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The diffusive scaling is studied based on pomeron loop equations in the fixed coupling case. At
Y � YDS, the gluon number fluctuations become important, the geometric scaling is replaced by the
diffusive scaling. In the diffusive scaling regime, the deep inelastic scattering (DIS) total scattering
cross-section is a function of single variable ln[1/(r2Q2

s(x))]/
√
DY . We show that the deep inelastic

scattering experimental data lie on a single curve, which seems to indicate the existence of the
diffusive scaling phenomenology in the deep inelastic scattering.
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1 Introduction

There has been a tremendous theoretical progress in
understanding the high energy QCD evolution beyond
the mean field approximation, i.e. beyond the Balitsky–
Kovchgov (BK) equation [1–4], in last few years. It has
shown that the particle number fluctuations are impor-
tant in the evolution of the wave function of a hadron
from a dilute regime to a high density regime [5–7]. Also,
in Ref. [8] Iancu and Mueller found that the fluctuations
slow down the evolution of scattering amplitude near
the unitarity limit as compared to the scattering ampli-
tude resulting from the BK equation [1–4]. Mueller and
Shoshi have established in Ref. [9] a groundbreaking
work beyond the mean field approximation by extend-
ing the Kovchegov equation by taking into account the
discreteness of gluon numbers. They found that the dis-
creteness of gluon numbers brings in a large correction
for the rapidity dependence of the saturation momentum
and makes the scattering amplitude violate the geomet-
ric scaling. Their work has triggered further develop-
ments in small x physics. Later on a relation between
high energy QCD evolution and reaction diffusion pro-
cesses in statistical physics has been set up [10], which
shows that the results obtained in Ref. [9] are similar to
those emerging in the reaction diffusion processes in sta-
tistical physics. The outcomes in Ref. [10] clarify even
further that the discreteness of gluon numbers and the
gluon number fluctuations are very important in the low
parton density regime and are the new elements in the
course of the evolution [11].

Soon after the first breakthroughs in understanding
the high energy QCD evolution beyond the mean field
approximation, it was realized in Refs. [12–15] that both
the BK and the Jalilian–Marian, Iancu, McLerran, Wer-
get, Leonidov and Kovner (JIMWLK) equations [16–21]
do not properly describe the evolution of a wave function
of a hadron in the low parton density regime where the
fluctuations in gluon numbers become important, as they
include only the Pomeron splittings (BK) and Pomeron
mergings (JIMWLK) but not Pomeron mergings (BK)
and Pomeron splittings (JIMWLK), respectively (de-
pending upon the perspective from which one views the
evolution), therefore they miss the Pomeron loops in the
course of the evolution. The Kovchegov or JIMWLK
equations have been extended by Pomeron loops and
new equations have emerged, the so-called Pomeron loop
equations [12–14]. One of the main hallmarks of the
Pomeron loop equations is the so-called diffusive scaling
behavior of the scattering amplitude T , namely, T is a
function of a single variable ln[1/(r2Q2

s(Y ))]/
√
DY [22],

where D is the diffusion coefficient.
In this paper, we will simply review the dipole picture

of deep inelastic scattering in Section 2. The total cross-
section of a virtual photon scattering off a proton will be
computed in the dipole frame. In Section 3, we will recall
the geometric scaling property of the total cross-section
of the deep inelastic scattering, where the total cross-
section is a function of a single variable, r2Q2

s(Y ), instead
of depending on r and Y separately. The gluon num-
ber fluctuations and diffusive scaling will be discussed in
Section 4. It will show that in the case of gluon number
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fluctuation geometric scaling from the BK equation is
replaced by a new scaling, the diffusive scaling, namely
the total cross-section of the deep inelastic scattering is
a function of a single ln[1/(r2Q2

s(Y ))]/
√
DY . Finally, we

give the possible implication of diffusive scaling at deep
inelastic scattering in Section 5. We do see that the data
points lie on a single curve, which indicate the possible
diffusive scaling in the present available deep inelastic
scattering data.

2 Dipole picture of deep inelastic scattering

Deep inelastic scattering is a process wherein a virtual
photon is to be used as a hard probe to explore the
structure inside a proton and investigate its partonic con-
stitutes, like quarks and gluons which comply with the
law of perturbative quantum chromodynamics (QCD),
see Fig. 1. To compute the total cross-section of deep
inelastic scattering in high-energy limit, it is better to
view the deep inelastic scattering process in a particu-
lar frame called the projectile frame or target frame. To
simplify computation, we will do our work only in the
projectile (dipole) frame in this paper. I would like to
note that one can get the exact same results in the target
frame. In the projectile frame, the virtual photon fluc-
tuates into a colorless qq̄ pair, usually called a dipole,
which will interact with the target proton. The proba-
bility of a virtual photon fluctuation into a qq̄ dipole is
computable from QED, which is obtained via the qq̄ com-
ponent of the wave-function, ψ(r, z, Q2), of the virtual
photon. The wave-function depends on two-dimensional
vector r whose modulus is the transverse size of the
qq̄ dipole, virtuality Q2, and the longitudinal momen-
tum fraction z. It is easy to find the formulae of wave-
function, ψ(r, z, Q2), in the literature [23, 24]

|ψ(f)
T (r, z, Q2)|2 = e2f

αeNc

2π2
{[z2 + (1 − z)2]Q̄2

f

·K2
1 (rQ̄2

f ) +m2
fK

2
0 (rQ̄2

f )} (1)

|ψ(f)
L (r, z, Q2)|2 = e2f

αeNc

2π2
4Q2z2(1 − z)2K2

0(rQ̄2
f ) (2)

where the ef and mf denote the charge and mass of the
quark with flavor f and Q̄2

f = z(1 − z)Q2 +m2
f .

Fig. 1 Deep inelastic scattering.

Now, let us compute the total cross-section of the deep

inelastic scattering. In terms of the optical theorem we
know that the total cross-section is related to the elastic
scattering of the virtual photon. In the dipole frame the
deep inelastic scattering proceeds as: the virtual photon
splits into a dipole with transverse size r, then it scat-
ters elastically with the target proton at a given impact
parameter b; finally, the dipole recombines back into the
virtual photon. The overlap function, φλ, in the calcula-
tion of the total cross-section is

φλ(r, z, Q2) = Nc

∑

f

[ψ(f)(r, z, Q2)]∗ψ(f)(r, z, Q2) (3)

where λ denotes the polarization orientation of the vir-
tual photon. In the fixed impact parameter b case, the
total cross-section is the given by

dσtot

d2b
(x,Q2) = 2

∫
d2r

∫ 1

0

dz
∑

λ=T,L

φλ(r, z, Q2)

·Tqq̄(r, b, x) (4)

The interesting ingredient for us in Eq. (4) is the scatter-
ing amplitude, Tqq̄(r, b, x), of the qq̄ dipole of size r off
the proton at impact parameter b. The x dependence of
the Tqq̄(r, b, x) reflects the fact that in the dipole frame,
the proton carries all the energy and is evolved up to
rapidity, Y = ln(1/x).

3 Geometrical scaling

The evolution equation obtained in the mean field ap-
proximation is the Balitsky–Kovchegov (BK) equation
[1–4],

∂

∂Y
T (x⊥ − y⊥, Y ) =

αNc

2π2

∫
d2z⊥

· (x⊥ − y⊥)2

(x⊥ − z⊥)2(z⊥ − y⊥)2

·[T (x⊥ − z⊥, Y )T (z⊥ − y⊥, Y )

−T (x⊥ − y⊥, Y )] (5)

where x⊥ − y⊥ is the transverse size of initial quark-
antiquark dipole, and x⊥ − z⊥ and z⊥ − y⊥ denote the
size of two daughter dipoles decayed from the initial qq̄
dipole. The BK equation gives the rapidity evolution of
the scattering amplitude, T (x⊥ − y⊥, Y ), of a qq̄ dipole
off a target which can be another dipole, a hadron or a
nucleus. The BK equation is a simple equation to deal
with the onset of unitarity and to study parton satura-
tion phenomena at high energies. The analytic solution
to the fixed coupling BK equation for the T deep in the
saturation regime has been derived by Levin and Tuchin
[25]. This solution agrees with the one derived by solving
the BK equation in the small T limit [26, 27].

One of the hallmarks of the BK equation is the geo-
metrical scaling behavior of the T in large kinematical
windows,
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T (r, b, x) = S(b)T (r2Q2
s(x)) (6)

with the saturation momentum Qs(x) defined by T (r �
1/Qs, x) to be constant of order 1. Equation (6) shows
that at small values of x, instead of being a function
of a priori two variables r and x, T (r, b � 0, x) is
actually a function of a single variable r2Q2

s(x) up to
an inverse dipole size significantly larger than the sat-
uration scale Qs(x). In Eq. (6), we introduce the im-
pact parameter dependence via a profile function S(b).
Usually, S(b) = exp(−b2/R2

p) with transverse radius of
the proton, Rp. Actually, the impact parameter con-
tributes only to the normalization via a constant factor∫

d2bS(b) = C.
The geometric scaling behavior in Eq. (6) indicates a

similar geometric scaling for the deep inelastic scattering
total cross-section

σtot(x,Q2) = σtot(τ) (7)

with

τ = Q2/Q2
s(x) (8)

The geometric scaling has been confirmed by HERA data
with Qs(x) given by

Q2
s(x) = Q2

0

(
x

x0

)λ

(9)

with reference scale Q0 = 1 GeV, and the parameters
x0 = 3.04 × 10−4 and λ = 0.288 [29]. Figure 2 shows
that the total cross-section σtot is a function of τ . The
data are taken from different experiments with x < 0.01,
the ZEUS [30, 31], H1 [28], E665 [32] and NMC [33] col-
laborations. The data lie on the same curve except serval
data points taken from the E665 experiment.

4 Gluon number fluctuations and diffusive
scaling

One of shortcomings of the BK equation is that the BK

Fig. 2 The total cross-section σtot is a function of a single vari-
able τ . The experimental data take from ZEUS, H1, E665 and
NMC collaborations.

equation does not include fluctuations. However, it took
some time to realize that the Balitsky–JIMWLK [1, 2,
16–21] equations also miss them. It turned out that
the Balitsky–JIMWLK equations do include linear evo-
lution (Balitsky–Fadin–Kuraev–Lipatov evolution) [34,
35], and pomeron mergings but not pomeron splittings
[36]. It was shown that the BK equation and Balitsky-
JIMWLK equations are equivalent to each other [37].
Therefore, both of them do not include gluon number
fluctuations. After realizing absent fluctuations in the
BK equation and Balitsky–JIMWLK equations, the so-
called pomeron loop equations have been constructed
to account for pomeron splitting or fluctuation in gluon
numbers.

4.1 Pomeron loop equations

When one takes into account the Pomeron loop effects
in the high energy QCD evolution, the Pomeron loop
equations can be written as [14]:

∂〈T (x⊥, y⊥)〉Y
∂Y

=
ᾱs

2π

∫
d2z⊥{Mx⊥y⊥z⊥ ⊗ 〈T (x⊥, y⊥)〉Y −M(x⊥, y⊥, z⊥) · 〈T (2)(x⊥, z⊥; z⊥, y)〉Y }

∂〈T (2)(x⊥1, y⊥1;x⊥2, y⊥2)〉Y
∂Y

=
ᾱs

2π

∫
d2z⊥ {[Mx⊥1,y⊥1,z⊥ ⊗ 〈T (2)(x⊥1, y⊥1;x⊥2, y⊥2)〉Y − M(x⊥1, y⊥1, z⊥)

· 〈T (3)(x⊥1, z⊥; z⊥, y⊥1;x⊥2, y⊥2)〉Y
]

+ [1 ↔ 2]} +
∂〈T (2)(x⊥1, y⊥1;x⊥2, y⊥2)〉Y

∂Y

∣∣∣∣
fluct

· · · (10)

with

∂〈T (2)(x⊥1, y⊥1;x⊥2, y⊥2)〉Y
∂Y

∣∣∣∣
fluct

=
(αs

2π

)2 ᾱs

2π

∫
d2u⊥d2υ⊥d2z⊥M(u⊥, υ⊥, z⊥)

·Add(x⊥1, y⊥1|u⊥, z⊥)Add(x⊥2, y⊥2|z⊥, υ⊥)

·∇2
u⊥∇2

υ⊥〈T (u⊥, υ⊥)〉Y (11)

where the dipole kernel is

M(x⊥, y⊥, z⊥) =
(x⊥ − y⊥)2

(x⊥ − z⊥)2(z⊥ − y⊥)2
(12)
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and

Mx⊥,y⊥,z⊥ ⊗ f(x⊥, y⊥) ≡ M(x⊥, y⊥, z⊥) [−f(x⊥, y⊥)

+f(x⊥, z⊥) + f(z⊥, y⊥)]

(13)

and Add is the amplitude for dipole–dipole scattering
and for a large Nc

Add(x⊥, y⊥|u⊥, υ⊥)=
α2

s

8

[
ln

(x⊥−υ⊥)2(y⊥−u⊥)2

(x⊥−u⊥)2(y⊥−υ⊥)2

]2

(14)

Here, x⊥, y⊥, z⊥, u⊥ and υ⊥ are the transverse coordi-
nates of the dipoles.

We would like to note that the Pomeron loop equa-
tions can equivalently be written as a single stochastic
equation of Langevin type [14],

∂TY (x⊥, y⊥)
∂Y

=
ᾱs

2π

∫
d2z⊥[Mx⊥,y⊥,z⊥ ⊗ TY (x⊥, y⊥)

−M(x⊥, y⊥, z⊥)TY (x⊥, z⊥)

· TY (z⊥, y⊥)] +
∂TY (x⊥, y⊥)

∂Y

∣∣∣∣
fluct

(15)

with the noise term

∂TY (x⊥, y⊥)
∂Y

∣∣∣∣
fluct

=
αs

2π

√
ᾱs

2π

∫
d2u⊥d2υ⊥d2z⊥

·Add(x⊥, y⊥|u⊥, z⊥)
|u⊥ − υ⊥|
(u⊥ − z⊥)2

·
√
∇2

u⊥∇2
υ⊥TY (u⊥, υ⊥)ν(u⊥, υ⊥, z⊥, Y ) (16)

where the noise satisfies

〈ν(u⊥1, υ⊥1, z⊥1, Y )ν(u⊥2, υ⊥2, z⊥2, Y
′)〉

= δ(2)(u⊥1 − υ⊥2)δ(2)(υ⊥1 − u⊥2)

·δ(2)(z⊥1 − z⊥2)δ(Y − Y ′) (17)

The noise term clarifies that the Pomeron loop equations
take into account gluon number fluctuations.

4.1 Correspondences between high density QCD and
statistical physics

Consider a dipole with variable size r0 scattering off an-
other dipole with size r1. In the dipole frame, the tar-
get carries all the available rapidity Y . Let us denote
T (r1, r0, Y ) to be the scattering amplitude of the dipole
(projectile) off a particular partonic realization |χ〉 of
another dipole (target). In this case, the T (r1, r0, Y ) is
a random variable, whose probability distribution is re-
lated to the stochastic ensemble of dipole configurations
endowed with a probability distribution which evolves
with Y according to a master equation [12]. Therefore,
the high energy parton evolution process can be viewed
as a statistical process which is inspired by the reaction-
diffusion process in statistical physics. The physical

dipole-dipole scattering amplitude T̄ (r1, r0, Y ) is given
by averaging over all possible dipole realizations of the
target at rapidity Y [10],

T̄ = 〈T ((ρ− ρs(Y ))〉
=

∫
dρs T (ρ− ρs(Y )) P (ρs(Y ) − 〈ρs(Y )〉) (18)

where ρs(Y ) obeys Gaussian distribution [38, 39]:

P (ρs) � 1√
πσ2

exp

[
− (ρs − 〈ρs〉)2

σ2

]
(19)

with ρ = ln(r20Q2) and ρs = ln(r20Q2
s).

The gluon number fluctuations in the dilute regime re-
sult in fluctuations of the saturation scale from event to
event, with the variance σ of the saturation scale

σ2 = 〈ρ2
s〉 − 〈ρs〉2 = DY (20)

from numerical simulations of statistical models. ρs =
ln(r20Q2

s(Y )) is the position of the front. D is the dif-
fusion coefficient, whose value is known only for α → 0
[12]. To calculate the physical amplitude, we average
the event-by-event scattering amplitude over all possible
gluon number realizations [12, 22], which leads to a re-
placement of the geometric scaling resulting from the BK
equation by a new scaling, the diffusive scaling, namely,
〈T (r, Y )〉 is a function of a single variable [40]

〈T (r, Y )〉 = f

(
ln(r2Q2

s(Y ))√
DY

)
(21)

Now look at a dipole scattering off a highly evolved
hadron in the diffusive scaling and geometric scaling re-
gion. In order to interpret the relevant physics in these
two regions, let us look at the phase diagram of the
hadron in the high energy limit shown in Fig. 3, where
the longitudinal coordinate, Y = ln(1/x), is the rapidity
of the hadron, transverse coordinate, ρ, is the logarithm
of the transverse momentum of the gluons inside the
hadron, and 〈ρs〉 is the averaged saturation line. The
area at the left of the saturation line, ρ < 〈ρs〉, is the
saturation region with high density large size gluons, of
order 1/αs, or T ∼ 1, where the non-linear effect becomes

Fig. 3 The phase diagram of highly evolved hadron system [42].
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important. At regime ρ � 〈ρs〉, the gluon density is
low, where neither saturation nor fluctuation effects are
important. The scattering amplitude shows color trans-
parency in this region. There are two different regions
within the transition region (see shadowing region in Fig.
3) which are separated by the rapidity scale YDS, the
geometric scaling regime and diffusive scaling regime,
respectively. The dynamics of the QCD evolution are
different in these two regions. At Y 
 YDS, the disper-
sion is small σ2 
 1, the effects of fluctuations can be
neglected, and the evolution of the hadron is described
to a good approximation by the BK equation. While
at Y � YDS, where σ2 � 1, the fluctuations become
important and the geometric scaling is replaced by the
diffusive scaling [22, 41].

4 Possible diffusive scaling in deep inelastic
scattering

We will now test the prediction Eq. (21). In order to
study the diffusive scaling, we take the parameters, like
diffusive coefficient D, saturation exponent λ, x0, from
Ref. [22]. In Ref. [22], the authors fitted the HERA
experimental data by using the gluon number fluctua-
tions effect on top of the Iancu, Itakula, Munier (IIM)
model [43]. They found a sizeable value of diffusion coef-
ficient, D = 0.325. This value is very close to the values
found for D in the numerical solution of the pomeron
loop equations [44] and in the (1+1) dimensional toy
model [45]. The sizable value of D might indicate pos-
sible gluon number fluctuation existence in HERA data,
which implies possible diffusive scaling in the available
experimental DIS data, such as ZEUS, H1, E665 and
NMC data.

The diffusive scaling behavior in Eq. (21) indicates a
similar diffusive scaling for the deep inelastic scattering
total cross-section

σtot(x,Q2) = σtot(τ) (22)

with

τ =
ρ− 〈ρs〉√

DY
(23)

By fitting the HERA data, one can get

Q2
s(x) = Q2

0

(
x

x0

)λ

(24)

with reference scale Q0 = 1 GeV, and the parameters
x0 = 9.5 × 10−7 and λ = 0.198. We would like to note
that these group of data come from fitting the experi-
mental data by only taking into account the light quarks
(u,d,s) contribution. The left panel of Fig. 4 shows that
the total cross-section σtot is a function of τ . The data
are taken from different experiments with x < 0.01,
ZEUS [30, 31], H1 [28], E665 [32] and NMC [33] collabo-
rations. The data lie on the same curve, which indicates
the possible diffusive scaling in the present available deep
inelastic scattering data.

To study the heavy quarks contribution to the DIS to-
tal cross-section, the authors of Ref. [22] took the charm
and bottom quarks into account, when they fitted the
HERA data with the gluon number fluctuations effect on
top of the IIM model. After including the heavy quarks
contribution, they got x0 = 1.7 × 10−7, λ = 0.162 and
D = 0.1105. Now, we use this group of parameters to
study the diffusive scaling in the deep inelastic scatter-
ing. The result is shown in the right panel of Fig. 4.
Again, the data lie on a single curve, implying the pos-
sible diffusive scaling existence in the present available
deep inelastic scattering data.

Note that with present available DIS experimental
data we can not conclude the diffusive scaling in DIS,
since the collision energy is not high enough and the ge-
ometric scaling is still important as present data. We be-
lieve that as collision energies increase the gluon number
fluctuations would become clearer, which would lead to
clearer diffusive scaling behavior. The LHC will provide
a good opportunity to test whether the diffusive scaling

Fig. 4 The total cross-section is a function of a single variable, τ . The left panel denotes the total cross-section with only
light quarks contribution. The right panel expresses the total cross-section with both light and heavy quarks contribution.
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is suitable for the description of the experimental data
at LHC energies.
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