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We investigate the dynamic characteristics of metamaterial systems, such as the temporal coherence gain

of the superlens, the causality limitation on the ideal cloaking systems, the relaxation process and essential

elements in the dispersive cloaking systems, and the extending of the working frequency range of cloaking

systems. The key point of our study is the physical dispersive properties of metamaterials, which are

well-known to be intrinsically strongly dispersive. With physical dispersion, new physical pictures can be

obtained for the waves propagating inside metamaterial, such as the “group retarded time” for waves inside

the superlens and cloak, the causality limitation on real metamaterial systems, and the essential elements

for design optimization. Therefore, we believe the dynamic study of metamaterials will be an important

direction for further research. All theoretical derivations and conclusions are demonstrated by powerful

finite-difference time-domain simulations.
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1 Introduction

Materials whose permittivity ε and permeability μ are
simultaneously negative are found to possess a nega-

tive refractive index n with many unusual properties
[1]. Negative-n metallic resonating composites and two-
dimensional (2-D) isotropic negative-n material have
been constructed [2, 3], and negative light refraction was
observed [4]. The unconventional properties of such ma-
terials, such as the evanescent wave being able to be
amplified by negative-n so that the sub-wavelength res-
olution can be achieved [11, 12], have drawn an increas-
ing amount of attention in both science and engineering
[7]. After negative-n material, more such unconventional
materials are found, so that a new concept “metamate-
rial” is generated, which is an effective medium both for
the permittivity εper and for the effective permeability
εeff over a certain finite frequency band. Such physi-
cal media are composed of distinct elements (photonic
atoms) which are generally constructed by metallic ma-
terial, and their size and spacing are on a scale much
smaller than the wavelengths in the frequency range of
interest. Thus, the effective composite media can be con-
sidered homogeneous at the wavelengths under consider-
ation. Because of their abnormal properties which can
even go beyond the traditional physical limit and to-
tally new optical phenomena, metamaterial has become
one of the hottest topics in modern photonics. However,
many of the current studies on metamaterials are mainly
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concentrated on the stationary state, in which only the
single-frequency properties are considered in the study.
It is understandable since the stationary state is most
important because it represents the stable working state
of metamaterial, and the studies of stationary state are
much easier than others, i.e., the dynamic studies. How-
ever, without dynamic studies, many basic questions of
stationary state cannot be answered, such as, “How can
the field get to its stable state?”, “Is there any strong
scattering or oscillation in the process?”, “How long is
the relaxation process?” and “What is the system re-
sponse if the incidence is a pulse?”. Furthermore, some
physical topics that are intrinsically dynamic, for exam-
ple, the temporal coherence change in propagation, the
tuning of cavity frequency, and the nonlinear response,
etc.. The essential point of the difference between the
dynamic study and the stationary study is whether the
dispersion of metamaterial is neglected. For common di-
electric material, if the dispersion is very weak in the
frequency range of interest, the stationary study can
give us a pretty clear physical picture to understand
the optical properties. However, we know that meta-
materials are usually highly dispersive in the window of
the work frequency, i.e., for the thin wire medium the
permittivity can be described by the effective dielectric
function εeff = 1 − ω2

p/ω2 with the plasma frequency
ωp related to the geometry of the wire array with typ-
ical value ωp ∼ 8.2 GHz and for the SRR medium the
effective frequency-dependent permeability, usually hav-
ing the form μeff = 1 − Fω2

0/(ω2 − ω2
0 − iωΓ ) [8]. The

deeper physical reason is that the strong interaction be-
tween electromagnetic field and “photonic atoms” is the
origin of almost all abnormal optical properties of meta-
material, and it is the origin of the strong dispersion too.
In other words, strong dispersion and the abnormal op-
tical property are twins with the same origin. Therefore,
it is not a surprise that the dispersion is generally needed
to explain those abnormal optical properties, such as the
negative refraction of negative-n material. More seri-
ously, if the specific strong dispersion of a certain meta-
material is neglected, the violation of the basic physical
laws is pointed out, i.e., it can be deduced that there ex-
ists causality violation, such as the superluminal group
velocity in cloaking systems [9] and hyper-lens systems
[10]. Hence, the study with dispersion of metamaterial
is not only needed, but also required. Although for a
linear system we can obtain the dynamic picture theo-
retically if we know the response of the system at all fre-
quency range for the strongly dispersive metamaterial,
is so hard that the dynamic response needs to be stud-
ied specifically. In these dynamic studies, the numerical
simulation is an important tool to obtain direct observa-
tion of the details. The well-developed finite-difference
time-domain (FDTD) method is a good candidate for
the dynamic simulation of metamaterials.

In this paper, we will emphasize the dynamic picture
of metamaterial systems, such as the superlens and the
electromagnetic cloak. As we have discussed, the disper-
sion of metamaterial is the key to the whole study. From
dynamic studies, we will not only reveal the deeper phys-
ical pictures of metamaterial systems, but also discuss
the physical limitation in these systems. The paper is
organized as follows.

In Section 2, the image field of the negative-index su-
perlens with a quasi-monochromatic random source is
discussed, and dramatic temporal-coherence gain of the
image in the numerical simulation is observed, even if
there is almost no reflection and no frequency filtering
effects. From the new physical picture, a theory is con-
structed to obtain the image field and demonstrate that
the temporal coherence gain is from different “group” re-
tarded time of different optical paths. Our theory agrees
well with the numerical simulation and strict Green’s
function method. This study should have important con-
sequences in the coherence studies in the related systems
and the design of novel devices.

In Section 3, the dynamic processes of the dispersive
cloak by finite-difference time-domain numerical simula-
tion are carried out. It is found that there is a strong
scattering process before the stable state is achieved and
its time length can be tuned by the dispersive strength.
Poynting-vector directions show that the stable cloak-
ing state is constructed locally while an intensity front
sweeps through the cloak. Deeper studies demonstrate
that the group velocity tangent component Vgθ is the
dominant factor in the process. This study is helpful
not only for clear physical pictures but also for designing
better cloaks to defend passive radars.

In Section 4, the limitation of the electromagnetic
cloak with dispersive material is investigated based on
causality. The results show that perfect invisibility can-
not be achieved because of the dilemma that either the
group velocity Vg, diverges or a strong absorption is im-
posed on the cloaking material. It is an intrinsic conflict
which originates from the demand of causality. However,
the total cross section can really be reduced through the
approach of coordinate transformation. A simulation of
FDTD method is performed to validate the analysis.

In Section 5, we investigate the optical properties
of the interface between the anisotropic metamaterial
with hyperbolic dispersion and the isotropic dielectric.
With material dispersion, a comprehensive theory is con-
structed, and the hyperlens effect that the evanescent
wave can be converted into the radiative wave is con-
firmed. At the inverse process of the hyperlens, we find
a novel mechanism to compress and stop (slow) light at
wide frequency range, which can be used as a removable
memory or a light trap.

In Section 6, based on the transformation optics,
a general method of light-behavior remote control is
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proposed. From this method, the important coefficients
of a cavity, i.e., the quality factor Q and the resonant
frequency ω0 can be tuned in a wide range by a transfor-
mation optical device in distance, so that the light behav-
ior can be remotely controlled. To confirm this original
idea, three schemes, such as the remote modification of
output energy current from an absorptive cavity, the re-
mote control of lasing behaviors, and the remote tuning
of the resonant frequency or photonic band-gap, are pre-
sented and confirmed by our numerical simulations based
on finite-difference time-domain and finite-element meth-
ods. With some special advantages, e.g., without phys-
ical change or damage of original devices, large tuning
range, and easily hidden controller, this method can be
widely used in optical/photonic or electromagnetic de-
signs in the future.

2 The temporal coherence gain of the

negative-index superlens image

Veselago predicted that the negative-index material
(NIM) has some unusual properties, for instance, the
flat slab of the NIM could function as a lens for elec-
tromagnetic (EM) waves [1]. This research direction
was further pushed by works of Pendry and others [4–6,
11–28] who showed that the lens with such NIM (i.e.,
ε = μ = −1 + δ) could be a superlens whose image
resolution can go beyond the usual diffraction limit. Af-
ter that, several beyond-limit properties of NIM systems
are found, such as, the sub-wavelength cavity [29] and
the waveguide [30, 31]. Some of the theoretical results
are confirmed by experiments [4–6, 16, 17]. Also, these
beyond-limit properties give us new physical pictures and
opportunities to design devices. Recently, new numerical
[18–20] and theoretical Green’s function [21, 22] methods
were used to understand the phenomena in such systems.
But so far almost all studies are done with the strictly
single-frequency sources, so that the coherent properties
of EM waves (or photons) in the NIM systems have not
been studied to the best of our knowledge. Even more
seriously, there is no theory for the propagation of co-
herent functions in NIM systems. The importance of
coherence research cannot be over-estimated since co-

herence is essential in wave interference, imaging, signal
processing and the telecommunication [32–34]. Can we
find a new frontier to go beyond at the coherent prop-
erties in NIM systems? If so, can we develop a simple
theoretical method to deal with the image coherence of
the superlens?

In this section, the FDTD method is used in the
2-D numerical experiments to study the temporal co-
herence of the superlens image with random quasi-
monochromatic sources. We observe the dramatic
temporal-coherence gain of the superlens image even
if the reflection and frequency-filtering effects are very
weak. Basing on the new physical picture of the signal
(the fluctuation of random source) propagation in NIM,
we construct a theory to obtain the image field and derive
the equation of the temporal-coherence relation between
the source and its image. The new mechanism of the
temporal-coherent gain can be explained by the key idea
that the signals on different paths have different “group”
retarded time. Our theory agrees completely with nu-
merical results and the strict Green’s function results.

The setup of the 2-D system is shown in Fig. 1. The
thickness of the infinitely-long NIM slab is d. To re-
alize the negative ε and negative μ, the electric polar-
ization density P and the magnetic moment density M

are phenomenologically introduced in FDTD simulation
[35]. The effective permittivity and permeability of the
NIM are εr(ω) = μr(ω) = 1 + ω2

P /(ω2
a − ω2 − iγ). In

our model, ωa = 1.884 × 1013/s, γ = ωa/100, ωP =
10 × ωa. The quasi-monochromatic field is expressed as
E(x, t) = U(x, t) exp(−iω0t), where U(x, t) is a slowly-
varying random function, ω0 = π/20δt is the central fre-
quency of our random sources and δt = 1.18 × 10−15s
is the smallest time-step in FDTD simulation. At ω0,
we have εr = μr = −1.00 − 0.0029i. Here, we empha-
size that in our FDTD simulation the smallest space-step
δx = λ0/20 (λ0 = 2πc/ω0) and the distance (d/2 = λ0)
of the source from the lens are too large to excite strong
evanescent modes of NIM [18–20, 23]. Actually the
evanescent field in our simulation can be neglected com-
pared with radiating field, and what we are studying is
the property dominated by the radiating field.

The random source is composed of the randomly gen-
erated plane-wave pulses, with the average pulse length

Fig. 1 The schematic diagram of our model with ray paths (a); and the typical snapshot of electric field in our FDTD
simulation (b).
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tp and the random starting phase and starting time. In
the simulation, we record the field of the source and
the image for a duration of 4 × 105δt to obtain the
data for analysis. For convenience, we define E(ω) =
limT→∞

∫ T

−T
E(t) exp(−iωt) as the field spectrum (FS).

Unusual phenomena.−At first, the FS width of the
random source is a bit too large (Δωs � ω0/20). When
we observe the image temporal-coherence gain, we also
find that the FS width of the image is sharper than
the source (Δωi < Δωs). It is obvious that there
are frequency-filtering effects because of the NIM dis-
persion, such as frequency-dependent interface reflec-
tion and focal length. After increasing the pulse-length
tp of the source, we reduce the source FS width to
Δωs � ω0/100, then the reflection and focal-length
difference are very small [36]. With such source, the
FS widths of source and image are almost the same
Δωi � Δωs, as shown in Fig. 2(a). The difference be-
tween the two widths is < 5%, which is our criterion
of the quasi-monochromatic source. Even so, the dra-
matic gain of temporal coherence is still observed. In
Fig. 2(b), the source field (up) and the image field (down)
vs. time of FDTD simulation are compared. Their pro-
files are generally similar, but the image profile is much
smoother. The normalized temporal-coherence function
g(1)(τ) = 〈E∗(t)E(t + τ)〉/〈E∗(t)E(t)〉(〈 〉 means the
ensemble average) of the source (black) and the image
(red) from FDTD simulation are shown in Fig. 4. The

temporal coherence of the image field is obviously bet-
ter than the source. From g(1), the image coherent time
is obtained T co

i =
∫

g
(1)
i (τ)dτ = 1268δt, which is about

50% longer than the source coherent time T co
s = 860δt.

Although the gain of the spatial coherence only by
propagation is well-known [33, 34], the dramatic gain of
temporal coherence is generally from the high-Q cavities,
contrary to our case, which have strong filtering effects.
To reveal the new mechanism of the temporal coherence
gain in NIM systems, we also have done more numerical
experiments in which only the ray near a certain inci-
dent angle (shown in Fig. 1), such as only paraxial rays
(θ � 0), can pass through the superlens. Then the im-
age field profile vs. time looks much like the source field
and has no gain of coherence anymore. Therefore, the
gain of temporal coherence of the superlens image is not
from one ray with certain incident angle, but probably
from the interference between the rays with different in-
cident angles. Then, what is different between the rays
with different incident angles? After carefully checking
the field profiles of different-incident-angle cases, we find
that the profiles have different retarded time. The larger
the incident angle the longer the retarded time.

Physical pictures. −To deeply understand the new
mechanism of coherence gain and construct our theory,
we need to make two physical pictures clear. The first
one is about the optical path length (OPL)

∫
nds which

determines the wave phase and the refracted “paths”

Fig. 2 (a) The FSs of the source (up) and the image (down). (b) The electric field of the source (up) and its image
(down) vs. time from FDTD simulation. (c) The image field vs. time from Eq. (1) (up), and from the Green’s function
method (down).
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of rays in Fig. 1 according to Fermat’s principle (or
Snell’s law). Based on ray optics, the superlens and
traditional lenses have the same focusing mechanism, in
which all focusing rays have the same OPL

∫
paths

nds =

const (
∫
paths nds = 0 for superlens) from source to im-

age [1]. However, this picture is so well-known that it
suppresses the other important picture. Because the
temporal-coherence information is in the fluctuation sig-
nals of the random field, the signal propagating picture
should be essential to our study. The optical signals
propagate in the group velocity vg which is always pos-
itive. Obviously, if the path (in Fig. 1) is longer (larger
incident angle), the signal needs a longer propagating
time, which is called group retarded time (GRT) in this
section. Inside the NIM, the GRT of a path should be
d/[cos(θ)vg], (which is confirmed by our numerical exper-
iments,) where θ is the incident angle and vg = c/3.04
is the group velocity of NIM around ω0 [37]. The total
GRT from source to image is τr = τ0/ cos θ where the
τ0 = d/c + d/vg is the GRT of the paraxial ray. Now,
the new propagating picture for a signal through super-
lens is that a signal, generated at ts from the source, will
propagate on all focusing paths and arrive at the image
position at very different time ts + τ0/ cos θ from differ-
ent paths (this is schematically shown in Fig. 1). This
picture is totally different from traditional lenses, whose
images do not have obvious temporal-coherence gain be-
cause their focusing rays have the same OPL and similar
GRT.

Our theory. −Based on these analysis, we suppose
that the superlens image field of the random quasi-
monochromatic source is the sum of all signals from dif-
ferent paths with different GRT. This is the key point of
our theory, and then the image field can be obtained:

Ei(t) =
1
U0

e−iω0t
∑

paths

Us(t − τr)

=
1
U0

e−iω0t

∫ π
2

− π
2

Us

(
t − τ0

cos θ

)
dθ (1)

where Us(t) is the slowly-varying profile function of the
source and U0 is the normalization factor. In Fig. 2(c)
(up), we show the result of the image field based on Eq.
(1), and we can see it is in good agreement with the
FDTD result in Fig. 2(b) (down). To show the inter-
ference effect of different paths, we assume there are
only two paths (such as A and B in Fig. 1). Based
on Eq. (1) the image field is Ei = e−iω0t[Us(t − τA

r ) +
Us(t − τB

r )], then the temporal coherence of image is
G(τ) = 〈E∗

i (t)Ei(t + τ)〉 = 〈U∗
s (t− τA

r )Us(t− τA
r + τ) +

U∗
s (t− τB

r )Us(t− τB
r + τ) + U∗

s (t− τA
r )Us(t− τB

r + τ) +
U∗

s (t − τB
r )Us(t − τA

r + τ)〉. The first two terms are the
same as the source field (just a time-shift) so they do
not contribute to the coherence gain. The last two terms

are from interference between two paths. The third (or
the fourth) term could be very large at the condition
τ � τB

r − τA
r (or τA

r − τB
r ). This condition can always be

satisfied between any two paths since τ is a continuous
variable. So the interfering terms between the paths are
responsible for the image temporal-coherence gain.

From Eq. (1), after the variable transformation ts =
t−τ0/ cos θ and some algebra, the relation of the tempo-
ral coherence between the image and the source can be
obtained:

Gi(τ) = 〈E∗
i (t)Ei(t + τ)〉

=
1

U2
0

∫ −τ0

−∞
dt1

∫ −τ0+τ

−∞
dt2h

∗
i (t1)

·hi(t2 + τ)Gs(t2 − t1) (2)

where hi(t) = (τ0/t)2/
√

1 − (τ0/t)2 is the response func-
tion of different incident angles, and Gs(t2 − t1) =
〈E∗

s (t1)Es(t2)〉 is the temporal-coherence function of the
source. Equation (2) can explain the temporal-coherence
gain of the image too. Even if the source field is totally
temporal incoherent Gs(t2−t1) ∝ δ(t2−t1), based on Eq.
(2), we can find that Gi(τ) is not a δ-function anymore,
so the image is partially temporal coherent. The prod-
uct of h∗

i (t1)hi(t2 + τ) includes the interference between
paths. According to our theory, we calculate the coher-
ent T vs. the superlens length L (Fig. 3 blue) which
agrees with our FDTD result (Fig. 3 red) pretty well.
(We will discuss the deviation later.)

Fig. 3 The coherent time versus the superlens length L, from the
FDTD simulation (blue) and from our theory (red).

To further confirm our theory and FDTD results, the
strict Green’s function method [21, 22] is engaged to
check our results. We only include the radiating field
(no evanescent wave) in Green’s function. The strict
image field vs. time is shown in Fig. 2(c) (down), and
the image temporal-coherence function g(1) vs. time is
shown in Fig. 4 (blue). In Fig. 4, we can see that the
FDTD result (red) is almost exactly the same as the
strict Green’s function method (green). However, our
theory (blue) deviates from the strict result at very large
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τ > 3000δt which corresponds to very long path (or very
large incident angle). This is understandable since in our
theory we neglect the dispersion of NIM totally and use
only vg(ω0). For the very-large-angle rays a small index
difference (from the dispersion of NIM) can cause large
focal-length difference. Hence, the deviation is from the
focus-filtering effect. When we reduce the FS width of
source to an even smaller value (i.e., Δωs = ω0/500), the
deviation of our theory is smaller.

Fig. 4 The normalized temporal-coherence function g(1) vs. time
of the source field (black), and of the image field obtained from the
FDTD simulation (red), from Eq. (2) (blue) and from the Green’s
function method (green).

Although our theory is merely a good approximation
generally, owing to the picture simplicity and clarity, the
theory can help us to study more complex systems qual-
itatively and quantitatively. The finitely-long 2-D su-
perlens is a good example which is hard to deal with
by Green’s function method. In Fig. 4, we plot the co-
herent time T co

i vs. superlens length L of the FDTD
simulation (black) and of our theory (red), respectively.
They coincide with each other pretty well. (The de-
viation reason has been discussed.) The increase of
the T co

i with the increase of L can be explained sim-
ply according the our theory. Since the image field is
Ei(t) = 1/U0e−iω0t

∫ θmax

θmin
Us (t − τ0/cos θ) dθ, the large-

angle paths (θ > θmax and θ < θmin) and their contri-
bution to the temporal-coherence gain are missed in the
short superlens.

Obviously, Eq. (1) is suitable not only for random
quasi-monochromatic source, but also for all quasi-
monochromatic fields, such as the slowly-varying Gaus-
sian pulses and slowly switching-on process mentioned in
Refs. [21, 22]. Our theory can be easily extended to 3-D
systems too. Also, owing to the fact that what we have
found is from the radiating field, the temporal-coherence
gain is not the near-field property. Actually, the new
mechanism of the temporal-coherence gain is not limited
to the n � −1 superlens, but also applicable to other su-
perlenses, like the photonic crystal superlens in Refs. [5,
6, 16, 28]. However, the specialities of n � −1 superlens,
such as almost no frequency-filtering (no frequency loss)

and no reflection (no energy loss), can be used to design
novel optical/photonic coherence-gain devices.

In summary, for the first time we have numerically
and theoretically studied the temporal coherence of the
superlens image with the quasi-monochromatic source.
Numerically, we have observed that the temporal coher-
ence of the image can be improved considerably even
almost without reflection and filtering effects. Basing on
the new physical picture, we construct a theory to cal-
culate the image field and temporal-coherence function,
which excellently agree with the FDTD results and strict
Green’s function results. The mechanism of the temporal
coherence gain is theoretically explained by the different
GRT of different paths. Although the evanescent wave is
very weak in this study, the coherence of evanescent wave
in NIM systems is an interesting topic which will be dis-
cussed elsewhere [38]. Other related topics, such as the
spatial coherence which is essential to the image quality
of the superlens, can also be studied through the similar
methods. Although our study is within the confinement
of classic optics, similar investigation can be extended to
the quantum optics [33, 34], and interesting results can
be expected. Obviously, the temporal-coherence gain of
superlens is another evidence that the NIM phenomena
are consistent with the causality [16]. We suppose that
the temporal-coherence gain phenomena could be ob-
served in micro-wave experiments [4–6]. Therefore, this
study should have important consequences in the future
studies of coherence in NIM systems. The no-reflection
and no-frequency-filtering coherence gain of the super-
lens has some potential applications in imaging, coherent
optical communication, and signal processing.

3 The physical picture and essential elements

of the dynamic process for dispersive cloaking

structures

Recently, a theory [39, 40] has been developed based on
the geometry transformation to realize a cloaking struc-
ture (CS), in which objects become invisible from out-
side. Then a 2-D cylindrical CS [88] and a nonmagnetic
optical CS [42, 43] are designed. More surprisingly, the
experiment [44] demonstrates that such a 2-D CS really
works with a “reduced” design made of split-ring res-
onators. These pioneers’ works are really attractive and
open a new window to realize the dream of human in-
visibility. However, so far almost all theoretical [45–47,
39, 40, 42, 43, 88] studies of the CS are done in the fre-
quency domain and the geometry transformation idea is
supposed to work only for a single frequency, so that the
effects of the dispersion have not been intensively stud-
ied. As pointed out in Ref. [40] and the quantitative
study in our recent work [9], the dispersion is required
for the cloaking material to avoid the divergent group
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velocity. For the dispersive CS, new topics, including
the dynamic process, can be introduced. Dynamic study
is essential to the cloaking study since without it we can-
not answer questions, such as “How can the field get to
its stable state?”, “Is there any strong scattering or oscil-
lation in the process?”, and “How long is the process?”,
etc.. More importantly, because the real radars are gen-
erally pulsive ones, the dynamic process is critical for the
cloaking effect around the goal frequency. Therefore, the
dynamic study not only gives us a whole physical picture
of the cloaking, but also helps us to design more effective
cloaks.

In this section, the dynamic process of the electro-
magnetic (EM) CS is investigated by FDTD numerical
experiments. In our simulation, the Lorentzian disper-
sion relations are introduced into the permittivity and
the permeability models, then the real dynamic process
can be simulated [48–50]. Based on numerical simula-
tion, we can follow the details of the dynamic process,
such as the time-dependent scattered field, the building-
up process of the cloaking effect, and the final stable
cloaking state. By tuning the dispersion parameters and
observing their effects on the dynamic process and the
scattered field, we can find the essential elements that
dominate the process. Theoretical analysis of these es-
sential elements can help us to have a deeper physical
picture beyond the phenomena and to design more effec-
tive cloaks.

The setup of the system is shown in Fig. 5(a), similar
to the one in Ref. [88]. R1 and R2 = 2R1 are the inner
and the outer cylindrical radii of the CS, respectively. A
perfect electric conductor (PEC) shell is pressed against
the inner surface of the CS. The CS is surrounded by

the free space with ε0 = μ0 = 1. From the left side, an
incident plane wave with working frequency ω0 is scat-
tered by the CS, and the total field and the scattered
field can be recorded inside and outside B1 respectively
by the numerical technique [51]. Therefore, the scatter-
ing cross-section σ can be calculated easily. Our study
is focused on the E-polarized modes, for which only the
permittivity and the permeability components εz, μr,
and μθ are needed to be considered. (For H-polarized
modes, considering the corresponding components μz,
εr, and εθ, we can obtain the same numerical results
in the dynamic process.) All of them are supposed to
have the form 1+Fj(r)× fj(ω), where subscript j could
be z, r, and θ for εz, μr, and μθ, respectively. The fill-
ing factors Fj(r) are only r-dependent, ωp is the plasma
frequency which is set to be a constant ωp = 10ω0, and
fj(ω) = ω2

p/(ω2
aj − ω2 − iωγ) are the Lorentzian disper-

sive functions, where γ is the “resonance width” or called
“dissipation factor”, and ωaj are the resonant frequency
of “atoms” (resonant units) in metamaterials.

For the study of the dispersive CS, we suppose
that the real parts of the εz, μr, and μθ always sat-
isfy the geometry transformation of Ref. [88] at ω0:
Re[μr(r, ω0)] = (r − R1)/r, Re[μθ(r, ω0)] = r/(r − R1),
and Re[εz(r, ω0)] = R2

2(r − R1)/[(R2 − R1)2r]. Then
the filling factors Fj(r) at different r can be ob-
tained: Fr(r) = {Re[μr(r, ω0)]− 1}/Re[fr(ω0)], Fθ(r) =
{Re[μθ(r, ω0)] − 1}/Re[fθ(ω0)], and Fz(r) =
{Re[εz(r, ω0)] − 1}/Re[fz(ω0)].

To investigate the dispersive effect on the dynamic
process, we tune the dispersion parameters ωaj in our
numerical experiments. We use the working frequency
ω0 as the frequency unit since it is the same in all cases

Fig. 5 The setup of the system and the distribution of the electric field at different moments during the process. Parameters
are chosen as Ar = 0.4, Aθ = 1.6, Az = 0.4 (in the position where εz < 1) or Az = 1.6 (where εz > 1), and γ = 0.012ω0.
(a) t = 2.28T . (b) t = 3.60T . (c) t = 4.92T . (d) t = 7.20T . (e) t = 9.00T . (f) Stable state. T is the period of the
incident EM wave.
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in this section so the ratio Aj = ωaj/ω0 represents ωaj.
Obviously, for the Lorentzian dispersive relation, the dis-
persion is stronger when ω0 and ωaj are closer to each
other, (The working frequency is near the resonant fre-
quency) or in other words, when Aj approaches one.
Since there are singular values of the real parts of ε and
μ, we have done some approximations in our numerical
simulation [52], for instance, we set the maximum and
the minimum for ε and μ. Although such approximations
will affect the cloaking effect of the stable state [46], we
find that the influence of these approximations on the
Dynamic process is very small and can be neglected.

First, we show an example of evolving electronic field
during the Dynamic process in Fig. 5 with concrete pa-
rameters of Ar, Aθ, Az , and γ. In Fig. 5(a), the plane
wave arrives at the left side of the CS, and is ready to
enter the CS. From Fig. 5(b)–(e), the cloaking effect is
built up step by step. Finally, the field gets to the sta-
ble state shown in Fig. 5(f). Because of the dispersion,
there is an obvious time delay in the cloaking effect and
a strong scattered field is observed.

We introduce a time-dependent scattering cross-
section σ(t) to quantitatively study the Dynamic process,
which is defined as:

σ(t) = J̄scat(t)/S̄inct (3)

where t = n × T, n = 0, 1, 2, ..., T is the period of the
incident wave, J̄scat(t) is the one-period-average energy
flow of scattered field, and S̄inct is the average energy
flow density of the incident field. To observe the disper-
sive effect on σ(t) during the Dynamic process, at the

first step, we keep Az and γ constant and change Ar and
Aθ, the results are shown in Fig. 6(a). From the σ ver-
sus t curves, we can find the general properties of the
dynamic process. First, there is strong scattering in the
dynamic process. At the beginning, σ increases rapidly
when the wave is getting to the CS, then reaches its
maximum (at about ninth period). After that, σ starts
to decay until it gets to the stable value (of the stable
cloaking state). Second, unlike other systems, there is
no oscillation in the process. This property will be dis-
cussed later. Third, the time length of dynamic process,
called “relaxation time” generally, can be tuned by the
dispersion. From Fig. 6(a), we can see that the main
dispersive effect is on the decaying process. From case 1
to case 5, Ar and Aθ are getting closer to one, so that
the dispersion is stronger. We find that the stronger the
dispersion, the longer the relaxation time is. To com-
pare with the cloaking cases, we also show the σ(t) of
the naked PEC shell in the case 6. From the definition
of σ, we know that the area covered by these curves in
Fig. 6(a) is proportional to the total scattered energy in
the dynamic process. Therefore, the CS with the weaker
dispersion will scatter less field (better cloaking effect)
in the dynamic process. However, such a generalization
is still not enough for us to get a clear physical picture
to understand the cloaking dynamic process.

Next, we check whether the absorption of the CS is im-
portant in the process. The absorption is determined by
the imaginary parts of ε and μ. To study this effect, we
hold Ar, Aθ, and Az constant but modify the dissipation
factor γ. We modify the filling factors Fj simultaneously,

Fig. 6 The σ vs. t curves. From (a) to (d), Az = 0.4 where εz < 1 or Az = 1.6 where εz > 1. (a) Keep γ = 0.012ω0

unchanging, choose Ar and Aθ as case 1: Ar = 0.4, Aθ = 1.6, case 2: Ar = 0.5, Aθ = 1.5, case 3: Ar = 0.6, Aθ = 1.4,
case 4: Ar = 0.7, Aθ = 1.3, case 5: Ar = 0.8, Aθ = 1.2. Case 6: only PEC shell without CS. (b) Keep Ar = 0.4, Aθ = 1.6
unchanging, choose γ1 = 0.012ω0, γ2 = 0.024ω0, γ3 = 0.048ω0, γ4 = 0.096ω0 and γ5 = 0.192ω0. (c) Keep Aθ = 1.6 and
γ = 0.012ω0 unvaried, and change Ar. (d) Keep Ar = 0.4 and γ = 0.012ω0 unvaried, and change Aθ.
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so that the real parts of ε and μ are kept unchanged at
ω0. In such a way, we can keep the dispersion strength
almost unchanged, but with the imaginary parts of ε

and μ changed. The results in Fig. 6(b) show that the
stronger absorption leads only to larger stable value of σ,
leaving the relaxation time nearly unchanged. Thus, we
can exclude the absorption from the relevant parameter
list, since it only influences the σ(t) of the stable state
considerably.

To obtain a deeper insight of the dynamic process, we
need to study it more carefully. From Fig. 5(b)–(e), we
can see that the “field intensity” (shown by different col-
ors in the figures) propagates slower inside the CS than
that in the outside vacuum. When the inside field inten-
sity “catches up” with the outside one [in Fig. 5(f)], the
field in the CS gets to the stable state and the cloaking
effect is built up. In fact, this catching-up process of the
field intensity can be shown more clearly by the direction
of Poynting vectors during the Dynamic process. From
Fig. 7(a)–(d), we show the direction of Poynting vectors
in the moments of Fig. 5(c)–(f), respectively. In Fig. 7,
we see that there is an “intensity front” (shown by red
dashed curve) which separates the two regions of the
CS. At the right side of the front, the field intensity in
the CS is much weaker than the outside and the Poynt-
ing vector directions are not regular (especially near the
front). However, at the left-side region which is swept by
the intensity front, the Poynting vectors are regular and
nearly along the “cloaking rays” which was predicted
at the coordinate transformation [40]. As the cloaking
effect can be interpreted by the mimic picture that the
light runs around the cloaking area through these curved
cloaking rays, it is not surprising to find that the stable

Fig. 7 Direction of Poynting vectors and the intensity front (red
dashed curves) at moments during the Dynamic process. Param-
eters are chosen as that of Fig. 5. (a) t = 4.92T . (b) t = 7.20T .
(c) t = 9.00T . (d) Stable state.

cloaking state is achieved when the intensity front sweeps
through the whole CS and these optical rays are well con-
structed. The surprising thing is that the stable cloak-
ing state seems to be constructed locally. We believe
this property related to the original cloaking recipe [40],
which makes the cloaking material almost impedance
matched layer by layer. This also explains why there
is no oscillation in the cloaking dynamic process gener-
ally. This picture can also interpret the strong scattered
field in the dynamic process, as these “irregular rays”
at the right-side region of the intensity front must be
scattered strongly. Furthermore, we can use this picture
to analyze the dynamic process of other incident waves,
including the Gaussian beams, which are composed of
different plane-wave components.

With this understanding, now we are ready to find
the correlation between the relaxation time and the CS
dispersion. It is well known that the field intensity (or
energy) propagates at the group velocity Vg, which is
controlled by the material dispersion. Therefore, the
intensity front, which determines the dynamic process,
should move in Vg. Thus, we can explain the results
in Fig. 6, as our modification of the dispersive parame-
ters can cause the Vg to change. However, because the
cloaking material is a strong anisotropic material, the Vg

at different directions could be very different. Can we
predict more precisely which component dominates the
relaxation time? The answer is “yes”. In Fig. 7(d), we
can see that the stable energy flow in the CS is nearly
along the θ direction at most regions of the CS. Then
it is reasonable for us to argue that it is the component
along the θ direction Vgθ, not the component along the
r direction Vgr , that dominates the relaxation time and
the total scattered energy in the Dynamic process.

For the anisotropic cloaking material, the Vgθ and
Vgr can be expressed as: Vgθ = [∇kω(k)]θ =(

2c√
εzμr

)/(
2+ ω

εz

dεz

dω + ω
μr

dμr

dω

)
and Vgr = [∇kω(k)]r =

(
2c√
εzμθ

)/(
2 + ω

εz

dεz

dω + ω
μθ

dμθ

dω

)
, where c is the velocity

of light in vacuum.
In order to illustrate our prediction, the σ(t) under dif-

ferent Vgθ and Vgr are investigated, respectively. First,
we keep the Vgr unvaried by holding Aθ, Az and γ con-
stant (keep dεz/dω and dμθ/dω unchanged), and modify
only Ar to change the Vgθ. The results are shown in Fig.
6(c); when Ar is closer to one, the Vgθ becomes smaller
(with larger dμr/dω), the relaxation time is longer and
more energy is scattered in the dynamic process. There-
fore, larger Vgθ means better cloaking effect in the dy-
namic process. On the other hand, when we keep the
Vgθ unvaried and change Vgr by holding Ar, Az, and
γ constant and modifying Aθ, the results are shown in
Fig. 6(d). We find that the relaxation time is almost
unchanged with the change of Vgr . Obviously, Vgθ is the
dominant element in the dynamic process. This conclu-
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sion can help us to design a better CS to defend the
pulsive radars. In the expression of Vgθ, it is also shown
how to tune Vgθ by modifying dispersion parameters.

It seems that the larger the Vgθ, the better the cloak-
ing effect will come out in the dynamic process. However,
since Vg (and its components) cannot exceed c generally,
there is a minimum limit for the relaxation time of the
cloaking dynamic process. We can estimate it through
dividing the mean length of the propagation rays by
Vgθ. In our model, the mean length is π(R2 + R1)/2,
about three wavelengths. So the relaxation time can-
not be shorter than three periods. Figure 6 shows that
our estimation is coincident with our simulation results.
Actually, here we are facing a basic conflict to make a
“better” CS, which is discussed more in our other works
[9, 53]. The conflict lies in the fact that a pretty strong
dispersion is required to realize a good stable cloaking
effect at a certain frequency [9, 40], but in this research
we show that the weaker dispersion can realize a better
cloaking effect in the dynamic process. In the real design
of the CS, there should be an optimized trade-off.

Based on causality, the limitation of the electromag-
netic cloak with dispersive material is investigated in this
section. The results show that perfect invisibility can-
not be achieved because of the dilemma that either the
group velocity Vg diverges or a strong absorption is im-
posed on the cloaking material. It is an intrinsic conflict
which originates from the demand of causality. However,
the total cross section can really be reduced through the
approach of coordinate transformation. A simulation of
finite-difference time-domain method is performed to val-
idate our analysis.

4 Limitation of the electromagnetic cloak

with dispersive material

Through the ages, people have dreamed of having a
magic cloak whose owner cannot be seen by others. For
this fantastic dream, plenty of work has been done by
scientists all over the world. For example, researchers
diminished the scattering or the reflection from objects
by absorbing screens [54] and small, non-absorbing, com-
pound ellipsoids [55]. More recently, based on the coor-
dinate transformation, Pendry et al. theoretically pro-
posed a general recipe for designing an electromagnetic
cloak to hide an object from electromagnetic (EM) waves
[40]. An arbitrary object may be hidden because it
remains untouched by external radiation. Meanwhile,
Ulf Leonhardt described a similar method where the
Helmholtz equation is transformed to produce similar
effects in the geometric limit [39, 47]. Soon, Cummer
et al. simulated numerically(COMSOL) the cylindrical
version of this cloak structure using ideal and nonideal

(but physically realizable) electromagnetic parameters
[88]. Especially, Schurig et al. experimentally demon-
strated such a cloak by split-ring resonators [44]. In
addition, Cai et al. proposed an electromagnetic cloak
using high-order transformation to create smooth mod-
uli at the outer interface and presented a design of a
non-magnetic cloak operating at optical frequencies [42,
43]. According to the general recipe, the electromagnetic
cloak is supposed to be perfect or “fully functioned” at a
certain frequency as long as we can get very close to the
ideal design although there is a singularity in the distri-
bution, which has been elucidated further in several lit-
eratures [56, 95]. However, in all these pioneering works,
the interests are mainly focused on single-frequency EM
waves, so that the effects of the dispersion, which is re-
lated with basic physical laws, are not well studied. Sup-
pose the dispersion is introduced into the study, can we
have a deeper insight into the cloaking physics?

In this section, we will show that the ideal cloaking
cannot be achieved due to another more basic physi-
cal limitation — the causality limitation (Basing on the
same limitation, Chen et al. obtained a constraint of the
bandwidth that limits the design of an invisibility cloak
[57].). Starting from the dispersion relation and combin-
ing it with the demand of causality, we will demonstrate
that the ideal cloaking will lead to the dilemma that
either the group velocity Vg diverges or a strong absorp-
tion is imposed on the cloaking material. Our derivation
and numerical experiments based on the FDTD meth-
ods will show that the absorption cross section will be
pretty large and dominate the total cross section for a
dispersive cloak, even with very small imaginary parts of
permittivity and permeability.

Let us consider a more general coordinate transforma-
tion on an initial homogeneous medium with εi = μi in r

space: r′ = f(r), θ′ = θ, ϕ′ = ϕ. Following the approach
in Refs. [58, 60], we get the following radius-dependent,
anisotropic relative permittivity and permeability: εr′ =
μr′ = εi [r/f(r)]2 df(r)/dr, εθ′ = μθ′ = εi/[df(r)/dr]
and εϕ′ = μϕ′ = εi/[df(r)/dr]. We emphasize that since
the transformation is directly acted on the Maxwell equa-
tions, the above equations are also suited for the imagi-
nary parts of constitutive parameters, and all the physi-
cal properties of wave propagation in r space should be
inherited in r′ space, such as the absorption. This is
important for us to have consistent physical pictures in
both spaces. At working frequency ω0, for a propagating
mode with k-vector as {kr′ , kθ′ , kϕ′} inside the cloak, we
have the dispersion relation of the anisotropic material
[58] as: k2

r′/n2
r′ + k2

t′/n2
t′ = ω2/c2, where k2

t′ = k2
θ′ + k2

ϕ′ ,
nr′ = √

εϕ′μθ′ = ni/[df(r)/dr], nt′ = nθ′ = nϕ′ =√
εr′μθ′ = nir/f(r), and ni =

√
εiμi. Then we can de-

fine kr′ = ω/cnr′ cosα and kt′ = ω/cnt′ sinα, the group
velocity can be obtained as:
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Vg = c

√
(cos α)2

n2
r′

+
(sin α)2

n2
t′

/[

(cosα)2
mr′

nr′
+(sin α)2

mt′

nt′

]

(4)

where mr′ = nr′ + ωdnr′/dω and mt′ = nt′ + ωdnt′/dω.
If the transformation has the following characteristic:

f(r = 0) = R1, f(r = R2) = R2, then when r′ → R1 (or
r → 0), nt′ will tend to zero, and the group velocity is
approximated as:

Vg ≈ c

| sin α|ωdnt′

dω

(5)

We will discuss Eq. (5) in two cases. The first case
is with the finite dnt′/dω. Obviously, Vg will diverge
when sin α → 0 for any finite dnt′/dω. Such diver-
gence is shown in Fig. 8 for a concrete example, in which
the transformation is r′ = f(r) = (R2 − R1)r/R2 + R1

as Ref. [40], R2 = 2R1, thus nr′ = 2 and nt′ =
2 − 4/(r/R1 + 2). The dispersion parameters are set
as mr′ = 2.5, ωdnt′/dω = 4 at a working frequency.
In Fig. 8, the curves of Vg vs. α are plotted for different
R1/r values. We can see that, for large R1/r(r → 0), the
group velocity (more precisely, the tangential component
of Vg) will diverge at both peaks around α = 0.

Fig. 8 The group velocity Vg vs. α for different R1/r values.

Because of the causality limitation, it is well-known
that the group velocity cannot exceed c except in the
“strong dispersion” frequency range (or called “resonant
range”). However, if the working frequency is in the
“strong-dispersion” range of the cloaking material, the
absorption must be very strong and it will destroy the
ideal cloaking obviously. Therefore, perfect invisibility
cannot be achieved for the finite dnt′/dω because it will
lead to superluminal velocity or strong absorption.

In addition, the curves with the criterion condition
Vg = c on the plane [R1/r, α] are plotted for different
ωdnt′/dω in Fig. 9. The region to the left of curves corre-
sponds to Vg < c and the region to the right corresponds
to Vg > c. There exists a maximum max{R1/r} for each

curve in order that Vg � c can hold for all the α. Espe-
cially, for the no-dispersion case ωdnt′/dω = 0, we can
see that Vg > c at all R1/r for large α values, which
means the whole cloak is not physical if there is no dis-
persion. This “dispersion-is-required” conclusion can be
generally derived from Eq. (4), and it is consistent with
the analysis in Ref. [40]. From Fig. 9, we know that the
larger the ωdnt′/dω is, the larger the max{R1/r} will be.
But anyway, for arbitrary finite ωdnt′/dω, max{R1/r}
cannot be infinite, so that the superluminal range always
exists.

Fig. 9 The relation between R1/r and α when Vg = c for differ-
ent ωdnt′/dω.

The second case of Eq. (5) is with divergent dnt′/dω.
From the previous discussion, we know that if the ideal
cloak exists, the cloak must be dispersive and dnt′/dω

must be divergent when r → 0. Actually, when r → 0,
since

√
εr′ ∝ r, dnt′/dω ∝ (dεr′/dω)/

√
εr′ is really di-

vergent for non-zero dεr′/dω. From Eq. (5), we can see
that now the Vg → 0 for a finite dεr′/dω (generally true)
at all α values except α = 0 (or π), so that the group ve-
locity difficulty seems to be overcome. However, because
of the causality limitation, the non-zero dεr′/dω means
non-zero imaginary part of permittivity (non-zero dis-
sipation). The non-zero dissipation and the almost-zero
group velocity will result in very strong absorption. This
means that the energy of rays near the inner cloaking ra-
dius R1 is almost totally absorbed by the cloaking mate-
rial. As we pointed out in the beginning the absorption
in r′ space should also appear in r space, because of the
consistency between two spaces, the strong absorption in
r space can be interpreted in the following way. From
the transformation (which is also suited for imaginary
part), we can find that when r → 0, the finite imaginary
part in r′ space corresponds to the infinite imaginary
part in r space, which also means very strong absorp-
tion in the initial homogeneous medium. Therefore, the
perfect cloaking is still impossible because of the strong
absorption which is enforced by the causality limitation.
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For a 2-D coordinate transformation: r′ = f(r), θ′ =
θ, z′ = z, the same conclusions of the causality limitation
can be obtained through the similar analysis, although
the coordinate transformation and the singularities are
different from the three-dimensional case.

Next, we will discuss the physical meaning of the
dilemma that either the group velocity Vg diverges or
a strong absorption is imposed on the cloaking material.
First, it is an intrinsic conflict that cannot be solved by
any method, for example, “the system is imbedded in
a medium” [40]. We believe that the ideal cloaking is
impossible because of the causality limitation, and this
conclusion is consistent with the statement of the previ-
ous studies [60] that the perfect invisibility is unachiev-
able because of the wave nature of light. Second, we
have to face the question “why is the causality violated
for ideal cloaking which is based on the simple coordi-
nate transformation?” Our answer is that the causality
is guaranteed only by the Lorentz co-variant transforma-
tion, but the coordinate transformation for ideal cloaking
is not Lorentz co-variant. Such violation is obvious if we
suppose the initial medium in the r space is not disper-
sive, such as the vacuum, but as we have pointed out
(also mentioned in Ref. [40]), the cloaking material (in
r′ space) must be dispersive to avoid the group velocity
over c. Such Lorentz co-variant violation is generally true
for transformation optics as material parameters are non-
relativistic, so the causality limitation should be checked
widely. Third, from Eq. (4), we can find that not only
the inner layers of the cloak (r′ → R1) but also the other
layers (r′ > R1) must be dispersive. For every layer, a
certain dispersive strength is needed to avoid Vg > c.

In the following, we will validate that the total cross
section can be reduced drastically, and that the perfect
cloaking cannot be achieved because of strong absorp-
tion by FDTD numerical experiments. Compared with
other frequency-domain simulation methods, such as the
finite element methods or the transfer-matrix methods,
the FDTD simulation can better reflect the real physi-
cal process of cloaking. For example, we note that the
FDTD calculation will be numerically unstable when the
dispersion is not included in the cloak’s material. For
simplicity, the simulation is limited to 2-D cloak [88].
Without loss of generality, only TE modes are investi-
gated in this study. (TE modes have the electric field
perpendicular to the 2-D plane of our model.) Thus,
the constitutive parameters involved here are εz′ , μr′ , μθ′ .
The dispersion is introduced into our FDTD by standard
Lorentz model:

ε̃z′(r′, ω) = 1+Fz′(r′)ω2
pz′/[ωaz′(r′)2− ω2− iωγz′ ]

μ̃r′(r′, ω) = 1+Fr′(r′)ω2
pr′/[ωar′(r′)2− ω2− iωγr′ ] (6)

μ̃θ′(r′, ω) = 1+Fθ′(r′)ω2
pθ′/[ωaθ′(r′)2− ω2− iωγθ′ ]

r′ =
R2(θ) − R1(θ)

R2(θ)
r + R1(θ) (7)

θ′ = θ (8)

where ωpz′ , ωpr′ , ωpθ′ are plasma frequencies, ωaz′ , ωar′ ,
ωaθ′ are atom resonated frequencies, γz′ , γr′ , γθ′ are
damping factors and Fpz′ , Fpr′ , Fpθ′ are filling fac-
tors. In our simulation, an E-polarized time-harmonic
uniform plane wave whose wavelength λ0 in vacuum
is 3.75 cm is incident from left to right. The real
parts of the constitutive parameters at ω0 = 2πc/λ0

satisfy the cloaking coordinate transformation [61, 88],
and they are μr′ = (r′ − R1)/r′, μθ′ = 1/μr′ , εz′ =
[R2/(R2 − R1)]2(r′ − R1)/r′, where R1 is 0.665λ0, R2 is
1.33λ0. And the dispersive parameters are set as fol-
lows: if εz′ > 1 then ωaz′ = 1.4ω0, else ωaz′ = 0.6ω0,
ωar′ = 0.6ω0, ωaθ′ = 1.4ω0, γz′ = γr′ = γθ′ =
ω0/100. ωpz′ = ωpr′ = ωpθ′ = 4ω0, Fz′(r) = (εz′ −
1) (ω2

az′−ω2
0)2+ω2

0γ2
z′

(ω2
az′−ω2

0)ω2
pz′

, Fr′(r) = (μr′ − 1) (ω2
ar′−ω2

0)2+ω2
0γ2

r′
(ω2

ar′−ω2
0)ω2

pr′
,

Fθ′(r) = (μθ′ − 1) (ω2
aθ′−ω2

0)2+ω2
0γ2

θ′
(ω2

aθ′−ω2
0)ω2

pθ′
. In fact, these param-

eters have many possible choices. The different groups
of parameters correspond to different dynamic processes
which we will discuss in another section [62].

Figure 10 shows the snapshots of the electric-field dis-
tribution in two cases: the cloak with the perfect elec-
tric conductor (PEC) at radius R1 [Fig. 10(a)], and the
naked PEC with radius R1 [Fig. 10(b)]. Obviously, the
cloak is very effective. Quantitatively, we calculate the
absorption cross section and the scattering cross section
of the cloak at the stable state, and they are 0.67λ0 and
0.24λ0 respectively, while the scattering cross section of
the naked PEC is 3.14λ0. Therefore, with dispersive
cloak, the total cross section is three times smaller, and
the absorption cross section dominates as we predicted.
To emphasize the huge absorption of the cloak, we use a
common homogeneous isotropic media, with ε = μ = 1.1
but all other parameters are the same as the cloak, to
replace the cloaking material. Then we find the absorp-
tion cross section is only 0.089λ0 which is about one order
smaller. The reason for the strong absorption has been
discussed before.

Fig. 10 The snapshots of the electric-field distribution in the
vicinity of PEC. (a) The cloaking structure with a PEC at radius
R1; (b) The naked PEC with radius R1.

Now we have a full view of the cloaking recipe based on
the coordinate transformation. First, the cloaking mate-
rial must be dispersive, and the strong absorption can-
not be avoided because of the causality limitation. Thus,
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it is not perfectly invisible. Second, the scattering cross
section of the dispersive cloak could be small, so the scat-
tered field is weak. Although the ideal invisibility is im-
possible, the cloaking recipe has still a main advantage.
The “strong-absorption” and “weak-scattering” property
means that the cloak almost cannot be observed except
from the forward direction so that such a cloak can well
defend the passive radars which detect the perturbation
of the original field. It is well-known that at the Rayleigh
scattering case, where the radius of the scatterer is much
smaller than the wavelength, the absorption cross section
could be larger than the scattering cross section because
of the diffraction. The cloaking can be thought as a giant
Rayleigh scattering case, where the light rays are forced
to “diffract” around the cloaked area.

In conclusion, the properties of the dispersive cloak are
investigated, and the limitation of causality is revealed.
Our study shows that the superluminal velocity or the
strong absorption cannot be overcome because of the in-
trinsic conflict between the coordinate transformation to
obtain the cloaking and the causality limitation. In ad-
dition, we validate the results using a numerical simula-
tion which is performed in FDTD algorithm with phys-
ical parameters. The numerical experiments show that
the absorption cross section is dominant and the scatter-
ing cross section can be reduced significantly. The study
gives us a full view of the cloaking recipe based on the co-
ordinate transformation, and will have further profound
influence on the related topics.

5 Hyper-interface as the bridge between ra-

diative wave and evanescent wave

Many new phenomena are observed at the interfaces be-
tween metamaterial and common dielectric material, in-
cluding the negative refraction which is found at the
left-handed material (LHM) surface [63–65]. More inter-
estingly, the evanescent wave (EW) could be amplified
at the LHM interface so that the super-resolution can
be achieved [66–68]. Besides the LHM, there is another
class of anisotropic metamaterial, so-called “hyperbolic
medium” (HM), in which one of the diagonal permittiv-
ity tensor components is negative and results in a hy-
perbolic dispersion. For convenience, we call the inter-
face between a HM and a common dielectric material
“hyper-interface” (HI). Some surprising electromagnetic
properties of HI have been intensively studied recently
[69–75]. For instance, HI can convert the EW into the
radiative wave (RW) so that the sub-wavelength informa-
tion can be observed at far-field, which is called “hyper-
lens” effect [69–71]. Very recently it was found that
when HI is perpendicular to one asymptote of HM dis-
persion, abnormal omnidirectional transmission occurs
[76]. Although some theoretical and experimental works

[72–75] have demonstrated that the EW can be really
converted into RW by HI of the layered cylindrical HM,
a full theory involving the “material dispersion” (will be
explained later) has not been given so far. For meta-
material systems, if without physical dispersion, some
abnormal optical properties cannot be clearly explained
and the dynamic study of wave propagation cannot be
carried out [78]. Even more seriously, the causality viola-
tion because of the superluminal group velocity (vg > c)
in HM is pointed out [10], which makes the observed hy-
perlens effect doubtful. To solve these problems and pre-
dict new phenomena, more robust theory with stronger
base is needed. On the other hand, to compress and to
stop (slow) light pulses are very essential to modern op-
tical/photonics research and signal processing. Hence,
a new mechanism, which can compress and stop (slow)
light pulses and is frequency and direction insensitive,
would induce wide interest in related directions.

In this section, we theoretically and numerically inves-
tigate the novel optical properties of flat HI [80–82], in
which, unlike the cylindrical HI, the translational sym-
metry guarantees the simple physical picture for intuitive
understanding, the quantitative study of the conversion
between EW and RW etc. A general theory of HI is
constructed with physical dispersion of HM. On the HI,
not only the conversion from EW to RW (CER) of the
hyperlens is confirmed, when RW is incident from HM
to dielectric (the inverse process of hyperlens), but also
the almost total conversion from RW to EW (CRE) can
occur, i.e., there is “no-transmission and no-refelection”
(NTNR). More importantly, we find that this is a new
mechanism to compress and stop (slow) light pulses in
wide frequency and direction range with many potential
applications. Theoretically and numerically we demon-
strate that the superluminal group velocity in hyperlens
is artificial since the HM material dispersion is neglected
in the previous study [10].

Finally, the feasibility to realize these functions on real
structures is discussed. All theoretical results are demon-
strated by FDTD simulations. Our model is as follows.
Assuming two plane waves are incident to HI from HM
and isotropic dielectric, and scattered from HI, as shown
in the upper-right insert of Fig. 11. The HI is in the
x–z plane, while the incident surface and both HM op-
tical axes lie in the x–y plane. The incident waves are
chosen as TM wave with field components (Ex, Ey, Hz)
and same “parallel wave-vector” kx. The HM is with the
permittivity tensor as:

ε̂p =

(
ε1(ω) 0

0 ε2

)

(9)

in its principle axes coordinate, where ε1 < 0 and ε2 > 0
in our assumption. Also, the permittivity of isotropic
dielectric material is ε. The essential point of our model
is that the negative diagonal component is dispersive
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ε1 = ε1(ω), which is called material dispersion in our
study. It is well known that dispersion is physically
required for real metamaterials with abnormal effective
constitutive coefficients, such as negative permittivity.
We will see that the material dispersion will help us
to obtain self-consistent explanation of abnormal opti-
cal properties of HI and to avoid causality violation.

Fig. 11 The frequency contour of HM and isotropic dielectric
material in k space. Inset: the schematic figure of our model.

For simplicity, the HM is nonmagnetic and Gaussian
unit is employed throughout the paper. We define the
angle between the HI (or x axis) and the positive-ε prin-
ciple axis of HM as θ, then the most general frequency
contour in k space of HM is

(kx cos θ − ky sin θ)2

ε2
− (ky cos θ + kx sin θ)2

|ε1| =
(ω

c

)2

(10)

In the HM region and the isotropic dielectric region
the fields can be expressed uniformly as Hσ = ez(Hσ

iz +
Hσ

sz)eikxx−iωt, Eσ = [ex(cσ
ixHσ

iz + cσ
sxHσ

sz) + ey(cσ
iyHσ

iz +
cσ
syHσ

sz)]e
ikxx−iωt where the coefficients are defined as

cσ
νξ = Eσ

νξ/Hσ
νz with ν = i, s for the incident fields to

HI or the scattered fields from HI; ξ = x, y; σ = h, d for
the HM region or dielectric region. Because of the trans-
lation symmetry of flat HI, the wave-vector parallel com-
ponent kx is continuous at both regions. In the following
discussion, the k vectors are normalized by k̃σ

νξ = kσ
νξ/k0

where k0 = ω/c.
To explore the transmission and reflection properties

of HI, we define a scattering matrix associated with the
incident fields and out-going fields at HI,

(Hh
sz , H

d
sz)

T = S2×2 (Hh
iz , H

d
iz)

T (11)

where the superscript T means the matrix transpose,
S11 = −(ch

ixε + k̃d
y)/(ch

sxε + k̃d
y), S12 = (−ch

ixε +
k̃d

iy)/(ch
sxε−k̃d

iy), S21 = (ch
sx−ch

ix)ε/(ch
sxε+k̃d

y), and S22 =

−2k̃d
iy/(ch

sxε − k̃d
iy). From the standard boundary condi-

tions, the coefficients ch
i(s)x, cd

i(s)x are worked out to be

ch
i(s)x = (−k̃h

i(s)yα2 + k̃xαγ)/(|ε1|ε2); cd
i(s)x = −k̃d

i(s)y/ε,
where factors α, γ are defined as α = (ε1 sin2 θ −
ε2 cos2 θ)

1
2 ; γ = (|ε1| + ε2) sin 2θ/2α, and the values of

k̃d
i(s)y = ±

√
ε − k̃2

x and k̃h
i(s)y and k̃h

i(s)y = {±[|ε1|ε2(k̃2
x+

α2)]1/2 + k̃xαγ}/α2 are uniquely determined by Eq. (10),
respectively. From Eq. (11) we can easily get the re-
flection and transmission coefficients across the HI from
up to down, or inverse. For the case of the hyperlens
where the wave is incident from the isotropic medium
to the HM, tdh = S22; rdh = S12. When k̃2

x > ε,
the incident and the reflected waves in the isotropic
dielectric are EWs with y-component wave-vectors as

k̃d
iy = i

√
k̃2

x − ε = −k̃d
sy ≡ iκ. We note that, although

single EW cannot carry net energy current (time aver-
aged), two EWs, i.e., the incident and reflected EWs,
can carry net energy current Siy in isotropic dielectric
medium, since the reflected EW gains an extra-phase
from complex reflecting coefficient rdh. The energy cur-
rent Siy carried by the two EWs can be converted by HI
into the RW energy current Sty in the HM:

|Siy| =
κ

ε
Im rdh = − 2ch

sxκ2

ch 2
sx + κ2

= |Sty| = −1
2
|t|2ctx (12)

From Eq. (4), the hyper-lens effect and the image-
improving by CER could be quantitatively studied.

After confirming CER on HI, it is natural to wonder
if CRE can occur too, or if there are other novel phe-
nomena on HI. Next we will study the inverse process
of the hyperlens, i.e., the RW is incident from HM and
the transmitted field is in the dielectric. For such in-
verse processes, there is a critical condition θ = θc ≡
arctan

√
ε2/|ε1|, which means HI (x axis) perpendicu-

lar to one of the hyperbola-dispersion asymptotes, or in
other words, the asymptote is parallel with y axis now,
as shown by the solid lines in Fig. 11. Under this critical
condition, especially when the transmitted wave is EW,
we will find CRE with NTNR, compressing and stopping
light pulses, etc.

Before we get into detailed derivation, for the critical
case (θ = θc) we first present two seemingly conflict-
ing conclusions of reflected wave from two different ar-
guments, which will clearly show the most tricky point
of HI.

The first argument is from the “intuitive way” which
is based on Fig. 11. Since there is no reflection wave-
vector on the dispersion curve to satisfy the kx continu-
ity, we intuitively expect that there should be no reflected
wave with omnidirectional incidence. If the incident an-
gle is as large as k̃2

x > ε then the transmitted field is EW,
and since a single EW cannot carry the energy current,
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NTNR is the only possible choice and we expect that
CRE will occur on HI. But from the second argument
based on Eq. (4), we will obtain a different result. Since
θ = θc is a critical case, we should be more careful and
discuss in a more subtle and strict way.

We first suppose θ �= θc as shown by dashed lines in
Fig. 11, so the finite k̃ry of reflected field for a fixed k̃x

can be found. Next we let the angle θ approach θc con-
tinuously (which can be realized physically by choosing
a different direction of HI), then we find that k̃ry → ∞
when θ → θc for a fixed k̃x.

But surprisingly, when θ → θc, the reflection coeffi-
cient rdh, calculated from Eq. (4) as limθ→θc rdh =

[εk̃x −
√
|ε1|ε2(ε − k̃2

x)]/[εk̃x +
√
|ε1|ε2(ε − k̃2

x)] is not
zero, and the reflected energy current is not zero either.
Therefore, the theoretical result seems to be against our
intuition.

To explain these conflicting results, we need to calcu-
late the group velocity inside HM with material disper-
sion, which will also show that the superluminal group
velocity is artificial. The most general expression of the
group velocity of the reflected wave (which is also the
group velocity of transmitted field in HM of the hyper-
lens case) can be obtained from Eq. (10) as:

vgx =
2cε1ε2(αγk̃h

y + k̃xβ2)

ε2
2ε1(ω)′ωk̃p2

y − ε2
1ε2(ω)′ωk̃p2

x − 2ε2
1ε

2
2

(13a)

vgy =
2cε1ε2(αγk̃x − k̃h

y α2)

ε2
2ε1(ω)′ωk̃p2

y − ε2
1ε2(ω)′ωk̃p2

x − 2ε2
1ε

2
2

(13b)

where k̃p
x = (k̃x cos θ − k̃h

y sin θ) and k̃p
y = (k̃h

y cos θ +
k̃x sin θ) are the “k components” in the principal-axes co-
ordinate of HM and β = (ε2 sin2 θ − ε1 cos2 θ)1/2. From
Eq. (13), we find that, if the material dispersion of HM
is neglected ∂ε1/∂ω = ∂ε2/∂ω = 0, then we will obtain
the superluminal group velocity as shown in Fig. 12(a).
When θ → θc, the vg even diverges.

But with material dispersion, the x and y components
of vg is recalculated, and we find that there is no vg > c

in all cases, as shown in Fig. 12(b) in which two com-
ponents of vg versus θ − θc based on Eq. (13), with the
parameters ε′2 = 0, ε2 = 1, ε1(ω) =

(
1 − ω2

p/ω2
)

[79]

and ω = ωp/
√

2, θc = π/4. When approaching the criti-
cal angle θ → θc, two components can be approximated
as:

lim
θ→θc

vgx ∼ 1
ε′1(ω)

(kh
ry)−1 (14a)

lim
θ→θc

vgy ∼ kx

ε′1(ω)
(kh

ry)−2 (14b)

Since k̃h
ry → ∞ at the critical angle θc, the group veloc-

ity of the reflected wave should be zero vg = 0 at the
critical angle, as shown in Fig. 12(b) too.

What does the zero-group velocity of reflected wave
mean? The analysis will give us a clear answer. As we
have pointed out, since the reflected energy current Sr is
not zero and Sr = vgW , where W is the energy density of
reflected wave, the energy density W must be infinitely
large at the critical angle. From Eq. (10), we can obtain
that the electric field of reflected wave |Eh

r | is really di-
vergent at the critical angle. The divergent field strength
means that it needs infinite long time to accumulate en-
ergy at HI for the reflected field. In other words, there is
no reflected wave physically, as our intuition has told us.
When the incident angle is as large as k̃2

x > ε, since the
energy of incident RW cannot be transmitted, and also
cannot be reflected, the only answer is that the energy
is stored at the HI or CRE occurs. Thus, we can have a
self-consistent explanation for those seemingly conflict-
ing results.

To confirm our theoretical discussion at θc, the
FDTD simulation [51] with strict physical HM disper-
sion (Drude mode) which satisfies Kramar–Kronig rela-
tion, is done. The parameter of HM and dielectric are
ε1 = −3, ε2 = 3 , and εl = 1.1. For the case (k̃x > ε),
as shown in Fig. 13(a), a light beam is incident from
HM to HI in 45◦ angle. As we predicted, there is no
reflection and no transmission, and the field energy is
accumulated at HI and stopped there. More detailed ob-
servation shows that at the boundary the field energy is
mainly at the dielectric side, as shown in Fig. 13(b).

We also checked the group velocities of hyperlens
cases and find no violation of the causality. Actually, in
FDTD simulation, if there is superluminal group velocity
the program will be numerically unstable. The dynamic

Fig. 12 Two components of vg of reflected field in HM. (a) Without material dispersion of ε1; (b) With material
dispersion.
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study, such as with the pulse incidence, can reveal some
more interesting phenomena of HI. Since the group ve-
locity along HI is zero at the NTNR case as discussed,
we expect that the pulse energy will accumulate on HI
and stay at the incident position until it is dissipated
because of absorption of HM.

Fig. 13 (a) The magnetic field Hz distributions for a Gaussian
beam incident on the interface with |k̃x| >

√
ε. (b) The averaged

field intensity versus the vertical distance to the HI. (c) Two pulses
are arriving at HI at different times. (d) The fields of two pulses,
which stay at the incident positions, at 14 periods after the pulse
arrives.

The numerical experiments with incident pulses by
FDTD are also done. As shown in Fig. 13(c) and (d), two
pulses arrive at the HI at different times, then they stop
at the incident positions on HI. The pulse vertical length
is compressed to almost zero, but their width stays the
same so they are still well separated in Fig. 13(d). We
emphasize here that this is a novel mechanism to com-
press and stop (slow) light pulses with special advan-
tages. The first advantage is that this mechanism works
at wide frequency and wide incident-angle range, which
is confirmed by FDTD simulation in Fig. 13 with incident
of pretty short pulses. The frequency and incident-angle
insensitivity results from the fact that the mechanism
possesses from a simple geometry property, i.e., the HI
(x axis) perpendicular to one of the hyperbola-dispersion
asymptotes. The second is that the decay (because of dis-
sipation) of trapped field on HI is much slower than in
common metallic material since the trapped field energy
is mainly in the dielectric side as shown in Fig. 13(b).
The third is that the trapped signals are easy to take
out (read) as they are on the interface. Because of these
advantages, HI could be used as a removable recorder
(Dynamic memory) in optical/photonic signal process-
ing, or as a wide-frequency wide-angle light trapper in
photovoltaic devices.

However, we should point out that the above theoret-
ical and numerical studies lie in the assumption of the
ideal hyper-dispersion, which is still void when kry → ∞.

In reality, such HM does not exist, therefore we need
to study the limit of hyper-dispersion of realizable HM.
HM can be realized by many structures, i.e., 1-D pe-
riodic metal-dielectric binary layers [83, 84] or 2-D pe-
riodic metallic lines [85], as shown in Fig. 14(a). For
these structures, the dispersion relation can be calcu-
lated exactly. In Fig. 14, the calculated frequency con-
tour of a 1-D metal-dielectric binary layers is shown,
from which we can see that the effective HM medium is
not available anymore when |k| approaches π/a. Based
on this limit, we can roughly estimate the slow limit
of group velocity by vgx ∼ 1/ε′1(ω)(kh

ry)−1 ∝ 1/γs and
vgy ∼ kx/ε′1(ω)(kh

ry)−2 ∝ 1/γs
2, where γs = kry/k0 is

the slowing coefficient. For the 2-D metallic-line struc-
ture, from the modern technical limit we assume the
smallest lattice constant as a = 10 nm. If the inci-
dent is the micro-wave ω = 5.8 GHz (γs ∼ 107) and
ε′1(ω) = 6.9× 10−10s as in Ref. [86], we obtain vgx ∼ 4.6
m/s which means considerably slow light though not to-
tally stopped, and vgy ∼ 7.07 × 10−8m/s which means
that the strongly-compressed light pulses can be easily
achieved.

Fig. 14 (a) The structures of real HM: the periodic metal-
dielectric layers and the periodic metal nano-wires embedded in
a dielectric matrix. (b) The frequency contour of periodic metal-
dielectric layers.

In conclusion, we have theoretically and numerically
investigated the optical properties of HI. The theory
with dispersion of metamaterial is constructed and the
hyperlens effect of CER is confirmed. At the inverse
process of hyperlens, the abnormal phenomena of CRE
with NTNR and a novel mechanism to compress and
stop light in wide frequency range are revealed. Basing
on the calculated group velocity, we demonstrate that
the previously-pointed-out superluminal group velocity
in HM is artificial since the material dispersion is ne-
glected. FDTD simulations confirm that the HI has the
potential to be a removable optical/photonic recorder,
or a wide-frequency wide-angle light trapper. Finally,
the realizability of these phenomena on the real metal-
lic structures is discussed. Obviously, the new mecha-
nism works not only for electromagnetic waves, but also
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for acoustic or matter waves if hyperbolic dispersion is
available, which means that more interesting phenomena
and applications are waiting for further theoretical and
experimental research.

6 Remote control of light behavior by trans-

formation optical devices

The dream of light-behavior remote control has haunted
the human beings for thousands of years and there are
legends with such imagination. In reality, although dif-
ferent methods of light-behavior controlling have been
successfully used, the technique of light-behavior remote
control has not come into being yet. One basic method
to control light behavior in practice is using different cav-
ities which are widely applied in electromagnetic/optical
devices, such as resonators, modulators, switches and
lasers [87]. Recently, a totally new direction of modern
photonics/optics, i.e., the “transformation optics”, was
setup by the research of an invisibility cloak [39, 40],
which is designed from geometry transformation [39, 40,
42–44, 60, 88–98]. After that, the devices like super scat-
ter [99] and anti-cloak [100] etc., were designed based on
transformation optics to change light propagation. Fur-
thermore, a new concept of “complementary medium”
[102–104] is generated in transformation optics, i.e., a
designed medium which can cancel the scattering effect
of another existing medium in distance so that the scat-
tering effect or the reflecting effect of “the complemen-
tary medium and the existing medium” is zero. However,
the light-behavior remote control by transformation op-
tics has not yet been put forward and further studied.
In this paper, combining the cavity tuning methods and
the theory of transformation optics, we propose a general
light-behavior remote control method which uses a trans-
formation optical device to remotely modify the cavity.
The essential idea is that the transformation optical de-
vice is designed as the complementary medium of a part
of optical cavity, e.g., the cavity mirror, then its reflec-
tion can be remotely tuned (even to zero-reflection), and
the optical property of a cavity could be totally changed

as expected and the light-behavior remote control can be
realized. In this study, the remote cloak [101] is widely
used to tune the cavity, but as we note, besides the re-
mote cloak, other kinds of devices designed from more
general folded geometry transformation [105] could be
utilized for light-behavior remote control as well.

The method of light-behavior remote control in this
work has some advantages. First, since the cavity is not
modulated directly, there is no physical change of the
cavity and no damage caused. Therefore, the cavity can
be conveniently used repeatedly. Second, the modulat-
ing range can be larger. For example, it can modulate
the quality factor Q of a cavity in several orders (even
to almost zero) or tune the resonant frequency in a large
range. Third, since the cavity is modulated at a distance
and the quality factor Q could be tuned to a very low
value, even to almost zero, there seems to be no cavity
at all, and both the controller and the cavity could be
well hidden.

To demonstrate that our method works, three basic
schemes by tuning the cavity at a distance with a re-
mote cloak are shown. The numerical simulations are
in FDTD method and FEM. The novel phenomena, like
“remotely enhancing the brightness of a cavity”, “hiding
a laser which can be switched on remotely at anytime”,
and “changing resonant-modes of a cavity in a large fre-
quency range”, are shown to be theoretically possible.

6.1 The physical design and basic schemes

In this section, we will explain the basic design and three
schemes of light-behavior remote control. Generally, for
a cavity, the essential parameters are the quality fac-
tor Q and the resonant frequency ω0. We will show that
both Q and ω0 could be remotely tuned. Our discussions
are based on the Fabry–Perot (FP) cavity, since it is the
simplest and most typical cavity that is widely used in
optical/photonic devices. As the FP cavity shown in
Fig. 15(a), there are two mirrors S1 and S2 at both sides
of the cavity whose reflection coefficients are r1 and
r2, respectively. Between the two mirrors there is a kind
of filling medium in which the wave vector is k, thereby

Fig. 15 Schemes of light-behavior remote control. (a) Scheme 1: the remote modification of the output energy current
from an absorptive cavity. (b) Scheme 2: the remote control of lasing behavior. (c) Scheme 3: the remote tuning of the
resonant frequency.
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the cavity quality factor Q is determined by the value
of r1r2 and the resonance frequency ω0 is determined by
kd = nπ where n is an integer number.

If we can tune Q and ω0 of the FP cavity at a dis-
tance by changing the key parameters ri (i = 1, 2) and
kd with the remote cloak, the light-behavior remote con-
trol could be realized. Although this design is a general
one, our model is a 2-D one and our study focuses on
the E-polarization modes in which only the μr, μθ, and
εz are considered, as shown in Fig. 15. For simplicity,
r1 is kept unchanged in our study, and only r2 and kd

are tuned. For the first two schemes in [Fig. 15(a) and
(b)], the S3 in the remote cloaks are designed as the
complementary medium of the right mirror S2, then the
mirror can be totally canceled for optical effects. In other
words, the reflection coefficient r2 can be tuned to zero,
and then the quality factor Q can be tuned considerably.
Actually, with different remote cloak designs, Q can be
tuned from the original value to zero, since S3 can be de-
signed to cancel only part of mirror S2, then “physically
effective thickness” of the mirror can be changed from
the original thickness to zero. The difference between
Fig. 15(a) and (b) is that Fig. 15(a) is with absorptive
medium in the FP cavity, while Fig. 15(b) is with gain
medium. In scheme 3 [Fig. 15(c)], the FP cavity which
is made of a dielectric slab and S3 is designed to cancel
part of the slab, then the effective optical thickness kd of
the cavity can be tuned and the resonant frequency ω0 is
changed. The numerical simulation and detailed study
will be shown in the next section.

The remote cloaks in the three schemes are similar to
the structure in Ref. [101]. A remote cloak is composed
of two parts which are shown in Fig. 15(a). Part I is the
core area and part II is the cloaking shell, where a and
b are the inner and the outer radii of the cloaking shell,
respectively, and c is the effective radius of the remote
cloak. In scheme 1 and scheme 2, S3 inside the cloaking
shell is designed as the complementary medium of mir-
ror S2, so r2 of S2 could be changed. In scheme 3, S3

is designed to counteract part DΔ of the dielectric layer
Dd, then the resonant frequency of Dd will be shifted.
In order for these effects, we choose the permeability

and the permittivity parameters as: μr,I = 1, μθ,I = 1,
and εz,I = (c/a)2 in the core area, μr,II = r−a

r + c
r

b−a
b−c ,

μθ,II = 1/μr,II, and εz,II =
(

b−c
b−a

)2

μr,II in the cloak-
ing shell region, and μr,S3 = μr,IIμr,i, μθ,S3 = μθ,IIμθ,i,
and εz,S3 = εz,IIεz,i for S3, where μr,i, μθ,i and εz,i are
the permeability and the permittivity of the part of FP
cavity to be counteracted.

6.2 Numerical simulations and discussion

To demonstrate the effect of our designs of light-behavior
remote control, we have done numerical simulations of
the three schemes.

In scheme 1, we illustrate how to remotely tune the
output energy current (the brightness) from an absorp-
tive FP cavity. For the FP cavity in Fig. 16(a), S1 is
a highly-reflective metal mirror (r1 ∼ 1), while S2 is a
dielectric mirror (εz,s2 > 0) whose effect can be modi-
fied by a remote cloak (with the same dispersive model
in Ref. [94]). Between the two mirrors, there is the
absorptive medium, whose permittivity is ε = ε′ + iε′′,
where ε′ = 1.01 and ε′′ = 0.1. A linear light source is set
at the middle position of the cavity and the light emits
from S2. Also, we detect the output energy current on
the boundary B1. Without the remote cloak, the field
by FDTD simulation is also shown in Fig. 16(a), which
demonstrates that the light inside the FP cavity is re-
flected by the two mirrors and forms a resonant mode.
Only a small part of light energy can emit from the mir-
ror S2 because of the absorption in the cavity. Next, we
set a remote cloak on the right side to the FP cavity to
modify the reflection coefficient r2 of mirror S2, as shown
in Fig. 16(b). Since S3 is the complementary medium of
the mirror S2, the effective thickness of S2 can be re-
duced. When S3 is designed to exactly cancel the mirror
S2 (the effective thickness of S2 is zero), the light from
the source inside the cavity propagates rightward like in
a free space, as depicted by the field shown in Fig. 16(b).
Since the light is not reflected between the two mirrors
any more, much less energy is absorbed, so the output
energy current can be larger than that of the original FP

Fig. 16 The remote modification of the output energy current from an absorptive cavity. (a) Electric field of an absorptive
cavity. (b) Electric field of an absorptive cavity and a remote cloak. (c) lnJ vs. ε′′ curves. J is the output energy current.
Case 1: only an absorptive FP cavity. Case 2: an absorptive FP cavity and a remote cloak.
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cavity.
We have also carried out a quantitative study of this ef-

fect. In Fig. 16(c), the output energy currents vs. imag-
inary part of dielectric constant ε′′ are compared in two
cases, case 1 with only an FP cavity, case 2 with an FP
cavity and a remote cloak. Since the output energy cur-
rent J is proportional to the decay factor exp(−α) where
α ∝ Qε′′, the brightness of a cavity will exponentially de-
pend on the quality factor Q and the material dissipation
ε′′. The numerical results of ln J vs. ε′′ in Fig. 16 clearly
show such dependence, and the ln J of the case 2 with
smaller Q since mirror S2 is cloaked is obviously larger.
(ln J still decreases since the electromagnetic wave trav-
els through the absorptive medium.)

In scheme 2, we demonstrate how to remotely control
the lasing behaviors by the remote cloak to modify the
mirror S2. The setup of the FP cavity in Fig. 17 is the
same as scheme 1, but with gain material inside, which is
simulated by four-level atomic model [106]. To simulate
the spontaneous emission, some quasi-monochromatic
point sources are set randomly inside the cavity. Ac-
cording to the laser theory, when the gain is less than
the threshold, there is only amplified spontaneous emis-
sion, but if the gain is over the threshold, the lasing will
appear, which is shown in Fig. 17(a). The lasing thresh-
old is proportional to the inverse of quality factor 1/Q.
In Fig. 17(b), the remote cloak which can exactly cancel
the mirror S2 is added to the right side of the laser cavity.
Since the light is not reflected by S2 anymore and Q is
very small, the threshold becomes so high that the lasing
mode is not excited, and only the amplified spontaneous
emitting field is observed. To display the difference, we
also show the output energy current versus time for the
two cases in Fig. 17(c). The blue dashed line depicts the

lasing process in which J increases evidently (stable at
about t/T = 2500), while the red solid line shows a con-
stant low output energy for the amplified spontaneous
emission. Scheme 2 is not only a way to remotely switch
off or on a laser, but also a good way to hide a pre-
pared laser. If we cancel both the mirrors S1 and S2 of
our model by two complementary mirrors in cloaks, then
observers far away will not find any difference and such
concealing could be a plot for future science fictions.

Besides the remote tuning of a mirror of FP cavity
in scheme 1 and scheme 2, we can also tune the optical
path kd to shift the resonant frequency, which is shown
in scheme 3. As depicted in Fig. 15(c), the FP cavity in
scheme 3 is a little different, only a thick dielectric layer,
for which the two mirrors are the two interfaces between
the dielectric and vacuum. If a remote cloak is added on
the right side of a dielectric, then the “effective optical
path” of the cavity becomes kd′, where d′ = d − Δ.
Hence, the resonant condition becomes kd′ = nπ. To
demonstrate this effect, we calculate transmission spec-
trum in two cases by FEM, as shown in Fig. 18(a). In
case 1, the spectrum of the original dielectric layer Dd

is shown by the blue line marked with stars. We can see
that there are three original resonant modes. In case 2,
the spectrum of the FP cavity with a remote cloak on
the right side is shown by the red dashed line marked
with circles. From the spectrum, we can observe that
the resonant modes shift. Numerically, we also have cal-
culated the spectrum of a dielectric layer with thickness
d − Δ, shown by a black line in Fig. 18(a). We can see
that these resonant modes of a shorter cavity are ex-
actly the same with case 2, just as we expected. In Fig.
18(a), the largest shift range is about 15%. In fact, with
this method the resonant frequency can be tuned from a

Fig. 17 The remote control of lasing behavior. (a) Electric field of a laser. (b) Electric field of a laser with a remote
cloak on the right side. (c) lg J vs. t curves. J is the output energy current, and T is the period of the light.
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Fig. 18 (a) The remote tuning of the resonant frequency. Case 1: spectrum (J vs. ω curves, J is the output energy
current) of cavity Dd. Case 2: spectrum of cavity Dd and a remote cloak. The thickness of the shorter cavity is d − Δ.
(b) Light-behavior remote control of PhCs. The scatters (the yellow region) change the optical path (contribution from
the region marked with “x”) in PhCs (the blue array).

small shift to a very large one with different cloak design.
Furthermore, we can extend light-behavior remote

control method to remotely tune some complex cavities.
For example, we can tune 1-D photonic crystals (PhCs)
by a transformation-optics device which is similar to that
in Ref. [107]. The scheme is depicted in Fig. 18(b).
By changing the effective optical path of every layer
by transformation optical device, the photonic bandgap
structure can be tuned in a wide range without any phys-
ical change PhCs. Similarly, the defect mode inside PhCs
can also be tuned or generated by the transformation op-
tical devices.

6.3 Conclusion

In conclusion, a light-behavior remote control method
based on the transformation optics is proposed in this
work. The tune of the quality factor Q and the resonant
frequency ω0 of the cavities in wide ranges are demon-
strated. By modifying these important characters of cav-
ities, the light behavior can be remotely controlled with-
out any physical change or damage to the cavities. In
this work, we present three schemes, i.e., the output en-
ergy current of an absorptive cavity, the lasing behavior
of a cavity with gain, and the cavity resonant frequency
or the photonic band-gap of PhCs could be controlled by
transformation optical devices. This work has proposed
a new way for the application of transformation optical
devices. With the fabrication breakthrough of metama-
terial and transformation optical devices, we believe that
the light-behavior remote control will be widely used, not
only in optical/photonic devices, but also in electromag-
netic devices, such as radar or antenna, etc.

7 Summary

In summary, in this paper we have investigated the Dy-
namic properties of the metamaterial with dispersion

taken into account. Deeper physical pictures involved
with metamaterial systems have been revealed, such as
the temporal-coherence gain of the image formed by
negative-index superlens with the quasi-monochromatic
random source, the dynamic process of the dispersive
cloak before achieving the stable state and the essen-
tial element to determine relaxation time and scattered
energy, the limitation to the perfect invisibility of the
electromagnetic cloak due to the material’s dispersion
and the physical causality limit, the method of expand-
ing the cloaking frequency range, etc. Furthermore, we
also give two applications of the dynamic properties of
the metamaterial system. One of them is stopping light
on the interface between metamaterial and common
medium, which is, to a large degree, dependent on the
dispersion and anisotropy of the metamaterial. Another
application is remotely controlling the quality factor Q

and the resonant frequency ω0 of the cavity by a second
transformation optical device, which is also based on
the realization of metamaterial with special dependent
anisotropy. Actually, we believe that only with the well-
constructed dynamic picture is, a deeper understanding
of the abnormal optical/photonic properties of metama-
terials possible. All these research work show that the
dynamic study of metamaterials can lead us to many
new interesting topics, which are yet waiting for further
research.
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