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The experimental realization of atomic Bose–Einstein condensation at ultracold temperature has led to

rapid advances in creating and manipulating cold molecules, and which has given birth to a new research

field of quantum matter-wave superchemistry. Contrary to the classical Arrhenius law, the tunneling-

dominated ultracold reactions can be realized through the highly-controlled magneto–optical technique.

Novel quantum effects have been identified in these cold reactions, such as the super-selectivity rule in

dissociating triatomic molecules, and the quantum size (vessel-shape) effect. In this review, we focus on

a variety of new achievements in this fascinating matter-wave wonderland, including the quantum finite-

number effect and double-slit interference in assembling cold molecules, the quantum noise in triggering

collective abstraction reaction, and the magnetic phase transition in a laser-catalyzed quantum spin-mixing

gas. The practical applications of matter-wave superchemistry are also introduced, such as the optical

information storage via quantum photo-association, and the laser-enhanced creation of spinor or even chiral

molecules.
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1 Introduction

Quantum control of atoms and molecules is essential
for a broad range of research fields, from high-precision
measurement to quantum information science [1]. The
recent realization of Bose–Einstein condensate (BEC)
[2–4] in dilute atomic gases, for example, has led to
a number of advances with implications well past the
confines of traditional atomic, molecular and optical
(AMO) physics [5]. A particularly related achievement
is superchemistry or quantum control of matter-wave
reactions at ultracold temperature [6]. Contrary to the
classical Arrhenius law in collision-dominated chemistry,
the tunneling-induced cold reactions can be actively
initiated and then collectively enhanced in a highly-
controlled manner. This non-Arrehenius feature has
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been identified in, i.e., the Bose-enhancement effect in
creating cold molecules with bosonic or fermionic atoms
by applying the magnetic Feshbach resonance (FR) [7,
8] or the optical photoassociation (PA) [9] technique.
Cooperative many-body effects [10] have also been ex-
tensively studied in superchemistry, such as the efficient
creation of fermionic molecules from an atomic Bose–
Fermi mixture [11], the quantum-entangled pairs gener-
ation through three-body recombination [12–14] or dis-
sociating the molecular condensate [15], and the Efi-
mov many-body bound-state resonance [16–18]. Most
recently, two groups first reported their wonderful ex-
periments on cold abstraction reaction [19, 20] (with an
atom–molecule mixture) or quantum conversion between
homonuclear and heteronuclear molecules. Clearly, su-
perchemistry of de Broglie waves is still in its golden
age, and the purpose of this review is to introduce some
new developments and their potential applications.

In the past ten years, the experiments have been fo-
cused on creating cold molecules via FR or PA technique,
especially the simplest diatomic molecules, such as 6Li2
[21–26], 7Li2 [27], Na2 [28], 40K2 [29, 30], 85Rb2 [31, 32],
87Rb2 [33–37], Cs2 [38–41], and their heteronuclear coun-
terparts 6Li7Li [42, 43], 6Li23Na [44, 45], 6Li40K [46],
6Li87Rb [47, 48], 7Li87Rb [49], 7Li133Cs [50], NaCs [51],
39K85Rb [52], 40K87Rb [53–61], 85Rb87Rb [62], 85RbCs
[63–66]. Thereby, superchemistry mainly refers to coher-
ent atom–dimer conversion (a+a→ d). Extensive works
have been done for this simplest process, such as the gen-
eralized stimulated Raman adiabatic passage (STIRAP)
technique [67–72] and the reactant diagnosis through
quantum correlations of created molecules. In Section
2, we will show the quantum nature of superchemistry
through a simple example, i.e., finite-number molecular
formation.

Nevertheless, superchemistry certainly includes more
complex couplings like a+a+a→ g [73–76] or a+a→ d,
a+d→ g [77, 79], where a, d, g denote the atom, dimer,
and trimer, respectively. In fact, the indirect evidence for
three-body or four-body bound states has been observed,
such as 6Li3 [74], 40K3 [75], Cs3 [16–18], 87Rb40K6Li [80],
and 133Cs4 [81]. In view of their novel anisotropic prop-
erties [82, 83], quantum control of triatomic molecule is
of particular interest as it may lead to intriguing devel-
opments such as the realization of a triatomic molecular
matter-wave amplifier [84] or quantum computing with
a trimer lattice [58, 85, 86]. In Section 3, we will in-
troduce the concept of atom–molecule dark state [87–92]
and its applications in creating molecular trimer A2B.
An important result is that the creation of heteronuclear
trimers can be significantly enhanced by constructive in-
terference of two reaction channels leading to their for-
mation.

The dissociation of cold molecules, i.e., 87Rb2 or 23Na2

into bosonic atomic pairs (B2 → B + B) [93, 94], turns

out to be the matter-wave analog of the familiar para-
metric down-conversion process in quantum optics [95–
99]. In contrast to this, the dissociation of bosonic
molecules 40K2 into fermionic atoms is governed by
quantum many-body physics and closely related to the
BEC–BCS crossover [100–103]. This process was demon-
strated to be useful in precision measurement [15] and
in providing quantum-entangled sources [99]. By con-
sidering coherent multichannel dissociation of bosonic
trimer ABC, Moore and Vardi further showed the Bose-
enhanced super-selectivity rule between different reac-
tion channels [104, 105]. The dependence of dissociation
on the size or shape of the trapping vessel was also re-
vealed [106].

In Section 4, we will introduce coherent abstraction
reaction or bimolecular reactive scattering A + B2 →
AB + B [107, 108], where A, B, B2, and AB denote
either bosonic or fermionic atoms or dimers. This re-
action is an important benchmark system in chemical
physics. Its dynamics has received much attention in
recent studies of reactive resonance or low-energy non-
Born–Oppenheimer reactivity through a crossed-beam
scattering method [109, 110]. A particularly notewor-
thy contribution is the study by Shapiro and Brumer
[111–113] of the coherent control of single-molecular PA
or bimolecular collisions through interference of reactive
pathways. Extending these considerations to the case
of ultracold matter waves, we show that the coherent
abstraction reaction can be realized efficiently and con-
trolled in a PA pulse sequence [114, 115] such that the
intermediate states are dark states. An important char-
acteristic of this process is that it is triggered by quan-
tum noise, leading to large shot-to-shot quantum fluc-
tuations that invalidate the use of the Gross-Pitaevskii
equation (GPE) in the initial stages. That equation
can be used only at later times when the product reac-
tant channels become macroscopically occupied. This is
somewhat similar to the dissociation reaction or various
quantum-optics examples such as the laser [116], optical
and matter-wave super-radiance [117, 118], and molec-
ular matter-wave amplifier [84], but in contrast to the
molecular combination reaction [119].

In realizing the collective reaction A + B2 → AB + B,
the basic idea is to first create weakly bound trimers
AB2 via an entrance-channel atom–dimer FR and then
to dissociate them into a closed-channel bound dimer
and atom via PA. This scheme, which is specific to
quantum-degenerate matter waves, is different from a
purely collision-induced reaction [12] and from the non-
degenerate single-pair dynamics of reactive scattering
[111–113]. As such it represents a promising advance
in the ongoing development of superchemistry (see the
recent experiment about 2KRb → K2 +Rb2 [20]). A key
aspect of the coherent population trapping (CPT)scheme
is of involving a trimer intermediate state which remains
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almost unpopulated throughout the conversion process.
Such an atom–molecule dark state does not exist in other
schemes that involve, e.g., an intermediate two-species
atomic state. In Section 5, we will confirm the existence
of CPT states by calculating the nonlinear adiabatic con-
dition of cold reactions, including the synthesis and the
abstraction reactions.

Superchemistry is not only an important new play-
ground for exploring the quantum nature of degenerate
matter waves, but also has some fascinating applications,
like quantum simulations or logical gate based on cold
molecules. In Section 6, we will introduce an interesting
example of this kind, i.e., encoding (and then decoding)
the optical information of a quantized PA light into (and
then from) the atom–molecule dark state. This nonlin-
ear quantum memory, exploiting slow-light propagation
through chemical reaction (first PA and then photodis-
sociation) instead of linear atomic transitions, has sev-
eral advantages of, e.g., much slower group velocity with
the same atomic population. For the atom-heteronuclear
molecule dark state, one also can study the role of pop-
ulations imbalance of two atomic species and even the
formation of splitting molecular soliton-laser beams.

Up to now, almost all the studies have been confined
within the scalar atomic reactants. With the rapid ad-
vances in creating and manipulating multi-component
spinor condensates [120, 121], the spin degrees of free-
dom of the polarized ultracold particles become accessi-
ble when a far-off-resonant optical trap is used to provide
the confinement for all Zeeman states. The anharmonic
spin oscillations under the influence of an external mag-
netic field can be well described by an effective nonrigid-
pendulum model [122], which were experimentally con-
firmed in an antiferromagnetic condensate of 23Na atoms
[123, 124]. It is thus fascinating to further study the role
of PA in quantum spin dynamics or even the creation of
spinor molecules.

In Section 7, we will demonstrate theoretically the
optical control of atomic spin mixing and laser-induced
phase transition in a spin-1 Bose gas. In the proposed
method the optical fields induce virtual PA processes in
the atoms, for example via a dark molecular state. This
step, which can be intuitively coined a laser-catalyzed
spin-exchange process (SEP), opens up an efficient and
well-controlled optical channel for spin mixing. By tun-
ing the strength ratio of these two channels of optical
SEP and spin collisions, three different regimes are iden-
tified, i.e., going from the collision-dominated regime to
the no-spin-mixing regime, and to the laser-induced anti-
ferromagnetic regime, which is reminiscent of the promi-
nent role of long-range dipole–dipole interaction (DDI)
in a dipolar spin gas (by changing the ratio of spin col-
lision and DDI).

In a very recent experiment, Kobayashi et al. observed
the spin-selective formation of spinor molecules in fer-

romagnetic atoms 87Rb [125]. We will show that, due
to the interplay of atomic spin-dependent collisions and
the optical PA, an effective three-body spin-exchange in-
teraction can dominate the atom-molecule spin dynam-
ics, leading to the creation of quantum-entangled spinor
atom–molecule pairs. The antiferromagnetic instability
and the role of nonzero magnetization in creating spinor
molecules are also discussed.

Finally, in Section 8, we give our summary and conclu-
sion of this review, together with some prospects about
the next on the agenda of quantum superchemistry.

2 Finite-number atom–molecule conversion

2.1 Finite N (total atomic number)

By constructing an exact quantum dark state, Zhao
et al . in their recent work re-examined the atom–
molecule conversion system with finite-number N of
initial atoms [73]. They showed that the particles’ pop-
ulation exhibit interesting quantum deviations from the
mean-field approach (MFA) results, which turns out to
be quite significant for the few-N cases. Hence, the
classical GPE completely breaks down in the quantum
few-N cases. The exact quantum solutions of atom–
molecule dark state also allow one to study the higher-
order matter-wave statistical properties. In the follow-
ing, we focus on the exact quantum solutions of the
atom-heteronuclear molecule dark state by considering
the two-color PA process. We will show that the popu-
lations imbalance M �= 0 of the two-species atoms also
play an important role in this system [126]. With large
M, the exact quantum result is very close to the classical
one even for few N .

2.2 Finite M (population imbalance)

Without any loss of generality, we take the Rabi fre-
quency of pumping or dumping laser Ωp,d to be real and
positive whose phase factor can be absorbed by a global
gauge transformation of the field operators [127]. Δ and
δ are the single- and two-photon detunings of the fre-
quencies of two lasers, respectively. In order to compare
with that of Ref. [73], here we ignore the collisions of a
dilute or FR tuned gas, a safe approximation for short
molecular lifetime [73, 91]. In the interaction picture, the
Hamiltonian of this system can be written in the simplest
level as (� = 1):

Ĥ = Δψ̂†
eψ̂e +

1
2

(
Ωpψ̂†

eψ̂aψ̂b + Ωdψ̂†
eψ̂g + h.c.

)
(1)

where ψ̂i or ψ̂†
i is the bosonic annihilation or creation

operator (i = a, b, e, g). The standard MFA is valid
if the number of particles is significantly large and then
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the operators can be replaced by the c-numbers ψi or ψ∗
i .

Then, the mean-field dark state is computed,

|D〉MF =
(
ψ0
a, ψ

0
b , ψ

0
e , ψ

0
g

)T
=
(
ψ0
a, ψ

0
b , 0, ψ

0
g

)T

with

|ψ0
a|2 + |ψ0

b |2 + 2|ψ0
g |2 = N

|ψ0
a|2 − |ψ0

b |2 = M > 0

2|ψ0
a,b|2 = −1/χ2 ±M

+
√

(N + 1/χ2)2 − (N2 −M2)

and χ = Ωp/Ωd. Clearly, by tuning χ(t), the atoms
can be converted into the ground-state molecules with-
out any population in the excited state |e〉. This picture
is also true for quantum CPT state

|D〉Q = |0〉e|Ψ〉μ∈(a,b,g)

From the eigenequation Ĥ |D〉Q = 0,

(χψ̂aψ̂b + ψ̂g)|Ψ〉μ = ψ̂geχψ̂
†
gψ̂aψ̂b |Ψ〉μ = 0 (2)

The quantum dark state is then

|D〉Q = C(χ,N,M)e−χψ̂
†
g ψ̂aψ̂b |Na, Nb, 0, 0〉 (3)

with the normalization factor C(χ,N,M) and the Fock
state basis |Na, Nb, Ne, Ng〉. By expanding the exponen-
tial operator, we have another form of the superposition
state, i.e.,

|D〉Q =
∑

cn|Na − n,Nb − n, 0, n〉
The comparisons between the quantum and the MFA

results about the populations of closed-channel molecules
A2 (homonuclear) or AB (heteronuclear) are shown in
Fig. 1, for M = 0 (but with different values of N).
In this case, as is expected, quantum effects are signifi-
cant in the few-N situations and the conversion rate is
always higher than the mean-field results, for both het-
eronuclear and the homonuclear cases. We note that the
quantum deviations are always larger in creating het-
eronuclear molecules AB.

Fig. 1 The population of ground-state molecules A2 or AB as
the function of Rabi frequencies ratio χ, for different initial atomic
number N = 10, 20, 50. Reproduced from Ref. [127], Copyright
c© 2010 The American Physical Society.

Figure 2(a) is the result for a small number N = 10
but M �= 0. Clearly, even for finite total number of

imbalanced two-species atoms, the mean-field conversion
rate still can be remarkably close to the exact quantum
results. This feature is impossible to be observed in cre-
ating homonuclear dimers. In Fig. 2(b), it also can be
seen that for both large N = 100 and small N = 10,
the mean-field and exact quantum lines are almost over-
lapped (Nb = 4 for both cases). In fact, for large Na,
this system is reduced to a linear one since the operator
ψ̂a can be replaced by a c-number.

Fig. 2 (a) is the population number of molecules AB as the func-
tion of χ, for different initial number of Nb, at N = 10. (b) adds
a line of N = 100, Nb = 4. In all figures both the quantum and
mean-field solution are presented. Reproduced from Ref. [127],
Copyright c© 2010 The American Physical Society.

Now we consider the second-order correlations,

g
(2)
i =

〈ψ̂†
i ψ̂

†
i ψ̂iψ̂i〉

〈ψ̂†
i ψ̂i〉2

=
〈ψ̂†
i ψ̂

†
i ψ̂iψ̂i〉
n2
i

, Cig =
〈n̂in̂g〉
ning

For M = 0 with large N , the classical Poissonian distri-
bution can be reached for both the homonuclear and the
heteronuclear dimers [73, 126, 128].

For the general case M �= 0, we have

lim
χ→0

g
(2)
a,b = 1 − 1

Na,b (4)
lim
χ→0

g
(2)
AB =

(Na − 1)(Nb − 1)
NaNb

lim
χ→∞ g(2)

a = 1 − 1
M , lim

χ→∞ g
(2)
AB = 1 − 1

Nb (5)
lim
χ→∞ g

(2)
b = 1 − N + M + 2

(N −M)(M + 2)

Figure 3(a) and (b) shows the numerical results for evo-
lutions of quantum matter-wave correlations with a finite
small number N = 10. We can observe that, by increas-
ing the imbalance value M, g(2)

a can be significantly in-
creased and tends to the classical value g

(2)
a → 1. In

contrast, the non-classical feature becomes more evident
for the created molecules, i.e., g(2)

AB → 0. The most in-
teresting result turns out to be that of g(2)

b , which first
increases to some maximum value for

Mmax =
√

2N(N + 2) − (N + 2)
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and then decreases to 0. This feature also can be seen
in Fig. 3(c) for N = 50. Clearly, Mmax ∼ 4 for N = 10
and Mmax ∼ 20 for N = 50.

The role of populations imbalance also can be observed
by probing the atom–molecule quantum correlations. In
the two limits of χ,

lim
χ→0

Cag = 1 − 1
Na

, lim
χ→∞ Cag = 1

(6)
lim
χ→0

Cbg = 1 − 1
Nb

, lim
χ→∞ Cbg = 1 − 1

Nb
< 1

The distinction between Cag and Cbg is obvious, since
one tends to the classical value 1 but the other tends to
a non-classical value relying on the initial atomic num-
ber. This feature, as numerically confirmed in Fig. 3(d),
does not exist both in the homonuclear case or in the
heteronuclear (balanced) case with M = 0.

Fig. 3 (a), (b) Quantum correlation functions g(2) as a function
of χ for N = 10, and (c) as a function of populations imbalance
M for N = 50, χ = 10; (d) the atom–molecule correlation Cag,bg

as a function of χ. Reproduced from Ref. [127], Copyright c© 2010
The American Physical Society.

2.3 Adiabatic fidelity

The quantum solutions also allow us to study the full
energy spectrum and the adiabatic fidelity [129, 130]
of the atom-heteronuclear molecule conversion. To see
this point, we performed the simulations by choosing two
Gaussian pulses (with width T , centered at tp,d, td < tp)

Ωp,d(t) = Ω0e−(t−tp,d)2/T 2
(7)

Figure 4 shows the adiabatic fidelity between |ψ(t)〉 and
the instantaneous dark state |D(t)〉Q. In the ideal case,
the fidelity should be close to 1. However, for Δ = 0,
the system departs from |D(t)〉Q even for finite number
of atoms N . This problem can be overcame either by
choosing a larger detuning, i.e. Δ = 0.5 (see Fig. 4), or
more interestingly, by choosing larger populations imbal-
ance, e.g., M = 15, Δ = 0 (with a fixed value of Nb). We
note that larger total particles number N (with a fixed

value of Nb) leads to improved adiabatic fidelity. This is
in contrast to that of the homonuclear system (the adi-
abatic fidelity is worse for larger N [73]). Clearly, the
parameter M provides an additional freedom to control
quantum dark-state evolutions of the system.

Fig. 4 The adiabatic fidelity |〈ψ(t)|D(t)〉Q |2 as the function of
time, for Δ = 0 (dashed lines, Nb = 5, M = 0, 5, 15) and Δ = 0.5
(indistinguishable solid lines for different values of N and M).
Other parameters: Ω0 = 5, T = 100, td = 250, and tp = 450. Re-
produced from Ref. [127], Copyright c© 2010 The American Phys-
ical Society.

3 Interfering for the better assembly

The combination of magnetic FR and optical PA tech-
niques has recently been shown to be able to achieve
the efficient and stable conversion of atoms into mole-
cular dimers [87]. In this Chapter, we demonstrate that
this STIRAP method can in principle be extended to
the generation of molecular trimer. An important new
result is that the creation of heteronuclear trimer can be
significantly enhanced by the constructive interference
of different quantum channels leading to their formation
from atomic condensate.

3.1 Double-slit-like interference

The formation of heteronuclear trimers A2B can be re-
alized through two different paths that involve interme-
diate dimers A2 (channel I, path AA) or AB (channel
II, path AB), respectively. To set the stage we consider
first the single-channel case I (or II), whereby AA (or
AB) dimers formed via FR are photoassociated with an
atom B (or A) to form the trimer A2B. The essence of
the idea is to minimize the occupation of intermediate
dimers by exploiting an atom–molecule dark state that
permits the direct association of atoms into trimers with-
out the formation of a substantial dimer population in
the process [91]. The dynamics of the system can be
described by the model Hamiltonian

ĤI,II = −�

∫
dr
{∑
m,n

χmnψ̂
†
m(r)ψ̂†

n(r)ψ̂n(r)ψ̂m(r)

+δψ̂†
di

(r)ψ̂di(r) + λ′i
[
ψ̂†
d(r)ψ̂a(r)ψ̂a,b(r) + h.c.

]

+(Δ+ δ)ψ̂†
g(r)ψ̂g(r)−Ω ′

i

[
ψ̂†
g(r)ψ̂di ψ̂b,a +h.c.

]}
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where m,n = a, b, di, g and i = 1 or 2 for the case I
or II. Denoting the strength of the atom-dimer coupling
with detuning δ by λ′1, the Rabi frequency of the PA
laser by Ω ′

1 and its detuning by Δ, and the collision
terms proportional to χij describe s-wave collisions be-
tween these species. The nonlinear bound–bound cou-
pling between dimers and trimers is typically induced by
a narrow–frequency, continuous-wave PA laser, for which
the Franck–Condon factor can be calculated by resonant
scattering theory [114, 115, 131] and be tuned by laser
pumping methods [9, 132].

We assume in the following that the main features of
the dynamics are adequately described by a mean-field
analysis, ψ̂i → √

nψi, where n is the initial atomic den-
sity. In this limit, the system is described by the equa-
tions of motion (� = 1)

dψa
dt

= 2in
∑
m

χam|ψm|2ψa + 2iλ1ψd1ψ
∗
a

dψb
dt

= 2in
∑
m

χbm|ψm|2ψb − iΩ1ψ
∗
d1ψg

(8)
dψd1
dt

= −(γ − iδ)ψd1 + 2in
∑
m

χd1m|ψm|2ψd1

+iλ1ψ
2
a − iΩ1ψ

∗
bψg

dψg
dt

= 2in
∑
m

χgm|ψm|2ψg + i(Δ + δ)ψg − iΩ1ψd1ψb

where λ1 = λ′1
√
n, Ω1 = Ω ′

1

√
n and the decay rate γ ac-

counts for the loss of untrapped dimers. To reduce these
losses we exploit a CPT technique that relies on the exis-
tence of an approximate atom–molecule dark state. Such
techniques are well known in the case of linear systems,
where they permit the transfer of population from an ini-
tial to a final state via an intermediate state that remains
unpopulated at all times. This is the basis for STIRAP,
which achieves this goal via a so-called counter-intuitive
sequence of pulses [114, 115].

By using the steady-state ansatz

ψa = |ψa,s|eiθae−iμat, ψd1 = |ψd1,s|e2iθae−2iμat

ψb = |ψb,s|eiθbe−iμbt, ψd2 = |ψd2,s|ei(θa+θb)e−i(μa+μb)t

ψg = |ψg,s|ei(2θa+θb)e−i(2μa+μb)t

it is easily shown that under the generalized two-photon
resonance condition

ΔI = ΔII = −δ + (4χag + 2χbg − 2χg)N0
g

+(4χa + 4χab − 2χag + χb − χbg)N0
a (9)

μII
a;b = μIII

a;b = 2(χaa;bbNa,s;b,s+χabNb,s;a,s+χag;bgNg,s)

Eqs. (8) admit a steady-state solution with no dimer pop-
ulation,

Ng,s =
1
3
· k(λi/Ωi)2

1 + k(λi/Ωi)2
(10)

where i = 1 and k = 4. For the path AB, Eq. (10)
remains the same, but with i = 2 and k = 1, so that
NAB
g,s < NAA

g,s for the same external parameters.
One can show both numerically and also via an ap-

proximate analytical treatment that the increase in devi-
ation from the optimal CPT values as a function of time
is different for the two cases. To demonstrate this point
we numerically simulate the creation of trimer A2B, in-
cluding two-body collisions.

Figure 5 shows that results of numerical simulations
that consider the channels AA and AB separately. In
the specific example of the figure atom A is 41K and
atom B is 87Rb, two atoms for which good scattering
parameters are available [133], λi=4.718× 104 s−1, and

Ωi(t) = Ωi,0sech(t/τ) (11)

with Ωi,0/λi = 20, λiτ = 20. In units of λi/n, the pa-
rameters: χa = 0.3214, χb = 0.5303, χab = 0.8731, and
the other collision parameters are taken as 0.0938 (in
units of λl/n). As expected, the two reaction channels
lead to different dynamical behaviors.

Fig. 5 Heteronuclear trimer population for (a) δ = −3 (in green)
or (b) δ = 3 (in red) and their corresponding numbers of atom A.
Time is in units of λ−1

l , and γ = 1. The dimer population (A2 or
AB) remains essentially zero at all times and is not shown. The
line labelled “CPT” shows the ideal, analytically derived trimer
population. The evolution of the atoms B is also not shown. Re-
produced from Ref. [78], Copyright c© 2008 The American Physical
Society.

We now proceed to demonstrate that when acting in
concert, the two channels can yield a significantly larger
conversion rate and approach the ideal CPT yield of 1/3,
see Fig. 6. Here, the coexistence of the two channels pro-
vides considerable additional flexibility in approaching
the ideal CPT value for trimer formation. Note however
that this approach either requires an accidental coinci-
dence of FRs for the dimers formation, or might be real-



Hui JING, Ya-jing JIANG, and Yuan-gang DENG, Front. Phys., 2011, 6(1) 21

izable by applying a magnetic field gradient [134] across
the coexisting (A, B) condensates.

Fig. 6 Normalized CPT trimer population as a function of
ηl = λl/Ωl, l = 1, 2. Also shown are three values of R = η2/η1. At
constant ratios Ω2(t)/Ω1(t) the counterintuitive evolution of the
system is along lines of constant R starting from the origin. Re-
produced from Ref. [77], Copyright c© 2007 The American Physical
Society.

Figure 6 plots the steady-state trimer number Ng,s as
a function of ηl = λl/Ωl, l = 1, 2, as well as the parameter

R = η2/η1 (12)

(Note that there is no CPT solution for R < 0.) As the
STIRAP PA pulses Ω1(t) and Ω2(t) are applied, η1 and
η2 increase and if the ratio of their amplitudes remains
constant the system evolves along a line of constant R.
However, it is not obvious that this should still be the
case in the presence of collisions. In fact, each of the
individual paths leading to the formation of trimers is
characterized by an increasing departure of the popu-
lation transfer from the CPT solution as time evolves.
This is where quantum interferences come into play: the
freedom of choice of R, which is a unique feature of the
two-channel scheme, provides us with additional flexibil-
ity in attempting to approach the ideal CPT value via
the interference of the two paths.

We found numerically that R = 2 leads to a trimer
production that most closely approaches the ideal CPT
solution, and is significantly larger than in the single-
channel situation of Fig. 5. This is illustrated in Fig. 7
for δ = 0 and δ = −3. Note the insensitivity of trimer
production to the detuning in that case. These results
should be contrasted to Fig. 7(b), which shows the evo-
lution of the trimer population in case R = 1, again for
δ = 0 and δ = −3. Here, the trimer production is very
significantly reduced, and depends strongly on the value
of the detuning. Similar results have been obtained for
the other values of R and the other sets of collision pa-
rameters that we have considered, which does not depend
on the details of the trimer potential function [135].

3.2 Assembling trimer 87Rb40K6Li

Very recently, Taglieber et al . realized experimentally

for the first time a quantum-degenerate three-species
Bose–Fermi–Fermi mixture 87Rb-40K-6Li [80]. This pro-
vides a promising new platform for the study of creating
ABC trimer as well as the investigation of Fermi–Fermi
or Bose-Fermi mixtures within one sample [76].

Fig. 7 (a) Two-channel creation of trimers. The time depen-
dence of the populations of the trimer (solid) and of atom A (dot-
ted) are shown for (b) R = 1 or (c) R = 2. Reproduced from Ref.
[78], Copyright c© 2008 The American Physical Society.

The purpose of this section is to show that, by starting
from a 87Rb-40K-6Li mixture, one can exploit a construc-
tive multi-path interference in the atom–molecule con-
version. In particular, the triple-path case can be almost
ideal and far more efficient than the single- or double-
path cases. Also, the choice of the external fields needs
to account for the initial atomic populations imbalance
in order to keep the dimer states unpopulated, that is,
to guarantee an (approximate) dark state. While the
proposed scheme is experimentally challenging, recent
progress in the manipulation of atom–dimer or dimer–
dimer resonances [64, 81–83, 136] indicates that it may
become possible in the not too distant future.

3.2.1 Interfering for the best

As illustrated in Fig. 8, there are three different paths
that lead to the creation of the heteronuclear trimer
ABC in a 87Rb-40K-6Li mixture via the FR-assisted PA
method. They involve the intermediate fermionic dimers
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AB or AC or the bosonic dimer BC, respectively. The ex-
istence of CPT dark state makes it possible to eliminate
the collision losses that would otherwise significantly re-
duce the conversion process. The energy density corre-
sponding to the path-AB case is given in the Hartree
approximation by [137]

EAB =
∑
i�=j

1
2
χ′
ij |ψi|2|ψj |2 + δ|ψd1 |2

+λ′1
(
ψ∗
d1ψaψb + h.c.

)

+(Δ + δ)|ψg|2 − Ω ′
1

(
ψ∗
gψd1ψc + h.c.

)

+
∑

i=(a,g)

1
2
χ′
i|ψi|4 +

∑
f=(b,c,d1)

3
5
A′
f |ψf |10/3 (13)

Here, λ′1, Ω ′
1, δ, and Δ are same as section 3.1, the indices

i, j = a, b, c, d1, g stand for the atoms, dimers or trimers,
respectively, and A′

f = (6π2)2/3/(2Mf), with Mf (f =
b, c, d1) denoting the mass of the fermionic components.
The terms proportional to χ′

ij = 2πaij/Mij describe the
s-wave collisions between the species i and j, aij is the
s-wave scattering length, and Mij = MiMj/(Mi +Mj)
is the reduced mass (χ′

i = χ′
ii). Note that there are no

s-wave collisions between fermionic atoms of the same
species, so that the kinetic energy dominates the intra-
species interaction. Hence, it is a good approximation
to consider only the kinetic energies for same-species
fermions, but to assume that the collisions are the domi-
nating terms for the bosons and for inter-species fermion-
fermion interactions.

Fig. 8 The possible path for the coherent association of the het-
eronuclear trimer ABC in the 87Rb-40K-6Li mixture via the inter-
mediate fermionic dimers AB and AC or the bosonic dimer BC.
Here, A, B, or C denote the atoms 87Rb, 40K, or 6Li, respectively.
Reproduced from Ref. [79], Copyright c© IOP Publishing Ltd. and
Deutsche Physikalische Gesellschaft.

The ordinary mean-field approach [138, 139] is suitable
to treat systems with large numbers of condensed bosonic
particles, but is of course inadequate for fermions. Here
we follow the approach of Ref. [137] by starting from the
mean-field Lagrangian density [140, 141] and using the
Euler–Lagrange equations to derive mean-field dynami-
cal equations. We then consider a single evolution equa-
tion for each particle species, noting that due to the dif-

ferent nature of the self-interaction terms, though, there
are important differences between the mean-field dynam-
ical equations for fermions and those for bosons. With
these considerations in mind we introduce the mean-field
Lagrange density

L =
i
2

∑
i

(
ψ∗
i

∂ψi
∂t

− ψi
∂ψ∗

i

∂t

)
−EAB (14)

for the system, and substitute it into the Euler–Lagrange
equations

∂L
∂ψ∗

i

− ∂μ

( ∂L
∂(∂μψ∗

i )

)
= 0 (15)

This yields a set of coupled evolution equations for each
species. For example the path-AB is described by the
following equations of motion, with φi = ψi/

√
n and n

the initial particle density:

dφa
dt

= −i
∑
j

χaj |φj |2φa − iλ1φd1φ
∗
b

dφb
dt

= −i
∑
j �=b

χbj |φj |2φb − iλ1φ
∗
aφd1 − iAb|φb|4/3φb

dφc
dt

= −i
∑
j �=c

χcj |φj |2φc + iΩ1φgφ
∗
d1 − iAc|φc|4/3φc

(16)
dφd1
dt

= −i
∑
j �=d1

χd1j |φj |2φd1 − iλ1φaφb + iΩ1φgφ
∗
c

−(γ + iδ)φd1 − iAd1 |φd1 |4/3φd1
dφg
dt

= −i
∑
j

χgj |φj |2φg − i(Δ + δ)φg + iΩ1φd1φc

Here χij = χ′
ijn,Af = A′

fn
2/3, λl = λ′l

√
n,Ωl =

Ω ′
l

√
n (l = 1, 2, 3), and the decay rate γ is introduced

phenomenologically to simulate the loss of dimers, based
on the assumption that this decay dominates all other
loss mechanisms, such as, e.g., non-resonant scattering.
As already mentioned this decay can be minimized by
exploiting the CPT dark state technique, which ideally
permits the full transfer of the entrance-channel atoms
to the closed-channel molecules while keeping the inter-
mediate dimer state unpopulated at all times [88].

In order to support our analysis we numerically solved
Eqs. (16) by assuming that initially the atomic popu-
lations are the same and that there are no molecules
present. Typical results are shown in Fig. 9. In that
specific example, the external fields are λl = 9.07 × 105

s−1 (l = 1 for the path AB). The collision parame-
ters are chosen [137] as χaa = 0.0056λl, χab = 0.23λl,
χac = χbc = 0.0098λl, and Ab = 0.3λl, Ac = 0.5762λl,
Ad1 = 0.09λl, Ad2 = 0.1λl. All other collision values
are taken as zero due to the lack of good estimates in
current experimental conditions. Figure 9(a) shows the
creation of trimers ABC for δ = ±1 when considering
only the single-path AB. We also carried out simulations
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for δ = ±2 and δ = ±3, and the final conversion rate
|φg(t = ∞)|2 was found to always exceed 0.22 in those
cases for negative detunings (the maximum theoretical
value is of course 0.33).

Fig. 9 (a) Trimer population along the path AB with δ = ±1,
and corresponding numbers of atoms A and C. The evolution of the
population of atoms B is identical to A, and the “CPT” line shows
the ideal analytical solution of the trimer number. (b) Conversion
rate |φg(t = ∞)|2 as a function of δ. The scaled time is in units
of λ−1

1 . Reproduced from Ref. [79], Copyright c© IOP Publishing
Ltd. and Deutsche Physikalische Gesellschaft.

Figure 9(b) shows the conversion rate as the function
of δ for various ratios of the initial particle numbers, i.e.,
Na, Nb, Nc = 1 : 1 : 1, 1 : 2 : 1, or 2 : 1 : 2, respectively,
illustrating the significant effect of any initial population
imbalance. We conclude the single-path part by point-
ing out that similar results can be found for the other
paths AC and BC, with the same CPT state and the
same two-photon resonance condition [107, 108].

We now show that any two of the three single paths can
be combined to achieve a significantly enhanced conver-
sion rate, a result of constructive quantum interferences
between these paths. As a concrete example, we con-
sider the two paths AC and BC, for which we calculate
the CPT value of the trimer population

|φ0
g|2 =

(λ3/Ω3)(λ2/Ω2)2

λ3/Ω3 + 2λ2/Ω2 + 3(λ3/Ω3)(λ2/Ω2)2
(17)

We now introduce the ratioR1 = η2/η3 (with ηl = Ωl/λl)
of the external fields of the two paths, and observe that

the freedom of choice of R1 provides additional flexibility
in attempting to approach the ideal CPT conditions via
the constructive interference between these paths.

Figure 10(a) shows an example of a numerical simula-
tion of the mean-field dynamics for R1 = 1 and δ = ±1.
It illustrates the significant enhancement in trimer pro-
duction as compared to the single-path situation (for
δ = 1, the final conversion rates are 0.078 or 0.234 for
the single- or double-path cases). We found a similar en-
hanced atom–trimer conversion for δ = ±2 and δ = ±3
when choosing R1 = 1. Note that R1 = 1 is the optimal
choice for the conditions of these simulations.

Fig. 10 Interfering for the better in atom–trimer conversion.
(a) shows the population of the trimers and of atoms A and C
for δ = ±1. Here, Ad2 = 0.1 and all other parameters are as
in the single-path case. (b) shows the final trimer population
|φg(t = ∞)|2 as the function of R1 for δ = −1. Reproduced
from Ref. [79], Copyright c© IOP Publishing Ltd. and Deutsche
Physikalische Gesellschaft.

We finally turn to the triple-path formation of trimers.
A point of particular importance is to determine the
quantum interference of all three channels with multi-
dark states (AB, AC and BC), so that an almost ideal
conversion rate can be approached even for positive de-
tunings.

Figure 11(a) plots the result of typical numerical sim-
ulations for R1 = R2 = 1, where

R1 = η2/η3, R2 = η1/η2 (18)

and ηl = Ωl/λl (l = 1, 2, 3). In contrast to the single- or
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double-path cases, the triple-path interference can lead
to an almost ideal conversion rate, especially for δ = 1.
In fact, we can almost not distinguish the cases δ = 1 and
δ = −1 in Fig. 11(a), both of which reach a final popula-
tion of 0.2836. This indicates a significant improvement
even over the double-path situation. Figure 11(b) shows
the final conversion rate |φg(t = ∞)|2 as a function of
R1 and R2 for δ = −1.

Fig. 11 Interfering for the best in the triple-path creation of
trimers ABC. (a) shows the populations of the trimer and of atoms
A and C for R1 = R2 = 1. (b) shows the final trimer population
variation with R1 and R2 for δ = −1. Reproduced from Ref. [79],
Copyright c© IOP Publishing Ltd. and Deutsche Physikalische
Gesellschaft.

3.2.2 Role of populations imbalance

Population imbalance often plays an important role in
the physics of ultracold matter waves. For example,
by starting from a two-spin-state mixture of ultracold
fermionic atoms, the population imbalance can result in
a superfluid to normal phase transition [142]. In the fol-
lowing we show that an initial population imbalance can
also significatly affect the dynamics of atom–molecule
conversion. To this end we introduce parameters P and
Q to characterize the initial atomic population imbalance
as:

P =
na − nb

na + nb + nc
, Q =

na − nc
na + nb + nc

(19)

where na, nb, nc are the atomic densities. Since the total

particle number is conserved we have that

|φ0
a|2 + |φ0

d1 |2 + |φ0
d2 |2 + |φ0

g|2 =
1 + P +Q

3
(20)

|φ0
b |2 + |φ0

d1 |2 + |φ0
d3 |2 + |φ0

g|2 =
1 − 2P +Q

3
(21)

|φ0
c |2 + |φ0

d2 |2 + |φ0
d3 |2 + |φ0

g|2 =
1 + P − 2Q

3
(22)

and from the steady-state conditions we obtain

|φ0
a|2 = η1η2|φ0

g |2, |φ0
b |2 = η1η3|φ0

g|2
|φ0
c |2 = η2η3|φ0

g |2 (23)

The CPT solution for the general case is then

|φ0
g|2 =

(1 + P +Q)/3
1 + η1η2

=
(1 − 2P +Q)/3

1 + η1η3

=
(1 + P − 2Q)/3

1 + η2η3
(24)

which can be reexpressed as:

P =
η1η2 − η3η1

3 + η1η2 + η2η3 + η3η1
(25)

Q =
η1η2 − η2η3

3 + η1η2 + η2η3 + η3η1
(26)

Obviously, P = Q = 0 for η1 = η2 = η3, a property
closely related to the fact that in that case the trimer
conversion rate is dramatically improved in the double-
path case for R1 = η2/η3 = 1 [see Fig. 10(b)] and in the
triple-path case for R1 = η2/η3 = 1, R2 = η1/η2 = 1.

In our earlier part on the creation of the trimer A2B
[77, 78] we found that R = 2 leads to an optimal conver-
sion rate. The present discussion clarifies the fact that
this specific value is a result of the fact that our simula-
tions assumed an initial ratio of 2 between atoms A and
B. This value, quite different from the value of R = 1
found for equal initial populations, illustrates clearly the
crucial role of the initial atomic population imbalance in
any multi-dark state scheme of atom–molecule conver-
sion.

3.3 Tetramer 133Cs4 with dark state

We consider two different schemes for creating the molec-
ular tetramers [143]. Firstly, we study the bright-state
scheme with intermediate dimer state A2 (I):

A + A → A2, A2 + A2 → A4

In this case, a point of particular interests is that the
atom–molecular CPT or dark state does not exist and
the atom–tetramer conversion is unstable since the in-
termediated dimer state A2 formed by a magnetic FR
can not be kept unpopulated (see the recent experiment
by Chin et al . [81]).

Figure 12 gives a specific example of such kind of
numerical simulation by using the collision parameters
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of atomic 87Rb with the s-wave scattering length 5.77
nm. We see that the nonzero populations of intermedi-
ate dimers are largely oscillated and thereby the atom–
tetramer conversion is unstable for any detuning.

Fig. 12 Particle populations for (a) δ = 3 or (b) δ = −3 via the
dimer-intermediated bright-state scheme. Here, the effective time
τ = λt = 20. We note that, after τ = 10, the population of molecu-
lar tetramers is almost zero, which is not shown here. Reproduced
from Ref. [143], Copyright c© 2008 The American Physical Society.

Now, we turn to the dark-state scheme with interme-
diate trimer state A3 (II):

A + A + A → A3, A + 3 + A → A4

Our purpose is to find the atom-molecule CPT dark state
with zero occupation of intermediate trimers, through
which more and efficient atom-tetramer conversion can
be made possible. The experimental evidence of ER was
already observed recently by Grimm et al . in a cesium
atomic BEC at temperatures ranging from 10 to 500 nK,
for both large negative and small positive atomic scat-
tering lengths [18].

In the interaction picture the Heisenberg equations of
motion of this system can be written as:

dψa
dt

= 2in
∑
j

χaj |ψj |2ψa + 3iλψmψ∗2
a − iΩψgψ∗

m

dψm
dt

= 2in
∑
j

χmj |ψj |2ψm + (iδ − γ)ψm

(27)
+iλψ3

a − iΩψgψ∗
a

dψg
dt

= 2in
∑
j

χgj |ψj |2ψg + i(Δ + δ)ψg − iΩψmψa

Here, λ = λ′
√
n, Ω = Ω ′√n, λ′, Ω ′ denote the strength

of pumping and dumping fields, and γ denotes the loss
of the dimers. By using the steady-state ansatz, it really
supports a steady CPT solution:

|ψ0
a|2 =

2√
1 + 16 (λ/Ω)2 + 1

= 1 − 4|ψ0
g |2 (28)

under the the “two-photon” resonance condition

Δ = −δ + (8χaa − 2χga)n|ψ0
a|2 + (8χag − 2χgg)n|ψ0

g |2
μa = −2n(χaa|ψ0

a|2 + χag|ψ0
g |2) (29)

μa = −2n(χaa|ψ0
a|2 + χag|ψ0

g |2)
We emphasize that the “two-photon” resonance plays a
key role in maintaining the atom–molecule CPT state.
As Ling et al . showed [87], the CPT state technique can
compensate the collisional mean-field shifts and thereby,
contrary to the previous belief, the conversion needs not
limited by the collisions.

By comparing the results in Figs. 12 and 13, we see
that the bright-state scheme only leads to a small os-
cillating number of tetramers in very short time limits
(τ < 10) for both δ = 3 and δ = −3, which approaches
zero in later times. However, in the dark-state scheme,
large occupation of tetramers can be reached even for
the unstable case of δ = 3 (τ ∼ 76); for the stable case of
δ = −3, an almost ideal CPT value can be approached.

Fig. 13 Populations of atoms (colored in red) and molecular
tetramers (colored in blue) for (a) δ = 3 or (b) δ = −3 via the
trimer-intermediated dark-state scheme. The CPT value for the
tetramers is also shown (colored in purple). The populations in-
termediate trimer are kept as zero at all times. Reproduced from
Ref. [143], Copyright c© 2008 The American Physical Society.

We note that the evidence of molecular tetramer was
recently observed via the dimer–dimer FR [81] where the
conversion efficiency is not very high and tends to rapidly
decay. The present ER-aided CPT scheme may have
potential advantages since more stable atom–tetramer
conversion is possible by keeping the intermediate state
unpopulated in the process.

Finally, the above method also can be steadily general-
ized to the assembly of fermionic tetramers in an atomic
Bose–Fermi mixture by using the substitution [137]:

χjj |ψj |2 → Aj |ψj |4/3

for the fermionic components j in the equations of mo-
tion for the matter waves [with Aj = (6π2)2/3/(4Mj)
and Mj denoting the particle mass], provided that the s-
wave collisions of fermionic particles can be ignored and
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only their kinetic energy is taken into account.

4 Quantum noise in abstraction reaction

This section extends the toolbox of superchemistry to the
coherent abstraction reaction A + B2 → AB + B. This
reaction is an important benchmark system in chemical
physics. Its dynamics has attracted much interest in re-
cent studies of reactive resonance [109, 110] or coherent
control of PA through the interference of reactive path-
ways [111–113].

4.1 Short-time quantum dynamics

As Fig. 14 shows, the intermediate trimers AB2 are
created via FR, and then photodissociated into bound
molecules AB and atoms B. This CPT scheme, which is
specific to quantum-degenerate matter waves, is differ-
ent from purely collision-induced reactive scattering [12,
111–113]. The Hamiltonian of this system is

Ĥ = −
∫

dr
{∑

i,j

χ′
i,j ψ̂

†
i (r)ψ̂

†
j (r)ψ̂j(r)ψ̂i(r)

+λ′[ψ̂†
m(r)ψ̂a(r)ψ̂b2 (r)+H.c.]+(Δ+δ)ψ̂†

ab(r)ψ̂ab(r)

−Ω ′[ψ̂†
ab(r)ψ̂

†
b (r)ψ̂m(r)+H.c.]+δψ̂†

m(r)ψ̂m(r)
}

(30)

The indices i, j = a, b, b2, ab,m stand for bosonic atoms
(A and B), dimers (B2 and AB) and trimer AB2. The
terms proportional to χ′

i,j = 2πai,j/Mi,j describe in-
terspecies s-wave collisions with scattering length ai,j ,
Mi,j = MiMj/(Mi +Mj) being the reduced mass.

Fig. 14 Coherent abstraction reaction A + B2 → AB + B with
degenerate matter waves. A and B denote the bosonic or fermionic
atoms, and B2 and AB are molecular dimers. Reproduced from
Ref. [107], Copyright c© 2008 The American Physical Society.

In the MFA, ψ̂i → √
nψi where n is the initial particle

density, the Heisenberg equations of motion are then

ψ̇a = 2i
∑
j

χa,j |ψj |2ψa + iλψ∗
b2ψm

ψ̇b = 2i
∑
j

χb,j |ψj |2ψb − iΩψ∗
abψm

ψ̇b2 = 2i
∑
j

χb2,j |ψj |2ψb2 + iλψ∗
aψm

ψ̇ab = 2i
∑
j

χab,j |ψj |2ψab − iΩψ∗
bψm + i(Δ + δ)ψab

ψ̇m = 2i
∑
j

χm,j|ψj |2ψm + (iδ − γ)ψm + iλψaψb2

−iΩψbψab (31)

Here, χi,j = nχ′
i,j , λ = λ′

√
n, Ω = Ω ′√n, and we have

introduced the phenomenological decay rate γ to account
for the loss of intermediate trimers, based on the assump-
tion that this decay dominates all other loss mechanisms
such as rogue photodissociation to noncondensate modes
[144, 145]. As already mentioned, our goal is to minimize
that decay by using a STIRAP pulse sequence.

The initial condition ψb(0) = ψab(0) = 0 is readily
seen to result in

ψb(t) = ψab(t) = 0

for all times. This indicates that the mean-field GP equa-
tions break down completely in studying the onset of
this type of abstraction reaction. A similar situation
has been previously encountered in a broad range of sys-
tems in quantum optics [116], but also in coupled degen-
erate atomic and molecular systems such as the exam-
ple in the matter-wave superradiance of Bose-condensed
atoms [84, 116–118]. As in those situations, our stra-
tegy here is to decompose the problem into an initial
quantum-noise-dominated stage followed by a classical
stage that arises once the product components have ac-
quired a macroscopic population. The initial quantum
evolution is treated in a linearized approach whose main
purpose is to establish the statistical properties of the
initial fields required for the classical stage [84].

A simple physical picture of the initial stages of this
system can be obtained when considering the limiting
case where δ is the largest parameter in the system,
i ˙̂ψm/δ ≈ 0. In the collisionless limit this gives

ψ̂m ≈ −(λ′a/δ)ψ̂aψ̂b2 + (Ω ′/δ)ψ̂bψ̂ab

which amounts to adiabatically eliminating the interme-
diate trimer state. In this case the system is described
by the effective Hamiltonian [146]

Ĥeff = −(Gĉ†abĉ
†
bĉaĉb2 + h.c.) + ĉ0 (32)

where

ĉ0 = Ω1ĉ
†
aĉaĉ

†
b2
ĉb2 + Ω2ĉ

†
abĉabĉ

†
bĉb (33)

ψ̂i(r, t) = φi(r)ĉi(t)

and the various constants are

G = (λ′Ω ′/δ)
∫

drφ∗ab(r)φ
∗
b (r)φa(r)φb2 (r)

ω1 = (λ′2/δ)
∫

drφ∗a(r)φa(r)φ
∗
b2 (r)φb2 (r)

ω2 = (Ω ′2/δ)
∫

drφ∗ab(r)φab(r)φ
∗
b (r)φb(r)
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For short enough interaction times, we can treat the
fields ψ̂a and ψ̂b2 classically, ĉa,b2 → √Na,b2 , and then
neglect the term in Eq. (32) describing only the interac-
tions between the modes ĉa and b̂2. This results in the
linearization of the equations of motion for the remain-
ing quantized matter-wave fields ĉab and ĉb, with a noise
source f̂ †

j (t),

˙̂cab,b(t) = f̂ †
b,ab(t) = iGĉ†b,ab(t) (34)

For simplicity we assume in the following that the corre-
lations of the quantum noise operators appearing in Eq.
(34) are markovian,

〈f̂ †
i (t)f̂j(t

′)〉 = 0, 〈f̂i(t)f̂ †
j (t

′)〉 = G2δijδ(t− t′)

where G = G
√
NaNb2 and i, j = ab or b here and in the

following. It is these noise operators that trigger the non-
mean-field “spontaneous” evolution of the system from
initial vacuum fluctuations.

It is interesting to observe that although the second
factorial moments of the single modes ab and b are typi-
cal of chaotic fields, quantum entanglement within these
two modes does exist, i.e.,
[
g
(2)
ab,b

]2
− g

(2)
ab g

(2)
b = sinh−4(Gt) + 4 sinh−2(Gt) > 0

violating the classical Cauchy–Schwarz inequality [116].
Similar equations of motion can be derived in case

atoms A are bosonic and atoms B fermionic. The main
difference in that case is in the commutation relations
of the noise operators (−f̂ †

b , f̂
†
ab). One finds that the

vacuum-noise-triggered populations of principal modes
are then [15, 147] Nab,b = sin2(Gt) < 1, a direct conse-
quence of the Fermi statistics [15, 147]. Being similar to
the bosonic case, we also find
[
g
(2)
ab,b

]2
− g

(2)
ab g

(2)
b =

[
1 − cos2(Gt)

sin2(Gt)
]2
> 0 (35)

The fermionic dimer–atom correlations are of course also
different from the bosonic case, specifically we have now
Cab,b = 1 −Nab,b < 1, a signature of antibunching.

4.2 Creation of atom–molecule pairs

Rather than adopting a fully quantum treatment of, e.g.,
positive-P representation technique [119], we proceed in
the following by solving the mean-field Eqs. (31) with
stochastic classical seeds whose statistics are consistent
with the results of the linearized, short-time quantum
analysis [84]. To be specific, using Eqs. (31) we com-
pute 300 trajectories with randomly chosen initial seeds
satisfying the short-time distribution.

Figure 15 shows the standard derivations ΔNi(t)
around the average values of the particle populations,

ΔNi(t) =
{

1
300

300∑
n=1

[
(Ni,n(t) − N̄i(t)

]2}1/2

with N̄i(t) = (1/300)
∑
nNi,n(t), for δ = 3 and δ = −3.

The inset shows the fluctuating range ±ΔNi about the
mean populations, N̄i±ΔNi(t) for δ = 3 and for bosonic
atoms. The small seeds resulting from quantum vacuum
noise are significantly amplified, increasing more rapidly
than their deviations, before reaching a stationary value.
For δ = −3, however, no stable reaction is observed.

Fig. 15 Standard derivation of the particles populations from
their average values for δ = ±3. Time is in units of λ−1. Inset:
fluctuating range of the populations N̄i(t)±ΔNi(t) for δ = 3. Re-
produced from Ref. [107], Copyright c© 2008 The American Phys-
ical Society.

An important feature of coherent abstraction reaction
is the existence of a CPT state [77, 107], which permits
the transfer of a population from an initial to a final
state via an intermediate dark state. Specifically, by us-
ing the steady-state method described in Section 3, the
CPT solution of this system is derived

Ns
ab,b =

2R
(1 + R)

[
1 + 2R +

√
(1 − 2R)2 + 8RΩ2/λ2

]

Here, R ≡ Na(0)/[2Nb2(0)] is introduced to define the
initial ratio of the particles numbers. The condition
∂Nab,s/∂R = 0 yields a maximum dimer number

Nab,s|max = 1/3

corresponding to a complete abstraction reaction for
R = 1/2 or the so-called “balanced case”.

We have numerically solved Eqs. (31) and the typical
results are shown in Fig. 16. In this specific example
atom A is 87Rb, atom B is 41K. For this bosonic system,
stable bimolecular conversion is always possible for neg-
ative detunings, but the system can be unstable for pos-
itive detunings. The increasing departure of the product
populations from the ideal CPT line is due to the fact
that only an approximate adiabatic condition exists for
the CPT state.

When considering a mixture of bosonic and fermionic
atoms, the abstraction reaction results in the conversion
of bosonic to fermionic molecules,

b + B → F + f
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where b (B) or f (F) denotes bosonic or fermionic atoms
(dimers). Ignoring s-wave collisions between fermionic
atoms of the same species and retaining only their domi-
nant kinetic energy, and assuming further that collisions
are the dominating term for the bosons [137], we find
that the mean-field dynamical equations are similar with
some substitution, a consequence of the fact that we con-
sider only the dominating kinetic energy term and ignore
the s-wave collisions between identical fermionic particles
[137].

Fig. 16 Populations of the bosonic dimers and atoms for (a)
δ = ±3 or (b) δ = ±1. Time is in units of λ−1, and γ = 1.
The line labelled “CPT” shows the ideal population of products
(dimers AB and atoms B). Reproduced from Ref. [108], Copyright
c© 2009 The American Physical Society.

Our numerical simulations of this case are summarized
in Fig. 17 for the collision parameters χaa = 0.5303,
χbb = 0, χab = χb,ab = χa,ab = −0.09, χa,ab = −0.2637,
Ab = 0.008, Aab = 0.004, and all other collision param-
eters equal to zero. These results show that the stable
formation of dimers AB is possible for both positive and
negative detunings [(a) δ = ±3 or (b) δ = ±1], initially
with no particle populations imbalance.

In contrast to the purely bosonic case, the creation of
fermion–fermion pairs is due to a statistics-independent
cooperating many-body effect that has been previously
recognized in the case of, e.g., matter-wave four-wave
mixing [148]. We also note that in a recent work Li et
al. [26] used a similar atom–molecule dark-state tech-

nique to realize a laser-catalyzed conversion of fermionic
to bosonic molecules:

6Li +6 Li7Li →6 Li2 +7 Li

with an ultrahigh conversion rate of 99.97% [26].

Fig. 17 The generation of fermionic dimers AB and atoms B for
(a) δ = ±3 or (b) δ = ±1 initially with no particle populations
imbalance. The CPT values of the dimer AB and atomic B are
also plotted. Reproduced from Ref. [108], Copyright c© 2009 The
American Physical Society.

4.3 Role of population imbalance

The initial population imbalance R can also significantly
affect the reaction dynamics. In Fig. 18, we see that the
conversion rate |ψab(t = ∞)|2 has the maximum at a
value somewhat larger than R = 0.5 for both bosonic
and fermionic cases. However, for bosonic atoms A and
B, the final rates can be changed sharply with R and
rapidly approach zero for R < 0.4 and R > 1.4; in con-
trast, for fermionic atoms B, the conversion rate changes
its shape more slowly with R (even for R > 1.4, the oc-
cupation of the product is still in excess of 7%).

In order to estimate the upper limit on collisions, we
can use the condition |Gt| < 1 or

|G√NaNb2t| < 1

which determines the validity of the short-time approx-
imation for the early quantum stage, to estimate the
time over which the fluctuations take place. This up-
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per time limit is of the order of 10−5s for |δ = 3| and
Ω0 = 20λ. According to Cvitas et al. [83], typical low-
temperature inelastic collision cross-sections are of the
order of 10−17m3/s, corresponding to reaction times of
the order of 10−3s for a typical condensate density of
1014cm−3. From that estimate, it appears that the fluc-
tuations do indeed dominate for short enough times. We
also note that the collisional reaction time of 10−3s corre-
sponds to an almost complete noise-amplified conversion
in Fig. 16. In that case the fluctuation-induced dynam-
ics completely dominate the short-time behavior of the
system. This feature, which is characteristic of a wide
variety of collective abstraction reactions, may provide a
useful means to produce reaction products that are dif-
ficult to obtain or have only poor yield when resulting
from a purely collisional method.

Fig. 18 Final dimer population |ψab(t = ∞)|2 as the function of
R for (a) the Bose case and (b) the Fermi case for several values of
δ. Reproduced from Ref. [107], Copyright c© 2008 The American
Physical Society.

5 Adiabatic condition in superchemistry

The standard adiabatic theorem in quantum mechanics
is derived generally for a linear system with a sufficiently
slowly changed Hamiltonian in comparison with typical
level spacings, i.e.,

|Ḣ | � �|Ωfg|, for any f �= g (36)

where Ωfg is the frequency of the transition between the

instantaneous eigenstates |f(t)〉 and |g(t)〉. Because of its
fundamental importance in quantum theory and appli-
cations of quantum state control, the adiabatic theorem
is actively studied under various conditions [149, 150].

Recently, Pu et al. derived an approximated adiabatic
condition for atom–dimer conversion under collisionless
limit [88]. In their method, the deviations from the CPT
evolution form a set of linearized differential equations,
which is easily solved to obtain an adiabaticity parame-
ter. Then, by taking account of the collisions [90], Ling
et al. confirmed the validity of this method by achieving
again the similar adiabatic condition. This Section will
be devoted to introducing the nonlinear adiabatic con-
dition and to compare the difference of atom–dimer and
atom–trimer conversion [89].

5.1 Synthesis of heteronuclear molecules

We first consider the synthesis of heteronuclear dimers.
To compare with Pu et al. [88], here we also ignore the
particle collisions with the two-photon resonance condi-
tion (δ = 0). The effective Hamiltonian of this system in
the simplest level is

Ĥnl = −Δψ̂†
eψ̂e +

�

2
λ

′ (
ψ̂†
eψ̂aψ̂b + ψ̂†

aψ̂
†
b ψ̂e

)

−�

2
Ω

′ (
ψ̂†
eψ̂g + ψ̂†

gψ̂e

)
(37)

The indices i = a, b, e, g are for atoms A, B and het-
eronuclear dimers in excited or ground states, respec-
tively. The detuning Δ is introduced to account for the
difference between the frequencies of the pump laser and
the transition |1〉 → |2〉.

To find the adiabaticity parameter of the system un-
der study, we need to find the CPT state of the system.
In the CPT state, it is easy to show that

λ|ψsa||ψsb | = Ω |ψsg|, |ψse | = 0 (38)

where the index s stands for the steady state. Then the
instantaneous CPT state vector can be written as:

Ψs = (ψsa, ψ
s
b , ψ

s
e, ψ

s
g)

T (39)

where

ψsa =
(

1√
1 + 2R2 + 1

) 1
2

, ψsb =
(

1√
1 + 2R2 + 1

) 1
2

(40)
ψse = 0 , ψsg =

R√
1 + 2R2 + 1

and R = λ/Ω . For simplicity, here we take Ns
a − Ns

b =
ε = 0.

The existence of the CPT state does not insure that
this state can be reached adiabatically, and thus we
should adopt the perturbative expansion approach to lin-
earize the nonlinear system. In order to see whether the
CPT state is dynamically stable, we add a small fluc-
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tuation to the steady-state CPT solution and the state
vector can be written as:

δψi = ψi − ψsi (41)

Here δψi describes a small departure around the CPT
state. Then the linearized equations can be written as:

i
d
dt
δψ = Mδψ + Ψ̇s (42)

where

δψ =

⎛
⎜⎜⎜⎜⎝

δψa

δψb

δψe

δψg

⎞
⎟⎟⎟⎟⎠
, M =

⎛
⎜⎜⎜⎜⎝

0 0 λ
2ψ

s
b 0

0 0 λ
2ψ

s
a 0

λ
2ψ

s
b

λ
2ψ

s
a −Δ −Ω

2

0 0 −Ω
2 0

⎞
⎟⎟⎟⎟⎠

The eigenvalues (eigenfrequencies) of matrix M can
be then analytically found as

ω0,1 = 0, ω± =
1
2

[
−Δ ± (Δ2 + Ω Ωnl

eff

)1/2]

where Ωnl
eff =

√
Ω2 + 2λ2. For ω±, the corresponding

eigenstates are

w± = N±(
λ

2
ψsb ,

Ω
2
ψsa, ω±,

Ω
2

)T (43)

where N± describes the normalization constants. It can
easily be seen that ω0,1,± are all real and the form of
ω± are the same with Pu et al. [88], except for a smaller
value of Ωnl

eff in comparison with the homonuclear case.
The deviation vector expanded by normal modes is

δψ =
∑

α=0,1,±
cαwα

and thus from the Eq. (42) we have

iċα = ωα cα − iw†
α Ψ̇s

Using the CPT solution given in Eqs. (40), we have

ψ̇sa = −(
√

1 + 2R2 + 1)−
3
2 (1 + 2R2)−

1
2RṘ

ψ̇sb = ψ̇sa (44)
ψ̇se = 0

ψ̇sg = (
√

1 + 2R2 + 1)−1(1 + 2R2)−
1
2 Ṙ

Then for the Goldstone zero modes w0,1 = ξ0 + ξ1, with

ξ0 = N0(
Ω
2
, 0, 0,

λ

2
ψsb )

T, ξ1 = N1(1,−1, 0, 0)T (45)

it is straightforward to calculate

Ω
2
ψ̇sa +

λ

2
ψsb ψ̇

s
g = ϕṘ(RΩ − λ) = 0

(46)
λ

2
ψsb ψ̇

s
a −

λ

2
ψsaψ̇

s
b = 0

with

ϕ = −1
2
(
√

1 + 2R2 + 1)−
3
2 (1 + 2R2)−

1
2

which leads to a crucial result

w†
0,1(t)Ψ̇s(t) = 0 , iċ0,1 = 0 (47)

This means that these resonant zero modes [151] are not
coupled with the dynamics of the system. For the other
two modes ω±, we introduce the adaibaticity parameter
of Pu et al . [88]

rnl(t) =
1
2

√
|c+(t)|2 + |c−(t)|2 (48)

which denotes the population outside the dark state, and
the final result is (for Δ = 0)

rnl =
|Ṙ|

1 +
√

1 + 2R2

1
Ωnl

eff

� 1 (49)

We see that, compared with the homonuclear case [88],
the only difference is the replacement 1 +

√
1 + 8R2 →

1+
√

1 + 2R2 in the denominator, which means that the
adiabatic condition for the heteronuclear system is more
difficult to fulfill in the later evolution stage.

Now, we turn to see the adiabatic condition of coher-
ent atom-heteronuclear trimer conversion. Our goal is to
see whether the deviations from these CPT states ∂ψm

not only remain insignificant, but also different for the
two reaction paths I-II. To this end, we follow the above
standard procedure to obtain the adiabaticity parameter
as (δ = 0)

rnl(t) =
1
2

√
|c+(t)|2 + |c−(t)|2

≈ Ṙ1√
1 + 4R2

1

1
Ω I

eff

� 1 (50)

where Ω I
eff =

√
Ω2

1 + 4λ2
1. This is the adiabatic condition

for the path AA. Clearly,
√

1 + 4R2 in the denominator
here (instead of R2 for a linear system) makes it more
difficult to be fulfilled at the later stage.

For the different path AB, we have

rnl(t) ≈ Ṙ2√
1 +R2

2

1
Ω II

eff

� 1 (51)

where Ω II
eff =

√
Ω2

2 + λ2
2. Though somewhat similar,√

1 +R2 in the denominator here is different from that
for the path AA. As a comparison, we can write this term
as

√
1 + kR2, where k ∼ 8 for the atom–dimer conver-

sion case [88], and k = 4 or 1 for the path AA or AB of
the atom–trimer conversion.

Figure 19 plots the adiabatic evolutions of the atom-
heteronuclear molecule conversion, where the molecular
numbers have been converted into equivalent atom num-
bers so that the final level directly corresponds to the
atom–molecule conversion efficiency: η = 2|ψg|2/1 (for
dimers) or η = 3|ψg|2/1 (for trimers). In our simulations
we use the same Gaussian pulses for the optical fields
with the same parameters of Ref. [88]

λ1,2 = Ω0e−(t−t1)2 , Ω1,2 = Ω0e−(t−t2)2
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with Ω0 = 5, t1 = 3.8 and t2 = 3. The initial populations
are chosen as |ψa(0)|2 = |ψb(0)|2 = 0.5.

Fig. 19 Adiabatic evolutions of the atom-heteronuclear molecule
conversion. Blue solid line denotes the reference line of the lin-
ear system; green dashed (solid) line denotes another reference of
the homonuclear dimers 2|ψg|2 (heteronuclear trimers (I) 3|ψg|2);
red dashed (solid) line denotes the heteronuclear dimers 2|ψg|2
(trimers) (II) 3|ψg|2), respectively. Reproduced from Ref. [89],
Copyright c© 2008 The American Physical Society.

For a comparison, the atom-homonuclear dimer con-
version efficiency is close to 80% in the collisionless limit
[88] or more than 85% with higher dump Rabi frequency
(with the collisions) [87, 90]. For the 87Rb atoms, a high
transfer efficiency of up to 87% was achieved with molec-
ular lifetime of about 1 s by Winkler et al. [152]. By
ramping adiabatically over a magnetic FR at 1007.4 G
with a slow Feshbach ramp (2×103 G/s), even up to 95%
conversion efficiency was observed in a three-dimensional
optical lattice due to the lattice shielding of the trapped
molecules from collisions and thus the minimized inelas-
tic decay by vibrational quenching [153, 154].

However, for heteronuclear dimers, we have only about
70% population transfer in the collisionless limit (see Fig.
19). We note that by using an ultracold gas of 40 000
85Rb atoms and 300 000 87Rb atoms, Papp and Wieman
achieved up to 25 000 heteronuclear molecules and thus
the transfer rate 62.5% for the 85Rb atoms [82, 83]. A
lower rate can be estimated by considering other cases of
initial population imbalance (but with identical trap fre-
quencies [155]). Similar experiments were also performed
for the heteronuclear molecules of, e.g., 39K-85Rb (with
a production rate of about 4×104 molecules/s) [52, 156],
23Na-133Cs ( 500 NaCs per 10 000 pulses was obtained
from 5 × 105 Na atoms at 220 ± 80 µK and 2 × 106Cs
atoms at 210 ± 80 µK) [51], or 85Rb-133Cs [65].

Finally, we note that for the cases of heteronuclear
trimers, the conversion efficiency is about 61% via the
reaction path AA (I) or about 41% via the path AB (II),
which is consistent with Ref. [77]. Clearly, the chemical
reaction paths have important impacts on the adiabatic
evolutions of the atom–molecule conversion. These be-
haviors also can be seen in Fig. 20 for the evolution of

the adiabaticity parameters. The transfer efficiency be-
comes lower from homonuclear dimers A2 to heteronu-
clear dimers AB, and then even lower for heteronuclear
trimers (I-II) in the same conditions.

Fig. 20 Adiabaticity parameters for the linear system and the
nonlinear systems for homonuclear dimers, heteronuclear dimers
and heteronuclear trimers I(II), respectively. Reproduced from
Ref. [89], Copyright c© 2008 The American Physical Society.

5.2 Abstraction reaction

For coherent abstraction reaction, the standard lineariza-
tion procedure gives the following linearized equations
for the probability amplitude derivation ∂ψi = ψi − ψi,s,

−i
d
dt
∂ψ = M∂ψ + iψ̇s (52)

where ∂ψ = (∂ψa, ∂ψb, ∂ψb2 , ∂ψab, ∂ψm)T and

M =

(
0 MT

M δ

)
(53)

with M = (λψb2,s,−Ωψab,s, λψa,s,−Ωψb,s). The eigen-
value of matrix M can be easily found as:

ω0,1,2 = 0, ω± =
1
2

[
δ ±
(
δ2 +

8λΩ
3

) 1
2
]

(54)

With their corresponding normal modes, we can expand
the derivation vector as in the previous section. The de-
generate zero modes are not coupled by the dynamics in
this system, i.e.,

iċ0,1,2 = 0

by taking into account of

w†
0,1,2(t)ψ̇s(t) = N0,1,2(Ωψab,sψ̇b2,s + λψb2,sψ̇ab,s)

=
λ̇Ω − λΩ̇

6

[ √
λΩ3

Ω(λ+ Ω)2
(−1) +

√
Ωλ3

λ(λ+ Ω)2

]

= 0

where N0,1,2 is the normalized coefficient. Using w± =

N±(−M,ω±)T, N± =
√

3
4λΩ (for δ = 0) and

w†
±(t)ψ̇s(t) = N±

λ̇Ω − λΩ̇
3(λ+ Ω)
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we can get

c±(t) = N±
λ̇Ω − λΩ̇
3(λ+ Ω)

1 − e−iω±t

iω±
and

γnl(t) ≈ 1
2

(
N2

+

ω2
+

+
N2

−
ω2−

) 1
2 |λ̇Ω − λΩ̇ |

3(λ+ Ω)
=

|η̇|
1 + η

1
4λ

� 1

where η = λ/Ω . This expression is different from that
for the linear system [88], for the later case η in the de-
nominator should be replaced by η2, which is similar to
the case of atom–dimer conversion [88].

We remark that this scheme relies crucially on the ca-
pability to avoid rapid collisional quenching or the forma-
tion of an unstable atom–dimer sample. When energeti-
cally allowed, collision-induced reactions always occur at
some rate, and we need to guarantee that the time scale
over which quantum fluctuations dominate the dynamics
is short enough, so that the dynamics of the system is
not collision-dominated.

6 Chemical quantum memory

From the point of view of quantum information science,
coherent two-color PA [157–159] can be taken as en-
coding/decoding the optical information into/from the
atom–molecule dark state, indicating a hybrid device for
quantum control of photons. In this Section we will show
such a scenario is accessible by introducing a quantized
associating light into the atom-heteronuclear molecule
dark state [160, 161], which also allows us to study the
effects of initial populations imbalance on the optical
storage process. In particular, we will compare the re-
sults for atom–molecule systems with that of the familiar
atomic quantum memory scheme [162]. For a given num-
ber of atoms, we find that the signal light is slowed more
in the chemical system, indicating some advantages over
atomic slow-light media. Hence, the chemical proposal,
together with, e.g., a cascaded molecular transition, in-
dicates a promising new device for optical storage, pro-
cessing, and retrieval.

6.1 Slow-light photoassociation

As Fig. 21 illustrates, the initial ultracold bosonic two-
species atomic condensates (with populations Na or Nb)
are photoassociated into the excited molecular state |e〉
by a quantized signal light, which is then dumped into
the ground molecular state |g〉 by another classical cou-
pling light. The signal pulse is described by the dimen-
sionless operator

Ê(z, t) =
√

�ν

2ε0L
Ê(z, t) exp(i

ν

c
(z − ct)) (55)

where L is the quantization length in the z direction, ν is

the PA light frequency and Ê(z, t) is the slowly varying
amplitude. We focus on the role of coherent couplings
of photons and matter waves by ignoring the collisions
of a dilute or FR-tuned medium [163]. This is a safe ap-
proximation for the short lifetime of associated dimers
[72, 91]. The operators of signal light and matter waves
satisfy the commutation relations, respectively,

[Ê(z, t), Ê†(z′, t)] =
ν

ε0
δ(z − z′)

[φ̂i(z, t), φ̂j
†
(z′, t)] = δijδ(z − z′)

Fig. 21 Heteronuclear molecular creation in a two-species atomic
BEC via two-color PA, with free-quasi-bound–bound transition in-
duced by a quantum signal light and a classical coupling field. Re-
produced from Ref. [161], Copyright c© 2009 The American Phys-
ical Society.

The dynamics of this system is described in the simplest
level by the interaction Hamiltonian

Ĥ = Δ
∫

dzφ̂e
†
(z, t)φ̂e(z, t) + δ

∫
dzφ̂a

†
(z, t)φ̂a(z, t)

−
∫

dz
[
gÊ(z, t)φ̂e

†
(z, t)φ̂a(z, t)φ̂b(z, t)

+Ω φ̂e
†
(z, t)φ̂g(z, t) + h.c.

]
(56)

Ω is the Rabi frequency of the coupling field, and g =
℘
√

ν
2�ε0V

is the photon-matter waves coupling coefficient

with ℘ being the transition-dipole moment of |c〉 − |e〉
transition by Ê(z, t) [162]. Without loss of generality, we
assume that the signal field amplitude Ê and control field
amplitude Ω are real whose phase factor can be absorbed
by a global gauge transformation of the field operators
[87, 161]. Here, we first drop off the usual kinetic and
the trapping terms by considering a uniform system and
the effects due to these terms will be discussed later.

With the slowly varying amplitude approximation
[162], the propagation equation of the signal light can
be written as:

(
∂

∂t
+ c

∂

∂z
)Ê(z, t) = igLφ̂†a(z, t)φ̂

†
b(z, t)φ̂e(z, t) (57)

Meanwhile, the evolutions of atomic field operators are
described by the following Heisenberg equations,
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˙̂
φa = −iδφ̂a − γaφ̂a + igÊ†φ̂b

†
φ̂e (58a)

˙̂
φb = −γbφ̂b + igÊ†φ̂a

†
φ̂e (58b)

˙̂
φe = −iΔφ̂e − γeφ̂e + igÊφ̂aφ̂b + iΩ φ̂g (58c)
˙̂
φg = −γgφ̂g + iΩ φ̂e (58d)

where γa, γb, γe and γg denote the decay rates of corre-
sponding matter-wave states. In order to obtain a closed-
form signal-light propagation equation, it is a key step to
study the evolutions of the following hybrid operators,

∂

∂t
(φ̂†aφ̂

†
bφ̂e) = igÊφ̂a†φ̂aφ̂b†φ̂b + iΩ φ̂a

†
φ̂b

†
φ̂g

−(γ2 − iΔ − iδ)φ̂a
†
φ̂b

†
φ̂e

−igÊ(φ̂a
†
φ̂a + φ̂b

†
φ̂b)φ̂e

†
φ̂e (59)

∂

∂t
(φ̂†aφ̂

†
bφ̂g) = −(γ1 − iδ)φ̂†aφ̂

†
bφ̂g + iΩ φ̂†aφ̂

†
bφ̂e

−igÊ(φ̂†aφ̂a + φ̂†bφ̂b)φ̂
†
eφ̂g (60)

with the transversal decay rates γ1 = γa + γb + γg and
γ2 = γa + γb + γe. These equations can be rewritten as:

φ̂†aφ̂
†
bφ̂e = − i

Ω
∂

∂t
(φ̂†aφ̂

†
bφ̂g) −

i
Ω

(γ1 − iδ)φ̂†aφ̂
†
bφ̂g

+
g

Ω
Ê(φ̂†aφ̂a + φ̂†bφ̂b)φ̂

†
eφ̂g (61)

φ̂†aφ̂
†
bφ̂g = − i

Ω
∂

∂t
(φ̂a

†
φ̂b

†
φ̂e) − g

Ω
Êφ̂a†φ̂aφ̂b†φ̂b

− i
Ω

(γ2 − iΔ − iδ)φ̂a
†
φ̂b

†
φ̂e

+
g

Ω
Ê(φ̂a

†
φ̂a + φ̂b

†
φ̂b)φ̂e

†
φ̂e (62)

The equations can be greatly simplified under the weak
excitation approximation (WEA): the control field is
much stronger than the signal light at all times and thus
the density of signal photons can be taken as much less
than that of atoms. This means that only a small ratio
of atoms are converted into molecules, which is the case
in current two-color PA experiment [72, 91]. With the
WEA at hand, after some algebra we find in the lowest
non-vanishing order

φ̂a
†
φ̂b

†
φ̂g ≈ −gÊ

Ω
φ̂†a φ̂aφ̂b

†
φ̂b (63)

Hence Eq. (61) can be rewritten as:

φ̂a
†
φ̂b

†
φ̂e ≈ i

gNaNb
Ω2

∂

∂t
Ê(z, t)−i

gNaNb
Ω3

∂Ω(t)
∂t

Ê(z, t)

(64)

where Na,b = φ̂†a,bφ̂a,b is the population of atoms A or B,
which can be assumed as constant in the WEA. Substi-
tuting Eq. (64) into Eq. (57) yields

(
∂

∂t
+

c

1 + g2LNaNb

Ω2

∂

∂z
)Ê(z, t)

=
1

1 + g2LNaNb

Ω2

g2LNaNb
Ω3

∂Ω
∂t

Ê(z, t) (65)

Clearly, for a time-independent coupling field, we have
a steady group velocity of the signal, and the temporal
profile or the spectrum of the signal pulse remains un-
changed during its slowing down process, just as in a
three-level atomic ensemble [162].

For a time-dependent coupling field, however, the
right-hand side of Eq. (65) leads to an adiabatic Raman
enhancement of the signal pulse

Ê(z, t) =
cos θ(t)
cos θ(0)

Ê(z −
∫ t

0

vgdt′, 0) (66)

where vg = c cos2 θ is the group velocity of the signal
light and θ is the mixing angle between light and matter-
wave components, i.e., tan2 θ = g2NaNbL/Ω2(t), or

v−1
g =

(
1 +

g̃2NaNb
Ω2

)
/c (67)

with g̃ = g
√
L. Obviously, if the classical field is adiabat-

ically turned off by rotating the mixing angle θ for π/2,
the signal light will be fully stopped within the medium
or in the created atom–molecule dark state [72, 91].

6.2 Quantum state transfer

The important feature of quantum state transfer can be
observed through the form of the closed-channel molec-
ular field, i.e.,

φ̂g(z, t) ≈ kÊ(z −
∫ t

0

vgdt′, 0)

k = −g
√
NaNb

Ω(0)

√
Ω2(0) + g̃2NaNb
Ω2(t) + g̃2NaNb

(68)

Obviously, for the initial stage (Ω2 � g̃2NaNb), we have
a purely photonic state, i.e., θ(0) = 0 or φ̂g(z, 0) = 0, but
when the coupling light is shut down adiabatically, the
quantum state of the associating light is fully encoded
into the created molecules via the mapping

√
Lφ̂g(z, t) = −Ê(z −

∫ t

0

vgdt′, 0) (69)

For the atomic slow-light medium [162], the group ve-
locity of signal light is: vg = c/

(
1 + g2N

Ω2 ), i.e., being
proportional to ∼ N−1, where N can be regarded as the
number of initial trapped atoms in the WEA; however,
in our situation, this velocity is proportional to ∼ N−2

(for Na = Nb = N/2). Hence, with the atom–molecule
dark state, the signal light can be much slowed down by
starting from the same total number of atoms.

As Fig. 22 shows, the initial population imbalance of
the atoms A, B (η = Nb/Na) also plays a role in the
optical storage process, and the optimal conversion is
reached for the balanced case (η = 1). In our cal-
culations, the initial total atomic number is taken as
N = Na + Nb = 3.0 × 106. In current experimental
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conditions [164], the strength of the coupling field can
be chosen as (in the unit of MHz)

Ω(t) = 10π{1 − 0.5 tanh[0.15(t− 15)]

+0.5 tanh[0.15(t− 125)]} (70)

which guarantees that the group velocity can be adi-
abatically reduced to zero in the photon-storage stage
and then the signal light can be re-accelerated in the re-
trieval stage. The control field being similar to Eq. (70)
is also used in the atomic slow-light medium [162]. For
the imbalanced case, e.g., η = 15 as in the very recent
experiment of creating polar molecules KRb [52], some
deviation from the optimized case can appear.

Fig. 22 The group velocity of signal light as a function of time
for different populations imbalances η. The quantized length L = 1
mm, the coupling coefficient g = 10, the velocity is scaled by c and
the time is in the unit of µs. Reproduced from Ref. [161], Copyright
c© 2009 The American Physical Society.

Figure 23 shows the different features of slow light
propagation in four different kinds of matter-wave medi-
ums: (i) the atomic ensemble, (ii)-(iii) the assembly of
homonuclear or heteronuclear dimers [87, 161, 165], and
(iv) the assembly of heteronuclear trimer ABC [79]). In
addition, we see that by choosing a higher initial atomic
population, the optical storage process can be signifi-
cantly improved.

Fig. 23 The group velocity of the signal light as a function of
time in different matter-wave mediums, with the optimal or bal-
anced initial population imbalance. Reproduced from Ref. [161],
Copyright c© 2009 The American Physical Society.

It is worth mentioning that in the above discussions

we have ignored the decay of molecular states. However,
it can be readily shown that, after including these decay
terms, the group velocity of the signal light is still in the
form of Eq. (70) but with the following substitution

Ω →
√

Ω2 + γ1γ2

Clearly, due to the decay terms, one may reach a nonzero
group velocity even when the classical field is turned off.
For the typical parameters of the molecules KRb [164],
we can take NK = 1.0 × 106, NRb = 5.0 × 106, g̃ ≈ 50
s−1, and

γ1 = 2π × 97 Hz, γ2 = 2π × 5.7 MHz

The velocity limit can be estimated as vcg ≈ 0.524
km·s−1. In particular, for a sufficient state transfer, the
PA time duration should satisfy t� γ−1

1 ∼ 1.6 ms [166,
167], which can be fulfilled in current experiments [168–
170].

We also note that some optimized methods exist for a
maximum efficiency of optical storage and retrieval, such
as the recent works of Novikova et al. by using an opti-
mized signal pulse shape in an atomic medium [171, 172].
For the present atom-molecule system, in order to avoid
incoherent absorptive loss, the frequency components of
the signal pulse must fit well with the slow-light spectral
window, i.e., t−1

s � √
dvg/L ∼ N−1, where ts is the tem-

poral length of the signal pulse, d = g2NaNbL/(γc) is op-
tical depth of the medium. Thereby, to avoid “leakage”
of the pulse outside the medium, the following condition
should be fulfilled

vgts ∼ N−1 � L

This means that vg must be small enough for the entire
signal pulse to be spatially compressed into the medium,
with also a large optical depth d. In contrast, by us-
ing a purely atomic medium, we have d = g2NL/(γc)
[171] and thus vgts ∼ N−1/2 [172]. Obviously, for the
same initial total atoms, the light storage using the atom-
molecule dark state has some advantage over the atomic
spin-wave scheme.

6.3 Molecular solitons

Now we show that, by taking into account the particle
collisions in the quantum state transfer process, it is also
possible to realize a molecular matter-wave soliton laser.
To this end, we consider coherent atom–molecule con-
version process which is described by the following total
Hamiltonian

Ĥtot = Ĥ0 + Ĥcoll + Ĥ (71)

where Ĥ, as in Eq. (56), denotes the coherent free-quasi-
bound-bound transition, Ĥ0 and Ĥcoll describe the free
motions and the particle collisions, respectively,
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H0 =
∑
i

∫
dzφ̂†i (−

1
2mi

∂2

∂z2
+ Vi)φ̂i

Hcoll =
∑
i,j

Uij

∫
dzφ̂†i φ̂

†
j φ̂j φ̂i (72)

were Vi(z)(i, j = a, b, g) denotes the longitudinal external
effective potential and one can choose Va(z)=Vb(z) = 0
in the following derivation [162], mi is the particle mass,
Uij denotes the s-wave scattering collisions between the
particles [173]. Then the evolution of molecular matter-
wave field is written as:

i
∂φ̂g
∂t

=
[
− 1

2(ma +mb)
∂2

∂z2
+ Uabφ̂

†
aφ̂b

+Uggφ̂†gφ̂g + Vg(z)
]
φ̂g − Ω φ̂e (73)

For simplicity, we consider an initially trapped atomic
ensemble and also introduce the MFA by replacing the
operators by the c-numbers, i.e., φ̂i(z, t) → Φi(z, t).
Thereby, for the closed-channel molecules, i.e., with the
mixing angle θ = π/2, we obtain the nonlinear mean-field
Gross–Pitaevskii equation

i
∂Φg
∂t

=− 1
2(ma +mb)

∂2Φg
∂z2

+VeffΦg+Ugg|Φ0
g |2Φg

(74)

where the effective potential Veff = Vg +
√
NaNbUab can

also be moved by suitably tuning the value of Vg [162].
For agg > 0, due to some balance between the repulsive
molecular collisions and the molecular kinetic energy, the
above well-known nonlinear equation can support a gray-
soliton solution [174, 175]

Φg=Φ0
g(z, t)

{
i
√

1 − q2 + q tanh
[ q√

α
(z − z0(t))

]}
(75)

with α = (
√

4πagg|Φ0
g |)−1. Vg is chosen such that

Veff = 0, the slowly-varying background function is

Φ0
g(z, t) = 〈φ̂g〉 exp(−i

∫ t

t0

Ugg|〈φ̂g〉|2dt′) (76)

and z is the inside-trap position. In addition, the “gray-
ness” parameter is

q =
√

1 − (vν/vs)2 � 1 (77)

with the Bogoliubov sound speed [176]

vs = [Ugg|Φ0
g |2/(ma +mb)]1/2

and the dark-soliton speed vν = ż0(t), z0(t) being the
central position of the molecular matter-wave soliton.
Clearly, q = 1 corresponds to a dark soliton with 100%
density depletion. As Fig. 24 shows, by applying two
counter-propagating control fields, a second-order molec-
ular grey soliton (q = 0.8) starting from the same posi-
tion (z = 0) can split into two solitons propagating in
opposite directions.

Fig. 24 Splitting grey solitons under the influence of background
amplitude decreasing, for q = 0.8. The units of time and trap size
are in µs and µm, respectively. Reproduced from Ref. [161], Copy-
right c© 2009 The American Physical Society.

7 Quantum spinor reaction

7.1 Double-pendulum model: photoassociation in a
dipolar spinor gas

The long-range and anisotropic dipole–dipole interaction
(DDI) [177] resulting from intrinsic or induced magnetic
dipole moments can significantly affect the stability [178]
and dynamics of BEC and modify their excitation spec-
trum [179, 180]. In this section we study the role of PA
and magnetic DDI in the spin-mixing dynamics of an
antiferromagnetic 23Na BEC.

Specifically, we consider a spinor gas of N atoms ini-
tially in the state mF = | − 1〉, coupled to a molecular
condensate by a PA field of Rabi frequency Ω(t). The
Hamiltonian of the system is Ĥ = ĤSM + ĤDD + ĤPA,

where

ĤSM =
∫

drψ̂†
α(r)

[
−
2

2m
+ VT (r) + Eα

]
ψ̂α(r)

+
c′0
2

∫
drψ̂†

α(r)ψ̂†
β(r)ψ̂α(r)ψ̂β(r) (78a)

+
c′2
2

∫
drψ̂†

α(r)ψ̂†
β(r)Fαα′ · Fββ′ψ̂β′(r)ψ̂α′(r)

ĤDD =
c′d
2

∫
dr
∫

dr′
1

|r − r′|3 (78b)

·[ψ̂†
α(r)ψ̂†

β(r
′)Fαα′ · Fββ′ ψ̂β′(r)ψ̂α′(r′)

−3ψ̂†
α(r)ψ̂†

β(r
′)(Fαα′ · e)(Fββ′ · e)ψ̂β′(r)ψ̂α′(r′)]

ĤPA =
∫

drψ̂†
b(r)
[
−
2

2M
+ VT (r)

]
ψ̂b(r) (78c)

+
∫

dr[Ω(t)ψ̂†
−(r)ψ̂†

−(r)ψ̂b(r) + h.c.]

where ψ̂α(r) (α = ±1, 0) are the field annihilation op-
erators of the spin-1 atom in the hyperfine state α and
ψ̂b(r) the corresponding operator of the molecule state,
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VT (r) is the trapping potential and assumed to be spin-
independent, Eα is the Zeeman shift [122], F is the spin-
1 matrix [181], e = (r − r′)/|r − r′| is a unit vector,
and m and M are the atomic and molecular masses.
The parameters appearing in the spin-exchange and the
DDI Hamiltonians are c′0 = 4π(a0 + 2a2)/(3m), c′2 =
4π(a2 − a0)/(3m), and c′d = μ0μ

2
Bg

2
F/(4π), where a0,2

are the s-wave scattering lengths, μ0 is the vacuum mag-
netic permeability, μB is the Bohr magneton, and gF is
the Landé g-factor. Finally, Ω(t) = Ω exp(−iωLt) is the
effective Rabi frequency of the PA light of frequency ΩL.

We describe the atomic system in a single-mode ap-
proximation (SMA) [121–124, 182]. It is known that the
spatial degrees of freedom decouple from the spinor dy-
namics when the spin healing length is larger than the
condensate size, and the SMA has been shown to be in
good agreement with experiments [121–124, 182]. We
then have ψ̂α(r) → φ(r)âα, ψ̂b(r) → φ(r)b̂, where φ(r)
is the spatial wave function of the condensate, and âα
or b̂ are atomic or molecular annihilation operators, and
the Hamiltonians ĤSM, ĤDD and ĤPA simplify to

ĤSM =
∑
α

ωαâ
†
αâα +

c0
2

∑
α,β

â†αâ
†
βaαaβ +

c2
2

[â†2+ â
2
+

+2â†+â
†
0â0â+ + 2â†−â

†
0â0â− − 2â†+â

†
−â−â+

+â†2− â
2
− + 2â†20 â+â− + 2â†+â

†
−â

2
0] (79a)

ĤDD =
cd
2

[−2â†+â
†
0â+â0 − 2â†−â

†
0â−â0 − 2â†20 â+â−

+2â†2+ â
2
+ + 2â†2− â

2
− − 4â†+â

†
−â+â−

−2â†+â
†
−â0â0 + â†+â+ + â†−â− − 2â†0â0] (79b)

ĤPA = ωbb̂
†b̂+ [Ω(t)â−â−b̂† + Ω(t)∗b̂â†−â

†
−] (79c)

where ωa,b are the energies of the atomic and molecular
free motion, and c0,2 and cd denote the spin-exchange
and the dipole–dipole interactions, respectively,

ωα =
∫

drφ∗(r)[−∇2/(2m) + VT (r) + Eα]φ(r)

ωb =
∫

drφ∗(r)[−∇2/(2M) + VT (r)]φ(r)

c0,2 = c′0,2

∫
dr |φ (r)|4

cd =
c′d
2

∫∫
drdr′

|φ (r)|2 |φ (r′)|2 (1 − 3 cos2 θ
)

|r − r′|3

Here, θ is the polar angle of the vector r − r′, and cd
can be tuned by modifying the geometric shape of the
condensate or the trap aspect ratio κ [101, 183].

Within a standard MFA we replace the operators α̂,
b̂ by corresponding c-numbers. Further introducing the
slowly-varying variables

â± → (a±/
√
N)e−iω±t, â0 → (a0/

√
N)e−i(ω0+δ)t

b̂→ (b/
√
N)e−i(2ω−t+ωL)t

where N is the initial number of atoms and δ = (ω− +
ω+ − 2ω0)/2 denotes the quadratic Zeeman effect [122].
Scaling in addition the various coupling constants to
Ω(t) → (Ω

√
N)e−iωLt and c0,2,d → c0,2,dN , and the time

to t→ c0Nt, we then arrive at the mean-field equations
of motion, with the molecular losses γ. Considering for
illustration a Gaussian ansatz for the condensate wave
function,

φ(r) = π−3/4κ1/2q−3/2 exp[−(x2 + y2 + κ2Z2)/(2q2)]

one finds U ≡ cd/|c2| = 2πcdχ(κ)/(3|c2|) ∈ [−1, 2],
where χ(κ) is a monotonically increasing function of κ
that equals zero at κ = 1 [101, 183–185]. Hence the
presence of the DDI results in a situation where the
atomic spin mixing can be varied continuously within the
bounded range of U . In particular, the dipolar spinor gas
is of ferromagnetic for U > 1; for U < 1, however, it can
be ferromagnetic (−1 < U < −0.5) or even antiferro-
magnetic (−0.5 < U < 1) [101, 183–185].

Expressing the amplitudes ai and b in terms of their
real amplitudes and phases as a±1,0 = √

n±,0e−iθ±,0 and
b =

√
nme−iφ, it is possible to introduce two sets of

conjugate variables (n−, α) and (nm, β), where α =
θ+ + θ− − 2θ0 and β = φ − 2θ−. Then, for the special
case of zero magnetization, m = n+ − (n− + 2nm) = 0,
we can get

ṅ− = A1 sinα− 2A2 sinβ

α̇ = A0 +A1B1 cosα+
A2

n−
cosβ

(80)
ṅm = A2 sinβ

β̇ = Ā0 +A1B2 cosα+
A2

2nm
cosβ

where

A1 = 2c2(1 − U)(1 − 2n− − 4nm)
√

2n−(n− + nm)

A2 = 2Ωn−
√
nm

B1 =
2n− + nm

2n−(n− + nm)
− 2

1 − 2n− − 4nm

B2 =
1 − 10n− − 12nm

2(n− + nm)(1 − 2n− − 4nm)

and

A0 = cd(1 + 8n− + 12nm) + 2[c2(1 − 4n− − 6nm) + δ]

Ā0 = Δ+ 4δ− 2 + 4nm(1 + c2)+ 2[c2(1− 6n−− 8nm)]

+3cd(1 + 4n− + 8nm)

where Δ = (ωb− 2ω−)−ωL is the detuning of the atom-
molecule transition. These equations provide a coupled
double-pendulum description of the dynamics of single-
channel PA-tuned dipolar spinor gas [186–188].

Our double-pendulum model has some special cases:
(i) for small values of Ω or A2 � A1, it reduces to the
single-pendulum dynamics of spin-1 atoms [122]; (ii) in
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contrast, for U ∼ 1, the system is well approximated as a
light-dominated single-pendulum model, with A1 � A2;
(iii) in the “resonant” case (α = β), we have

E = E0 + (A1 +A2) cosα

In particular, for the special case A1 = A2, which can be
obtained only in the case U < 1, this yields an enhanced
single-pendulum system with E = E0 + 2A1 cosα. This
is to be contrasted to the case A1 = −A2, which can oc-
cur only in the (ferromagnetic) case U > 1. In that case
of E = E0, it indicates a complete destructive interfer-
ence leading to the disappearance of the pendulum-like
dynamics of the system.

Clearly, the PA field can induce quite different opti-
cal responses, depending on the magnetic phase of the
atomic system. This is confirmed by numerical calcula-
tions of the time dependence of the atomic level popula-
tions. As a specific example, we have used the parame-
ters of 23Na atoms,

a0 = (15.0 ± 1.6)aB, a2 = (55.1 ± 1.6)aB

where aB ≈ 0.529 Å is the Bohr radius. Here we take
n ∼ 8.6 × 1013cm−3 [123, 124]. Then in our calculations
c2 is about 127 Hz, the time unit corresponds to 0.24 ms,
and the unit of Ω , δ or Δ is 4200 Hz.

Figure 25 shows the population of the atomic state
|mF = 0〉 obtained by numerically solving the mean-field
equation for the constructive (A1 = A2) or destructive
(A1 = −A2) interference cases, corresponding to U < 1
and U > 1, respectively. In this example the atoms are
prepared in the initial state

f0 ≡ [a+, a0, a−, b]t=0 = [
√

0.25,
√

0.5,
√

0.25, 0]

These two situations, U < 1 or U > 1, differ drastically
in that the population of the |mF = 0〉 state first de-
creases or increases below or above the initial value 0.5,
respectively. Also, the range of oscillations of atomic spin
mixing is wide for U < 1, with n0 ∈ [0, 0.5]; in contrast,
it is considerably narrower in the ferromagnetic domain,
n0 ∈ [0.5, 0.62]. (Note in particular the complete absence
of oscillations for U = 1.) As such, they hint at the pos-
sibility of novel laser-based diagnostics of the very weak
strength of the DDI.

Figure 26 further illustrates the effect of the optical
field strength Ω on the atomic spin oscillations. Figure
26(a) shows the oscillation period of the spin-0 atomic
state as a function of Δ = 0 and U = 0.1 for four val-
ues of δ. For δ � 0.023, we observe a single-peak reso-
nance in the atomic oscillations at a critical optical Rabi
frequency Ωc [122–124]. It corresponds to the situation
where the effective total energy of the system is just suffi-
cient to bring them to their top position, with the period
of oscillations becoming then infinite. Further increasing
Ω for a fixed δ leads to a decreased period. We have

found numerically that the single-peak structure appears
below the critical value Uc = 0.16.

Fig. 25 Time dependence of the population of the spin-0 atomic
component as a function of U for 23Na atoms within the regime
(a) −1 � U � 1 or the regime (b) 1 � U � 2. Reproduced from
Ref. [180], Copyright c© 2009 The American Physical Society.

Fig. 26 Period and amplitude of oscillations of the spin-0 atoms.
(a) Oscillation period as a function of Ω for several values of δ
with U = 0.1. (b) A amplitude as a function of U and Ω for
δ = 0.02. Reproduced from Ref. [180], Copyright c© 2009 The
American Physical Society.

We note that the experiment of Hamley et al . [189]
also hints at the possibility of the coexistence of two PA
channels for the same specific PA field. For example,
the mixed-spin channel (−1, +1) and single-spin chan-
nel (0, 0) corresponding to the s-wave collision F = 0
are coupled to the same molecular state via PA.

7.2 Laser-catalyzed atomic spin mixing

Now, we show that the interplay of two channels, the
spin-dependent collisions and the optical PA, provides
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a flexible tool for the control of atomic spin, including
enhanced and inhibited spin oscillations, laser-induced
ferromagnetic-to-antiferromagnetic transition, as well as
coherent spin transfer triggered by quantum fluctuations.
This method can be also extended to study, e.g., the op-
tical control of domain formation and of spin textures in
a spinor gas [190].

Figure 27 illustrates the process under consideration,
the dynamics of a spin-1 atomic condensate resulting
from the virtual PA of two mF = 0 atoms into a molecu-
lar state, followed by dissociation into a pair of mF = −1
and mF = +1 atoms. Accounting in addition for spin-
dependent collisions between atoms, this system is de-
scribed by the Hamiltonian [191]

H = HSM +Hpa

where HSM denotes the spin-dependent collisions and
Hpa refer to the controllable light-assisted interactions,
i.e.,

Hpa =
∫

dr
[
Δ′ψ̂†

mψ̂m + Ωp(ψ̂†2
0 ψ̂m + ψ̂†

mψ̂
2
0)

−Ωd(ψ̂†
mψ̂+ψ̂− + ψ̂†

−ψ̂
†
+ψ̂m)

]
(81)

The Rabi frequencies Ωp,d describe the strength of the
photoassociation of mF = 0 atoms and dissociation into
mF = ±1 atoms, and Δ′ is the detuning between the
molecular and atomic states.

Fig. 27 Coherent two-channel spin-exchange process in a laser-
controlled spin gas. In addition to the familiar collisional channel,
the optical channel proceeds via the virtual PA of two |mF = 0〉
atoms into an intermediate molecular state |m〉, which dissociates
into a pair of |mF = +〉 and |mF = −〉 atoms. Reproduced from
Ref. [191], Copyright c© 2010 The American Physical Society.

We first consider the adiabatic off-resonant regime by
assuming that Δ′ is the largest parameter in the system.
From ∂ψ̂m/Δ′∂t � 0, we have ψ̂m � Ωdψ̂+ψ̂−−Ωpψ̂

2
0

Δ′ , and
substitute this form into the Heisenberg equations of mo-
tion derived from the Hamiltonian [192]. It is easily seen
that the resulting equations can also be derived from the
effective Hamiltonian

Heff = HSM +
∫

dr
[
Ω ′(ψ̂†

+ψ̂
†
−ψ̂

2
0 + ψ̂†2

0 ψ̂+ψ̂−) + O
]

with

Ω ′ = ΩpΩd/Δ′, O = −Ω2
p

Δ′ ψ̂
†2
0 ψ̂

2
0 − Ω2

d

Δ′ ψ̂
†
−ψ̂

†
+ψ̂+ψ̂−

In addition to the familiar spin-dependent collisions, spin
coupling now also results from laser couplings, resulting
in the two-channel spin-exchange Hamiltonian

H = C′
∫

dr(ψ̂†
+(r, t)ψ̂†

−(r, t)ψ̂0(r, t)ψ̂0(r, t) + h.c.)

Here C′ = Ω ′ + c′2 describes the combined effect of spin-
dependent collisions and optical PA. Clearly, the effec-
tive spin-coupling strength C′ can be negative or pos-
itive with suitable optical parameters, leading to sig-
nificantly different spin dynamics. For convenience we
introduce the scaled parameters c0,2 = c′0,2

∫
dr|φ(r)|4,

Ω = Ω ′ ∫ dr|φ(r)|4, Δ = Ω2
d

Δ′
∫

dr|φ(r)|4, and τ = c0nt,
where n is the initial atomic density.

The mean-field evolution of the spin-0 atomic popu-
lation n0 is illustrated in Fig. 28 for several values of
C = Ω + c2 and for the initial state (n+, n0, n−) =
(0.05, 0.9, 0.05). The specific example of atoms 87Rb
is considered here, with a0 = (101.8 ± 2)aB and a2 =
(100.4± 1)aB [193], where aB is the Bohr radius. In our
calculations, we assume the optical detuning Δ′ = 100Ωp

and Ωd = 10Ωp, which is reasonable for the adiabatic
off-resonant case. The typical initial atomic density
n ∼ 1014 cm−3, corresponding to c0n ∼ 9700 Hz.

Fig. 28 Population of spin-zero atoms with (solid lines) or with-
out (dashed lines) laser fields. Here, n = 2 × 1014 cm−3 [194]
and the time is scaled to τ = c0nt, corresponding to the unit 0.1
ms. Reproduced from Ref. [191], Copyright c© 2010 The American
Physical Society.

Significantly different regimes are reached by varying
the optical detuning Δ′: (i) In the collision-dominated
regime |c2| > |Ω |, the population of spin-0 atoms is al-
ways larger than its initial value 0.9. In this perturbed
regime, the spin coupling is still ferromagnetic (C < 0);
(ii) For C = 0, i.e., Ω = −c2 (for Δ′ > 0) the two chan-
nels interfere destructively, leading to frozen or inhibited
spin mixing; (iii) The sign of C can be reversed by tuning
the laser fields, resulting in an effective antiferromagnetic
regime C > 0 [101].

By expressing the c-number amplitudes ai in terms of
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real amplitudes and phases, i.e., a±,0 = √
n±,0e−iθ±,0 ,

the energy functional of this system can be derived as:

E = q(1 − n0) + C
√

(1 − n0)2 −m2 cos θ

+c2n0(1 − n0) +
Δ
4
n0(2 − n0) − Ω2

Δ
n2

0 (82)

where q denotes the quadratic Zeeman effect, θ = θ+ +
θ− − 2θ0 is the relative phase of the spin components
and m = n+ − n− is the atomic magnetization. Fig-
ure 29 plots equal-energy contours in the phase space
(θ, n0), for several values of C for m = 0, and q = 0.01
corresponding to the fixed magnetic field about 460 mG.

Fig. 29 Equal energy contours of E without (a) (C = c2) and
with (b) (C = 0.5c2), (c) (C = −0.5c2), and (d) (C = −c2)
optically-controlled process for q = 0.01 and m = 0. Reproduced
from Ref. [191], Copyright c© 2010 The American Physical Society.

Figure 30 also shows the two-photon resonant control
of atomic spinor dynamics for Ω ′

p = Ωp/(c0
√
n) = 1 (cor-

responding to 9700 Hz) and

Ω ′
d(t) = Ωd/(c0

√
n) = Ω ′

d,0sech(t/t0) (83)

with Ω ′
d,0 = 40, t0 = 20. In contrast to the off-resonant

Fig. 30 Atomic populations in the resonant regime for 87Rb,
with detuning δ = δ′/c0n = 3 and γ = 1. Reproduced from Ref.
[191], Copyright c© 2010 The American Physical Society.

spin oscillations, we have now a full transfer of the pop-
ulation from the initial state, say |mF = 0〉 to coherent
superposition of |mF = ±1〉 hyperfine states.

7.3 Creation of spinor molecules

In this section, we show a new regime of coherent re-
active spin oscillations (RSO) or perhaps atom-molecule
spin super-mixing. To set the stage, we first assume that
the condensed atoms are initially prepared in the spin-0
state |1, 0〉 [125]. The spin-(±) atomic pair is created
via spin-exchanged collisions, i.e., 2A0 → A↓ + A↑ [189].
With the PA lights, the spin-(−) atom can be associ-
ated with another spin-0 atom into the molecular excited
state |m〉, which is then dumped into the ground state
|g〉 by a coupling light, i.e., A0 +A↓ → A0A↓ [125]. This
chain reaction leads to

3A0 → A0A↓ + A↑

indicating a spin-dependent three-body recombination or
an atom-dimer pair formation from three spin-0 atoms.

By eliminating the intermediate state |m〉 [192], we
obtain the equations of motion of the system

i
dâ+

dτ
= χ2(ρ+ + ρ0 − ρ−)â+ + χ2â

2
0â

†
−

i
dâ0

dτ
= χ2(ρ+ + ρ−)â0 −Ωρ−â0 + 2χ2â+â−â

†
0 + Ω ĝâ†−

i
dâ−
dτ

= −Γ â− + χ2â
2
0â

†
+ + Ω ĝâ†0

i
dĝ
dτ

= Ω â0â− + (Δ + δ − δ′)ĝ (84)

where Ω = Ω1Ω2
c0Nδ

, Γ = ωρ0−χ2(ρ−+ρ0−ρ+), Ω = ω2
1

c0Nδ
,

τ = c0Nt, χ2 = c2/c0, and

δ′ =
Ω2

2

c0Nδ

(
1 +

iγ
2δ

)

Figure 31(a) shows the far-off resonance case for atom-
molecule pair formation from the initially prepared spin-
0 atoms, with the mean-field replacement âi, ĝ → √

ρi,g.
The resulting atom-molecule oscillations, which we term
as RSO or spin super-mixing, can be controlled by the
laser fields.

In order to observe coherent RSO, the PA strength
should be chosen in a suitable regime to allow a compet-
itive process between the spin-exchanged collisions and
the atom-molecule conversion. In this regime, the popu-
lation of spin-down atoms are kept essentially zero at all
times. In fact, with the initial atomic state f = [0, 1, 0],
the populations of spin-down atoms can be kept as zero
under the condition Ω = −χ2

√
ρ0. Figure 3(b) shows

that, with this generalized STIRAP technique, the atom-
molecule pair can be produced efficiently, correspond-
ing to a high conversion rate η = ρ+ + 2ρg ≈ 99% in
Fig. 31(b). Here, the state |1,−1〉 can be viewed as
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an atomic spin dark state, which guarantees quantum
pair creation of atoms and molecules (ρ+ = ρg). Note
that the light strength should be chosen as Ω � |χ2|,
or Ω1Ω2 � |Nδc2|, which yields Ω1 � 0.3π MHz, and
Ω2 � 0.6π MHz.

Fig. 31 Spin populations as function of time for the spinor gas of
87Rb. (a) Coherent RSO, and (b) spinor molecules conversion un-
der dark-state conditions with δ = −100χ2, Ω = 0.75|χ2|, and the
initial atomic state f = [0, 1, 0]. (c) PA-dominated atom-molecule
conversion, in order to simulate the experimental results of Ref.
[125], the initial atomic state is taken as f = [

√
0.2,

√
0.6,

√
0.2].

Ω = Ωmsech(t/4) where Ωm is the maximal PA strength in the
experiment [125], with |Ωm

χ2
| = 1.44 × 104. The other parameters

are χ2 = −0.01, γ = 10|χ2|, and c0N = 105s−1.

With this condition, the first derivatives of the slowly
varying amplitudes for spin-down atoms can be ne-
glected, i.e., i ˙̂a− ≈ 0 [195–197]. Then we obtain an
effective interacting Hamiltonian

Ĥeff = χ3(â
†3
0 â+âg + â3

0â
†
+a

†
g)

with χ3 = Ωχ2/Γ , indicating a laser-induced three-body
spin-dependent recombination [12, 13, 195, 196].

We note that very recently Kobayashi et al. [125] stud-
ied the two-color PA of the spinor atoms 87Rb and ob-
served the molecular creation in the state |2,−1〉 through
spin-selective measurement (by associating two reactant
atoms in the state |1,−1〉 and |1, 0〉). In particular,
only the populations of reactant atoms decreased and
the other component |1, 1〉 remains almost unchanged
[125], which is confirmed by our numerical calculations
Fig. 31(c). Their experiment had two PA lights with the
maximal power I1 = 10 W, I2 = 20 W and δ = 2π× 300
MHz. For the typical situations [91, 182, 198] Ω/

√
I =

7 MHz(W · cm−2)1/2, this yields Ω1 = 139 MHz, Ω2 =
197 MHz, which is well beyond the RSO regime.

Within the standard MFA, the spatial wave function
can be also written as

√
Ne−iμt/�ζ, where ζ = (

√
ρieiθi ,√

ρgeiθg ) and θi represents the phase of the i-th Zee-
man state [199]. Then the spin-dependent three-body
recombination can be described by a nonrigid pendulum
model with the energy functional E . In contrast to the
atomic spinor gas [200, 201], it is possible to observe the
dynamical instability or the domain structures for even
anti-ferromagnetic RSO system. In order to see this, we
consider an off-equilibrium state oscillation by changing
the external magnetic field from nonzero to zero values
[200]. The condensate size is assumed to be much larger
than the healing length Ls = 2π�/

√
2m|c′2|n at least in

one direction so that the instability-induced domains can
appear. Then we calculate the criterion

dE
dm

=
3χ3

2
m

[
1 − ρ

3/2
0 cos θ√

(1 − ρ0)2 −m2

]
+ χ2ρ0

+
3ρ0

2Γ
(χ2

2ρ0 − Ω2) (86)

where θ = 3θ0 − (θ+ + θg) and m = ρ+ − ρ− − ρg.
Figure 32 shows the surfaces of dE/dm = 0 for fer-

romagnetic and anti-ferromagnetic cases. We note that
for the purely atomic ensemble (χ2 < 0, θ = 0), there is
a wide dynamically unstable region (see Ref. [200]). In
contrast, for our system, this region can be significantly
reduced [χ3 < 0 in Fig. 32(a)] by tuning the lasers. Even
the essentially different feature can be seen for the anti-
ferromagnetic case since no dynamical instability can ex-
ist for the purely atomic gas (χ2 > 0, θ = π), but for our
RSO regime, we obtain the similar instability behavior
for χ3 < 0 [see Fig. 32(b)]. Clearly, the dynamical sta-
bility is now determined by χ3 instead of χ2.

Fig. 32 Surfaces of dE/dm = 0 (green solid lines) for (a) the
atoms 87Rb, with θ = 0, χ2 = −0.01; and (b) the atoms 23Na
atoms, with θ = π, χ2 = 0.01. The plus or minus sign denotes
dE/dm > 0 or dE/dm < 0. Here, we take δ = 100|χ2|.

Finally, we emphasize that the initial magnetization
m also can greatly affect the spinor reaction. In fact, as
Fig. 33 shows, with the CPT condition
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Ω(t) = −χ2

√
ρ0ρ+

ρg

for m � 0, the ground-state molecules can be produced
efficiently with the conversion value ρg = (1 − m)/3.
However, for m < 0, all spin components evolve into ir-
regular oscillations. Clearly, both the PA light and the
atomic magnetization have essential impacts on creating
spinor molecules.

Fig. 33 Populations of spinor molecules with different values of
m, with χ2 = −0.01 and δ = 100|χ2|.

8 Conclusions

In summary, superchemistry or degenerate matter-wave
reaction is going through extraordinary developments as
a fascinating new research field in the quantum con-
trol of colds atoms and molecules. In the past few
years, superchemistry has been extended from the sim-
plest atom–dimer conversion to coherent assembly and
manipulations of complex molecules, to the bimolecular
or multi-molecular conversion [19, 20, 107] (abstraction
reaction), and to completely new kinds of reactions in-
volving inherent quantum spin degrees of freedom. Many
purely quantum effects have been identified in tunneling-
dominated reaction of de Broglie waves, such as finite-
number effect, quantum confinement effect [106], inter-
ference or super-selectivity of different reaction chan-
nels [104], vacuum-noise effect in triggering cold reaction
[107], optical enhancement or destruction of spin mixing
[191], and cavity-assisted molecular amplification [202].
This has also led to some fascinating practical applica-
tions in, e.g., quantum information storage.

These pioneering works, together with rapid advances
of current experimental techniques in making and prob-
ing cold molecules, indicate that quantum superchem-
istry is still in its golden age with encouraging develop-
ments in both theoretical and experimental aspects. In
fact, more surprising discoveries are highly expected to
be coming in the near future, e.g., optomechanics driven
by PA light [203], synthesis of chiral molecules [204],
gauge potential in atom–molecule conversion [80], and

quantum reactive control of cold plasmas [205].

Acknowledgements This work was supported in part by the Na-
tional Natural Science Foundation of China (Grant Nos. 10974045
and 10874041), the Program for New Century Excellent Talents
in University (NCET) from the Ministry of Education, and the
Talented-Youth Project in Henan Province.

References

1. V. Letokhov, Laser Control of Atoms and Molecules, Ox-

ford: Oxford University Press, 2007

2. M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wie-

man, and E. A. Cornell, Science, 1995, 269: 198

3. C. C. Bradley, C. A. Sackett, J. J. Tollett, and R. G. Hulet,

Phys. Rev. Lett., 1995, 75: 1687

4. K. B. Davis, M.-O. Mewes, M. R. Andrews, N. J. van

Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle, Phys.

Rev. Lett., 1995, 75: 3969

5. P. Meystre, Atom Optics, Berlin: Springer-Verlag, 2001

6. D. J. Heinzen and R. Wynar, Phys. Rev. Lett., 2000, 84:

5029

7. S. Inouye, M. R. Andrews, J. Stenger, H. J. Miesner, D. M.

Stamper-Kern, and W. Ketterle, Nature, 1998, 392: 151

8. C. Chin, Rudolf Grimm, P. Julienne, and E. Tiesinga, Rev.

Mod. Phys., 2010, 82: 1225

9. P. D. Lett, K. Helmerson, W. D. Phillips, L. P. Ratliff, S.

L. Rolston, and M. E. Wagshul, Phys. Rev. Lett., 1993, 71:

2200

10. G. Modugno, Science, 2009, 326: 1640

11. M. Mackie, O. Dannenberg, J. Piilo, K.-A. Suominen, and

J. Javanainen, Phys. Rev. A, 2004, 69: 053614

12. B. Borca, J. W. Dunn, V. Kokoouline, and C. H. Greene,

Phys. Rev. Lett., 2003, 91: 070404

13. C. P. Search, W. P. Zhang, and P. Meystre, Phys. Rev.

Lett., 2004, 92: 140401

14. J. H. Huckans, J. R. Williams, E. L. Hazlett, R.W. Stites,

and K. M. O’Hara, Phys. Rev. Lett., 2009, 102: 165302

15. K. V. Kheruntsyan, Phys. Rev. Lett., 2006, 96: 110401

16. V. Efimov, Phys. Lett., 1970, 33B: 563

17. V. Efimov, Sov. J. Nucl., Phys., 1971, 12: 589

18. T. Kraemer, M. Mark, P. Waldburger, J. G. Danzl, C.

Chin, B. Engeser, A. D. Lange, K. Pilch, A. Jaakkola, H.-C.
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