
Front. Phys. China, 2009, 4(3): 420–425

DOI 10.1007/s11467-009-0056-0

Thermal transport associated with ballistic phonons
in asymmetric quantum structures

Zong-liang LIU (���)1,2, Xiao-yan YU (���)2, Ke-qiu CHEN (���)2

1Department of Physics, Hunan Institute of Humanities, Science and Technology, Loudi 417000, China
2Department of Applied Physics, Hunan University, Changsha 410082, China

E-mail: keqiuchen@hnu.cn

Received February 14, 2009; accepted April 1, 2009

Using the scattering matrix method, we investigate the thermal conductance associated with ballistic

phonons at low temperatures in asymmetric quantum structures. The results show that when the struc-

ture is an ideal quantum wire, the universal value π2k2
B/(3h) can be observed at very low temperatures.

However, for asymmetric quantum structure, the thermal conductance is less than the universal value

π2k2
B/(3h), even at T → 0. The results also show that the thermal conductance is strongly dependent

on the transport direction. The rectification effect can be observed in the asymmetric structure and

can be adjusted by changing the structural parameters. A brief analysis of these results is given.
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1 Introduction

In recent years, progress in microfabrication and self-
assembly techniques have made it possible to design var-
ious kinds of nanoscale quantum structures and devices.
The thermal conductance associated with a set of dis-
crete acoustic phonon modes in nanoscale structures, in
which the wavelength of thermal phonons can be compa-
rable to the geometrical size of the system has attracted
considerable attention due to the fact that in quantum
structures, thermal conductance is one of the most im-
portant parameters in controlling the performance and
stability of quantum devices. The thermal conductance
in various kinds of quantum structures such as superlat-
tices [1–3], quantum wells [4, 5], one-dimensional chains
[6–9], nanowires [10–17], nanotubes [18–28], graphene
[29–31], and other channel shapes [32–34] were reported.
Since the universal quantized thermal conductance as-
sociated with ballistic phonons at low temperatures in
quantum structure was predicted theoretically [35, 36]
and verified experimentally [37], the ballistic thermal
transport in quantum wire structures at low tempera-
tures is paid particular attention. For an ideal elastic
wire, it is predicted theoretically that the reduced ther-
mal conductance K/T at low temperature is quantized
in an universal unit π2k2

B/(3h), analogous to the well-

known 2e2/h electronic conductance quantum. However,
the experiment showed that the value of K/T unexpect-
edly decreases as the temperature increases in the range
of 0.08 to 0.2 K. To understand these quantized thermal
conductance phenomena, quantum wires attached with
inhomogeneities such as abrupt junctions [38–40], sur-
face roughness [41, 42], structural defects [43], and stub
structures [44–49] have already been investigated. Now,
it is known that the quantized thermal conductance orig-
inates from the fact that the stress-free boundary con-
dition of ballistic phonon, allowing the propagation of
the mode with ω = 0 and the scattering of the struc-
ture on the long-wavelength acoustic waves in the limit
T → 0 is very small. The decrease of the thermal con-
ductance at higher temperature is observed in experi-
ment because the discontinuity can cause the additional
scattering to the transport phonons and result in the de-
crease of the thermal conductance [34, 38–47]. When the
feature size in quantum wire is smaller than the phonon
mean free path in bulk material, the phonon scattering
inside the structure and at the boundaries has to be con-
sidered. Therefore, the geometry details of the devices
play important role in the phonon transport and ther-
mal conductance. Recent years, the rectification effects
of the heat flux have also been reported in nonlinear
lattices [50, 51], in billiardlike systems [52], and in three-
terminal mesoscopic dielectric systems [53] theoretically,
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and it was observed in nanotube experimentally [54]. In
spite of all of these advancements, a systematic under-
standing of the relations between structures and thermal
conductance properties in quantum systems remains to
be important for both foundational significance and ap-
plication in devices. In particular, a systematic study for
the thermal rectification effect in the asymmetric quan-
tum structure at low temperatures is still absent.

In the present work, based on elastic model [36], we
investigate thermal conductance in a asymmetric quan-
tum structure shown in Fig. 1. Two cases are considered
by changing the thermal transport direction, namely, the
thermal energy transport from region I to region III, and
from region III to region I. For convenience, we call the
two case as case 1 and case 2, respectively. Note that the
scalar model of elasticity is a rather good approximation
for nanostructures at very low temperatures, and it has
also been used to investigate the acoustic phonon trans-
port and thermal conductance in various of nanoscale
structures [19, 20, 28, 33, 38–40, 44–47]. The present
work is aimed at searching the effects of the transport di-
rection on the thermal conductance in asymmetric quan-
tum structure. The results show that the thermal con-
ductance is strongly dependent on the transport direc-
tion the rectification effect can be observed in the present
structure, and it can be adjusted by changing the struc-
tural parameters.

Fig. 1 Schematic illustration of a asymmetric semiconductor
quantum structure. Two cases are considered by changing the
thermal transport direction, namely the thermal energy transport
from region I to region III, and from region III to region I. For con-
venience, we call the two case as case 1 and case 2, respectively.

This paper is organized as follows. In Section 2, we
present a brief description of the model and the formu-
lae used in calculations. In Section 3, we numerically
investigate the properties of the thermal conductance.
Finally, a summary is given in Section 4.

2 Model and formalism

We consider the model structure shown in Fig. 1, which
is divided into three regions, namely, regions I, II, and
III. The material in all regions is consisted of GaAs. For
simplicity, we assume here that regions I, II, and III have
the same thickness and are small with respect to the

other dimensions and also to the wavelength of the elastic
waves. It is known that thermal energy in the quantum
structures is carried by a set of discrete phonon modes
or vibrational modes with a finite cutoff frequency in
quantum system due to transverse confinement. For the
quantum structure depicted in Fig. 1, for ignore mode
mixing effects that could occur at boundaries and inter-
faces, there exist three types of acoustic modes: longitu-
dinal polarized P mode, vertically polarized SV mode,
and horizontally polarized shear SH mode, as expounded
in the elasticity textbook by Graff [55]. When P mode
transports into the waveguide, the reflection at the in-
terfaces may lead to the mode conversion, namely, its
reflection wave and the transmission wave may contain
both P and SV modes. The situation is similar to the
SV mode. Then, the mixing of P and SV modes occurs
and could lead to the appearance of the more modes [35,
56]. However, considering our assumption that regions I,
II, and III have the same thickness and is small with re-
spect to the other dimensions and also to the wavelength
of the elastic waves, the horizontally polarized shear SH
mode are decoupled from the phonon mode P (or SV ).
Li et al. investigated the effect of mode mixing between
SV and P on the thermal conductance at low enough
temperatures in a T-type structure [44]. The results
show that at very low temperatures, only several low-
est phonon modes can be excited, and the effect of mode
mixing on the thermal conductance is very small. The
thermal conductance of the SH wave has similar features
to those of the P (or SV ) wave. Since the present work
focuses on the influences of asymmetric geometry on the
acoustic phonon thermal transport at low enough tem-
perature and also gives a comparison with the previous
works [33, 39, 44–46], where only SH was considered, so
in this paper, we only discuss the phonon transport and
thermal conductance of SH mode. Here, we also assume
that the temperatures in region I and region III are T1

and T3, respectively; and the temperature difference δT
(δT ≡ T1 −T3) > 0 for case 1, and δT ≡ T3 −T1 > 0 for
case 2) is small that we can adopt the mean temperature
T (T ≡ (T1 + T3)/2) as the temperature in our calcula-
tion. For the present structure, in the ballistic transport
regime, the thermal conductance at temperature T can
be written in the form [35, 38]:

K =
�

2

kBT 2

∑

n

1
2π

∫ ∞

ωn

τn(ω)
ω2eβ�ω

(eβ�ω − 1)2
dω (1)

where τn(ω) is the energy transmission coefficient from
mode n of region I (region III) at frequency ω across
all the interfaces into region III (region I) for case 1
(case 2); ωn is the cutoff frequency of the n-th mode;
β = 1/(kBT ), kB is the Boltzman constant, T is the tem-
perature; and � is the Planck’s constant. A central issue
in predicting the thermal conductance is then to calcu-
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late the transmission coefficient τn(ω). In general, elastic
model [36] and lattice model [57] are applied to calculate
the transmission coefficient. In the present work, we em-
ploy the elastic model to calculate the transmission coef-
ficient of acoustic phonon. In the elastic approximation,
the elastic equation of motion for SH mode is

∇2ψ =
1
v2

SH

∂2ψ

∂t2
(2)

where acoustic velocity vSH of the SH mode is related
to the mass density ρ and elastic stiffness constant C44

vSH =
√
C44/ρ (3)

To obtain the solution of Eq. (2), we first subdivide
region II into a number of subregions along the trans-
mitted direction so that each subregion is of an uniform
width. Then, the solution to Eq. (2) in each region can
be expressed as:

Ψ ξ(x, y) =
Nξ∑

n=0

(Aξ
neikξ

nx +Bξ
ne−ikξ

nx)φξ
n(y) (4)

where φξ
n(y) represents the transverse wave function of

acoustic mode in region ξ (ξ : region I, III and each sub-
regions in II); wave vector kξ

n can be given by the energy
conservation condition:

kξ
n =

√
ω2

v2
ξ

− n2π2

d2
ξ

(5)

According to the stress-free boundary condition, the
transverse wave function φξ

n(y) in region ξ can be ex-
pressed as:

φξ
n(y) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
2
dξ

cos
nπ

dξ
(y) (n = even)

√
2
dξ

sin
nπ

dξ
(y) (n = odd)

√
1
dξ

(n = 0)

(6)

where xξ is the reference coordinate along the x direc-
tion for region ξ, and dξ is the transverse dimension of
region ξ. In principle, the sum over n and m includes all
propagating modes and evanescent modes. In the real
calculations, we take all the propagating modes and sev-
eral lowest evanescent modes into account to meet the
desired precision. According to boundary matching con-
ditions, the displacement ψ and the stress C44∂ψ/∂x at
the interfaces should be continuous, and the connection
between the coefficients in any two adjacent subregions
can be obtained by use of the scattering-matrix method
[39, 58, 59]. Then, we can derive the transmission coef-
ficient τn.

In the following numerical calculations, we employ the
following values of elastic stiffness constant and the mass
density of GaAs [60]: c44(GaAs) = 5.99(1010N · m−2),
and ρ(GaAs) = 5317.6 kg · m−3.

3 Numerical results and analyses

Figure 2(a) and (b) describe the thermal conductance
divided by temperature K/T , which is reduced by the
zero-temperature universal value π2k2

B/(3h), as a func-
tion of the temperature T for different width d2: (a)
and (b) correspond to case 1 (from wide lead to narrow
lead) and case 2 (from narrow lead to wide lead), respec-
tively. The solid, dashed, and dotted curves correspond
to d1 = 10, 12, and 15 nm, respectively. Here, we take
d2 = 10 nm and L = 5 nm for both cases 1 and 2. In Fig.
2(a), it can be found that when d1 = 10, the structure
is recovered to an ideal quantum wire, and the thermal
conductance present a plateau with value π2k2

B/(3h) at
very low temperatures. This is the universal quantized
thermal conductance, as predicted theoretically [35, 36]
and confirmed experimentally [37]. It is known from the
previous works that the quantized thermal conductance
originates from the contribution of the lowest acoustic
phonon mode [39, 43]. When d1 > d2, for both case
1 and case 2, the thermal conductance plateau disap-
pears, and the value of the thermal conductance is less
than the universal value π2k2

B/(3h) at very low temper-
atures, where only the lowest mode is excited. Even at
T → 0, the thermal conductance is also obviously less
than the universal value π2k2

B/(3h). This phenomenon
is different from that presented in the previous reports
[34, 39, 41–47], where it is suggested that in the limit
T → 0 the thermal conductance always approaches the
universal value π2k2

B/(3h) and does not depend on the
geometry details. Their conclusion is based on the fact
that the attached scattering by the discontinuity at inter-
faces on the long-wavelength acoustic waves with ω→0
is very small in the limit T → 0. We think that the dif-
ference between the present structure and the previous
works should result from the fact that the transversal
dimension for both incident lead (region I) and output
lead (region III) in the previous reports is same, while
that in the present structure is not same. For the for-
mer, the attached scattering comes from the scattering
region II such as stub structures [44–46, 48], structural
defects [43]. In the long wavelength limit T → 0, the
scattering from the the discontinuity is very small, so
resonant transport will occur in these structures. As a
result, the reduced thermal conductance is always kept
to be the universal value π2k2

B/(3h). However, for the
latter (namely for the present structure), the scattering
comes from the scattering region II, and the coupling de-
gree between incident lead and the output lead due to
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their transversal dimensions are not same. In the long
wavelength limit T → 0, the scattering from the output
lead is always kept to be finite, so the thermal conduc-
tance is always less than the universal value π2k2

B/(3h).
Comparing Fig. 2(a) with (b), it can be found that at
very low temperature, the thermal conductance in both
case 1 and 2 is almost same. However, for higher temper-
ature, where more modes than the lowest modes can be
excited, the thermal conductance in case 1 is smaller than
that in case 2. This can be understood. The magnitude
of the thermal conductance depends on the the number
of the excited modes and the scattering degree coming
from the discontinuity. For case 1, the incident phonons
are scatter more strongly from wide lead to narrow lead
than the contrary direction (case 2), but at same temper-
ature, the number of the excited phonon modes is larger
than that of case 2 because the transversal dimension
in incident region is larger than that of the case. The
combined effects may lead to the thermal conductance
in case 1 being smaller than that in case 2.
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Fig. 2 The thermal conductance divided by temperature
K/T , which is reduced by the zero-temperature universal value
π2k2

B/(3h), as a function of the temperature T for different width
d2: (a) and (b) correspond to case 1 and case 2, respectively. The
solid, dashed and dotted curves correspond to d1 = 10, 12, and 15
nm, respectively. Here, we take d2 = 10 nm and L = 5 nm.

In Fig. 3(a) and (b), we give the thermal conductance
dependence on length L for different temperature. (a)
and (b) correspond to case 1 and case 2, respectively.
The solid, dashed, dotted, and dash-dotted curves corre-
spond to T = 1, 2, 3, and 4 (k), respectively. Here, we
take d1 = 20 nm and d2 = 10 nm for both case 1 and 2.
In Fig. 3(a) and (b), it is seen clearly that the thermal
conductance is increased with the increase of the length
L. This can be easily understood. When the length L be-
comes longer, the incline degree of the scattering region
II becomes more smaller scattering to phonon is also re-
duced, and so, the thermal is increased. Comparing Fig.
3(a) with (b), it can be found that for same length L,
the thermal conductance from wide lead to narrow lead

(case 1) is obviously smaller than that from the opposite
direction (case 2), and the for higher temperature, the
difference is bigger. This means that the rectification ef-
fect is obvious, especially for the higher temperature and
smaller L. This appears to be important for applications
in thermal rectification devices. These results also indi-
cate that the thermal conductance can be adjusted by
changing the length L.
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Fig. 3 The thermal conductance dependence on length L for dif-
ferent temperature. (a) and (b) correspond to case 1 and case
2, respectively. The solid, dashed, dotted, and dash-dotted curves
correspond to T = 1, 2, 3, and 4 (k), respectively. Here, we take
d1 = 20 nm and d2 = 10 nm.

Figure 4(a) and (b) describe the thermal conductance
dependence on the transversal dimension d1 for different
temperature T . (a) and (b) correspond to case 1 and
case 2, respectively. The solid, dashed, dotted curves
correspond to T = 1, 2, and 3 (k), respectively. Here,
we take d2 = 10 nm and L = 5 nm for both cases 1 and
2. When d1 = d2, the structure is recovered to an ideal
quantum wire, so the thermal conductance is same for
both case 1 and case 2. At T = 1 k, only the lowest
mode can be excited in the structure, the universal ther-
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Fig. 4 The thermal conductance dependence on the transversal
dimension d1 for different temperature T . (a) and (b) correspond
to case 1 and case 2, respectively. The solid, dashed, dotted curves
correspond to T = 1, 2,and 3 (k), respectively. Here, we take
d2 = 10 nm and L = 5 nm.
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mal conductance π2k2
B/(3h) can be observed. In Figs.

4(a) and (b), it can be found that the thermal conduc-
tance is decreased with the increase of d1 in both case 1
and case 2, but the change of the thermal conductance
is more faster in case 2 than in case 1, which show the
the rectification effect is possible in the structure. Es-
pecially, for the higher temperature and bigger d1, the
rectification effect is more obvious. In Fig. 4(a), we can
see that the thermal conductance is increased monoton-
ically with the increase of the temperature, while in Fig.
4(b), we find that the reverse case occurs for bigger d1.
This show that when d1 �= d2, the thermal conductance
is strongly dependent on the transport direction.

4 Summary

In the present work, we have presented a numerical
study of the thermal conductance associated with bal-
listic phonon in asymmetric semiconductor quantum
structures by using a scalar model of elasticity. The
results show that when d1 = d2, namely, the struc-
ture is an ideal quantum wire, and the universal value
π2k2

B/(3h) and quantum plateau can be observed at very
low temperatures, where only the lowest mode is excited.
When d1 �= d2, the thermal conductance plateau disap-
pears, and the value of the thermal conductance is less
than the universal value π2k2

B/(3h) at very low temper-
atures. Even at T → 0, the thermal conductance is also
obviously less than the universal value π2k2

B/(3h). The
results also show that when d1 �= d2, the thermal conduc-
tance is strongly dependent on the transport direction,
the rectification effect is obvious in the structure, and it
can be adjusted by changing the structural parameters.
It is suggested that the present structure may be useful
for applications in thermal rectification devices.
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