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A complete dimerized state exists for one kind of two-leg spin half ladders, which has local antifer-

romagnetic ordering and frustration effect at the same time. The system’s low-lying excitations can

be obtained exactly which enables us to calculate thermodynamic quantities such as specific heat and

magnetic susceptibility at low temperatures. Our results also show that the subset energy spectrum

is a good approximation to the whole spectrum even for the usual two-leg spin half ladder without

frustration.
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1 Introduction

The Heisenberg model [1] is still widely studied as it de-
scribes magnetic properties of many materials and be-
cause of its intrinsic theoretical interest [2]. In par-
ticular, the discovery of high-temperature superconduc-
tivity in the copper oxide compounds [3, 4] and the
resonating-valence-bond theory proposed by Anderson
[5, 6] arouse much interest in the low-dimensional an-
tiferromagnetic (AF) systems. Recently, much attention
paid in quantum spin models focused on its entanglement
[7–16] which is related to quantum information [17, 18].

Although the Heisenberg model looks simple, it has
not yet been solved analytically exactly apart from one
dimension [19] and at Ising limit [20] in two dimensions
[21]. Great effort has been placed to solve the model
using various approaches. One such approach is the con-
struction of soluble models. An exact soluble dimerized
state is found in the one-dimensional Majumdar–Ghosh
model [22] and the two-dimensional model proposed by
Shastry and Sutherland (SS) [23], where the ground state
is a product of singlet dimers. The elementary excitation
can be constructed as a pair of unbound spins above the
completely dimerized state [24]. Recently, as suggested
by Lin and Shen, the one-, two- or three- dimensional
net spin models for general spin [25] also have complete
dimerized ground state. The ground state and first ex-
cited state of these exact soluble net spin models were
studied in detail [26].

Due to complexity in the energy spectrum, there ex-
ists very few studies at finite temperatures, and most of

them are numerical, e.g., the well-known work of Bonner
and Fisher [27]. In this work, we would like to contribute
to finite temperature studies of the Heisenberg model by
studying the low-lying excitations and hence the ther-
modynamic properties of an AF spin half ladder [28–35].
The general spin ladder can be regarded as a strip made
up of two-dimensional square lattices, and its properties
help us in the understanding of high-temperature super-
conductivity [36] as mentioned at the beginning. There
exists no analytical solution for general spin ladder. Nev-
ertheless, a K-rung net spin ladder as shown in Fig. 1 can
be studied in a partial analytical exact way. The model
has 2K = N sites, and each leg connects to other leg
not only perpendicularly (J1), but also diagonally (γJ2),
with open boundary conditions imposed. S and S′ rep-
resent spins on the lower and upper legs, respectively.
The model Hamiltonian is

H = 2J1

K∑
i=1

Si · S′
i + 2J2

K−1∑
i=1

[Si · Si+1

+ S′
i · S′

i+1 + γ(Si+1 · S′
i + Si · S′

i+1)] (1)

where J1, J2 � 0, and γ = 0 or 1.

Fig. 1 The net spin ladder.

Although the model at exact soluble limit, γ = 1,
has restriction in its applicability, it may give insights
into some general properties of the more commonly used
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model at γ = 0. Indications as shown in Fig. 2 (a) and
(b) are the heat capacity and the susceptibility as func-
tion of temperature at J2/J1 = 0.2, which are very sim-
ilar for both values of γ. Therefore, we investigate the
model at γ = 1 to give us some ideas about its ther-
modynamical properties of the model at other values of
γ. The difference between γ = 0 and 1 in other J2/J1

regime will be discussed later.
From the experimental point of view, a number of

materials can be matched with the theoretical proper-
ties of two-leg Heisenberg AF ladder, such as SrCu2O3,
La6Ca8Cu24O41 and (VO)2P2O7 [37]. A review of cer-
tain materials well described by ladder models was pro-
posed by Dagotto [38]. The exact soluble model (γ = 1)
can be regarded as a chain of edge-sharing tetrahedra
[39]. A number of materials can be matched with corner-
sharing tetrahedra, such as Tb2Ti2O7 [40] and CsNiCrF6

[41]; thus, edge-sharing tetrahedra may have its exper-
imental realization in certain compounds, just like the
SS model had found its experimental realization in com-
pound SrCu2(BO3)2 [42–45] after it had been proposed
for twenty years.

2 Low-lying excitations

We first consider the case when γ is equal to one, where
the Hamiltonian can be treated analytically. The K-rung
spin half ladder is equivalent to a K-site spin one chain.

The effective Hamiltonian is

H = −3
2
KJ1 + J1

K∑
i=1

σ2
i + 2J2

K−1∑
i=1

σi · σi+1 (2)

where σi = Si + S′
i.

By inspecting the effective Hamiltonian Eq. (2), we
notice that the complete dimerized state is the ground
state in the limit of large J1. The state with one bro-
ken dimer is the first excited state. So we expect that
more dimers will be broken in the higher excited states.
In fact, for spin half case, the ground state is the com-
plete dimerized state when J2/J1 is smaller than 0.7135
[46, 47]. When J2/J1 is greater than 0.7135, the regime
is the Haldane gap phase [48, 49]. The ground state is
that of spin-1 chain with coupling 2J2. We take J2/J1

equal to 0.2 to investigate the behaviour in the large J1

limit and take J2/J1 equal to 0.7 (just before the Hal-
dane regime) to investigate the behaviour in the small
J1 limit. Besides, at J2/J1 equal to 0.5, the first ex-
cited state changes from a triplet to a non-dimer singlet.
Hence, we take J2/J1 equal to 0.5 to examine the ef-
fect of level-crossing of excited states on thermodynamic
properties. The excited states start crossing even when
J1 is large, but such level-crossing involves increasingly
more low-lying excited states when J1 decreases. The
level crossing between the energy levels is independent

of ladder size.

Fig. 2 (a) Heat capacity and (b) susceptibility against kBT for
K = 6 when J2/J1 = 0.2.

For a K-rung spin ladder with 2K sites, a CK
N × CK

N

matrix is needed to be diagonalized. For K � 3, we
can obtain all the eigenvalues analytically. However, for
K � 4, we need to solve part of it by some exact nu-
merical calculations. Since there is rotational symmetry
in the spin space, the Hamiltonian is a function of total
spin (Stot). Thus, the eigenenergies are independent of
the value of z-component of total spin (Sz

tot). So, we
here just consider the eigenstates in zero Sz

tot subspace.
Say for K = 4, we should consider a 70× 70 matrix, but
only some of the eigenvalues of the matrix have analyt-
ical form. For even larger K, say greater than 12, we
cannot even use exact diagonalization (ED) to solve the
Hamiltonian.

Although the whole spectrum of the infinite long spin
ladder cannot be found, a partial spectrum up to certain
energy scale, say 12J1, can be obtained. In this paper,
the whole spectrum for finite size ladders up to 6 rungs,
i.e. 12 sites were found. For 6-rung ladder, 238 distinct
eigenlevels in the form of linear combination of J1 and J2

are obtained. In our approach, these eigenlevels serve as
a partial spectrum for any K � 7. Moreover, the corre-
sponding degeneracy of the eigenlevels in real (Dreal) and
spin (Dspin) space were found. The first 100 eigenlevels
of the energy spectrum and corresponding degeneracies
for any K-rung spin ladder with eigenenergies in ascend-
ing order in the large J1 limit are listed in Tables 1–3.
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Table 1 The energy spectrum from 0 to 8J1 for K-rung spin ladder with E0 = −3

2
KJ1 is set to be zero.

Eigenvalue Eigenvector Dreal Stot Dspin Dtotal

0 all ϕd 1 0 1 1

2J1 1ϕt K 1 3 3K

4J1 − 4J2 �0 K − 1 0 1 K − 1

4J1 − 2J2 �1 K − 1 1 3 3(K − 1)

4J1 2ϕt
1

2!
(K − 1)(K − 2) 2,1,0 9

9

2
(K − 1)(K − 2)

4J1 + 2J2 �2 K − 1 2 5 5(K − 1)

6J1 − 6J2 GS(3) K − 2 1 3 3(K − 2)

6J1 − 4J2 ϕt�0 (K − 2)(K − 3) 1 3 3(K − 2)(K − 3)

1st(3) K − 2 0 1 K − 2

6J1 − 2J2 ϕt�1 (K − 2)(K − 3) 2,1,0 9 9(K − 2)(K − 3)

2nd(3) K − 2 2,1 8 8(K − 2)

6J1 3ϕt
(K − 2)(K − 3)(K − 4)

3!
3,2,1/2,1,0/1 27

9(K − 2)(K − 3)(K − 4)

2

3rd(3) K − 2 1 3 3(K − 2)

6J1 + 2J2 ϕt�2 (K − 2)(K − 3) 3,2,1 15 15(K − 2)(K − 3)

4th(3) K − 2 2 5 5(K − 2)

6J1 + 4J2 5th(3) K − 2 3 7 7(K − 2)

8J1 − 2J2(4.646) GS(4) K − 3 0 1 K − 3

8J1 − 2J2(4.137) 1st(4) K − 3 1 3 3(K − 3)

8J1 − 8J2 �0�0
1

2!
(K − 3)(K − 4) 0 1

1

2
(K − 3)(K − 4)

8J1 − 6J2 �0�1 (K − 3)(K − 4) 1 3 3(K − 3)(K − 4)

ϕt GS(3) (K − 3)(K − 4) 2,1,0 9 9(K − 3)(K − 4)

8J1 − 2J2(2.791) 2nd(4) K − 3 2 5 5(K − 3)

8J1 − 2J2(2.618) 3rd(4) K − 3 1 3 3(K − 3)

8J1 − 2J2(2.241) 4th(4) K − 3 1 3 3(K − 3)

8J1 − 4J2 2ϕt�0
(K − 3)(K − 4)(K − 5)

2!
2,1,0 9

9(K − 3)(K − 4)(K − 5)

2

�1�1
1

2!
(K − 3)(K − 4) 2,1,0 9

9

2
(K − 3)(K − 4)

ϕt 1st(3) (K − 3)(K − 4) 1 3 3(K − 3)(K − 4)

5th(4) K − 3 0 1 K − 3

8J1 − 2J2(1.618) 6th(4) K − 3 2 5 5(K − 3)

8J1 − 2J2 2ϕt�1
(K − 3)(K − 4)(K − 5)

2!
3,2,1/2,1,0/1 27

27(K − 3)(K − 4)(K − 5)

2

�0�2 (K − 3)(K − 4) 2 5 5(K − 3)(K − 4)

ϕt 2nd(3) (K − 3)(K − 4) 3,2,1/2,1,0 24 24(K − 3)(K − 4)

7th(4) K − 3 2 5 5(K − 3)

8J1 − 2J2(0.759) 8th(4) K − 3 1 3 3(K − 3)

8J1 − 2J2(0.414) 9th(4) K − 3 3 7 7(K − 3)

8J1 − 2J2(0.382) 10th(4) K − 3 1 3 3(K − 3)

8J1 4ϕt
(K − 3)(K − 4)(K − 5)(K − 6)

4!
4,3*3,6*2,6*1,3*0 81

27(K − 3)(K − 4)(K − 5)(K − 6)

8
�1�2 (K − 3)(K − 4) 3,2,1 15 15(K − 3)(K − 4)

ϕt 3rd(3) (K − 3)(K − 4) 2,1,0 9 9(K − 3)(K − 4)

11th(4) K − 3 2 5 5(K − 3)

8J1 + 2J2(0.618) 12th(4) K − 3 2 5 5(K − 3)

8J1 + 2J2(0.645) 13th(4) K − 3 0 1 K − 3

8J1 + 2J2 2ϕt�2
(K − 3)(K − 4)(K − 5)

2!
4,3,2,1,0/3,2,1/2 45

45(K − 3)(K − 4)(K − 5)

2

ϕt 4th(3) (K − 3)(K − 4) 3,2,1 15 15(K − 3)(K − 4)

14th(4) K − 3 3 7 7(K − 3)

8J1 + 2J2(1.137) 15th(4) K − 3 1 3 3(K − 3)

8J1 + 2J2(1.791) 16th(4) K − 3 2 5 5(K − 3)
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(continued)

Eigenvalue Eigenvector Dreal Stot Dspin Dtotal

8J1 + 4J2 �2�2
1

2!
(K − 3)(K − 4) 4,3,2,1,0 25

25

2
(K − 3)(K − 4)

ϕt 5th(3) (K − 3)(K − 4) 4,3,2 21 21(K − 3)(K − 4)

8J1 + 2J2(2.414) 17th(4) K − 3 3 7 7(K − 3)

8J1 + 6J2 18th(4) K − 3 4 9 9(K − 3)

Table 2 The energy spectrum with 10J1 and negative J2 for K-rung spin ladder with E0 = −3

2
KJ1 is set to be zero.

Eigenvalue Eigenvector Dreal Stot Dspin Dtotal

10J1 − 2J2(5.830) GS(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(5.284) 1st(5) K − 4 0 1 K − 4

10J1 − 10J2 �0GS(3) (K − 4)(K − 5) 1 3 3(K − 4)(K − 5)

10J1 − 2J2(4.646) ϕtGS(4) (K − 4)(K − 5) 1 3 3(K − 4)(K − 5)

10J1 − 2J2(4.405) 2nd(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(4.397) 3rd(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(4.137) ϕt1st(4) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

10J1 − 8J2 ϕt �0 �0
(K − 4)(K − 5)(K − 6)

2!
1 3

3(K − 4)(K − 5)(K − 6)

2

�1GS(3) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

�01st(3) (K − 4)(K − 5) 0 1 (K − 4)(K − 5)

4th(5) K − 4 0 1 K − 4

10J1 − 2J2(3.823) 5th(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(3.473) 6th(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(3.412) 7th(5) K − 4 1 3 3(K − 4)

10J1 − 6J2 ϕt �0 �1 (K − 4)(K − 5)(K − 6) 2,1,0 9 9(K − 4)(K − 5)(K − 6)

2ϕtGS(3)
(K − 4)(K − 5)(K − 6)

2!
3,2,1/2,1,0/1 27

27(K − 4)(K − 5)(K − 6)

2
�11st(3) (K − 4)(K − 5) 1 3 3(K − 4)(K − 5)

�02nd(3) (K − 4)(K − 5) 2,1 8 8(K − 4)(K − 5)

10J1 − 2J2(2.825) 8th(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(2.791) ϕt2nd(4) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

10J1 − 2J2(2.732) 9th(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(2.618) ϕt3rd(4) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

10J1 − 2J2(2.575) 10th(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(2.411) 11th(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(2.375) 12th(5) K − 4 3 7 7(K − 4)

10J1 − 2J2(2.337) 13th(5) K − 4 0 1 K − 4

10J1 − 2J2(2.241) ϕt4th(4) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

10J1 − 2J2(2.237) 14th(5) K − 4 2 5 5(K − 4)

10J1 − 4J2 3ϕt�0
(K − 4)(K − 5)(K − 6)(K − 7)

3!
3,2,1/2,1,0/1 27

27(K − 4)(K − 5)(K − 6)(K − 7)

6

ϕt �1 �1
(K − 4)(K − 5)(K − 6)

2!
3,2,1/2,1,0/1 27

27(K − 4)(K − 5)(K − 6)

2

2ϕt1st(3)
(K − 4)(K − 5)(K − 6)

2!
2,1,0 9

9(K − 4)(K − 5)(K − 6)

2

�03rd(3) (K − 4)(K − 5) 1 3 3(K − 4)(K − 5)

�12nd(3) (K − 4)(K − 5) 3,2,1/2,1,0 24 24(K − 4)(K − 5)

�2GS(3) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

ϕt5th(4) (K − 4)(K − 5) 1 3 3(K − 4)(K − 5)

15th(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(1.818) 16th(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(1.618) ϕt6th(4) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

10J1 − 2J2(1.544) 17th(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(1.303) 18th(5) K − 4 3 7 7(K − 4)

10J1 − 2J2(1.184) 19th(5) K − 4 1 3 3(K − 4)
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(continued)

Eigenvalue Eigenvector Dreal Stot Dspin Dtotal

10J1 − 2J2 3ϕt�1
(K − 4)(K − 5)(K − 6)(K − 7)

3!
4,3*3,6*2,6*1,3*0 81

27(K − 4)(K − 5)(K − 6)(K − 7)

2
ϕt �0 �2 (K − 4)(K − 5)(K − 6) 3,2,1 15 15(K − 4)(K − 5)(K − 6)

2ϕt2nd(3)
(K − 4)(K − 5)(K − 6)

2!
4,3*3,5*2,5*1,2*0 72 36(K − 4)(K − 5)(K − 6)

�04th(3) (K − 4)(K − 5) 2 5 5(K − 4)(K − 5)

�13rd(3) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

�21st(3) (K − 4)(K − 5) 2 5 5(K − 4)(K − 5)

ϕt7th(4) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

20th(5) K − 4 3 7 7(K − 4)

10J1 − 2J2(0.894) 21st(5) K − 4 1 3 3(K − 4)

10J1 − 2J2(0.881) 22nd(5) K − 4 3 7 7(K − 4)

10J1 − 2J2(0.759) ϕt8th(4) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

10J1 − 2J2(0.507) 23rd(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(0.414) ϕt9th(4) (K − 4)(K − 5) 4,3,2 21 21(K − 4)(K − 5)

10J1 − 2J2(0.409) 24th(5) K − 4 3 7 7(K − 4)

10J1 − 2J2(0.382) ϕt10th(4) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

10J1 − 2J2(0.380) 25th(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(0.372) 26th(5) K − 4 2 5 5(K − 4)

10J1 − 2J2(0.215) 27th(5) K − 4 1 3 3(K − 4)

The ground state energy E0 = −3
2
KJ1 for different K-

rung ladders is set to be zero. Those 138 eigenlevels
starting from 12J1 are relatively high in energy in the
parameter range concerned because we are mainly inter-
ested in the low-temperature behavior of the model for
infinite system; they are not listed in the paper in the
interest of succinctness.

Notations in Tables 1–3:
For two spins at a particular rung which form a dimer

ϕd or triplet ϕt,

ϕd = |Stot, S
z
tot〉 = |0, 0〉 =

1√
2
(| ↑i↓i′〉 − | ↓i↑i′〉)

ϕt = |Stot, S
z
tot〉 = |1, 0〉 =

1√
2
(| ↑i↓i′〉 + | ↓i↑i′〉)

For four spins at two nearest rungs which form a pla-
quette with Stot equal to two �2, one �1 or zero �0,

�2 =
1√
6

(∣∣ ↑↑ ↓↓
〉

+
∣∣ ↓↑ ↓↑

〉
+

∣∣ ↓↑ ↑↓
〉

+
∣∣ ↑↓ ↓↑

〉

+
∣∣ ↑↓ ↑↓

〉
+

∣∣ ↓↓ ↑↑
〉)

�1 =
1√
2

(∣∣ ↓↑ ↓↑
〉 − ∣∣ ↑↓ ↑↓

〉)

�0 =
1√
12

(∣∣ ↓↑ ↓↑
〉

+
∣∣ ↓↑ ↑↓

〉
+

∣∣ ↑↓ ↓↑
〉

+
∣∣ ↑↓ ↑↓

〉

−2
∣∣↑↑ ↓↓

〉 − 2
∣∣ ↓↓ ↑↑

〉)

For those eigenvectors that correspond to the eigen-
states of the K-site spin-1 chain, they are denoted by
specified state followed by (K). For example, an eigen-
vector corresponds to the ground state of 3-site spin-1
chain is denoted by GS(3), and the second excited state

of 4-site spin-1 chain is denoted by 2nd(4).
Furthermore, the degeneracies listed in the tables are

valid for any K, where K is the number of rungs of
the ladder and not limited to 6. For example, there
are two eigenvectors, 3ϕt and 3rd(3), that correspond
to the 6J1 state, but 3ϕt gives non-zero degeneracy
when K � 5, whereas 3rd(3) gives non-zero degener-
acy when K � 3. Thus, for K = 4, the 6J1 state has
0+3(4−2) = 6 degeneracies, and for K = 7, the 6J1 state

has
9
2
(7− 2)(7− 3)(7− 4)+ 3(7− 2) = 285 degeneracies.

One should notice that the higher excited states con-
sist of more triplets, but none of them are adjacent, i.e.
the triplets are separated by at least one dimer. In fact,
when two triplets come next to each other, they will com-
bine with each other to form a plaquette state which has
lower energy that depends on the value of J2/J1. Fur-
thermore, when n triplets come next to each other, they
will form an eigenstate of the n-site spin-1 chain. There
is attractive interaction among the triplets.

The energy spectrum of K-rung ladder is a subset of
that of the K+1-rung ladder. Apart from the common
eigenstates, those new eigenstates in K+1-rung ladder
are eigenstates of K+1-site spin-1 chain, as well as the
linear combination of eigenstates in K-rung ladder sep-
arated by at least one dimer. Hence, solving the K-rung
net spin half ladder is equivalent to solving a K-site spin
one chain which requires less computing space.

The 238 eigenvalues with coefficients of J1 less than or
equal to 12 are the partial spectrum selected to be used
in the approximate calculations of thermodynamic prop-
erties of K-rung ladder with K � 7, a straightforward
choice for keeping the calculation efforts comparable to
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Table 3 The energy spectrum with 10J1 and positive J2 for K-rung spin ladder with E0 = −3

2
KJ1 is set to be zero.

Eigenvalue Eigenvector Dreal Stot Dspin Dtotal

10J1 5ϕt
(K−4)(K−5)(K−6)(K−7)(K−8)

5!

5,4*4,10*3,15*2,

15*1,6*0
243

81(K−4)(K−5)(K−6)(K−7)(K−8)

40

ϕt �1 �2 (K − 4)(K − 5)(K − 6) 4,3,2,1,0/3,2,1/2 45 45(K − 4)(K − 5)(K − 6)

2ϕt3rd(3)
(K − 4)(K − 5)(K − 6)

2!
3,2,1/2,1,0/1 27

27(K − 4)(K − 5)(K − 6)

2
�05th(3) (K − 4)(K − 5) 3 7 7(K − 4)(K − 5)

�14th(3) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

�22nd(3) (K − 4)(K − 5) 4,3,2,1,0/3,2,1 40 40(K − 4)(K − 5)

ϕt11th(4) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

28th(5) K − 4 3 7 7(K − 4)

10J1 + 2J2(0.038) 29th(5) K − 4 1 3 3(K − 4)

10J1 + 2J2(0.382) 30th(5) K − 4 4 9 9(K − 4)

10J1 + 2J2(0.546) 31st(5) K − 4 2 5 5(K − 4)

10J1 + 2J2(0.618) ϕt12th(4) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

10J1 + 2J2(0.646) ϕt13th(4) (K − 4)(K − 5) 1 3 3(K − 4)(K − 5)

10J1 + 2J2(0.732) 32nd(5) K − 4 2 5 5(K − 4)

10J1 + 2J2(0.903) 33rd(5) K − 4 2 5 5(K − 4)

10J1 + 2J2 3ϕt�2
(K − 4)(K − 5)(K − 6)(K − 7)

3!
5,3*4,6*3,7*2,6*1,2*0 135

45(K − 4)(K − 5)(K − 6)(K − 7)

2

2ϕt4th(3)
(K − 4)(K − 5)(K − 6)

2!
4,3,2,1,0/3,2,1/2 45

45(K − 4)(K − 5)(K − 6)

2

�15th(3) (K − 4)(K − 5) 4,3,2 21 21(K − 4)(K − 5)

�23rd(3) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

ϕt14th(4) (K − 4)(K − 5) 4,3,2 21 21(K − 4)(K − 5)

34th(5) K − 4 3,3 14 14(K − 4)

10J1 + 2J2(1.036) 35th(5) K − 4 1 3 3(K − 4)

10J1 + 2J2(1.137) ϕt15th(4) (K − 4)(K − 5) 2,1,0 9 9(K − 4)(K − 5)

10J1 + 2J2(1.382) 36th(5) K − 4 4 9 9(K − 4)

10J1 + 2J2(1.455) 37th(5) K − 4 3 7 7(K − 4)

10J1 + 2J2(1.620) 38th(5) K − 4 0 1 K − 4

10J1 + 2J2(1.741) 39th(5) K − 4 1 3 3(K − 4)

10J1 + 2J2(1.791) ϕt16th(4) (K − 4)(K − 5) 3,2,1 15 15(K − 4)(K − 5)

10J1 + 2J2(1.974) 40th(5) K − 4 2 5 5(K − 4)

10J1 + 4J2 ϕt �2 �2
(K − 4)(K − 5)(K − 6)

2!
5,2*4,3*3,3*2,3*1,0 75

75(K − 4)(K − 5)(K − 6)

2

2ϕt5th(3)
(K − 4)(K − 5)(K − 6)

2!
5,4,3,2,1/3,2,1/3 63

63(K − 4)(K − 5)(K − 6)

2

�24th(3) (K − 4)(K − 5) 4,3,2,1,0 25 25(K − 4)(K − 5)

10J1 + 2J2(2.294) 41st(5) K − 4 1 3 3(K − 4)

10J1 + 2J2(2.303) 42nd(5) K − 4 3 7 7(K − 4)

10J1 + 2J2(2.414) ϕt17th(4) (K − 4)(K − 5) 4,3,2 21 21(K − 4)(K − 5)

10J1 + 2J2(2.618) 43rd(5) K − 4 4 9 9(K − 4)

10J1 + 2J2(2.769) 44th(5) K − 4 2 5 5(K − 4)

10J1 + 6J2 �25th(3) (K − 4)(K − 5) 5,4,3,2,1 35 35(K − 4)(K − 5)

ϕt18th(4) (K − 4)(K − 5) 5,4,3 27 27(K − 4)(K − 5)

10J1 + 2J2(3.209) 45th(5) K − 4 3 7 7(K − 4)

10J1 + 2J2(3.618) 46th(5) K − 4 4 9 9(K − 4)

10J1 + 8J2 47th(5) K − 4 5 11 11(K − 4)

full spectrum of K = 6, as the largest coefficient of J1

of the full spectrum of a K-rung ladder is equal to 2K.
These eigenvalues also have the advantage of relatively
high degeneracy. We should point out that the order of
the eigenstates changes for different J2/J1 values, so for
the partial spectrum approximation approach we used,
not all of the low-lying excitations are always included

in the partial spectrum for all J2/J1. The first 41 ex-
citation energies (in the same order listed in Table 1)
against J2/J1 are shown in Fig. 3 for illustration of the
level-crossing in low-lying excited states. From this fig-
ure, we can see that as J2/J1 increases up to around 0.7,
the level crossings between excited states keep increasing
(some of them are not shown as the higher excited states
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are omitted in the figure). As an indication, for any K,
in the approximate spectrum just up to 8J1, more than
the first 20 low-lying levels are always included when
J2/J1 < 0.2, and the first 10 are always included when
J2/J1 < 0.5. In fact, if the excitation energy is fixed at
6J1, then for J2/J1 < 0.3, the first 12 low lying levels
already give good approximation; while for J2/J1 < 0.6,
we need about the first 30 low lying levels.

Fig. 3 The first 41 excitation energies against J2/J1.

The energy 〈E〉 is equal to
Tr(e−βHH)
Tr (e−βH)

=
∑

ie
−βEiEiDi∑

ie−βEiDi
, where Di is the corresponding degen-

eracy of eigenenergy Ei.

The heat capacity Cv =
〈E2〉 − 〈E〉2

kT 2
and the suscep-

tibility χ =
〈m2〉 − 〈m〉2

kT
where 〈m2〉 =

∑
ie

−βEi(Sz
tot)2∑

ie−βEi

are going to be investigated.

2.1 The heat capacity

Before we extend our calculations beyond K = 6, the re-
liability of the quantities calculated by the partial spec-
trum is checked. The exact heat capacity calculated by
the whole spectrum where leading coefficients of J1 are
up to 2K, is compared with the approximate heat ca-
pacities estimated by three different levels of approxima-
tions: up to 2(K − 1)J1, up to 2(K − 2)J1, and up to
2(K − 3)J1, as shown in Fig. 4(a)–(c). For example, for
K = 4, the whole spectrum has eigenvalues up to 8J1;
hence, the three approximations are 6J1, 4J1 and 2J1,
while for K = 6, the whole spectrum has eigenvalues up
to 12J1; hence, the approximations are 10J1, 8J1 and
6J1, respectively.

Figure 4(a)–(c) shows that the results obtained by the
partial spectrum qualitatively agree with the exact one,
and the approximate curves match especially well with
the exact curves at lower temperature. The deviation is
larger at higher temperature; the reason is because more

high energy excitations, which have been omitted in the
approximations, are involved at higher temperature.

Fig. 4 Heat capacity against kBT when J2/J1 = 0.2 for (a)
K = 4, (b) K = 5 and (c) K = 6.

When we compare Fig. 4(a)–(c), we see that the devi-
ation of the approximated curve from the exact curve is
smaller for larger K since the ratio of the removed part of
the whole spectrum decreases as K increases. Therefore,
same-level approximation gives better results for larger
K.

The deviation at the low temperature between the ex-
act and estimated values is larger for the case J2/J1 =
0.7 (and generally, in small J1 limit), as indicated by the
fact that the deviation shown in Fig. 5 is larger than
that shown in Fig. 4(c). This is because the eigenlevels
with smaller coefficient of J1 belong to the higher excited
states when comparing with the states with larger coef-
ficient of J1 which are omitted in the approximations,
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such as E9 = 6J1 is higher than E17 = 8J1 − 4J2 when
J2/J1 > 0.5. Therefore, the deviation at lower tempera-
ture is more pronounced for larger J2/J1 as indicated in
Fig. 5.

Fig. 5 Heat capacity against kBT for K = 6, J1/J2 = 0.7.

Based on our numerical results, the approximations
agree very well with the exact one calculated by the
whole spectrum in low-temperature regime. The biggest
deviation is usually around the peak value, so if the ap-
proximation is good for peak value, then it is nearly good
for the whole range of temperature. Therefore, we look
into the differences in peak values between the approxi-
mate and exact methods.

The peak value by the partial spectrum is always
smaller than the actual value because part of the energy
spectrum is always omitted in approximations. There
is a systematic shift of the corresponding temperature
which the heat capacity attains its maximum. The ap-
proximated curves reach the maximum at lower (higher)
temperature when J2/J1 = 0.2 (0.7). The exact peak
values of heat capacity Cv and the corresponding tem-
perature kBT for all K = 4, 5, 6, 7 (approximated) are
listed in Table 4. Both of the maximum Cv and the corre-
sponding kBT are weak functions of the number of rungs
K. Especially in the large J1 limit, because the dimer
states localize at a pair of sites only, the corresponding
kBT is nearly unchanged for J2/J1 = 0.2. However, the
corresponding kBT decreases slightly for J2/J1 = 0.7 be-
cause J2, which makes the localized dimers couple with
other sites, becomes more significant, and hence, the ef-
fect of ladder size arises. The kBT which the Cv attains
its maximum decreases as J2/J1 increases. This is re-
lated to the fact that the density of states in the low-
energy regime increases as J2/J1 increases (Fig. 3).

Table 4 The peak values of heat capacity Cv and the correspond-
ing temperature kBT for γ = 1.

J2/J1 = 0.2 J2/J1 = 0.5 J2/J1 = 0.7K
Cv/(NkB) kBT/J1 Cv/(NkB) kBT/J1 Cv/(NkB) kBT/J1

4 0.51859 0.6835 0.53964 0.5870 0.47093 0.4555

5 0.51910 0.6835 0.54300 0.5790 0.46344 0.4225

6 0.51943 0.6835 0.54552 0.5735 0.45789 0.3990

7 0.51964 0.6820 0.54703 0.5695 0.45037 0.3855

The low-lying energy spectrum is the same for all K

in large J1 limit. Fig. 6(a) shows that the heat capacity
curves are almost same for all K for large J1 (J2/J1 =
0.2). When J1 is small, the order of the energy levels
changes. The higher energy excitations when J1 is large
become low-lying ones when J1 is small. Hence, when J1

is small, heat capacity curves are different for different
K. In fact, the heat capacity attains a smaller maximum
value at lower temperature for increasing K as shown in
Fig. 6(b). In other words, the fact that the heat capacity
is spectrum dependent has been illustrated in Fig. 6.

Fig. 6 Heat capacity against kBT for J2/J1 equal to (a) 0.2 and
(b) 0.7.

For any K � 7, our partial spectrum calculation gives
a lower bound for the heat capacity and very good ap-
proximation at low temperature. The tendency of exact
peak values of heat capacity described above indicates
that the peak values for small K give an upper limit for
the heat capacity for large K when J2/J1 = 0.7. Hence,
the value of heat capacity for any K at low temperature
can be well estimated.

2.2 The susceptibility

The properties of susceptibility are alike to those of the
heat capacity due to similar reasons. To check reliability
of approximation, the results for K = 6 when J2/J1 is
equal to 0.7 are shown in Fig. 7. The susceptibility ob-
tained by the partial spectrums agrees with those given
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by the whole spectrum. Even when kBT is very large, up
to 10J1, the deviation between approximated and exact
values does not increase and remains nearly unchanged
once the susceptibility reaches maximum.

Fig. 7 Susceptibility against kBT for K = 6, J2/J1 = 0.7.

In addition, the susceptibility for different K at large
J1 limit nearly coincides with each other as shown in
Fig. 8(a). Even when J2/J1 = 0.7, the shift of suscepti-
bility for different K is very small as shown in Fig. 8(b).
From Table 5, the exact peak values of susceptibility χ

and the corresponding temperature kBT are nearly the
same for all K = 4, 5, 6, 7 (approximation). The kBT

at which χ attains its maximum decreases, and also the
value of maximum χ decreases, as J2/J1 increases.

Fig. 8 Susceptibility against kBT for J2/J1 equal to (a) 0.2 and
(b) 0.7.

Table 5 The peak values of susceptibility χ and the correspond-
ing temperature kBT for γ = 1.

J2/J1 = 0.2 J2/J1 = 0.5 J2/J1 = 0.7
K

J1χ

g2μ2
BN

kBT/J1
J1χ

g2μ2
BN

kBT/J1
J1χ

g2μ2
BN

kBT/J1

4 0.090246 1.2255 0.079173 1.1265 0.073125 1.0110

5 0.089616 1.2240 0.077969 1.1220 0.071613 0.9875

6 0.089197 1.2230 0.077152 1.1105 0.070319 0.9825

7 0.088694 1.2115 0.076802 1.1010 0.071051 0.9580

Similar to the heat capacity, our partial spectrum cal-
culations give a lower bound of the susceptibility for any
K � 7. The approximation in the sense that there is
a larger range of agreement in both temperature and
J2/J1 is better in susceptibility than in heat capacity.
The tendency of exact peak values of susceptibility in-
dicates that the peak values for small K give an upper
limit for the susceptibility for large K in the whole range
of J2/J1. Hence, the value of susceptibility for any K at
low temperature can be well estimated.

2.3 For γ equal to zero

When γ = 0, the dimers formed due to antiferromagnetic
coupling J1 must be killed by the quantum fluctuation
due to J2. A dimerized state is no longer the ground state
nor an eigenstate of the Hamiltonian. Moreover, the
eigenlevels are not in the form of linear combinations of
J1 and J2. In this case, the problem is solved numerically
by ED. A comparison between the results of γ = 0 and 1
is made to see the difference between the soluble model
and the standard Heisenberg model. Such comparison is
relevant for it has been shown that the nearest-neighbor
resonant-valence-bond state proposed by Anderson [5]
could be a good approximation to the true ground state
[50] for the 2-D antiferromagnetic Heisenberg model.

For the heat capacity, the difference between γ = 0 and
1 is less than 5% when J2/J1 = 0.2 [Fig. 2(a)]. Thus,
the behaviours of these two cases are very similar in the
large J1 limit. But as J2/J1 increases, the quantum fluc-
tuation due to J2 becomes more and more important.
Indeed, the energy spectrum is different for γ = 0 and
1 cases. Thus, heat capacity, which is spectrum depen-
dent, has a large derivation between γ = 0 and 1 cases
when J2/J1 is equal to 0.7 (Fig. 9).

For the susceptibility, the difference between γ = 0
and 1 also increases as J2/J1 increases. However, such
difference in both the peak value and shift in kBT is
relatively small for all J2/J1 and K (Fig. 10). Because
the susceptibility is a measure of the magnetic proper-
ties of the model, the local antiferromagnetic properties
of γ = 0 should be similar to that of γ = 1. Further-
more, the difference between the values of Cv and values
of χ, for γ = 0 and 1 cases is small at two temperature
extremes.
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Fig. 9 Cv against kBT for K = 6 when J2/J1 = 0.7.

Fig. 10 χ against kBT for K = 6 when J2/J1 = 0.7.

From Tables 6 and 7, the peak values of both Cv and
χ decrease and the corresponding temperature increases
as J2/J1 increases. The peak Cv when γ = 1 is greater
than that when γ = 0, but the peak χ when γ = 0 is
greater than that when γ = 1. Besides, in both cases,
the curves reach maximum at higher temperature when
γ = 0.

Table 6 The peak values of heat capacity Cv and the correspond-
ing temperature kBT for γ = 0.

J2/J1 = 0.2 J2/J1 = 0.5 J2/J1 = 0.7K
Cv/(NkB) kBT/J1 Cv/(NkB) kBT/J1 Cv/(NkB) kBT/J1

4 0.50256 0.7155 0.47117 0.789 0.45206 0.8735

5 0.50198 0.7165 0.46925 0.795 0.44987 0.884

6 0.50160 0.7165 0.46802 0.799 0.44859 0.891

Table 7 The peak values of susceptibility χ and the correspond-
ing temperature kBT for γ = 0.

J2/J1 = 0.2 J2/J1 = 0.5 J2/J1 = 0.7
K J1χ

g2μ2
BN

kBT/J1
J1χ

g2μ2
BN

kBT/J1
J1χ

g2μ2
BN

kBT/J1

4 0.093989 1.255 0.082429 1.320 0.074388 1.3995

5 0.093574 1.2555 0.081428 1.3205 0.073107 1.4085

6 0.093298 1.256 0.08076 1.324 0.07225 1.4155

3 Conclusion

By introducing the next nearest neighbour couplings

γJ2, the eigenlevels of the spin ladder can be expressed
in the form of linear combinations of J1 and J2. Partial
spectrum, 238 distinct eigenlevels, for any K with cor-
responding degeneracies in terms of K, where K is the
number of rungs of the ladder, are obtained analytically.
The partial spectrum can be regarded as an approxima-
tion to calculate heat capacity and susceptibility for any
K. The validity of our approaches is verified by com-
parison with calculations using the whole spectrum for
small-size lattice. The size dependence of these thermo-
dynamic quantities is shown and can help to obtain the
results at the thermodynamical limit.

For infinite system, the zero temperature properties
of the usual spin ladder (γ = 0) can be studied by ED
or DMRG, but these approaches are not applicable to
the finite-temperature case. In this paper, although the
obtained spectrum is for a special model (γ = 1), it is
also a good approximation for the more realistic case
(γ = 0). Using our approach, we found that the main
features of the physical properties of the exact soluble
model (γ = 1) and the usual model (γ = 0) are very
similar. From the data, the shape of graphs for heat
capacity and susceptibility for the two models are all
alike in all cases. In particular, at low temperature or
in small J2/J1 regime, the difference in the graphs of
the two models is nearly negligible. The relatively small
difference in the susceptibility shows that it is a good
way to study the magnetic properties of the usual model
via the exact soluble model.
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