Front. Phys., 2011, 6(1): 46-60
DOI 10.1007/s11467-010-0150-3

REVIEW ARTICLE

Dynamics of Bose—Einstein condensates near Feshbach

resonance in external potential

Xiao-fei ZHANG (7K % 3£ )1%* Xing-hua HU (# %4 4£)! Deng-shan WANG (F XT L),
Xun-xu LIU (X 1 /7)!, Wu-ming LIU (X[ {f B )11

1 Beijing National Laboratory for Condensed Matter Physics, Institute of Physics,
Chinese Academy of Sciences, Beijing 100190, China
2 College of Science, Honghe University, Mengzi 661100, China
E-mail: *2r12345@163.com, Twmliu@aphy.iphy.ac.cn

Received September 14, 2010; accepted October 8, 2010

We review our recent theoretical advances in the dynamics of Bose—Einstein condensates with tun-
able interactions using Feshbach resonance and external potential. A set of analytic and numerical
methods for Gross—Pitaevskii equations are developed to study the nonlinear dynamics of Bose—
Einstein condensates. Analytically, we present the integrable conditions for the Gross—Pitaevskii
equations with tunable interactions and external potential, and obtain a family of exact analyti-
cal solutions for one- and two-component Bose—Einstein condensates in one and two-dimensional
cases. Then we apply these models to investigate the dynamics of solitons and collisions between
two solitons. Numerically, the stability of the analytic exact solutions are checked and the phe-
nomena, such as the dynamics and modulation of the ring dark soliton and vector-soliton, soliton
conversion via Feshbach resonance, quantized soliton and vortex in quasi-two-dimensional are also
investigated. Both the exact and numerical solutions show that the dynamics of Bose—Einstein
condensates can be effectively controlled by the Feshbach resonance and external potential, which
offer a good opportunity for manipulation of atomic matter waves and nonlinear excitations in
Bose-Einstein condensates.

Keywords Bose-Einstein condensate, Feshbach resonance, soliton

PACS numbers 03.75.Kk, 03.75.Lm, 03.75.Mn

Contents Bose-Einstein condensates 57
3.3 Quantized vortex solitons in quasi-two-
1 Introduction 46 dimensional Bose-Einstein condensates 58
2 Dynamics of BECS in one-dimension 47 4 Conclusions 59
2.1  One-component BECs in an expulsive Acknowledgements 59
parabolic potential 47 References 59
2.2 The integrable condition 48
2.3 Dynamics of BECs in one dimension
complex potential 49 1 Introduction
24 D.ynamlcs of two'-compo.nent BECs with Solitons are fundamental excitations of nonlinear media
tlme—dependent mteractions o 50 and have attracted great interest in diverse contexts of
2.5 Dynamics of two-component BECs with time science and engineering, such as the dynamics of waves
and space-modulated nonlinearities 52 ip shallow water, transport along DNA and other macro-
3 Dynamics of BECs in two-dimension 55 molecules, plasmas, fiber optic communications and cold
3.1 Dynamics of ring dark soliton in BECs with atoms. The realization of Bose-Einstein condensates
tunable interaction 95 (BECS) in gases of weakly interacting alkali-metal atoms
3.2  Quantized quasi-two-dimensional [1, 2] introduces an unparalleled platform for the study of

(@©Higher Education Press and Springer-Verlag Berlin Heidelberg 2010



Xiao-fei ZHANG, et al., Front. Phys., 2011, 6(1) 47

these nonlinear excitations, where both bright and dark
solitons have been observed [3-6] and the gap solitons are
realized in an optical lattice experimentally [7, 8]. These
offer an unusual opportunity to study the dynamics of
BECs and solitons, and the relevant topics.

Moreover, the important mechanism, Feshbach res-
onance, provides a unique tool to further control the
BECs system. It is well known that interatomic inter-
actions greatly affect a number of properties of BECs,
including both static and dynamic ones [9-12]. The Fes-
hbach resonance makes it possible to change the inter-
action strength, even its sign, with a tunable time de-
pendent magnetic, or optical field. This degree of free-
dom offers us a good opportunity for the manipulation of
atomic matter waves and nonlinear excitations in BECs
[13-20]. On the theoretical side, several forms of the
time-dependent scattering lengths, such as the exponen-
tial function [21-23], and the periodic function [24-28],
have been proposed and studied. Here, we want to point
out that the condensates with a spatially modulated non-
linearity by manipulating scattering length locally have
been proposed. In this case, the spatial dependence of
scattering length can be implemented by a spatially in-
homogeneous external magnetic field in the vicinity of a
Feshbach resonance [29].

With the development of experiment, two (or more) in-
ternal states or different atoms can be populated. This
degree of freedom has stimulated considerable attention
in vector solitons [30-36], and has given rise to rich phe-
nomena and complex dynamics in the two-component
BECs such as soliton trains, soliton pairs, multidomain
walls, and multimode collective [37-43]. Vector solitons
consist of more than one field components, which are sup-
ported not only by self-interaction of the same fields, but
also by cross interactions between fields of different type.
Recently, experimental observation of heteronuclear
Feshbach molecules from a 8”Rb and 8°Rb gas, and tun-
able miscibility in a dual-component Bose-Einstein con-
densates have been realization in [44]. Meanwhile, the
vector solitons in the form of “dark—dark” [45], “bright—
bright” solitons [46] and “bright—dark” [47]are studied.

In this article, we consider the dynamics of BECs con-
fined in an external trap with longitudinal and trans-
verse confining frequencies (denoted by w, and w,, re-
spectively). If w, < w,, the system can be regarded
as in the quasi-one-dimensional (1D) geometry; On the
other hand, the system can be regarded as in the 2D ge-
ometry if w; < w,. The scope of this brief review does
not allow us to cover all the important issues above. In-
stead, we focus our attention on a few topics about the
dynamics of BECs near Feshbach resonance in external
potential. In Section 2, we consider the dynamics of
quasi-1D BECs with feeding parameters or not. Section
3 is devoted to the discussion of dynamics of 2D BECs.
Finally, we summarize this review.

2 Dynamics of BECs in one-dimension

2.1  One-component BECs in an expulsive parabolic po-
tential

At the mean-field level, condensate dynamics at zero
temperature obey a nonlinear wave equation known as
the Gross—Pitaevskii equation
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where g = 4”?:“3 with as the s-wave scattering length.

In the case of cigar-shaped BECs, where wy = w, = w,
and A = 2w,/w; < 1, it is reasonable to reduce the
GP equation into an effective 1D dimensionless nonlin-
ear Schrodinger equation
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where time ¢ and coordinate z are measured in units
2/wy and a,, where a; = (h/mw,)"? and ay =
(h/mw1)"/? are linear oscillator lengths in the trans-
verse and cigar-axis directions, respectively. w, and
wy are respective harmonic oscillator frequencies, and
A= 2|W1|/(AJJ_ < 1.

When the scattering length is increased in the form of
a(t) = goexp(At), we perform the Darboux transforma-
tion to obtain the exact solution of Eq. (2) as follows:
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ks is the arbitrary real constant. On the one hand, when
Ayg = ko = 0, Eq. (3) reduces to the well-known one

A= goA% +
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solitonic solution. On the other hand, when the ampli-
tude of this soliton vanishes (4; = 0), Eq. (3) reduces to
plane wave solution. Thus, Eq. (3) represents a bright
soliton embedded in the background of density.

In the following discussion, we found that the manip-
ulation of the scattering length can be used to compress
a bright soliton of BECs into an assumed peak matter
density. For simplicity, we assume kg = ks and only con-
sider the case of A? > 4A2. In this case, Eq. (3) can be

deduced as:
B 0o cosp —iAjsind
V= ( A0+62A1cosh92Aocos<p)

-exp (; + i%) (4)

where ¢ = —MAI&Z[;);I)@M)*Ha& = AT — 44§, and
0 = \/god2w exp(At) — V/gokod [e;\cp(2>\t) U
Figure 1 shows the density dlstrlbutlon of BECs in the

expulsive parabolic potential. With time going on, the

bright soliton has an increase in the peaking value and a
compression in the width. With this advantage, we can
get a bright soliton with the assumed peak matter den-
sity. This degree of freedom provides us an experimental
tool for investigating the range of validity of the 1D GP
equation.
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Fig. 1 The density distribution of BECs in the expulsive
parabolic potential, where A = 2 x 1072, g9 = @,Ao =1,A =
2.4, ko = 0.03. Reproduced from Ref. [23], Copyright © 2005 The
American Physical Society.

Furthermore, we find that when sinhf = 0, the peak
matter density of bright soliton arrives at the maxi-
A Ag cos
- "j‘:“", the peak
matter density of bright soliton arrives at the mini-
mum. This means that the bright soliton can only

be squeezed into the assumed peak matter density be-

mum; while when coshf = T

In order to
investigate the stability of the bright soliton, we ob-

. +oo 2 2 20
tain [ [|1,Z)(z,t)| — o (200, 1) }dx = 22 which
is the exact number of the atoms in the bright soli-
ton. Thus during the process of the compression of the
bright soliton, the number of atoms in the bright soliton

On the other hand, the quantity x =

tween the minimum and maximum values.

stays invariant.
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with M = 4 arctan 7W A2 cos? ¢ dis-
VA1 —24Ag cosp
plays that a time-periodic atomic exchange is formed be-

tween the bright soliton and the background. As shown
in Fig. 2(a), in the case of zero-background, there will not
be an exchange of atoms. While in the case of nonzero-
background [Fig. 2(b) and (c)], the exchange of atoms
between the bright soliton and the background becomes
more quick with the increase of the absolute value of the
scattering length [23].

Exchange of atoms between the soliton and background
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Fig. 2 Atomic exchange between the bright soliton and the back-
ground. The parameters are given as follows: A = 0.02,g0 =
1,A1 = 4.8, (a) Ao =0, (b) and (c) Ag = 2.3.

2.2 The integrable condition

We also start by considering the quasi-1D nonlinear
Schrédinger equation

81/1 1 6‘210
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(5)
If we allow the axial frequency of the harmonic trap to
become also time dependent wy = wy (¢), and require it to
satisfy the following integrability relation with the scat-
tering length a(t):

2
1 d2as(t)+ 2 [das(t)} +w%(t)_

Cal(t)  de? a2(t) | dt

Then, the nonlinear GP equation (5) can be reduced to
the standard nonlinear Schrodinger equation and exactly
solved, with the following general solution:

P(x,t) = exp [/t F(t)dt} (X, T) exp[iF(t)z2] (7)

where ¢ is the well-known solution for the standard
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Schrédinger equation, with new spatial and tempo-
2
ral variables X = A; exp[ 2ft dt:|;17 T = % )

ftto exp [ 4 ft dt’} dt. A; is a real constant, which
together with I'(¢) are determined by

t
as(t) = +ap A exp [—2/ I'(t)dt} (8)
to

From the above equations, we see that once the scat-
tering length is determined, the trap frequency can also
be determined. Furthermore, we find three special cases
for the integrable conditions, namely, linear, exponen-
tial and sinusoidal time dependence of the magnetic field
via Feshbach resonance. Note that the exact solution
(z,t) can be obtained for arbitrary time dependence of
as(t), since we can always choose an appropriate time-
dependent axial frequency, wi(t), to satisfy the integra-
bility relation [48, 49].

2.3 Dynamics of BECs in one dimension complex po-
tential

In real experiments, atom loss and feeding of conden-
sate from the thermal cloud are inevitable courses. In
this subsection, we consider a one-dimension nonlinear
Schrédinger equation with time-dependent atomic scat-
tering length in an expulsive parabolic and complex po-
tential

.0y

82
e )

where v is a small parameter related to the feeding of
condensate from the thermal cloud [50, 51]. In the fol-
lowing discussion, we develop a direct method to derive
two families of exact solitons of Eq. (9), then give some
thorough analysis for a bright soliton, a train of bright
solitons and a dark soliton. Our results show that the
lifetime of a bright or a dark soliton in BECs can keep
longer times by reducing both the ratio of the axial oscil-
lation frequency to radial oscillation frequency and the
loss of atoms. It is demonstrated that a train of bright
solitons in BECs may be excited with a strong enough
background.
We first assume the solutions of Eq. (9) as follows:

1
ZA%% + iyt

0 cosh& + cosn
= [Ao(t) + A1(t) ————
v oft) + 1()coshﬁ—i—écosn

a sinh & + § sinn
cosh& + 6 cosn

where A = ko(t) + k1(t)x + ka(t)2?, £ = pr(t)x + qu (1),
n = p2(t)x + g2(t), and Ag(t), A1(t), B1(t), p1(t), q1 (1),
p2(t), qa(t), ko(t), k1(t), k2(t) are real functions of ¢ to be
determined, and «, 3,6 are real constants.

Substituting Eq. (10) into Eq. (9) we derive a set
of ordinary differential equations (ODEs) with respect

+iB1(t) exp(iA) (10)
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to Q(t), AO(t)v Aq (t)5 By (t)vpl (t)a q1 (t)7p2(t)a qQ(t)5 ko(t),
k1(t), k2(t). Finally, solving these ODEs, we can obtain
two families of analytical solutions of Eq. (9).

When interaction between atoms is attractive, the so-
lution of Eq. (9) can be written as:

B 6 cosh& 4 cosn
Y1= Q(AC+AScosh§+5 cosn

a sinh & + 3 sinn .
A t
cosh& 4 0 cosn ) exp(id +11)

+iA,
where
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and A., As, go > 0,p2, k1, are arbitrary real constants.
When interaction between atoms is repulsive, the so-

lution of Eq. (9) can be written as:
o = (A, 4+ iAg tanh &) exp(iA + ~t) (12)

where
€ = +£/902%x + 2A,(\/g0k1 + goAe) / 4de
A = ko(t)x? + k1 2%z — [290(A% + A?) + k) / *dt

a(t) = 9o 2% exp(—27t)

and (2, ko(t) are the same as in (1
and ~ are arbitrary real constants.

1)) ACaASago > Oakl

For the sake of simplicity, we will only discuss and an-
alyze Egs. (11) and (12) with ko(¢) = A/[4 tanh(At)] and
22 = sech(\t)/2.

Consider the dynamics of the bright soliton in the
background. As shown in Fig. 3(a), when o = p3 = 0 un-
der the realistic experiment parameters in Ref. [5], i.e.,
wy =271 x 710 Hz,wy = 2ir x 70 Hz, A = —2|wp|/wi ~
—0.197,7 = —0.01 and go = 0.4 nm, we can see that
the lifetime of the BECs is about 20 x 4.5 x 107%s =
9 ms. When A = —0.02 (which can be derived from
wo = 2ir x 7 Hz and w,; = 27 x 710 Hz) and v = —0.001,
from Fig. 3(b), the lifetime of the BECs can reach about
200 units of the dimensionless time, which corresponds
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to a real time of 0.1 s. Thus, in order to extending the
lifetime of a soliton in BECs, we should take appropriate
measures to reduce the absolute value of A and 7.
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Fig. 3 The dynamics of |¢11]2/10%, where A. = 4,A;, =
1200,90 = 0.4. In (a): A = —0.197,y = k1 = —0.01; In (b):

A= —0.02,y = k1 = —0.001. Reproduced from Ref. [50], Copy-
right (© 2008 The American Physical Society.

When g = 0, the solution v; is written as:

0 cosh& + cosn + i sinh &
cosh& + 6 cosn

¢12 =1 (Ac+As

~exp(iA + ~t) (13)
where 442 — A2 > 0 and
= Vg0 As Ot a= -2
3 \/ﬁ% p2/ , « 2\/%/10
As
n=paPa =2k [ @ 5=k
sech( At
pa=go(4A2 — A2), 0= #

It is easy to find that 12 is periodic with a period
I' = 47 /[pasech(At)] in the space coordinate and aperi-
odic in the temporal variable. As shown in Fig. 4, it is a
train of bright solitons when A = —0.197, 4, = 7, A, =
12,90 = 0.4, k; = v = —0.01, thus we can conclude that
an important condition for exciting a train of bright soli-
tons is that the background is strong enough [50].
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Fig. 4 The density distribution of |¢12|? with A\ = —0.197, A. =
7,As = 12,90 = 0.4,k; = —0.01,7 = —0.01. Reproduced from
Ref. [50], Copyright (© 2008 The American Physical Society.
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2.4 Dynamics of two-component BECs with time-
dependent interactions

The mean-field dynamics of a two-species BECs is gov-
erned by the following equations:

0 102 N

(;[;51 = <_§W + —1152 + bllell2 + b12|¢2|2) wl
0 9% A2

(;/;52 = ( gW+—2$2+b21|¢1|2+b22|w2|2> 1/}2 (14)

where 11 o is normalized such that [ |¢1|?*dz = 1 and
[ [2|?dz = N2/Ny. Other parameters are defined as:
bi1 = 2a11N1,b12 = ba1 = 2myai1aNy/[(1 + v)m], bee =
2a00miN1y/ma,y = wy, Jwy A1 = wig/wil, e =
wog /w1, and kK = mq/ma.

In the absence of external potential and in the case
of Kk = 1 and by = b2 = by = bao, Eq. (14) is per-
fectly integrable [52]. When integrability is destroyed,
closed form can only be given for special cases. In this
section, we show that there still exists a specific class
of exact vector-soliton solutions for arbitrary interaction
strengths, so long as b%y # b11baa.

The vector-soliton solution can be found by inserting
an appropriate ansatz into Eq. (14). The bright-bright
vector soliton solution can be written as:

P1p = n\/Ch sech(nz — nut) oilve+(n?—v?)t/2]
Yo = 77\/——02 sech(mc — 77Uf) ei[”/”‘*‘(’f’?z—f/n)t/z]

(15)
The BD solution is given by
1 = 11/C1 sech(nz — not) e/l 1] (16)

ap = [iwy/Ca/k + 1/ Co tanh(nz — nut)]e /2!
with fi = (n? —v?) /2 = b12Ca(n® + v?/K?) and fo =
—b22Ca(n” + v /K?).

The DD solution is found to be

Y1p = [iwy/—C1 + ny/—C} tanh(nz — nut)] e'1t

Yop = [iw\/Cy/k + n\/Cy tanh(nz — nut)] e'/2¢

with f; = 777 ( b11C1 + buCg//L2) and fo =
—pn? —v*(— b2101 + baaCo/pi?).

In Egs. (15), (16) and (17), C1 = (baz — b12)/ (b3, —
b11b22), 02 = (b12 — Hbll)/(b%2 - b11b22), the parameter n

determines the width of the soliton and can be found by
the normalization condition for ¢y 2. The parameter v
gives the velocity of the soliton. It should be mentioned
that the exact vector-soliton solutions are obtained un-
der the assumption that the quantities under a radical
sign must be a number greater than zero; thus giving the
constrains for the existence of the exact vector-soliton so-
lutions.

To translate our results relevant to the experiments,
we take "Li as species 1 and 2>Na as species 2, with fixed
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and realistic intra-species interaction strength b7 <
0,b22 > 0 and variable inter-species interaction strength
bi2. Figure 5 depicts the “phase diagram” for different
regimes of vector solitons as bys is varied.

Next, we assume m; = mo,w; = wy = w, and de-
fine variables o1 = b%z — b11b22,0'2 = b12 — b11, and
03 = b1o — bas for the facilitation of expression. We first
consider the simplest case with the interactions taking
exactly the same form. In this case, these coupled equa-
tions are nothing but the well-known integrable model
proposed by Manakov [53] or the defocusing—defocusing
NLS equations. Then we can directly use the method
developed in subsection 2.2, and obtain a similar integra-
bility condition for the existence of the exact symmetric
vector solitons [48].

bright—dark dark—dark

bia

bright—bright i
L}

Q- cemmnnae

e ~y

kb 0

baalk

Fig. 5 Phase diagram of vector solitons vs. inter-species interac-
tion b2 for the system with b11 < 0 and b2z > 0.

We now turn to Eq. (14), with unequal interaction
parameters b1y (t) # baa(t) # bi2(t). We take advan-
tage of the extend mapping deformation method, which
does not depend on the integrability, to obtain the exact
vector-soliton solutions for the general Eq. (14).

Expressing the order parameters in terms of their mod-
ulus and phases, i.e., ¥;(x,t) = \/n; exp(i4;), and then
separating real and imaginary parts, we obtain a set of
coupled nonlinear equations for n; and 4;

Vi, — Vi Ay — /i A, — biang /g
—bii(vn)® — N2\ /n; =0

where i = 1,2. By setting \/n; = Ao(t) + A;i(t)p(§), & =
p1(t)z+p2(t), and A; = k;(t)+1;(t)x+A;(t)x? and using
the auxiliary equation ¢ 2 = co—+ ca¢? + cad?, we derive a
set of over-determined partial differential equations with
respect to p1(t), p2(t), ki(t), Ii(t), Ai(t), Ao(t), A1 (t), and
As(t). Finally, solving these equations, we can obtain
the following constraints for the existence of the exact
vector-soliton solutions:

(18)

Table 1 The existence region of dark—dark solitons vs. inter-
component interaction bi2, +(—) indicate the repulsive (attractive)
atom—atom interaction in single component. The single-component
interaction parameters bij1 and baa are assumed to be unvaried and

bi1 > boa.

Parameters b1 bao b12
Case 1 +  + bz > b, —vbiiba < bia < by
Case 2 - - bz > Vb11bo2
Case 3 + - bi2 > b11

b11 A7 (1) + biaA5(t) = bag A5(t) + b1 AT (1)

—0%p1(t) op1(t)
ot? ot

g
pi(t) = brapi(t) — bia U—zpl(t) =0

p1<t>+2[ }+4p‘f‘<t>v‘—o (19)

Then, we get a relation between the the scattering length
and trapping potential, which reads
b12 — b22 - aq SIH(Q)\t) — az COS(Q)\t)
b2y — bi1bao 2\

(20)

In the case of all the interaction parameters b;; < 0, Eq.
(14) has bright—bright vector solitons

i = C1/—a(t)sech({(z, t)) exp (ivip(z, t))

ap = Con/—oca(t)sech(&(z, t)) exp (ivop(x, 1)) (21)
where
aty=2L <0, o=2>0 (22)
g3 03

When a(t) > 0 and o(t) > 0, Eq. (14) has dark-dark
vector solitons
P1p = D1/ a(t) tanh(&(x, t)) exp (ivip(z, 1))
ap = Dor/oa(t) tanh(€(z, ) exp (vep(x, 1))

Thus, we conclude the additional conditions for the ex-

(23)

istence of the exact vector-soliton solutions

A; >0, Ay < 0: bright-bright (BB)

(24)
A; <0, Ay > 0: dark-dark (DD)

with Ay = —03/01 and Ag = 02/071.

Shown in Table 1 are the regions where the dark-dark
vector solitons can exist when the intercomponent inter-
action parameter b;; is varied and intracomponent ones
are constants. Case 1 has been extensively studied in
Refs. [44, 54]. Tt is interesting to observe that in cases
2 and 3, a dark soliton can be formed in a condensate
with self-attractive interaction. This can be understood
by the fact that in the two-component BECs, the repul-
sive interaction coming from the second component or
the intercomponent interaction induces an effective re-
pulsive interaction in the self-attractive one, which leads
to the formation of dark solitons in the component with
self-attractive interaction. In addition, we would like to
point out that the formation of this type of vector soli-
tons has a threshold value in by, which indicates that
the intercomponent repulsive interaction must be strong
to induce an effective repulsive interaction in the self-
attractive ones [55].

To study the dynamic stability of the vector-soliton so-
lutions [Egs. (15), (16) and (17)], we calculate the collec-
tive excitation frequencies by solving the corresponding
Bogoliubov-de Gennes equation [56]. The results show
that the excitation frequencies of the BB and BD vector-
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solitons are all real, while those of the DD vector-soliton
contain complex values. This stability analysis is con-
firmed by direct numerical simulations of Eq. (14). Com-
putational examples are shown in Fig. 6. To make the
simulations more realistic, we add a harmonic trapping
potential along the longitudinal direction. As to the ini-
tial condition, we use the exact solution for the bright
component, while multiplying Eq. (16) by a Thomas—
Fermi profile to simulate the dark component. The upper
panel of Fig. 6 shows the evolution of a BD vector-soliton.
The presence of the weak longitudinal trap causes the
vector-soliton to oscillate while maintaining the overall
shape. By contrast, the lower panel of Fig. 6 shows that
the DD soliton is dynamically unstable — an initial DD
vector-soliton is quickly destroyed and the two species
tend to phase separate.
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Fig. 6 The evolution of vector solitons inside a weak longitudinal
trap with A1 = A2 = 0.1. The left and right plots represent the
longitudinal density profiles of the first and second species, respec-
tively. Upper panel: evolution of a BD vector soliton with bj2 = 2
initially located at z = 0 and velocity v = 0.1. Lower panel: evo-
lution of a DD vector soliton with bj2 = 30. Reproduced from Ref.
[57], Copyright © 2009 The American Physical Society.

Figure 7 illustrates the conversion between different
types of vector-solitons via Feshbach resonance. The ini-
tial condition is a zero-velocity BD vector-soliton. The
value of by2 is then decreased and the system evolves to
two BB vector-soliton pairs. Then, we restore the initial
value of b5 before the two BB vector-solitons merge into
one. As seen in Fig. 7, such a controlled tuning of by
can also recover the initial BD vector-soliton. This repre-
sents a remarkable example of the control over the BECs
dynamics, afforded by the tunability of inter-species in-
teraction strength [57].

2.5 Dynamics of two-component BECs with time and
space-modulated nonlinearities

Now, we turn to the two-component BECs with time and
space-modulated nonlinearities which is governed by the
coupled one-dimensional GP equations [57-59]:

80

0 10 20 30 40 50 60 70 80
Time

Fig. 7 Conversion between BB and BD vector solitons. The left
and right plots of the upper panel represent the longitudinal den-
sity profiles of the first and second species, respectively. The lower
panel shows the variation of bj2. Other parameters are the same
as in Fig. 6. Reproduced from Ref. [57], Copyright © 2009 The
American Physical Society.
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ot 2 0z2 2
0 1 02 2
1% = (EW + %SEQ + bialt1|* + b22|¢2|2> o

(25)

where b11 = 2@11,b22 = 2@22,b12 = 2@12 with the scat-
tering lengths a11, ass and ay2 being spatiotemporally in-
homogeneous, which are experimentally feasible due to
the flexible and precise control of the scattering lengths
achievable in quasi-1D BECs with magnetically tuning
the Feshbach resonances.

We consider the exact spatially localized solutions of
Eq. (25) for which lim|,|_ o ¥12(2,t) = 0, taking the
similarity transformation

¢z(x7t) = ﬂi(zvt)eiai(z,t)U[X(xvt)]v 1= 172 (26)
with U(X), V(X) satisfying
Uxx +g1uU® + g12UV? =0 o)

Vxx + g2V 4 g1aVU? = 0

As aforementioned, we define o1 = ¢12 — ¢11,02 =

g12 — g22 and 012 = gfg — g11922. Substituting Eq.
into Eq. (25) and asking U(X), V(X)) to satisfy Eq.
we conclude that when

bi1 = gn0(t, ), biz = g120(t, ), bao = g220(t, ) (28)
with 0(t,2) = —A2e=332*=6X52-26" /1902 (1)) we can
obtain the following conditions (for i = 1, 2)

a; =G (t) — )\txz/2>\ — /A

ﬁl _ 52 _ <3 (t) eAz()\ac+26)/2

X = ymerf Az +6) /2
with erf(s) = % IN e~ dr, ¢ (t) and (s (t) satisfy

(26)
(27)

(29)

Gi(t) = /(A4 — 0,2+ M%) /(22NN dt + C;
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et o

G(t) =
with C7 and Cs arbitrary constants and

A — 222 202+ AN =0

204\ +2A%8 — 46,0, =0

When setting o1 /012 > 0 and o2/012 > 0, Eq. (27) has
two families of exact solutions as:

U(l)(X) =V 02/0'12V1CH(V1X, \/5/2)

(30)

V(X)) = /o1 /oravien(n1 X, V2/2) (31)
and
U(2)(X) = \/5/2\/ 02/012V28d(V2X, \/5/2) (32)

V(X)) = V2/2y/01 /o1218d(12 X, V2/2)

where v1,1v9 are arbitrary constants. When imposing
the bounded condition lim|,|_o %1,2(7,%) = 0, we have

22n + 1)K (@) /y/7 for Eq. (31) and vp =
dmK (@) //7 for Eq. (32), where n and m are integer

2
numbers and K ‘/75 = 077/2[1 - (@) sin? 7]~ 1/2dr is
elliptic integral of the first kind.

From Eq. (30), we have

VG =

5(t) =1 ol [ A%dt + e o i A%dt (33)

with ¢; and ¢y arbitrary constants.
If we set A = 1/¢, the first one of Eq. (30) becomes

bu +726=1/€ (34)
To obtain the solutions of Eq. (34) we let v satisfy

7 =5 + ecos(nt) (35)
Therefore, the general solution to Eq. (30) is

A= (A8} + BE +2066) 72 (36)

where A, B, C are constants satisfying AB—C? = 1/W?2,
and the Wronskian W = &1&a; — &8 with (&1, &) be-
ing two linearly independent solutions of homogeneous
ordinary differential equation

&u+7%€=0

Combining Eqgs. (26) and (29) with (31) and (32), we
arrive at two families of explicitly exact solutions for the
coupled 1D GP Egs. (25) as:

(37)

gj) (z,t) = Ve? 8% M52 i (@) [ () (X)
) (@, 1) = Ver e 05 loa (@ y (0 (X))

where UU)(X) and VU)(X) are given by Egs. (31) and
(32), index j = 1,2, a1, ag satisfy Eq. (29), and X, 4, A
satisfy Eqs. (29), (33) and (36), respectively.

In order to investigate the dynamics of the explic-
itly exact solutions (38), we take special parameters

(38)

Y0,7v1 and €. When the ratio of the confining frequen-
cies 7 is time-independent, that is, parameters vy, =
e = 0, solving Eq. (37) we have A\ = 1/¢ with £ =
[A — (A — B)cos®(yot) + \/ABv2 — 1sin(2vot) /0] /2.
Here ¢ is the width of the explicitly exact solutions (38)
and v/\ is its amplitude. Specially, we further suppose
c1 = ¢ = 0,1ie., 6§ = 0. When the cigar-shaped trap
with axial frequency w, = 707 Hz and radial frequency
w, = 800w Hz is considered, the ratio of the confin-
ing frequencies v = w, /w) = 7/80. Therefore, from Eq.
(35) the parameter g = v = 7/80. In order to deter-
mine parameters A and B in Eq. (36), we further con-
sider the initial condition of Eq. (34) as £(0) = /3 and
&(0) = 1/80. In the following, within the safe region
we will always take the parameters g;; in Eq. (28) to be
g11 = —1,g22 = =3, 912 = 2.

In Fig. 8, we show the evolution of condensate density
of the wave functions 1/)51) and ¢§2). Figure 8(a) and
(b) demonstrate the density profiles of the wave func-
tion 1/1%1) for n = 0,1, respectively, and Fig. 8(c) and
(d) demonstrate the density profiles of the wave function
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Fig. 8 Dynamics of breathing solitons in two-component BECs.
(a) and (b) demonstrate the evolution of condensate density
|7,Z)§1)|2 for order n = 0 and 1, respectively. (c¢) and (d) demon-
strate the examples of condensate density \1/152) |2 for order m =1
and 2, respectively. (e) demonstrates the width and amplitude
of wave functions. The parameters are 71 = ¢ = ¢; = ¢c2 = 0
and vp = 7/80. The initial data for Eq. (34) are £(0) = /3 and
&:(0) = 1/80. Here and after, the units of space length and time
are 5.34 um and 0.4 ms, respectively. Reproduced from Ref. [58],

Copyright (© 2010 The American Physical Society.
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1{)52) for m = 1,2, respectively. Figure 8(e) demon-
strates the width and amplitude of the wave functions.
It is observed that the localized nonlinear matter waves
are space localized and time periodic, which are usually
called breathing solitons. Here, n and m are the order of
the breathing solitons. It is also observed that the am-
plitude and width of the localized nonlinear waves vary
periodically about time.

When ~ is a function of time, we can select proper
parameters 7p,y; and € to formulate a type of quasi-
breathing solitons. Specially, we choose parameters vy =
7/80, 1 = /2, and € = 1/2. In this case, the two solu-
tions of Eq. (37) are Mathieu functions & = MathieuC
(49/3200, —1/2,/2t/2),& = MathieuS(49/3200, —1/2,
V/2t/2) which are in the stability region of Eq. (37).
We will consider the initial condition of Eq. (34) to be
€(0) = /3 and &(0) = v/6/6. In Figure 9, we show the
development of density profiles for the wave functions
w:(ll) and @[152) in (38). Figure 9(a) and (b) demonstrate
the density profiles of the wave functions 7,/1%” for order
n = 0, and Fig. 9(c) and (d) demonstrate the density
profiles of the wave functions 7,/152)
observed that the localized nonlinear matter waves are
space localized and time quasi-periodic, which are quasi-
breathing solitons with orders n or m.

for order m = 1. It is

(a) (b) 200+

1501

t 1004

Fig. 9 The evolution of quasi-breathing solitons in two-
component BECs with spatiotemporally dependent nonlinearities.
(a) and (b) demonstrate the evolution of condensate density

|¢§1)|2 for order n = 0. (c¢) and (d) demonstrate the evolution

of condensate density |¢g2) |2 for order m = 1. The initial condi-
tions are £(0) = /3 and &(0) = v/6/6, and the parameters are
selected ¢1 = c2 = 0, 70 = 7/80,71 = V2 and € = 1/2. Repro-
duced from Ref. [58], Copyright © 2010 The American Physical
Society.

Next, we let the parameters 6 = 0,y = 7/80, v1 = 4
and e = 1/2. In this case, we are in the instability region
of Eq. (34). However, the solutions of Eq. (37) are also
Mathieu functions &; = MathieuC(49/25600, —1/16,2t),
& = MathieuS(49/25600, —1/16,2t). After some alge-

bra, we also get the analytical expression of function A. In
order to determine the unknown parameters A and B in
A, we choose the initial condition of Eq. (34) as £(0) =1
and &(0) = 1. Figure 10(a) and (b), and (c) and (d)
describe the evolution of the condensate density profiles
for the wave functions 1,[)51) with order n = 0 and 7,/1;2)
with order m = 1, respectively. It is shown that the den-
sity wave packets are space localized and time resonant,
which have the behaviors of resonant solitons. At the be-
ginning, resonant solitons are localized nonlinear matter
waves with low amplitude and large width, after some
time, their amplitudes become high but widths become
small; as time goes on their amplitudes decrease and
widths increase gradually. The nonlinear matter waves
demonstrate transitory resonant soliton behaviors.

(b)

Fig. 10 The evolution of resonant solitons in two-component
BECs with spatiotemporally dependent nonlinearities in Eq. (28).

(a) and (b) describe the evolution of condensate density |¢§1)\2
for order n = 0. (c¢) and (d) describe the evolution of condensate

density |w§2)\2 for order m = 1. The parameters are selected as
c1 =c2=0,v = 7/80,v1 =4 and ¢ = 1/2. The initial data are
£(0) =1 and &(0) = 1. Reproduced from Ref. [58], Copyright ©
2010 The American Physical Society.

Then we consider the case of § # 0. In this case, the
nonlinearities in Eq. (25) become more complicated,
the amplitude of the nonlinear matter wave becomes
NoYS ‘52, and the center of the solitons can move follow-
ing the time because of variable X = 4 erf (Ax +4). So
for § # 0, our localized nonlinear matter waves are local-
ized moving solitons. To do so, we still choose vy = 7/80
and 73 = € = 0. Figure 11(a) and (b) describe the evo-
lutions of the density profiles for the wave function 7,/1%”
with orders n = 0, 1, respectively; Fig 11(c) and (d) de-
scribe the evolutions of the density profiles for the wave
function @[19) with orders m = 1,2, respectively. Fig-
ure 11(e) demonstrates the shapes of the function v/,
the width £ = 1/X and the amplitude vAez% of the
moving breathing solitons. It is found that the local-
ized nonlinear matter waves are space localized and time
periodically moving and the amplitudes of the moving
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breathing solitons are higher than the breathing solitons
in Fig. 8.

Finally, we study the dynamical stability of the exact
localized nonlinear wave solutions (38) for other param-
eters by adding certain initial stochastic noises with var-
ious intensities such as Gaussian distributed noise and
uniform distribution noise. Our numerical calculations
show that only for order n = 0 (ground state) is the
breathing soliton solution (38) with 6 = 0 dynamically
stable, while the moving soliton solution (38) with § # 0
is dynamically unstable for all n [58].
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Fig. 11 Dynamics of moving breathing solitons in two-

component BECs with spatiotemporally dependent nonlinearities.
(a) and (b) describe the evolution of condensate density \wgl) |2 for
order n = 0 and 1, respectively. (c) and (d) describe the examples
of condensate density \zp?) |2 for order m = 1 and 2, respectively.
(e) depicts the width, amplitude, and function \/A(¢). The param-
eters are the same with that in Fig. 8 except for ¢1 = c2 = 1/2.
Reproduced from Ref. [58], Copyright (©) 2010 The American Phys-
ical Society.

3 Dynamics of BECs in two dimension

3.1 Dynamics of ring dark soliton in BECs with tunable
interaction

We consider a BECs trapped in an external harmonic po-
tential V (7, 2) = m(w?r? + w?2?) /2, where r? = 22 + y2.
When 2 = w,/w, < 1, the system is governed by the
quasi-2D GP equation

.5%/1__1 2 2 122
5 = 2V¢+g<t)|w|w+2mw

where the length, time, and wave function are scaled
a.S(E:G/h(i,t: WLZ,Q/J: ﬁm- V2 :62/6x2+
0?/0y* = 02/0r? + 1/r x 8/0r + 8?06, 2 = w,/w.,
g(t) = a(t)/ao.

We first consider the analytic solution of Eq. (39) with
circular symmetry, 1 (r,t). When there is no trap 2 =0
and the interaction is time-independent, g(t) = C, the
system is governed by the standard NLS equation:

idQ(R,T) 1 82Q(R7 T) l aQ(R, T)
ar 2 OR? R OR

(39)

(40)

Under small-amplitude approximation, Eq. (40) can be
transformed to the famous cylindrical KAV (cKdV) equa-
tion, whose exact solutions are well studied.

For the more general case, especially when there is one
time-dependent trap V(¢), the transformation method
has to be used. By using a transformation: (r,t) =
Q(R(r,t), T(t))e'*r)+c®) the general form of Eq. (39)
can be converted to Eq. (40). In the transformation,
R(r,t), T(t), a(r,t), and c(t) are assumed to be real func-
tions and read R(r,t) = a(t)r,T(t) = [*(t')dt’ + Co,

S 0] — 1 da(t)
c(t) = 3In=5~, a(rt) = o
a(t) and 2 satisfy the following condition:

1 2a(t) 2 [da(t)\’ B
o ae (a) ~#0

If we substitute y(t) = da/(adt) into Eq. (41), the
equation becomes di’i—(tt) = 42+ 22, This equation is noth-
ing but the standard Riccati equation. It can be solved
not only for 2 = constant, but also for various types of
22(t), such as a + bsin(\t), a + beosh(t), ae* (a, b, A
are arbitrary constants) and so on. Thus, we can study
the dynamics of a system with time-dependent external
trap analytically.

When the RDSs get deeper, the small-amplitude ap-
proximation is invalid and we have to appeal to the nu-
In the following sections, the dy-
namics and stability of RDS is studied numerically. We
first consider a simple case with ¢g(t) = 1, 2 = 0.028,
Ry = 28.9. These parameters corresponding the param-
eters in real experiment: 8"Rb (ag = 5.7 nm) condensate
of radius 30 pm, containing 20000 atoms in a disk-shaped
trap with w, = 27 x 18 Hz and w, = 27 x 628 Hz. Also,
the RDS has the radius Ry = 12.38 um.

Our numerical results show that the shallow RDS is
stable against the small distortion of the ringshape. Fur-
thermore, we find that there exists a maximum eccentric-
ity emax for a given initial depth. When e. < epax, the
RDSs are stable and oscillate reserving their shape with
the same period as the unperturbed RDSs until decaying
out. With the increasing of the depth, the eyax becomes

r2.  Meanwhile,

(41)

merical simulation.
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smaller. On the contrary, when e, exceeds ey ax, snaking
sets in and the dark soliton breaks into two vortex pairs,
presenting a striking contrast to the multiples of four
pairs reported previously. Thus, we take the following
equation as the initial configuration:

1/}(:C,y, 0) - (1 - Q2T2/4)
- [cos #(0) tanh Z(r1) + isin ¢(0)] (42)

where Z(r1) = (r1—Ro) cos ¢(0), 11 = /(1 — e2)a? + 42,
ec is the eccentricity of the ring and cos ¢(0) is propor-
tional to the depth of the input soliton. When e, # 0, Rq
represents the length of semiminor axis of the elliptical
configuration.

To illustrate our results, we consider one typical case
with cos¢(0) = 0.6 and e, = 0.4. As shown in Figs. 12
and 13, the ring dark soliton initially shrinks and when
reaching the minimum radius in the short-axis direction,
it starts snaking and forming two dark lumplike solitons
in the horizontal direction; they move in the opposite
direction and then break into two vortex pairs. Simul-
taneously the vortices and antivortices move along the
ring. The result of motion is their collision in pairs in
the vertical direction, followed by vortices and antivor-
tices’s mergence and totally forming a pair of lumplike
solitons. Then the lumplike solitons move towards to
each other, (to the center of condensate), in the verti-
cal direction. When they reach the minimum radius, a
ring dark soliton forms. After a short time the system
returns to the state of two dark lumplike solitons. The
lumplike solitons leave each other and in the path, each
of the lumplike solitons breaks into a vortex pair again.
However, the configuration is different to the initial
one: the vortex (antivortex) is substituted by antivortex

(a) 70 (b) 70

=70 0 70
(c) 70

=70 0 70
(d) 70

=70 0 70 =70 0 70

Fig. 12 The evolution of the ring dark soliton. The initial con-
ditions take cos ¢(0) = 0.6, ec = 0.4, g(t) = 1, 2 = 0.028. (a)
The initial profile of ring dark soliton corresponds a light-color
plot ellipse with the length of semiminor axis Rop = 28.9. (b)—(d)
correspond to ¢t = 80, 400, 540 respectively. Reproduced from Ref.
[60], Copyright (© 2009 The American Physical Society.

(a) 70 (b) 70

(d)70

=70 0 70 =70 0 70

Fig. 13 Evolution of vortex pairs following Fig. 12 for (a)
t = 640, (b) ¢ = 660, (c) t = 680 and (d) ¢ = 1000. Repro-
duced from Ref. [60], Copyright © 2009 The American Physical
Society.

(vortex), just like the vortex and the antivortex passing
each other directly following the motion before the mer-
gence. Then the vortices and the antivortices keep on
moving, then collide and merge in the horizontal direc-
tion. The dynamical process repeats itself.
Furthermore, we found that the Feshbach resonance
can dramatically affect the dynamics of dark solitons.
We choose e. = 0, and g(t) ~ ae*! or g(t) ~ a=+sin(wt),
where a and w are arbitrary constant parameters. Our
results show that for the deep ring dark solitons, the Fes-
hbach resonance management remarkably changes the
evolution and the instability of solitons. Shown in Fig.
14(a), the black ring dark solitons break into 20 vortex
pairs; while in Fig. 14(b), there are only 4 pairs. What
is more interesting and more important are the cases in
which the lifetime of the RDS can be extended, such as
g(t) = 1—sin(wt), as shown in Table 2, where the lifetime
of RDSs corresponding to different modulation frequency

(a) 70 (b) 70

| &

=70 0 70 =70 0 70
Fig. 14 The snapshots of condensate with ring dark soliton under

0

the Feshbach resonance management. The parameters are given as
follows: (a) ec = 0, cos ¢(0) = 1, g(t) = 2 — sin(2£2¢) and t = 60
(= 15 ms); (b) ec = 0, cos$(0) = 1, g(t) = e~ ** and t = 100
(~ 25 ms). Other parameters are the same as Fig. 12. In the
former case the ring dark soliton will break into 20 vortex pairs,
while only 4 vortex pairs in the latter one. The total atom num-
ber is the same in these two plot, so for clearness, we use different
color scale. Reproduced from Ref. [60], Copyright © 2009 The
American Physical Society.
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of the FRM (w) is given [60].

3.2 Quantized quasi-two-dimensional Bose-Einstein
condensates

We also consider a BECs confined in a harmonic trap,
but with spatially modulated nonlinearity. In this case,
the GP equation reads as:

. 1 1
iy = =5 (Yaw + Pyy) + 50 + Y29 + gl Y)Y
(43)
where g(x,y) = 4mas(z,y) can be spatially inhomoge-
neous by magnetically tuning the Feshbach resonances.
Table 2 The lifetime of RDSs in the case of FRM reads g(t) =
1 — sin(wt). In this table, the lifetime refers to the time interval

between the start and the time point when snaking sets in. The
parameters are selected as ec = 0, cos ¢(0) = 0.76.

Frequency of FRM: w /Q Lifetime of RDS /ms

< 0.5 <15
0.6 17
0.8 43
1.0 45
1.5 16

> 1.7 <15

Now, we consider the spatially localized stationary so-
lution ¥ (z,y,t) = ¢(z,y)e # of Eq. (43) with ¢(z,y)
being a real function for lim|, |y|—oc ¢(7,y) = 0. Solv-
ing the stationary equation by similarity transformation
[61], we obtain a family of exact localized nonlinear wave
solutions for Eq. (43) as:

v = T oo, 02,4, (40
= DEVEEN g peint, =135, (45)

V2v

where k = 1/2/2 is the modulus of elliptic function, v is
a positive real constant, K (k) = fog (1 —k?sin®¢)~1/2dg
is elliptic integral of the first kind, 6,7 and g are deter-
mined by

0= (n+1)K(k)erf[vV2w (z +y) /2]
n = e "KummerU[—p/(2w),1/2,w (x —y)* /2] (46)

g(x,y) = —2wv/(mn*)e= v
here erf(x) = %foz e~7'dr is error function, and

KummerU(a, ¢, s) [62] is Kummer function of the second
kind which is a solution of ordinary differential equation
sA"(s) 4+ (¢ — s)A'(s) — adA(s) = 0. It is easy to see that
when |z|, |y] — oo we have ¢, — 0 for solutions v, in
Eqgs. (44) and (45) with Eq. (46), thus they are localized
bound state solutions.

From Eq. (46), we observe that the number of
zero points of function 7 is equal to that of function

KummerU[—z/(2w),1/2,w (z — y)* /2]. We assume the
number of zero points in 7 along line y = —z is [. In
the following, we will see that integer n is associated
with the energy levels of the atoms and integers n,[ de-
termine the topological properties of atom packets, so
n and [ are named the principal quantum number and
secondary quantum number in quantum mechanics. In
addition, the three free parameters w, ; and v are posi-
tive, so the dimensionless interaction function g(z,y) is
negative, which indicates an attractive interaction be-
tween atoms.

Figure 15 shows the density distribution of the quasi-
2D BECs with spatially modulated nonlinearities in har-
monic potential for [ = 0. It is easy to see that the matter
wave functions [Eq. (44)] satisfy 1, (—x, —y) = ¥n (2, y),
so they are even parity and are invariant under space
inversion. Figure 15(a)—(c) demonstrate the density pro-
files of the even parity wave functions [Eq. (44) with Eq.
(46)] for n = 0,2,4, which correspond to a low energy
state and two highly excited states. The matter wave
functions [Eq. (45)] satisfy o, (—x,—y) = —tn(x,y),
which denotes that they are odd parity. Figure 15(d)-
(f) demonstrate the density profiles of the odd parity
wave functions [Eq. (45) with Eq. (46)] for n = 1,3, 5,
which correspond to three highly excited states. It is ob-
served that when the secondary quantum number [ = 0,
the number of nodes along line y = x for each quantum
state is equal to the corresponding principal quantum
number n. Also, the number of density packets increases
one by one along line y = x when the n increases. This is
similar to the quantum properties in the linear harmonic
oscillator.

(b)

(c)

Fig. 15 The density distributions of the quasi-2D BECs for dif-
ferent principle quantum numbers n in the case of the secondary
quantum number | = 0. The parameters w,v are 0.02 and 0.1,
respectively. (a)—(c) show the density profiles of Eq. (44) for
n = 0,2, and 4, respectively. (d)—(f) demonstrate the density
profiles of Eq. (45) for n = 1,3, and 5, respectively. Reproduced
from Ref. [63], Copyright (© 2010 The American Physical Society.
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Next, when the principal quantum number n is fixed,
we tune the secondary quantum number [ to observe the
novel quantum phenomenon in quasi-2D BECs. In Fig.
16 we demonstrate the density distributions of quasi-2D
BECs for different secondary quantum number. Figure
16(a)—(d) show the density profiles of the even parity
wave function [Eq. (44) with Eq. (46)] for n = 0, and
1 =0,1,2 and 3, respectively. It is seen that the num-
ber of nodes for the density packets along line y = —x
is equal to the corresponding secondary quantum num-
ber [ which describes the topological patterns of the atom
packets, and the number of density packets increases one
by one when [ increases. Figure 16(e)—(h) show the den-
sity profiles of the odd parity wave function [Eq. (45)
with Eq. (46)] forn = 1 and I = 0,1, 2, 3. We see that the
number of density packets increases pair by pair when [

increases. The number of density packets for each quan-
tum state is equal to (n41) x ({+1), and all the density
packets are symmetrical with respect to lines y = +x, as
shown in Figs. 15 and 16 [63].

n=>0
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Fig. 16 The density distributions of the quasi-2D BECs in har-
monic potential for different secondary quantum number [. (a)-
(d) show the density profiles of the even parity wave function
Eq. (44) for principle quantum number n = 0, corresponding to
1=0,1,2,3. (e)—(h) show the density profiles of the odd parity
wave function Eq. (45) for n = 1, corresponding to [ = 0,1, 2,3.
The other parameters are the same as that of Fig. 15. Reproduced
from Ref. [63], Copyright (© 2010 The American Physical Society.

3.3 Quantized vortex solitons in quasi-two-dimensional
Bose-Einstein condensates

The scaled form of the NLSE is
iy = =V + g(r) [ * + V(r)y

where V2 is the 2D Laplacian. Assuming the stationary
wave function as ¥ (r,0,t) = ¢(r) exp(iS0 — iut), where 6
is the azimuthal angle, S an integer vorticity, and u the

chemical potential, then we can obtain the equation for
the real stationary wave function ¢(r):

po=—¢" —r1¢' +9(r)¢° + [STrT+V(r)] ¢

For S # 0, ¢(r) should vary as !5 at » — 0, which is
replaced by ¢'(r = 0) = 0 for S = 0. The localization
requires ¢(r = co) = 0.

After defining ¢(r) = p(r)U(R(1)),g(r) = gor =2 -
p~S(r), with R(r) = [ s~'p~2(s)ds, we can obtain

P+ 4+ (= V() — S22 p=Er2p~°
~d*U/dR? + goU® = EU

(47)
(48)

where FE and gg are constants. Then, we can con-
struct exact solutions to the underlying GP equation if
a solution to Eq. (47) is known, and the nonlinearity-
modulation profile admitting exact solutions is deter-
mined by p(r). From the view point of physics, p can-
not change its sign; further, it must behave as r~¢ with
a>1/3 at r — 0, and diverge (p — o0) at r — o0, so
that the nonlinearity strength is bounded and the inte-
gration in R(r) converges.

When E = 0, one can construct the exact VS solutions
for the attractive nonlinearity (go < 0), and Eq. (47) is
solvable. In the case of harmonic potential V = kr2,
p can be found in terms of the Whittaker’s M and W
functions [64]: p(r) = r~etM(u/4VE, |S|/2, VEr?) +
coW(u/4Vk,|S|/2,VEr?)], where the restrictions on p
require 1 < po = 2(1 4 |S|)VEk and ¢ > 0. On the
contrary, without the potential,(k = 0), p degenerates to
plr) = esTs (y/=ir) + caKs(y/=fir), with g < i = 0, I
and Kg being the modified Bessel and Hankel functions,
and the constants satisfying cscy > 0. In both cases, one
has p(r) ~ =18l at » — 0, hence g(r) ~ 79512 and
R(r) ~ 218l at r — 0, and p(r) — oo as 7 — co. Thus,
the respective nonlinearity is localized and bounded, and
R(r) is bounded too. To meet boundary conditions
#(0) = ¢(o0) = 0, an exact solution to Eq. (48) is chosen
as

U(R) = (nn/v/=go) cn (nnR — K(1/V?2), 1/\/5) (49)

where n = 2,4, 6, --- with n/2 being the radial quantum
number, n = K(v/2/2)/R(r = o), and K(1/v/2) is the
complete elliptic integral of the first kind.

From Eq. (49), it is easy to see that U(R) ~ R at
R — 0, which implies that the amplitude of the exact
VS is pU ~ 715l at » — 0. Thus, for given x, S, and non-
linearity strength go (and k, in the presence of the trap),
one can construct an infinite number of exact VSs with
n/2 bright rings surrounding the vortex core, as shown
in Fig. 17.

In order to investigate the linear stability of the ob-
tained solutions, we consider perturbed solutions in the
form of (r,0,t) = exp(iSO — iut)[p(r) + u(r) exp(irt +
iMO) + v*(r)exp(—iN*t — iM0)], where M is the
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Fig. 17 (a) Exact vortex solitons in the absence of the exter-
nal potential. Inset, the corresponding profiles of the nonlinearity
coefficient. (¢) Exact vortex solitons of different radial quantum
number n with S = 1. (b) and (d): The same as (a) and (c) when
the trapping potential is present, V = 0.0172, with c1,2 = 3. The
parameters are selected as c34 = —p = —go = 1. Reproduced
from Ref. [65], Copyright (© 2010 The American Physical Society.

azimuthal index carried by small perturbations v and
v. The stationary solutions are linearly unstable if at
least one pair of eigenvalue A of the matrix operator
(% 2, with Cy = d?/dr?+r~1d/dr—(S£M)?/r?—
29¢% 4+ —V and D = —g¢?, has an imaginary part. We
have found that without the external potential, all exact
VSs are subject to the azimuthal modulation instability.
The exact VSs with n = 2 may be stable in the presence
of the harmonic potential, if the chemical potential is
taken near the cutoff value pc, (see Fig. 18). We stress
that the mechanism supporting the stability in this case
is different from the usual situation, when the soliton’s
power is very small for the chemical potential approach-
ing the cutoff value, which makes the NLSE an effectively
linear equation [65].

* 1 0
mo.|5~ . (b) (c)_&2
; 0.1{ & =05 = —0.41
= 0.05- g = ’M_n_()_
0l L —_1 0 . -0.8 "
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-5 -3
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x x x

Fig. 18 (a) The largest instability growth rate for exact VSs
with the attractive nonlinearity. (b) The amplitude of the exact
VS (solid line) and (c) the corresponding SIN profile. (d) The
amplitude of the vortex perturbed by a random noise at ¢ = 0.
(e), (f) The amplitude and phase of the vortex at ¢ = 200. The
parameters are go = —1000, kK = 0.01, ¢c3 = c4 = 3, and p = 0.7,
S =3, tco = 0.8.

4 Conclusions

In summary, we have examined the controlled dynam-

ics of matter wave solitons in BECs with tunable in-
teractions and external potential. We present the in-
tegrable conditions for the one and two-dimensional
Gross-Pitaevskii equations, and obtain a family of ex-
act analytical solutions. The dynamics of soliton, ring
dark soliton, and vortex are investigated analytically
and numerically. Our results show that the dynamics
of the solitons can be effectively controlled by the Fes-
hbach resonance which offers a good opportunity for
the manipulation of atomic matter waves and nonlin-
ear excitations in BECs. We hope that these results
can stimulate studies of novel phenomena in nonlinear
complex systems in general and further studies of BECs
solitons in particular.
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