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1 Introduction

Light interacting with matter can not only be absorbed
and emitted by individual atoms but also lead to mechan-
ical effects, as predicted by Maxwell and Bartoli. The ra-
diation pressure force of light was first directly observed
in the pioneering experiments of Nichols and Hull and,
independently, by Lebedev in 1901 [1, 2]. This force is

typically extremely feeble so that the application of this
force to manipulate the center-of-mass motion of rela-
tively large mechanical elements is not carried out until
1983. In this year, the group of Walther used an optical
cavity to enhance the light intensity resonantly and the
radiation pressure force as well [3]. Their setup is the
source of the cavity optomechanics where the radiation-
pressure-induced back-action of light influences the po-
sition of the movable cavity end-mirrors.

At the early stage, as was noted by Braginsky, cav-
ity optomechanics plays a critical role in the design of
gravitational-wave detectors [4, 5], such as LIGO and
VIGRO, which are composed of enormous Michelson in-
terferometers with movable mirrors [6–8]. Subsequently,
the trend turned to exploit micro-mechanical elements
with small masses and high-quality mechanical factors,
and high-finesse micro-optical cavities to increase the op-
tomechanical effects. Currently, cavity optomechanics is
the focus of extensive theoretical and experimental inves-
tigations and has witnessed spectacular advances in the
latest few years (see Refs. [9, 10] and references therein).

A central paradigm of these researches was the cool-
ing of movable mirror towards the quantum regime, even
the quantum mechanical ground state. Rapid progress
was made toward this goal using active feedback or in-
trinsically optical damping in situations ranging from
micro- and nano-mechanical systems to large mirrors as
used in gravitational wave detectors [11–20]. In quan-
tum regime, cavity optomechanics shows a brilliant and
broad perspective of application in quantum information
processing [21–23]. Various schemes were proposed for
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radiation-pressure-based quantum state engineering [24–
26] and for the creation of entangled states of continuous-
variable systems [27–30]. Furthermore, the possibility
of inducing non-classical behavior in mechanical systems
composed of billions of atoms is appealing as a test-bed
for fundamental questions in quantum physics [31, 32].

Parallel impressive development was the demonstra-
tion of cavity optomechanics effects through other phys-
ical objects, e.g., a Cooper-pair box [33], LC circuit [34],
a quantum dot [35], and most notably perhaps an ul-
tracold atomic gas [36, 37] or a Bose–Einstein conden-
sate (BEC) [38]. Here the atomic center-of-mass mo-
tion dispersively interacting with the cavity field plays
the role of the vibrational mode of the mirror driven by
the radiation pressure force. Since methods of preparing
the atoms in their motional ground state are well devel-
oped, using cold atoms in cavity optomechanics allows
one to prepare the effective oscillator mode in its quan-
tum ground state. Also, due to the high cooperativity
of the cold atomic gas, one reaches the strong-coupling
limit of cavity quantum electrodynamics (QED) [39] and
high optomechanical coupling rate for mean intracavity
photon numbers on the order of unity [38], offering a
promising avenue to combine studies of cavity QED and
cavity optomechanics.

Besides the atomic external degrees of center-of-mass
motion, the role of internal atomic spin degrees of free-
dom is also explored [40, 41]. The combination of cavity-
induced phase shift and the intrinsic spin-exchange in-
teraction of a spinor BEC leads to strong matter-wave
and optical bistability, providing a new playground for
exploring the spinor dynamics in the frame of cavity op-
tomechanics.

These developments are first steps in opening an-
other frontier broached by optomechanics — the coher-
ent coupling of mechanical elements with atomic sys-
tems [42–47] or, more generally, the interfacing of solid-
state physics with atomic, molecular, and optical science.
It is expected that these developments will lead to ba-
sic advances, for instance, in the understanding of the
quantum-classical interface [48–50], as well as to appli-
cations related to measurement and sensing [51–54] and
coherent control [55–57].

The review is organized as follows: In Section 2,
we give a brief introduction to the research of con-
ventional cavity optomechanics, including classical non-
linear dynamics, optomechanical cooling of mechanical
resonators, and preparing non-classical states through
radiation-forces-mediated interactions. In Section 3, we
discuss in some detail the effective optomechanical ef-
fects realized by an uniform BEC or cold atoms inside a
cavity, respectively. In addition, we propose a hybrid sys-
tem to combine conventional cavity optomechanics and
its BEC-based counterpart, where the dynamics of the
system is subjected to Hamiltonian chaos in the bistable

regime. Section 4 is devoted to a discussion of cavity
optomechanics with spinor condensate. Section 5 briefly
lists and comments on some further topics, which for
various reasons are not covered in the main text.

2 Cavity optomechanics

2.1 Quantum picture of cavity optomechanics

As shown in Fig. 1, in the classical picture of the cav-
ity optomechanics, one consider a Fabry–Pérot cavity
with one fixed-end mirror and the other one, of mass m,
mounted on a spring or suspended to swing as a pen-
dulum. When this movable mirror is at its equilibrium
position q = 0, the cavity length is L, and thus the res-
onance frequency ωn = nπc/L(n ∈ Z) where c is the
speed of light. An external laser field of frequency ωp

and power Pin is incident on the fixed mirror, generat-
ing standing-wave field inside the cavity. The radiation
pressure from the standing-wave field pushes the movable
mirror against the restoring force. If both the photon ab-
sorption by the mirrors and photon-generation process
due to the Casimir effect can be ignored, a weak move-
ment of the mirror (q � L) only results in a shift of
cavity resonance frequency with the approximate value
−ωnq/L. However, in the quantum picture, the move-
ment is replaced by the extremely weak deform when
the mirror or cantilever is subject to radiation pressure.
This deform results in vibrational motion with various
mechanical modes.

Fig. 1 (a) The basic optomechanical setup in classical picture:
A cavity consisting of two mirrors, one of which is mounted on a
spring. A strong classical light pushes the movable mirror against
the restoring force and therefore changes the cavity length. (b) In
quantum picture, a weak light can only deform the solid structure
of a mirror or a cantilever leading to excitation of phonons.

The total Hamiltonian of the system in a frame ro-
tating at the frequency of the laser can be written as
[58]

Ĥ = −�Δcâ
†â +

�ωm

2
(
p̂2 + q̂2

) − �G0â
†âq̂



Ke-ye ZHANG, et al., Front. Phys., 2011, 6(3) 239

−i�η
(
â − â†) + Ĥκ + Ĥγ (1)

where Δc = ωp − ωc is the cavity-pump detuning. The
intracavity field is described by the annihilation (cre-
ation) operator â(â†) and the cavity is locked to the
mode with the frequency ωc. This invoke the condi-
tion |Δc| , ωm � ΔωFSR/2 so that only the single cavity
mode is populated by the input laser and the scatter-
ing of photons into other modes can be neglected. Here,
ΔωFSR = ωn+1 − ωn = πc/L is the free spectral range
of the cavity. ωm is the natural frequency of the a me-
chanical mode of the mirror. This mechanical mode is
modeled as an quantum harmonic oscillator with dimen-
sionless momentum operators p̂ and position operators
q̂ satisfying [q̂, p̂] = i. m is the effective mass of the os-
cillator, describing in large part the strength of the cou-
pling between optical and mechanical mode [59]. The
third term, as we analyzed above, represents the fre-
quency shift due to the movement of the mirror and
is so-called optomechanical term with the coupling rate
G0 = (ωc/L)

√
�/(mωm). The term −i�η

(
â − â†) ac-

counts for the external pumping laser where η is related
to the input laser power Pin by η =

√
2κPin/(�ωp). Ĥκ

and Ĥγ describe coupling to a bath leading to a cavity
damping rate κ and mechanical damping γ, respectively.

The dynamics is determined by the Heisenberg equa-
tions and the fluctuation-dissipation processes can be
taken into account using the Langevin equations ap-
proach. In this case, we can write a set of nonlinear
Heisenberg–Langevin equations:

∂tq̂ = ωmp̂

∂tp̂ = −ωmq̂ − γp̂ + G0â
†â + ξ̂ (2)

∂tâ = [i (Δc + G0q̂) − κ] â + η +
√

2κâin

where the oscillator is affected by a Brownian stochastic
force ξ̂ that obeys the correlation function [60, 61]

〈ξ̂ (t) ξ̂(t′)〉 =
γ

ωm

∫
dω

2π
e−iω(t−t′)

· ω coth
(

�ω

2kBT
+ 1

)
(3)

where kB is the Boltzmann constant and T is the bath
temperature. Remarkably, the quantum Brownian mo-
tion is not a Markovian process in general; however, the
quantum effects are only achievable by using oscillators
with a large mechanical quality factor ωm/γ � 1. In this
limit, ξ̂ becomes delta-correlated

〈ξ̂ (t) ξ̂ (t′)〉 � γ (2n̄ + 1) δ (t − t′) (4)

where n̄ = 1/ [exp (�ωm/(kBT )) − 1] is the mean ther-
mal excitation number of the mirror, and the stochastic
motion approximates a Markovian process.

The cavity mode decays at the rate κ and is affected by
the vacuum radiation input noise âin, whose Markovian

correlation functions are given by [62]

〈âin (t) â†
in (t′)〉 = [n (ωc) + 1] δ (t − t′) (5)

where n (ωc) is the equilibrium mean thermal photon
number. Due to the high optical frequency ωc, this num-
ber is insignificant, n (ωc) � 0, even in the room temper-
ature. Besides, we neglect here technical noise sources,
such as the amplitude and phase fluctuations of the driv-
ing laser.

2.2 Nonlinearity and bistability

Before discussing quantum effects of the optomechanical
system, we will briefly review the classical treatment of
the equations (2). It is allowed to find analytic solutions
for the coupled cavity and mirror dynamics. In particu-
lar, one can find the much richer, nonlinear effects. To
investigate the purely classical dynamics of the coupled
system, we replace the operators by classical variables
and neglect various quantum noise, arriving at

α̇ = [i (Δc + G0q) − κ]α + η

q̈ + γq̇ + ω2
mq = ωmG0 |α|2 (6)

The steady optical intensity |αs|2 is thus given by a cubic
equation

|αs|2 =
η2

κ2 + (Δc + G2
0 |αs|2 /ωm)2

(7)

The solutions to this equation show hysteresis as the
pump intensity η2 [see Fig. 2(a)] or cavity-pump de-
tunning Δc [see Fig. 2(b)] increasing, which is precisely
analogous to dispersive optical bistability arising from a

Fig. 2 (a) Mean intracavity photon number |αs|2 of the bistable
system versus pump strength for fixed cavity-pump detuning
Δc/κ = −4 and optomechanical coupling rate G2

0/(ωmκ) = 0.4.
The green dashed line indicates the instable steady state solutions.
(b) Mean intracavity intensity versus cavity-pump detuning Δc

calculated for three different pump strengths η2/κ2 = 0.5, 3.5 and
12.
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Kerr medium whose refractive index is intensity-
dependent [63].

The dynamics of the coupled mirror-cavity system is
governed by two important timescales, the cavity relax-
ation time 1/(2κ) and the mechanical oscillation period
1/ωm. This allows to perform an adiabatic approxima-
tion in the limit case, which greatly simplifies the anal-
ysis of the system’s dynamics.

In the good-cavity limit (κ � ωm), the intracavity
light intensity |α|2 changes slowly such that the posi-
tion of the mirror adiabatically follows the correspond-
ing change in the radiation pressure. In this case, the
mirror impose an intensity-dependent frequency shift
G2

0 |α|2 /ωm on the cavity field.
Conversely, in the bad-cavity limit (κ � ωm), the cav-

ity field adiabatically follows the changes in cavity res-
onance frequency caused by mirror’s motion, imposing
an position-dependent driving force on the mirror. Ac-
cording to the driving force combining with the inherent
restoring force, we can deduce an effective potential [64],

Veff =
�ωm

2
q2 − �η2

κ
arctan

Δc + G0q

κ
(8)

which provides us with an intuitive picture of the me-
chanical oscillator dynamics. As shown in Fig. 3(a)–(d),
for input intensity below the critical value of the bistable
transition, the effective potential always exhibits a sin-
gle minimum corresponding to the steady solution at the
lower branch, but increasing it sees the appearance of a
second local minimum indicative of bistability. Further
increasing the input intensity past the bistable region
the initial minimum disappears as expected. However, in
the critical value, the first local minimum of the effective

Fig. 3 (a)–(d) Show plots of the optomechanical potential Veff

for different pumping strengths η2/κ2 = 5, 9.8, 14 and 30, corre-
sponding to the dashed upright lines in the steady-state plot Fig.
2(a).

potential degenerates into a plateau; hence, under appro-
priate circumstances, the mirror subjects to the critical
slowing down [65, 66].

Beyond these two limits, the system’s dynamics is
complicated and remains mostly unexplored. In particu-
lar, at some higher input intensities, the coupled system
may enter a state of dissipative chaos [67, 68], where the
dynamics is infinitely sensitive to the initial state so that
quantitative descriptions are very hard.

2.3 Radiation pressure cooling mechanical mode

Thermal noise is an important limitation to many sensi-
tive measurements such as gravitational wave detection
based on cavity optomechanics. Thermally induced de-
formations of the mirror surface occur as soon as T > 0
and constitute the main issue when trying to diminish
the noise-induced cantilever motion. In addition to tra-
ditional cryogenic techniques that do not allow normally
to reach temperatures below Tc = �ωm/(2kB), other
cooling techniques based on radiation pressure have been
proposed. The optomechanical cooling was first theoret-
ically noted by Braginksy [5], who proposed that radia-
tion pressure could be used to “ranquilize” the mechan-
ical mode of an interferometer.

The laser shined upon the mirror leading to radia-
tion pressure force Frad, while in contact with a thermal
bath the mirror is also subjected to a Brownian force FB.
Thus, it is possible to reduce the motion of the movable
mirror by suitably adjusting the radiation pressure force
so that Frad + FB � 0. This is done through the active
feedback control [67, 70]: See Fig. 4(a), an intensity and
frequency stabilized laser is shined upon the cavity and
the motion of the mirror is monitored through homodyne
detection of the quadrature of the output field. The re-
sulting signal is fed back to the mirror via a modulation
of the laser intensity by an accousto–optic element.

The mirror can also be laser-cooled passively without
such feedback, because the radiation pressure force on
the mirror is delayed with respect to a sudden change in
the mirror’s position if the finesse of the cavity is very
high. The delayed force can result in a positive optical
damping as soon as the laser is red-detuned from the
cavity [71]. This principle is easy to understand in the
frequency domain. As shown in Fig. 4(b), since the mir-
ror vibrates at frequency ωm, light reflected off the mir-
ror is scattered in three different frequencies, the original
frequency ωp and two additional sidebands at ωp ± ωm.
If the pump laser frequency slightly red detune from the
cavity resonance so that ωp + ωm � ωc, the probability
of scattering in the ωp + ωm sideband mode is enhanced
as compared to the other two processes, and, therefore,
there will be an efficient transfer of energy from the mir-
ror to the light field. Furthermore, when the cavity res-
onance linewidth κ is smaller than the sideband spacing
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2�ωm, cooling the mirror to its quantum ground state is
to be expected [17].

Fig. 4 (a) Experimental setup for active feedback cooling of
a movable mirror using radiation pressure from a frequency and
intensity stabilized laser. The accousto-optic modulator (AOM)
modulates the intensity of the laser according the feedback signals.
This figure is from Ref. [70]. (b) Arrangement of the frequencies
in the self-cooling or passive feedback scheme and cavity trans-
mission as a function of frequency. The sideband at ωp + ωm is
resonant so that the scattering in this sideband, corresponding to
the annihilation of a mirror phonon, is enhanced. When the cavity
linewidth κ is smaller than ωm, this effect is dominant and named
resolved sideband cooling.

2.4 Optomechanical-induced non-classical states

Experimental demonstration of genuine non-classical
states of macroscopic mechanical resonators with a mass
in the nanogram–milligram range (the mirror or can-
tilever involve many billions of atoms) is an important
step not only for the high-sensitive detection of displace-
ments and forces, but also for the foundations of physics.
It would represent, in fact, a remarkable signature of the
quantum behavior of a macroscopic object, allowing to
shed further light onto the quantum–classical boundary
[48–50].

Due to the radiation pressure, the special states of light
create superpositions involving macroscopic subsystems
so that the quadratures of a light field consisting of many
photons could actually become entangled with the posi-
tional degree of freedom of a massive oscillator [25, 26].
In order to study how an environment-induced dissipa-
tion and decoherence will affect this entanglement, we
must study quantum Langevin equations (2), in which
thermal noise is taken into account. Since a significant
optomechanical entanglement is achieved when radiation
pressure coupling is strong, which is realized when the
intracavity field is very intense, one can rewrite each
Heisenberg operator as a large c-number steady-state

value Os plus an additional small quantum fluctuation
δÔ with zero mean value and therefore gets the linearized
Langevin equations [72]:

∂tδq̂ = ωmδp̂

∂tδp̂ = −ωmδq̂ − γδp̂ + GδX̂ + ξ̂
(9)

∂tδX̂ = −κδX̂ − ΔδŶ +
√

2κX̂in

∂tδŶ = −κδŶ + ΔδX̂ + Gδq̂ +
√

2κŶin

where δX̂ ≡ (
δâ + δâ†) /

√
2 and δŶ =

(
δâ − δâ†) /(i

√
2)

are the cavity field quadratures with corresponding Her-
mitian input noise operators X̂in and Ŷin, respectively.
Effective cavity detuning Δ = Δc − G2

0 |αs|2 /ωm and
optomechanical coupling is enhanced through the effec-
tive coupling rate G =

√
2G0αs. When the system is

stable, the quantum steady state for the fluctuations is
a zero-mean bipartite Gaussian state, fully characterized
by its 4×4 correlation matrix V [73], with the 2×2 block
form

V ≡
(

A C

CT B

)

(10)

The entanglement between the field quadratures and
the mirror vibrational mode is correctly quantified by
the logarithmic negativity EN , which in the continuous-
variable case can be defined as [74]

EN = max
[
0,− ln(2d̃)

]
(11)

where d̃ = 2−1/2

√

Σ (V ) −
√

Σ (V )2 − 4 detV , with

Σ (V ) = det A + detB − 2 detC . Therefore, a Gaus-
sian state is entangled if and only if d̃ < 1/2, which is
equivalent to Simon’s necessary and sufficient entangle-
ment criterion [75].

The conditions under which entanglement between
several mirrors or membranes can arise is also inves-
tigated. In fact, it is possible that, due to the effect
of damping, and thermal and quantum noise, the two
mechanical modes of the mirrors are never entangled in
time, i.e., there is no time instant in which the reduced
state of the two mechanical modes is entangled. Entan-
glement can be instead always present in the frequency
domain and quantified by the criterion based on the EPR
inequality as [27]

E (ω) =
〈R2

q1−q2
(ω)〉〈R2

p1+p2
(ω)〉

|〈[Rq1 (ω) ,Rp1 (ω)]〉|2 < 1 (12)

where RO (ω) = [Ô (ω)+ Ô (−ω)]/2 is a Hermitian oper-
ator and Ô (ω) = τ−1/2

∫ τ/2

−τ/2
eiωtÔ (t) dt is the pseudo

Fourier transform for operator Ô (t) in the linearized
Langevin equations. Moreover, E (ω) goes below 1/4,
which indicates the presence of EPR correlations.

Another subject of active research is the development
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of squeezing state of nanomechanical systems, which has
the potential of reducing the quantum noise arising from
vacuum fluctuations of the cantilever and may lead to
subshot noise precision measurements. Because of radia-
tion pressure, the cantilever behaves as an effective Kerr
medium, leading to a squeezing light in the regions of
parameter space close to bistability turning points [76].
An alternative scheme is a three-mirror cavity where the
middle movable mirror enables a quadratic optomechan-
ical coupling and therefore subjects to squeezing [77, 78].

3 Cavity optomechanics with cold atomic gas

In the previous section, we discussed conventional cavity
optomechanics, wherein optical cooling of a mechanical
element or optical nonlinearity, squeezing, and entan-
glement arise from the coupling between cavity photons
and the position of movable mirror. Recently, ultracold
atomic gas placed inside optical cavities have been shown
to exhibit cavity optomechanical effects. An impressive
example is the experiment performed by the group of
Esslinger [38]. They utilized collective recoil effect of
a uniform BEC to realize a large optomechanical cou-
pling strength with the cavity light field at single-photon
level. Cavity optomechanics with ultracold atomic gases
was also realized by the group of Stamper–Kurn [36,
37]. In their experiment, lattice-confined cold atoms
were shaken by a probe field and the microfabricated
atom chip was integrated to obtain a tunable cavity op-
tical nonlinearity and optomechanical frequency shifts.
In the following paragraphs, we will give a theoretical
explanation of these two experiments in the framework
of conventional cavity optomechanics discussed in Sec-
tion 2. Besides, a novel hybrid system composed both
of movable mirror and BEC is discussed. Its dynamics
is modeled as the movement of a particle in a singu-
lar potential energy surface, which results in a energy-
dependent transition from order to chaos.

3.1 Effective–sidemode–mirror approach

This section is devoted to a theoretical interpretation
for the analogy that the momentum sidemodes excited
by the cavity field act effectively as radiation-pressure-
driven oscillators. The scheme is shown in Fig. 5(a):
A uniform BEC dispersively interplays with standing-
wave optical field inside a micro-cavity. We describe the
BEC trapped in the cavity with a simple one-dimensional
model in which the atomic motion along the cavity axis
is quantized. For large light–atom detunings Δa, we can
adiabatically eliminate the internal excited state dynam-
ics of the atoms and ignore the effects of spontaneous
emission. Considering, in addition, low enough atomic
densities that two-body interactions can also be dropped

we have

Ĥa =
∫

Ψ̂ † (x)
(
− �

2

2ma

d2

dx2
+ �U0â

†â cos2 kx

)

· Ψ̂ (x) dx (13)

where Ψ̂ (x) is a bosonic field annihilation operator, ma

is the atomic mass, U0 = g2
0/Δa is the dipolar poten-

tial depth for a single photon, and k is the wave number
of the standing-wave light field. Obviously, the collective
density distribution of the BEC is dependent on the dipo-
lar potential, and thus the average photon number 〈â†â〉.
If we consider in the following the strong coupling regime
NU0 � κ, where N is the average number of atoms and
κ is the cavity damping, the cavity field is also strongly
dependent on the collective density distribution of the
BEC. More specifically, the dispersive dipolar interaction
also impose a BEC-density-dependent frequency shift on
cavity mode and therefore change the photon number
significantly (but without changing its spatial structure).

Fig. 5 Schemes for cavity optomechanics with cold atomic gas:
(a) Coupling a quasi-homogeneous Bose–Einstein condensate dis-
persively to the standing-wave field inside an optical high-finesse
cavity, so that the collective density excitation of condensate acts
as the mechanical oscillator driven by the radiation pressure force.
(b) Non-condensed ultracold atoms are tightly confined within sev-
eral sites of a static periodic lattice potential generated by the
trapping field ωt, where they perform collective oscillators that
strongly couple to the probe field ωp, and therefore constitute an
equivalent optomechanical system. (c) One of the cavity’s end
mirrors is allowed to oscillate, and the others are same as scheme
(a). Hence, a cavity, a movable mirror, and a BEC constitute an
hybrid optomechanical system.

The photon recoil associated with the absorption and
stimulated emission of light by the BEC results in
the generation of symmetric momentum side modes at
±2l�k, where l is an integer. We consider here the sim-
plest situation where the optical field is weak enough that
only l = 1 side modes are significantly populated. To ac-
count for this effect, we then expand the field operator
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in Eq. (13) as

Ψ̂ (x) �
[
ĉ0 +

√
2 cos(2kx)ĉ2

]
/
√

L (14)

where ĉ0 and ĉ2 are bosonic annihilation operators for
atoms in the zero-momentum state and side-mode com-
ponents, respectively. With this expansion, Ha simplifies
to

Ĥ ′
a =

�U0

2
â†â

(
ĉ†0ĉ0 + ĉ†2ĉ2

)

+
√

2�U0

4
â†â

(
ĉ†0ĉ2 + ĉ†2ĉ0

)
+ 4�ωrĉ

†
2ĉ2 (15)

where the first and second terms account for the poten-
tial energy and the optical coupling between the zero-
momentum mode and the side mode of the BEC, respec-
tively. The last term is the energy of the side mode, of
frequency 4ωr = 2�k2/ma.

In the absence of particle losses, we have ĉ†0ĉ0 =
N − ĉ†2ĉ2 � N , where the approximate equality holds
if the zero-momentum component of the condensate is
only weakly depleted by the coupling to the momentum
side mode. Treating then that component classically via
ĉ0 → √

N so that Ĥ ′
a approximately describes a har-

monic oscillator mode, which couples via the “displace-
ment” operator Q̂ ≡ (ĉ†2 + ĉ2)/

√
2 to the cavity field.

If we define an optomechanical coupling rate Gsm =
(ωc/L)

√
�/(msm4ωr), where msm = �ω2

c/(L2NU2
0 ωr) is

the effective mass of the oscillator, Ĥ ′
a reduces into an

typical optomechanical form:

Ĥ ′′
a =

�NU0

2
â†â +

4�ωr

2
(P̂ 2 + Q̂2) + �Gsmâ†âQ̂ (16)

where P̂ = i(ĉ†2 − ĉ2)/
√

2 is the “momentum” operator,
satisfying the canonical commutation relation [Q̂, P̂ ] = i.
Thus, we can infer about a direct analogy between the
coupled condensate-cavity system in the uniform limit
and the cavity optomechanical model system introduced
in the former section. The role of the mechanical oscil-
lator is played by a collective density oscillation mode
of the condensate caused by the population transfer be-
tween zero-momentum state and sidemode-momentum
states.

3.2 Lattice-confined approach

In this approach, non-condensed ultracold atoms are
tightly confined within several sites of a static periodic
lattice potential, where they perform collective oscilla-
tions that strongly couple to the cavity field. In contrast
to the uniform situation, the mechanical oscillation fre-
quency, which is determined by the harmonic potential of
the individual sites, can be tuned over a wide range. This
provides the opportunity, to approach the resolved side-
band regime of cavity optomechanics where retardation
effects between the optical and the mechanical dynamics
play a dominant role.

Figure 5(b) sketches the geometry of the atom cav-
ity system. A large number of rubidium atoms are dis-
tributed over many sites of a one-dimensional intracavity
optical lattice formed by a trapping field at wavevector
kt = 2π/850 nm−1, which is different than the probe
wavevector kp = 2π/780 nm−1. A high optical inten-
sity of trapping field leads to a very deep lattice poten-
tial, whose each site can be approximated into a har-
monic oscillator potential with the trapping frequency
ωt = 2

√
sωr, where s is the lattice depth scaled by recoil

energy Er. This potential tightly confines each atom at
the location of the minimum of the potential, q̄i, plus
a deviation from that minimum, δqi. Due to the large
atom-field detuing, the back-action of atoms, that is, the
dispersive frequency shift to the trapping field, can be
neglected. In contrast, this effect is remarkably for the
probe field, and the resulting dispersive frequency shift
can be linearly expanded around the position q̄i,

N∑

i=1

U0 cos2 (kpqi) � U0N/2 −
N∑

i=1

U0 sin (2kpq̄i) kpδqi

(17)

This motivates to introduce the collective displacement
variable

Q =
1√
Neff

N∑

i=1

U0 sin (2kpq̄i) δxi (18)

together with its conjugate momentum

P =
1√
Neff

N∑

i=1

U0 sin (2kpq̄i) pi (19)

The normalization factor Neff =
∑N

i=1 sin2 (2kpq̄i) guar-
antees that the usual commutation relation

[
Q̂, P̂

]
= i�

holds true for the corresponding quantum operators.
With these definitions, the Hamiltonian for the atoms
can also be written into the same optomechanical form
as Ĥ ′′

a but with the replacement 4ωr → ωm and Gsm →
U0kp

√
Neff .

3.3 BEC–mirror–hybrid system

In this section, we will consider a model setup consist-
ing of a cavity, a movable mirror, and a BEC inside the
cavity [see Fig. 5(c)]. This model was previously dis-
cussed in the weak coupling regime NU0 � κ, the object
of that study being the ensuing bistability of the BEC
Mott insulator-superfluid transition [46, 66]. In contrast,
we now consider a situation where the BEC is strongly
coupled to the intracavity field (The main content of this
section comes from our publication [47]). At the simplest
level, the moving mirror and the condensate side mode
can be approximated as two harmonic oscillators coupled
by the intracavity optical field, which acts as a nonlinear
spring. The coupled quantum Langevin equations of the
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system are

∂tâ =
(
iΔ̃ + iG0q̂ − iGsmQ̂ − κ

)
â + η +

√
2κâin

∂tq̂ = ωmp̂

∂tp̂ = −ωmq̂ + G0â
†â − γmp̂ + ξ̂ (20)

∂tQ̂ = 4ωrP̂ − γsmQ̂ + f̂Q

∂tP̂ = −4ωrQ̂ − Gsmâ†â − γsmP̂ + f̂P

where Δ̃ = Δc−NU0/2 is the effective detuning and γsm

is the damping of the side-mode mirror with f̂Q and f̂P

the associated noise operators. We focus in the follow-
ing on the classical dynamics of the two oscillators by
treating their positions and momenta as classical vari-
ables. In general, both oscillators and cavity field exhibit
a bistable behavior.

In the bad cavity limit, as we discussed in Section 2.2,
this bistable behavior can result in rich mirror dynam-
ics. Considering time-scales short enough that their me-
chanical damping can be ignored, their dynamics is gov-
erned by four first-order coupled equations of motion.
These equations can be derived from the effective classi-
cal Hamiltonian Heff = T + V , with

T =
�ωm

2
p2 +

4�ωr

2
P 2

V =
�ωm

2
q2 +

4�ωr

2
Q2 (21)

−�η2

κ
arctan

[(
Δ̃ + G0q − GsmQ

)
/κ

]

Heff describes the motion of a particle in the two-
dimensional potential V (q, Q), which is generally a
double-well potential, as illustrated in Fig. 6. The two
local minima A and B correspond to the pairs of bistable
values of q and Q at the upper and lower branches, and
the saddle-point C corresponds to the unstable values at
the dashed branch. The existence of such a saddle point
means the Hamiltonian dynamics of the mirrors can

Fig. 6 Two-dimensional contour plot of the effective potential
V (q, Q) in a regime where the intracavity optical field, the mir-
ror, and the side-mode excitation all display bistable behavior. A
and B are two local minima corresponding to two steady solutions,
while C is a saddle point.

undergo a transition to chaos. This chaos originates from
the nonintegrable part of the effective Hamiltonian de-
scribing the coupled motion of the mirrors — hence, it is
called Hamiltonian chaos [79], as opposed to dissipative
chaos [67, 68]. The energy-dependent transition from
order to chaos is similar to that seen in classic mechan-
ical models, such as the double pendulum and the Hé
non–Heiles system [80].

To display this transition, we plot Poincaré sections of
the four-dimensional phase space at various energy lev-
els. When the energy is very low, the order motion of
the particle is characterized by a series of regular elliptic
orbits on the Poincaré section (Fig. 7). The situation
starts to change when the total energy of the system is
close to the saddle-point energy. Some tortuous orbits
break into a series of elliptic islands, indicating that the
motion is tending to chaos. When the energy is slightly
larger than the saddle-point energy, some area of the
Poincaré section turn into a “chaotic sea” without any
distinctive structure. This area will spread out over the
total section as the energy growing up still further. In
practice, the chaotic dynamics of the system can be ob-
served by detecting the light transmitted or reflected by
the cavity.

Fig. 7 Poincaré sections (q, p) of the hybrid optomechanical sys-
tem for (a) an energy close to the local minimum energy of point
B in Fig. 6, (b) an energy near but below the energy of saddle
point C, (c) an energy slightly above saddle-point energy, and (d)
an energy significantly above saddle-point energy.

4 Cavity optomechanics with spinor BEC

In the previous section, we discussed cavity optomechan-
ics with scalar BEC, where the interplay between the
cavity field and the atomic external degrees of freedom



Ke-ye ZHANG, et al., Front. Phys., 2011, 6(3) 245

— the center-of-mass motion of scalar condensates, play
a prominent role. This section is devoted to a discussion
of cavity optomechanics with spinor BEC, where the cav-
ity field interacts with the atomic internal spin degrees
of freedom. Spinor condensate are condensate with hy-
perfine spin components [81], which becomes accessible
by the means of optical dipole trap.

An intriguing property of spinor BEC is that atoms of
different spin components can couple to each other via
spin-exchange interaction, which give rise to spin mix-
ing [82–84]. The spin mixing dynamics can be described
by a nonrigid pendulum. Here, we propose a scheme to
exploit the atom–cavity coupling to control the atomic
spinor dynamics. Unlike the scalar BEC — standing-
wave cavity system discussed in the previous section, the
model discussed here cannot be strictly mapped into the
cavity optomechanical model. Our interest lies in the
nonlinear interaction between the pendulum mechanics
of the spinor condensate and the cavity light field. The
main content of this section comes from our previous
publication [40, 41].

4.1 Model

The model is depicted in Fig. 8. A dilute gas of bosonic
atoms with hyperfine spin F = 1 are trapped inside the
cavity using an optical dipole trap, just as those have
been done in Ref. [85] for the single-component conden-
sate. At zero temperature, we assume single-mode ap-
proximation (SMA) that atoms in different spin states
can be described by the same wave function φ(r), which
is defined by the stationary Gross–Pitaeveskii equation;
then, each spin component can be associated with an
annihilation operator ĉi (i = +, − and 0). An external
weak magnetic field is applied to break the degeneracy
and provide the quantization axis. The cavity is designed
in the way that only a single mode effectively interacts
with the atomic system, which is described by an annihi-
lation operator â, the cavity mode is π-polarized with its
frequency ωc that couples the atoms in the ground-state
manifold to their excited states. The transition selection

Fig. 8 Schematic diagram showing the system under consider-
ation. An F = 1 spinor condensate is trapped inside the cavity
using optical dipole trap. The population of different spin com-
ponents can exchange via spin mixing. The cavity is coherently
driven by an external laser with amplitude η and decay with the
rate κ. The cavity field is π-polarized and dispersively couple to
the atomic system.

rule is ΔmF = 0; however, the transition
|F = 1, mF = 0〉g → |F = 1, mF = 0〉e is forbidden. The
cavity is driven by a coherent laser field with amplitude
η′ and frequency ωp.

The quantum Heisenberg–Langevin equations describ-
ing the system read

dâ

dt
=

{
i
[
δ′c − U ′

0

(
ĉ†+ĉ+ + ĉ†−ĉ−

)]
− κ

}
â + η′

+
√

2κâin (22a)

i
dĉ+

dt
=

(
E+ + U ′

0â
†â

)
ĉ+ + λ′

a

(
ĉ†+ĉ+ĉ+ + ĉ†0ĉ0ĉ+

−ĉ†−ĉ−ĉ+ + ĉ†−ĉ0ĉ0

)
(22b)

i
dĉ−
dt

=
(
E− + U ′

0â
†â

)
ĉ− + λ′

a

(
ĉ†−ĉ−ĉ− + ĉ†0ĉ0ĉ−

−ĉ†+ĉ+ĉ− + ĉ†+ĉ0ĉ0

)
(22c)

i
dĉ0

dt
= E0ĉ0 + λ′

a

(
ĉ†+ĉ+ĉ0 + ĉ†−ĉ−ĉ0 + 2ĉ†0ĉ+ĉ−

)
(22d)

where Ei is determined by hyperfine splitting plus the
linear and quadratic Zeeman effect. To be more spe-
cific, p′ = (E− − E+) /2 and q′ = (E− + E+ − 2E0) /2
signal the linear and quadratic Zeeman effect, respec-
tively. λ′

a is the anti-symmetric interaction coefficient
[82–84], δ′c = ωp − ωc is the cavity-pump detuning.
U ′

0 = g2/ (ωp − ωa) with g the dipole coupling strength
and ωa the atomic transition frequency. Here, we con-
sider that, in the case of large detuning and weak pump,
the atomic upper level can be adiabatically eliminated
and the interaction is essentially of dispersive nature.
We also assumed that the coupling strength between the
cavity field and spin ± atoms are approximately the same
for simplicity. κ is the cavity linewidth.

Here, we should note that, in deriving Eqs. (22), the
depletion of the condensate has been neglected. This ef-
fect may become important in the long time-scale that
the quantum fluctuations of the cavity introduce excess
noise to the condensate system [86]. In most realistic
cases, cavity decay dominates over the spontaneous de-
cay of atoms, so here we simply assume that, during the
time scale we are interested in, the condensate is not sig-
nificantly depleted, just as those have been done in Refs.
[87–90]. A more careful treatment considering the atom
loss will be left for further investigation.

4.2 Spin dynamics

The cavity decay rate is typically κ ∼ 1 MHz, while the
experimentally measured oscillation frequency of spin
population is below 10 Hz for 87Rb [91] and around 50
Hz for 23Na [92]. This means that the cavity field re-
laxes to the steady state on a much faster timescale than
the one on which the spin population evolves. In this
limit, the dependence of cavity field on its initial condi-
tion is negligible and its dynamics become slave to the
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atomic motion, which can then be adiabatically elimi-
nated. Here, we develop a semiclassical description of our
system by following the usual mean-field approach. As a
first step, we replace the operators â and ĉi with the cor-
responding C number α = 〈â〉 and ci =

√
Ni exp (−iθi),

where Ni and θi represent the number and phase of
the bosonic field for the particles in the spin compo-
nent i, respectively. Next, we change the equations for
ci into the ones for Ni and θi and insert in α derived
from Eq. (22a). Finally, we take advantage of the exis-
tence of two conserved quantities of the system: the total
atomic number N = N+ + N− + N0 and magnetization
M = N+ − N−, and simplify our problem into the one
described by two variables: the normalized population in
the spin 0 component x = N0/N and the relative phase
θ = 2θ0 − θ+ − θ−. The equations of motion for x and θ

read
dx

dτ
= 2λax

√
(1 − x)2 − m2 sin θ (23a)

dθ

dτ
= −2

(

q +
U0 |α|2

N

)

+2λa

[

1 − 2x +
(1 − x) (1 − 2x) − m2

√
(1 − x)2 − m2

cos θ

]

(23b)

with

|α (x)|2 =
η2

1 + [δc − U0 (1 − x)]2
(24)

where m = M/N , τ = κt and we have defined the di-
mensionless parameters

λa =
Nλ′

a

κ
, q =

q′

κ
, U0 =

NU ′
0

κ
, η =

η′

κ
, δc =

δ′c
κ

From Eq. (23), one can see that the cavity mod-
ifies the atomic dynamics in the same manner as the
quadratic Zeeman terms q, which will lead to redistribu-
tion of atomic population between different spin states
through spin mixing. This will in turn shift the cavity
resonance frequency and hence modify the intracavity
intensity, as can be seen from Eq. (24). Our interest
in this model lies in this nonlinear interaction. Follow-
ing the lines of [89, 90, 93], it is convenient to study
the dynamics by constructing the mean-field Hamilto-
nian H with two conjugate variables x and θ satisfying
dx/dτ = −2∂H/∂θ, dθ/dτ = 2∂H/∂x

H = q (1 − x) + λax

[
1 − x +

√
(1 − x)2 − m2 cos θ

]

+U (x) (25)

with U (x) ≡ η2 arctan [δc + U0 (1 − x)] /N . The first
term of H represents the quadratic Zeeman effect; the
second term signals spin-exchange interaction, U (x) is
the cavity-induced energy shift.

Before we present the detailed calculation, let us first
specify the parameters that will be used. We only con-

sider the anti-ferromagnetic atoms (23Na) with λa > 0
because their spin-mixing effects are relatively large. For
sodium atoms with a typical density 2 × 1014 cm−3,
Nλ′

a ≈ 2π × 100 Hz. We take the cavity decay rate
κ = 2π × 100 kHz, then the value of λa is estimated to
be 10−3. U0 is assumed to take the value of −5, q = 2λa

and the total atom number N is taken to be 1000, which
is large enough to validate the mean-field treatment.

4.2.1 Equilibrium property

The dynamics of the system can be captured by the con-
tour plot of the mean-field Hamiltonian H , which is in-
timately related to the fixed points (x0, θ0) given by the
steady-state solution of Eqs. (23). In the absence of
the cavity field, the solutions of the equilibrium equa-
tions have been studied in Ref. [94]. Besides the phase-
independent solutions of x = 0 and 1 − m (without loss
of generality, we assume m > 0) with θ not well-defined,
the spinor condensate system support at most one phase-
dependent solutions with θ = 0 or π. Here, we make a
comparison to see what change was brought by the cou-
pling to the cavity field. The phase diagram identifying
different types of solution are mapped out in the parame-
ter space of η2 (corresponds to the maximum intracavity
photon number) and δc, as shown in Fig. 9. We can see
that the coupling to the cavity will arouse the change of
the properties of fixed points. In certain parameter re-
gion, the number of different phase-dependent solutions
can be more than one; different solution regimes of the
coupling system can be crossed by varying δc and η2.
Since these two parameters are directly related to the
pump laser, this means that the dynamical properties of
the system can be easily varied by tuning the pump laser
field, which we will illustrate in detail.

Fig. 9 Phase diagram in the parameter space of δc and η2 for
different type of solutions: (a) θ = 0; (b) θ = π. Different re-
gions are differentiated by their colors and are labeled with the
numbers of corresponding solutions. The black region means no
physical solutions can be found. The parameters are set as m = 0,
λa = 10−3, q = 2λa, U0 = −5, and N = 1000. The red dashed
line corresponds to η2 = 0.8.

Here, we consider the special case of m = 0 and θ0 = 0;
combining the stationary solution of Eq. (23b) with Eq.
(24), one can have

|α|2 =
η2

1 +
(
Δ + χ |α|2

)2
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where Δ = U0 (1 + q/2λa) /2 − δc and χ = U2
0 /(4Nλa).

It is well known that, when η2χ > 8
√

3/9 ≈ 1.54, the
cavity exhibits refractive bistability [95]. Suppose that
we fix the intensity of the driving laser field, say that
η2 = 0.8, which means the maximum intracavity pho-
ton number is below unity and we simultaneously have
η2χ = 5, so the cavity can display bistable behavior
with extremely low photon numbers. By varying the
cavity-pump detuning δc, the equilibrium properties of
the system are changed, as shown in the red dashed line
in Fig. 9(a). The corresponding phase-dependent fixed
points are derived and their dynamical properties are
also studied through the standard linearizion; the results
are shown in Fig. 10.

Fig. 10 Mean intracavity photon number |α|2 and the normal-
ized spin population x versus cavity-pump detuning δc for the
steady-state solutions correspond to the red dashed line in Fig.
9(a) with η2 = 0.8. The red line corresponds to dynamically un-
stable solutions, while the green line means dynamically stable.
(a)–(c) The contour plot of H corresponding to different values of
δc marked in the upmost figure.

The system exhibits typical bistable behavior in Fig.
10; in certain regions of δc near the resonance, it has
three stationary solutions, two of which are dynamically
stable and the other one is dynamically unstable. Fur-
ther insights can be achieved by examining the corre-
sponding contour plot of H [Fig. 10(a)–(c)]. Suppose the
system is initially prepared in the lower stable branch, as
shown in Fig. 10(a), decreasing the cavity-pump detun-
ing δc across the resonance renders the system unstable
and triggers parametrically excited oscillations, as indi-
cated in Fig. 10(b). Finally, the system will most proba-
bly act as a pendulum where the system liberates around
the only stable fixed point, as shown in Fig. 10(c). This
cavity nonlinear optical phenomenon at low photon num-
bers has potential applications in optical communication
and quantum computation. The underlying physics is
that even a single photon can trigger spin exchangement
due to the atomic collective strong coupling, and the
long-live matter wave coherence built through spin mix-
ing can affect the behavior of subsequent photons inter-
acting with the atom gas. Compared with the bistable
behavior observed in Refs. [38, 96], where the motional
degrees of freedom of ultracold atomic gases represent

the source of coherence affecting light-atom interactions,
the unique feature of our system lies in that bistability in
the single-photon level are accompanied with bistability
of matter waves involving macroscopic number of atoms,
as shown in Fig. 10. The matter wave bistability can be
directly probed with the nondestructive phase-contrast
imaging [97].

4.2.2 Non-equilibrium property

In view that the cavity field can drastically alter the
spin-mixing dynamics, here we also consider the non-
equilibrium properties of the system. In the absence of
the cavity, the population evolution of spinor condensate
can be described by a nonrigid pendulum [93, 94, 98–100]
and the spin population exhibit periodic oscillations. In
the anti-ferromagnetic case, it has been theoretically pre-
dicted [93] and experimentally verified [92] that there is a
critical magnetic field that corresponds to a critical value
of the quadratic Zeeman term q, at which the spin pop-
ulation is trapped in a state with x = 0 (x (τ → ∞) = 0)
and the oscillation period diverges. In other words, at the
critical value, the system undergoes a transition from the
perodic oscillation to the phase-independent solutions.

Now, consider the case with the cavity, assume initially
the spinor condensate is prepared in the state (xi, θi),
specifically we choose (xi = 0.5, θi = 0.5) [92]. Consider
the case that we fix η2 = 1 and vary the cavity-pump
detuning δc; by propagating the equation of motion Eq.
(23), we numerically extract the oscillation period and
amplitude, the results are shown in Fig. 11. The os-
cillation period is typically several tens to hundreds of
millisecond, which display a three-peak structure. In or-
der to understand this, the spin population dynamics for

Fig. 11 (a) Period and (b) amplitude of spin oscillations as a
function of cavity-pump detuning δc. (c) The evolution of x versus
τ for the three peaks marked in (a). (1), (2), and (3) The contour
plot of H corresponding to the peaks 1, 2, and 3 marked in (a).
The black dot refers to the initial state of the system, while the
white dots refer to dynamically unstable fixed points.
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these three peaks are shown in Fig. 11(c), from which we
found out that only for peak 2 the system experiences a
transition to phase-independent solution of x = 0. The
contour plot of H for the three peaks is given in Fig.
11(1)–(3), from which one can understand that the os-
cillation peaks 1 and 3 are caused by the transition to
dynamically unstable fixed points. These transitions will
also arouse an abrupt change of the oscillation amplitude,
as shown in Fig. 11(b).

5 Future perspectives

Up to now, no experiment has entered into the regime in
which the dynamics of a cavity optomechanical system
should be described by quantum mechanics, although
exciting progresses have been made in this direction.
Hence, in the short term, both experimental and theo-
retical works are mostly devoted to achieve the quantum
mechanical ground state of motion.

The study of quantum-to-classical transition provides
a number of new issues to cavity optomechanics. An
optomechanical setup can exhibit Hamiltonian or dissi-
pative chaotic behavior as discussed in the main text and
Ref. [68]. The emergence of chaos in a quantum system
reveals many interesting questions [101], and the nonlin-
ear oscillator plays an important role in the analysis of
the quantum-to-classical transition of a chaotic oscilla-
tor [102]. It might therefore be worthwhile to perform a
similar analysis to a chaotic optomechanical system.

Further extensions of the study in the BEC–mirror–
hybrid setup could for example involve the entanglement
among the atomic motion, quadratures of the cavity
field, and the mechanical mode. The realization of such
a scheme will open new perspectives for the realization
of quantum interfaces and memories for continuous-
variable quantum information processing and also for
quantum-limited displacement measurements.
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