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Using the Hamilton—Jacobi method, Hawking radiation from the apparent horizon of a dynamical
Vaidya black hole is calculated. The black hole thermodynamics can be built successfully on the
apparent horizon. If a relativistic perturbation is given to the apparent horizon, a similar calculation
can also lead to a purely thermal spectrum, which corresponds to a modified temperature from the
former. The first law of thermodynamics can also be constructed successfully at a new supersurface
which has a small deviation from the apparent horizon. When the event horizon is thought as such a
deviation from the apparent horizon, the expressions of the characteristic position and temperature
are consistent with the previous result that asserts that thermodynamics should be built on the
event horizon. It is concluded that the thermodynamics should be constructed on the apparent
horizon exactly while the event horizon thermodynamics is just one of the perturbations near the
apparent horizon.
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1 Introduction

As is well known, Hawking radiation [1, 2] of black holes
is exactly black body spectrum, which takes nothing
out of the black hole. According to black hole ther-
modynamics [3, 4], the surface gravity is regarded as
temperature and the area of event horizon is regarded
as entropy. Thinking of a static or stationary black
hole, the thermodynamics can be constructed on the
event horizon successfully. Because the apparent horizon
and the event horizon are coincident with each other in
static or stationary circumstances, we cannot exactly tell
where Hawking radiation comes from; apparent horizon
or event horizon? Thinking of a dynamical Vaidya black
hole, where does Hawking radiation come from after all?
There are two main viewpoints in the previous works.
Balbinot, Zhao, and Vagenas et al. [5-7], have proposed
that Hawking radiation is from the event horizon. On
the other hand, Fodor, Hajicek, Collins [8-10] consid-
ered that the radiation is from the apparent horizon.

In this paper, using Hamilton—Jacobi method [11, 12],
we will investigate a dynamical Vaidya black hole, where
the apparent horizon separates from the event horizon.

After calculation, we have obtained that the first law
of thermodynamics can be constructed successfully at
the apparent horizon. In the meantime, considering a
relativistic perturbation near the apparent horizon, we
can also construct successfully the first law of thermo-
dynamics on a new supersurface near the apparent hori-
zon. The thermodynamics near the apparent horizon can
be regarded as the perturbation from the apparent hori-
zon. Keeping in mind the thermodynamics on the event
horizon, we found that the event horizon exactly can be
thought of as one of such perturbations.

The paper is organized as follows. In Section 2, we will
introduce the Vaidya black hole in detail. In Section 3,
Hamilton—-Jacobi method will be used to calculate Hawk-
ing radiation from the apparent horizon of a Vaidya black
hole. In Section 4, we will try to obtain Hawking radi-
ation near the apparent horizon after perturbation. In
the end, some conclusions and comments are given. We
will use units ¢ = G = h = kg = 1 throughout this
paper.

2 The Vaidya black hole

The line element of a Vaidya black hole is as follows:
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ds? = — [1 — Qm—(v)}va + 2dvdr
r

+r2(d6? + sin” Odp?) (1)

where m(v) is the mass of black hole and v is Eddington—
Finkelstein advanced time coordinate.
It is easy to calculate the inverse matrix of g, as:

0 1 0 0
1 1-=2m(v)/r 0O 0
o
7= 1o 0 2 0 @)
0 0 0 7 2sin 26
The event horizon rgy satisfies the null supersurface
condition
af(r,v) 9f(r,v)
K =0 3
g oxH oxv (3)
Considering Eq. (3) and f(r,v) |rg,= 0, we have
- 2m(v) | - (1 — 27;EH)2
e e )
L (4)
T | _ (1 — 2TEH)
e 8mm(v)

The time-like limit surface r1,g satisfies

oo = — [1 - 2’"(“)} =0
r
so we get
rrLs = 2m(v) (5)

The apparent horizon is the outermost marginally
trapped surface, and it is the beginning of one-way space
time area. According to the derivative geometry, it can
be defined by the expansion

O=1t k=0 (6)

where k = n#1¥l,,, = n'l¥ (l#_,,, — F;j,/lg) is surface grav-
ity of the horizon.

In order to calculate the apparent horizon, we need to
choose a null tetrad frame as:

1 2
n, = (1,0,0,0), 1M=<§(1—Tm),—1,0,0)
1 .
my = 5(0,0,r,1rsm9) (7)
_ 1 o
my, = 5(0,0,7’,717’31119)

So the contravariant forms of the basis vectors are
J
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1 2m

»=1(0,-1,0,0 w=11,=(1-——1,0,0
w = 0.-10.0), = (13 (1-2) 00)
m“\/Ir_l 0,0,1, —— (8)

V2 77 sinf

1 i

Tt = 42t 1. —
i \/;T (O’O” sin9>

It is obvious that they satisfy the condition of null
tetrad frame
nunt = [0 =m,m" =m,m" =0
nylt = —m,m" =1
nymt =n,m" =1,m'" =[,m" =0
Putting Eq. (7) and Eq. (8) into Eq. (6), we can obtain
rang = 2m(v) (9)

According to Ref. [8], the surface gravity at the apparent
horizon is
1

K |ran= M

(10)

3 Hamilton—Jacobi method

Thinking of a scalar particle moving in spacetime, un-
der semi-classical approximation, the classical action [
of the particle satisfies the relativistic Hamilton—Jacobi
equation [11, 12]:
"0, 10,1 + m* =0 (11)

Usually, due to the symmetries of the metric, one is
looking for a solution in the form
I=—Ev+W(r)+J(0,)
As a consequence, we have
Ol =—E, 01=W'(r)
(12)
0ol = Jy, 0,1 =Jy,

where Jy and J, are constants (some of them may be
chosen to be zero).

Putting Eq. (2) and Eq. (12) into Eq. (11), the
Hamilton—Jacobi equation can be rewritten as:

{1 - 2m—(”)} W'2(r) —2EW'(r) +r2J3

r
+r 2sin"? 9J3, +m?=0

so we get

W'(r) =

E+ \/E2 - [1 - —2”;@)} (r2J2 + r=2sin "2 0J2 + m?)

1—2m(v)/r

Considering 1 — 2m(v)/r = 0 near the apparent hori-
zon and F is positive, we can only consider the “+” case
in Eq. (13) as the “—” case is not meaningful, so we have

2F
I—*E’UﬁL/WdTﬁLJ(G,QO)

The residue theorem tells us that
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ImI=ImW = 4mm(v)E = 2nrauF (14)

and the semi-classical emission rate, including the lead-
ing term linear in F/, reads

I = e—QImI _ e—87rm('u)E BE

= e_
We can easily get Hawking temperature as: follows:

1 1 K
Tan=—=— =

16 B stm(v)  2m (15)

4 Fluctuation around the apparent horizon

To investigate Hawking radiation from the supersurfaces
near the apparent horizon ' = ray (14 §), where 0 is
an infinitesimal parameter, we define a new radial coor-
dinate as follows:

1
R:rf§5~v

so Eq. (1) can be changed into

2m(v)

ds? = — {1 — - 5} dv? + 2dvdR

+72(d6? + sin” dp?) (16)
So we get the new supersurface
" =rau(l+4)

If we use Hamilton—Jacobi method to calculate the
classical action I of a scalar particle as Section 3, we

obtain
I = tmw = 7m0
(1+49)2 (17)
o402, (149)
am(v) ’ 8mm(v)

The area of the hypersurface v’ can be regarded as the
entropy of the black hole thermal system

/71 r 2 47Tm2(v)
S —4A =7r _7(1—1—6)2

Obviously, they obey the first law of thermodynamics

(18)

as:

sier . (146)? 8mm(v) B

Therefore, we can construct thermodynamics on the new
surface near the apparent horizon.

Letting 6 = —27gy, we have
2 1 — 27gn)>
' = 7m(v) =rgu, K = 7( *en) = KEH
1 —2rgn 4dm(v) (20)
1 — 2/gn)>
T/ — ( TEH) — TEH

8mm(v)
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Apparently, they are the same with the thermodynamics
on the event horizon [5, 6].

5 Conclusions and comments

Using the Hamilton-Jacobi method, we have calculated
the emission rate from the apparent horizon of a Vaidya
black hole. We found that the emission rate satisfies
Boltzmann distribution e~ #¢ with inverse temperature
B = 8mwm(v). In addition, the black hole thermodynamics
can be founded successfully on the apparent horizon and
this is consistent with the conclusions in previous works
[8-10]. When considering a relativistic perturbation on
the apparent horizon, we have concluded that black hole
thermodynamics can also be constructed successfully on
the new supersurface. If § = 27gy, the new supersur-
face under relativistic perturbation ' = 2m(v)(1+46) is
exactly the event horizon of a Vaidya black hole.

The event horizon thermodynamics is just one of the
perturbations near the apparent horizon. In fact, Hawk-
ing radiation comes from the apparent horizon. For
a Vaidya black hole, the apparent horizon is also the
infinite red-shift surface. Therefore, we need to study
more general and complicated cases, such as the Kerr—
Newman black hole.
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