+〉 = e−γφ〈Ĵ+〉0 and 〈Ĵ2

+〉 = e−4γφ〈Ĵ2
+〉0. Here, the

subscript “0” denotes the expectation values in the ab-
sence of the dephasing (i.e., γ = 0). Previously, exact
solutions of 〈Ĵ+〉0 and 〈Ĵ2

+〉0 have been obtained for ar-
bitrary CSS [14, 26], which yield

〈Ĵ+〉 = J sin θe−γφ [R(φ)]2J−1 (6)

〈Ĵ2
+〉 = J (J − 1/2) sin2 θe−4γφ [R(2φ)]2J−2 (7)

where

R(φ) = cosφ + i cos θ sin φ

=
(
1 − sin2 θ sin2 φ

)1/2
ei cos θ tan φ (8)

Moreover, we obtain 〈Ĵz〉 = J cos θ and 〈Ĵ2
z 〉 = J2 −

J(J − 1/2) sin2 θ. Note that the collisional dephasing
imposes an exponential decay to the phase coherence
(∝ 〈Ĵ+〉), but keeps the population imbalance (∝ 〈Ĵz〉)
intact, as demonstrated recently by Widera et al. [34].

The numerator of Eq. (2) can be solved as (ΔĴx/y)2 =
1
2 [J(J + 1) − 〈Ĵ2

z 〉 ± Re〈Ĵ2
+〉] − 〈Ĵx/y〉2, where 〈Ĵx〉 =

Re〈Ĵ+〉 and 〈Ĵy〉 = Im〈Ĵ+〉. The denominator of Eq. (2)
requires special attention as d〈Ĵv〉/dφ = t−1d〈Ĵv〉/dχ for
v = x or y, where the derivative does not work at the ex-
ponential term of Eq. (6) since e−γφ = e−Γt. Therefore,
the slope for the Ramsey signal d〈Ĵx〉/dφ or d〈Ĵy〉/dφ is
given by the real or imaginary part of d〈Ĵ+〉/dφ, with

d〈Ĵ+〉
dφ

= iJ(2J − 1) sin θe−γφ [R(φ)]2J−2

× (cos θ cosφ + i sin φ) (9)

In Fig. 1, exact numerical results of the sensitivity are
plotted for the initial CSS with θ = π/4 (empty circles)
and π/6 (solid red lines). It is found that both δφx and
δφy oscillate rapidly with the phase shift φ. Minimal
value of the phase uncertainty, i.e., the best sensitivity,
occurs for small enough phase shift φ < π/(

√
2J) (left

panel of Fig. 1) or φ < 0.5π/(
√

2J) (right panel). In
the following, we focus on the small-phase region and
study the dependence of the best sensitivity with the
polar angle θ. The case θ = 0 or π will be excluded due
to d〈Ĵv〉/dφ = 0 and hence δφv → ∞ (with v = x, y),
which implies that no information about χ can be gained
for the input states with θ = 0 and π.

3 Analytical results of the phase sensitivity

To investigate scaling behaviors of the sensitivities δφx

and δφy , we perform standard short-time analysis to the
above exact results [24, 26]. In the limit |φ| = |χt| 
 1,

Fig. 1 Phase sensitivities δφx (left) and δφy (right) as a func-
tion of phase shift φ [in units of π/(

√
2J)] for J = N/2 = 104,

γ = 0 (top), 1 (middle), and 102 (bottom), and θ = π/4 (empty
circles), π/6 (solid red lines). The dashed blue lines are analyt-
ical results for θ = π/4, obtained from Eq. (16) and Eq. (17).
Horizontal lines in (a), (b), (c), (d), and (f) denote the super-
Heisenberg limit 1/(

√
2J3/2); while in (e) the horizontal line is

(2γ)1/3/(
√

2J3/2). Vertical lines in (a) and (e) denote the best-
sensitivity phase φmin = 0.89 × π/(

√
2J) and (2γ)−1/3/J , respec-

tively.

Eq. (8) can be approximated as

R(φ) � e−
1
2φ2 sin2 θeiφ cos θ (10)

so we have

〈Ĵ+〉 � J sin θe−βei(α+φ cos θ)

(11)〈Ĵ2
+〉 � J(J − 1/2) sin2 θe−4βe2iα

where

α = 2Jφ cos θ, β = Jφ2 sin2 θ + γφ (12)

For large enough J (= N/2 � 1), the phases of 〈Ĵ2
+〉1/2

and 〈Ĵ+〉 are given by Φ2 � 2(J − 1)φ cos θ � α and
Φ1 � (2J − 1)φ cos θ � α + φ cos θ, respectively. The
phase difference Φ1 − Φ2 � φ cos θ cannot be omitted
since the best sensitivity occurs at Jφ ∼ 1 in some sit-
uation [see for instance Fig. 1(a)]. Using the above ap-
proximated results, we obtain the variance

(ΔĴx)2 � J

2
[
1 − (η0 − Jη1) sin2 θ

]
(13)

where η0 = [1 + e−4β cos(2α)]/2 and

η1 = (1−e−2β)[1−e−2β cos(2α)]+2φ cos θe−2β sin(2α)

(14)

Substituting α → α + π/2, one can also obtain similar
expression of the variance (ΔĴy)2. In addition, Eq. (9)
can be approximated as
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d〈Ĵ+〉
dφ

� 2iJ2 sin θ(cos θ + iφ)e−βeiα (15)

For θ far away from π/2, it becomes d〈Ĵ+〉/dφ �
iJ2 sin(2θ)eiα, where we assume J(J − 1/2) � J2 for
large enough J and e−β � 1.

From the above results, it is still hard to analyze scal-
ing behaviors of the sensitivities. In order to get a closed
form of the sensitivities, we now expand η0 and η1 up to
the zeroth and the first-order of β, yielding η0 � cos2 α,
η1 � 4(β sinα + φ cos θ cosα) sin α. Inserting them into
Eq. (13), we obtain the analytical expression of the sen-
sitivity [38]:

(δφx)2 � 1 + (cos θ cotα + 2Jφ sin2θ)2 + 4γJφ sin2θ

2J3 sin2(2θ)
(16)

where we used d〈Ĵx〉/dφ � −J2 sin(2θ)sin α for θ 
= π/2.
It is important to note that the slop of the Ramsey sig-
nal now oscillates with the amplitude ∝ (N/2)2, which
is N times larger than the linear case [see Eq. (3)].
On the other hand, from Eq. (13) we find the variance
ΔĴx ∝ √

N/2. As a result, the achievable sensitivity can
reach the super-Heisenberg limit, i.e., δφx ∼ 2/N3/2.

Replacing α with α+π/2, we further obtain the phase
sensitivity for the Ĵy measurement [38]:

(δφy)2 � 1 + (cos θ tan α − 2Jφ sin2θ)2 + 4γJφ sin2θ

2J3 sin2(2θ)
(17)

As shown in Fig. 1, our analytical results (dashed blue
lines) show a good agreement with exact numerical sim-
ulations (empty circles) for the case θ = π/4. Both
δφx and δφy oscillate in a fringe pattern and diverge
at the fringe boundaries |φ| = sπ/(2J cos θ) and (s +
1
2 )π/(2J cos θ) for an integer s = 0, 1, · · ·, which are
given respectively, by cot α → ∞ in Eq. (16) and tanα →
∞ in Eq. (17).

4 Scaling rules of the optimal sensitivity

In the previous sections, we provide the detailed deriva-
tions of Eq. (16) and Eq. (17), which shows a good
agreement with the exact numerical simulations for small
phase shift φ and large enough particle number N (=
2J > 102). Moreover, both of them are valid for the de-
phasing rate γ < J3/4 and the initial CSS with θ 
= π/2
(see below). We now analyze scaling rules of the best
sensitivities.

4.1 Without the dephasing

First, let us consider the simplest case with γ = 0. Via
minimizing Eq. (16) with respect to φ, we find that local

minima of δφx occur when the following transcendental
equations are satisfied

cos θ cotα + 2Jφ sin2 θ = 0 (18)

or

sin α = cot θ (19)

Substituting Eq. (18) into Eq. (16), it is easy to obtain
the best sensitivity [14]:

(δφx)min � 1√
2J3/2 |sin(2θ)| (20)

which depends on the number of atoms N (= 2J) and the
polar angle of the initial state θ. The super-Heinsenberg-
limited sensitivity (δφx)min � 1/(

√
2J3/2) = 2/N2/3 is

attainable for the CSS with θ = π/4 or 3π/4 [14]. In ad-
dition, Eq. (18) reduces to cot(α) + α = 0, which yields
α =

√
2Jφ � ±0.89π, ±1.95π, etc. Hereafter, we focus

on the first root and adopt the notation φmin = |χ|mint

to denote the best-sensitivity phase for a measurement
of spin operator Ĵx or Ĵy.

For the Ĵx measurement, the best sensitivity occurs
at φmin � 0.89π/(

√
2J) if the optimal input state with

θ = π/4 or 3π/4 is adopted. The dependence of φmin

on the θ is rather complicated [see empty circles of Fig.
2(a)]. A more careful investigation reveals the existence
of a critical polar angle

θcr � arctan(0.6J1/8) (21)

Fig. 2 (a) Numerical results of the best-sensitivity phase φmin

with a Ĵx measurement (empty circles) as a function of the polar
angle θ for J = 104 and γ = 0. The red dashed and solid lines
denote, respectively, contour plots of Eqs. (18) and (19) within the
central (shaded) fringe region 0 � φmin < π/(2J cos θ). (b) The
scaling exponents ξx (empty circles) and ξy (crosses) for the case
J = 104 and γ = 0, in a comparison to the analytical result of Eq.
(23) (red dashed). Numerical results of ξx for γ = 102 (triangles)
fit well with Eq. (26) (solid line). The vertical grid lines in (a) and
(b) denote the critical polar angle θ = θcr � 1.383 × π/4 and π/6
(also π − θ), respectively, while the horizontal line in (b) denotes
3/2 − ln(2γ)/(3 lnJ) with γ = 102 and J = 104.
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which depends weakly on J , as shown in Fig. 3. For
θcr < θ < (π − θcr), the best-sensitivity phase φmin is in
fact determined by Eq. (19), rather than Eq. (18).

Fig. 3 Log–log plot of the critical polar angle θcr (in units of π/4)
against J (= N/2) for the Ĵx measurement. The exact numerical
results (empty circles) predict θcr � (1.216, 1.383, 1.522)× π/4 for
J = (103, 104, 105), fitting in Eq. (21) (solid line).

Similarly, for the Ĵy measurement, from Eq. (17) we
find that the best-sensitivity phase obeys the transcen-
dental equation

cos θ tan α = 2Jφ sin2 θ (22)

which gives (δφy)min � 1/(
√

2J3/2| sin(2θ)|). For the
case θ = π/4 or 3π/4, Eq. (22) reduces to tanα = α

with the solutions α =
√

2Jφ = 0, ±1.42π, ±2.46π, etc..
As shown in Fig. 1(b), one can find that including φ = 0,
the phase shift |φ| < 0.2π/(

√
2J) can be detected at the

super-Heisenberg limit for the Ĵy measurement (empty
circles).

The scaling rules of the best sensitivity can be shown
in a more transparent form by setting (δφv)min = κJ−ξv

(with v = x, y) [14], where κ denotes a prefactor and
ξv the scaling exponent for Ĵv measurements. From Eq.
(20), it is easy to obtain

ξv = − ln[
√

2(δφv)min]
ln J

� 3
2

+
ln (|sin(2θ)|)

ln J
(23)

where we take κ = 1/
√

2 to ensure ξv → 3/2 as θ → π/4
or 3π/4. In Fig. 2(b), numerical simulations of the scal-
ing exponent is plotted as a function of θ. In the absence
of the dephasing, one can find that ξx (empty circles) and
ξy (crosses) agree very well with the analytical result of
Eq. (23) (dashed red line). For θcr < θ < (π − θcr), the
numerical result of ξx deviates from the analytical one
due to the bifurcation of the best-sensitivity phase φmin.
In fact, slightly different sensitivities can be obtained if
we substitute Eq. (18) and Eq. (19) into Eq. (16).

4.2 With the dephasing

It is worthy pointing out that our analytical results, Eq.
(16) and Eq. (17) break down when θ � π/2. In this
case, cos θ � α � 0 and hence Eq. (15) reduces to

d〈Ĵ+〉/dφ � −2J2φe−β . Due to d〈Ĵy〉/dφ = 0 and thus
δφy → ∞, there is no signal from the Ĵy measurement.
However, δφx can nevertheless reach the Heisenberg limit
[13]. To see this clearly, we solve the approximated result
of the sensitivity as

(δφx)2 � 1
2J2

[

1 + (Jφ + γ)2 +
γ

2Jφ

]

(24)

where we have expanded η0 and η1 of Eq. (13) up
to the first- and the second-order of β. Without the
dephasing (i.e., γ = 0), Eq. (24) reduces to δφx �
(1 + J2φ2)1/2/(

√
2J), which is minimized for φ = 0,

or more generally φ = sπ with an integer s. It is
interesting to note that though the slop of the signal
d〈Ĵx〉/dφ � −2J2φ, proportional to N2, the achievable
phase sensitivity can reach only the Heisenberg limit
(δφx)min � 1/(

√
2J) =

√
2/N due to the enhanced vari-

ance (ΔĴx)2 � J
2 (4Jφ2) [24].

In Fig. 4, we plot Eq. (24) as a function of φ for γ = 0
(thin black) and 102 (thick red line). Within the small-
phase region, our analytical result displays a remark-
able agreement with numerical simulations. For a rela-
tively large dephasing (γ � 1), the achievable sensitivity
(δφx)min � γ/(

√
2J), corresponding to the scaling expo-

nent ξx � 1 − ln γ/ lnJ � 0.5 for J = 104 and γ = 102

[see the triangle of Fig. 2(b) at θ = π/2].
Finally, we investigate the achievable sensitivities for

θ 
= π/2 case. Due to a weak phase dephasing (with
γ = Γ/χ = 1), the CSS with θ = π/6 or 5π/6 becomes
the optimal input state, which gives a better sensitivity
for the Ĵx measurement [see solid red line of Fig. 1(c) at
φ ∼ 0.5π/(

√
2J)]. For the Ĵy measurement, the optimal

sensitivity still occurs at φ ∼ 0 with θ = π/4 or 3π/4
[see Fig. 1(d)].

Fig. 4 Phase sensitivity δφx as a function of φ [in units of
π/(

√
2J)] for θ = π/2 and J = N/2 = 104. Thin solid line

(empty circles) and thick red line (dashed blue line) are analyt-
ical (numerical) results of δφx for the dephasing rate γ = 0 and
102, respectively. Horizontal lines denote the Heisenberg limit of
1/(

√
2J) and γ/(

√
2J).

With the increase of the dephasing rate, the CSS with
θ = π/6 or 5π/6 is the optimal input state for both Ĵx

and Ĵy measurements. To prove it, let us consider a
relatively large dephasing rate (1 
 γ < J3/4). From
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Fig. 1(e), we note that the best sensitivity occurs when
Jφ 
 1 and hence cotα ∼ α−1 � 1. As a result, Eq.
(16) can be simplified as

(δφx)2 � 1
2J3 sin2(2θ)

[
(4Jφ)−2 + 4γJφ sin2 θ

]
(25)

where only the terms proportional to cot2 α and γ are
kept in the numerator of Eq. (16). Eq. (25) corresponds
to the envelope curve of the sensitivity [38]. Minimizing
it with respect to φ, we further obtain the best sensitiv-
ity (δφx)2min � 3γ2/3/(8J3 sin2/3 θ cos2 θ) and the scaling
exponent

ξx � 3
2

+
ln

[
2√
3
γ−1/3 sin1/3 θ| cos θ|

]

ln J
(26)

As shown in Fig. 2(b), our analytical result (solid line)
shows a good agreement with numerical simulations
(triangles) for J = 104 and γ = 102. Maximizing
Eq. (26) with respect to θ, we get the optimal po-
lar angle of the CSS θ = π/6 or 5π/6, which gives
(δφx)min � (2γ)1/3/(

√
2J3/2) and the scaling exponent

ξx � 3/2 − ln(2γ)/(3 lnJ) for the best-sensitivity phase
φmin � (2γ)−1/3/J [see grid lines of Fig. 1(e) and Fig.
2(b)].

To find out the optimal sensitivity for the Ĵy measure-
ment, we consider again the relatively large dephasing
with 1 
 γ < J3/4, for which Eq. (17) can be approxi-
mated as

(δφy)2 � 1
2J3 sin2(2θ)

(
1 + 4γJφ sin2 θ

)
(27)

where only the term proportional to γ (� 1) is kept due
to Jφ 
 1 and hence tan α ∼ α 
 1. From Eq. (27),
we obtain the phase sensitivity δφy ∝ [1 + 2γJφ]1/2 and
[ 2√

3
(1 + γJφ)]1/2 for the cases θ = π/4 and π/6, respec-

tively. Note that the slop of δφy for the case θ = π/6
is smaller than that of θ = π/4. In other words, except
φ = 0, a slightly better sensitivity can be obtained for
the CSS with θ = π/6 or θ = 5π/6 [see solid red line of
Fig. 1(f)].

5 Conclusions

In summary, we have investigated atomic Ramsey inter-
ferometer with the phase accumulation relying on free
evolution of a coherent spin state |θ, 0〉 under the Hamil-
tonian χ(Ĵz)k. Compared with a linear interferometer
(i.e., k = 1), the precision of the phase shift φ = χt for
a nonlinear one (with k = 2) can be improved from the
shot-noise limit 1/N1/2 to the super-Heinsenberg limit
2/N3/2, provided that an optimal CSS with θ = π/4
or 3π/4 is adopted as the input [14, 15]. According to
the error propagation theory, the improved scaling is a
consequence of the nonlinearity-induced phase accumu-

lation [12], which yields the slop and the fluctuation of
the Ramsey signal proportional to (N/2)2 and

√
N/2,

respectively.
Following a recent work [14], we analyze the role of col-

lisional dephasing on the BEC-based nonlinear Ramsey
interferometer. In the limit of small phase shift φ and
large particle number N (= 2J), we derive analytical
expressions of the phase sensitivities for spin operators
Ĵx and Ĵy measurements after the phase accumulation.
Our results, valid for θ 
= π/2 and γ < J3/4, show good
agreement with numerical simulations. Without the col-
lisional dephasing, we find that the best-sensitivity phase
φmin satisfies different transcendental equations, depend-
ing upon the initial state and the observable being mea-
sured. For the Ĵx measurement, φmin bifurcate at the
critical polar angle θcr � arctan(0.6J1/8), as shown in
Fig. 2(a) and Fig. 3; while for Ĵy measurement, the phase
|φ| < 0.2π/(

√
2J) can be detected at super-Heisenberg

limit. With the increase of the dephasing rate up to
J3/4, we find that the CSS with θ = π/6 or 5π/6 gives
rise to a better sensitivity. Specifically, the phase shift
φmin � (2γ)−1/3/J (∼ 0) can be detected at the N−3/2

scaling rule for the Ĵx (Ĵy) measurement.
Additionally, we present analytical result of the sensi-

tivity for the case θ = π/2, which has been excluded in
Ref. [38]. Our results show that although the slop of the
signal increases as d〈Ĵx〉/dφ ∝ N2/2, the variance is also
enhanced (ΔĴx) ∝ N/

√
2, leading to the phase sensitiv-

ity
√

2/N in the end [13]. To improve phase resolution
over the Heisenberg limit, it requires a super-resolution
of the interferometric signal with its slop proportional
to N2 and also a reduced variance below the SNL. Both
of them should be fulfilled simultaneously.
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