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In this work, we consider a quantum strongly correlated network described by an Anderson s-d mixing

model.

By introducing the Green function on the projected formalism of the Schrieffer and Wolf

transformation, the energy spectrum of the system can be obtained. Using this result we calculate the
survivability distribution of the network and discuss the local magnetism in the network, which shows
that the survivability is an important statistical characteristic quantity not just to reflect the network

topological property but also dynamics.
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1 Introduction

Nowadays, studying strongly correlated systems is an im-
portant direction that crosses many physical domains.
The energy spectrum analysis for the strongly correlated
system is crucial for studying the physical properties of
these systems. However, the traditional perturbative
method is not easy to use for getting the energy spec-
trum of these systems because these systems are strongly
correlated. Using the retarded Green function approach,
the spectrum analysis for the Anderson s-d mixed model
has been achieved [1], but the energy spectrum for its
Schrieffer and Wolf transformation is still unclear. In
this work, we introduce a quantum strongly correlated
network described by an Anderson s - d mixed model [2].
By using the Green function approach on the projected
formalism of the Schrieffer and Wolf transformation, the
energy spectrum of the network can be obtained based
on the average field approach. This allows one to ana-
lyze some physical properties of the quantum network,
such as average energy and the local magnetism in the
nodes. As a demonstration, we calculate the connectivity
distribution of the network based on the concept of the
fermionic network [3], and discuss the local magnetism
affected by the difference of the energy on the nodes.

2 Physical model

We consider a quantum network described by the Ander-
son s - d mixed model which mixes the impure atoms in a
disordered matrix [2], i.e. the model is generally defined
as a graph which is a collection of vertices or sites and un-
ordered edges or bonds connecting certain distinct pairs
of vertices [5]. Concretely speaking, in this network, a
node of the network is composed of an electron confined
in a quantum dot as an impurity. These nodes of the
network are arranged as a topological disorder system
without long distance order. For simplicity, this local
electron is still called as d electron (as the original An-
derson meaning). The free Hamiltonian of the nodes is
described by > E4ngo, where ng, = dfd,, df is a cre-
ation operator of the d electron with spin o. The strong
correlation between each node (quantum dot) is consid-

ered as the link of the network, and the corresponding
U
Hamiltonian is supposed as Unging; = ) Yo NdoMNds

where U > 1 is defined as a correlated energy, and the
spins are given by ¢ =7,| and ¢ = —o. The environ-
mental (or control) field of the network is composed
of many conductive electrons between quantum dots.
For simplicity, we call them as s electrons, and their free
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Hamiltonian is given by Zk,a Einge, npe = C,;C’;m,
where C’,ja is a creation operator of the s electron with
wave vector k and spin . The interaction taking place
between d electron confined in the quantum dot and s
electron moving outside the quantum dot is described
by > k.o Vid (G dy + dfCry). Considering there is no
effect of external magnetic field and ignoring the s - d
reciprocity, we define Viq = V. Hence, the total Hamil-
tonian operator for the system can be expressed by

H = Hy+ H, (1)

with
Hy=H;+ H,+ H,

= ; Eddjdg—l-; EkC’,;LUC;W+ (2] ; NdeNds

where

Hy =YV (Cifd, +dfCy)
k,o

3 Projection transformation

In Anderson mixed model, we notice that as a result of
d electron not coupling with the s electron, when V = 0,
there are two energy levels of the impurity respectively,
FE; and E4 + U, which correspond on three kinds of dif-
ferent electronic configurations in this network. This al-
lows the nodes of the network to be possible in three
combined status: 0(Ey = 0), 1(c =1 or |, E1, = Eg),
and 2 (0 =1 and |, 2E4 + U) occupations. Following
the Schrieffer and Wolf transformation [6, 7], we put the
Anderson model into a Hilbert space and introduce three
projection operators to divide the total Hilbert space as
three subspaces:

Py =(1—=mnap) (1 —nay)

Py =ngp (1 —nay) +nay (1 —nar)

(4)
(5)
(6)

where P,,, n = 0,1,2 corresponds upon 0, 1,2 occupa-

Pg = Nd1Nd|

tions, and satisfies the fundamental rule of the projection
operator:

P =P, (7)

(n#n') (8)

Assume that the total wave function ¥ in the Hilbert
space is composed by g, 11, P9 in these three subspaces,
respectively, then the Schrodinger equation HY = EW¥
can be written as:

PP,y =0

Hy Ho1 Hp o o
Hy Hii Hip 1 | =E| U 9)
Hyy Hoy Hoo o o
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where Hy,,,, = P, HP,, in terms of the Anderson model,
it is impossible to produce and eliminate two electronic
interactions simultaneously, hence

Hgs = Hao =0 (10)

Other off-diagonal matrix elements (such as Hp; or
Hiys) can be obtained using the Pauli principle and the
Fermionic operator equality n2, = ngo,

Hop = PobHPL =V Y Ch (1 —nao)ds (11)
k,o

Hyy=PlHPy =V Y Cldona, (12)
k,o
At the same time the matrix is Hermitian, so
Hyo = Hy;, Hoy = Hf, (13)

When the nodes are in the 1 occupation, the local extra
spin appear, which allow the network to show the type of
local magnetic effect, as a self-organized system. Thus,
by cancelling ¥y and 19 from Eq. (9) and considering
Egs. (11) and (12), a kinetic equation is given by

OY1 = E1y
where 6 is introduced by

(14)

O=Hy 1 +Hs (E—Hyy) ™" Hyy+Hyo (E—Hpo) " Hoy
(15)

which represents the effective Hamiltonian of single oc-
cupation. So far, we have not made any approxima-
tion. When V' = 0, we can replace (Ey — Eq — U) with
(E — Hag), and (Eq — Ei) with (E — Hgg). In the sec-
ond order of approximation with respect to V', we have

. V2
Hiz (B - Hap) " Ha = MZ;U U+Ei-Ev (1)
(1) Cf Crodongod o
Hio(E — Hoo) ' Hoy = Z v
ki L~ Ek (17)

. (—1) C;Ck/d:, (1 — ndgr) dg (1 — ndgr)

Considering ng = ng, + ngsz = 1, and introducing nota-
tion for the spinning of a half:

1
z + o

§° =, (dfd, — dj ds) (18)

St =dfds (19)

S~ =did, (20)

Egs. (16) and (17) are written as:
V2

Hyz (B = Hy) ' Ho =3 Ey— Ep

kK’
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[(?zc,jck, + §—C,jck,) - ;c,jck,} (21)
and
1 V2
Hio(E—Hy)  Ho = Z E. — E,
k,k’ (22)

: {(?zc,jck, + §—c,jck,) + ;C,jck,}

By considering Eqgs. (21), (22), and simplifying Hq; as
Hii~Hy=), EkC,jCk, Eq. (15) can be written as:

O =Hy+ Hy,+ Hyq (23)
where H), is the scattering energy of the impurity,
Hy =Y JwCrow =573 cf o (24)

kK’ kK’

and Hgg represents the interaction with the impurity re-
lating spinning degree-of-freedom,

Hy,g=— Z Jik (S\ZC’;C]C/ + §’C;Ck/> U=ge
k,k’

~IY (Srcicw + 5-crew)

kK

(25)

This is so because the s electron locates around the Fermi
surface, and can replace Er with Fj and Ejy.. Concern-
ing U+ Eg > Er > Eg4, one has Jiir < 0, where in the
strong correlation condition, U — oo, the interaction has
no relation with k, &', which results in
V2 { 1 1 } U—oo
_ —*J
2 |Ex—Ey U+E;—Ey
V2
= |Ba-Br| ©

Jkk’ =
(26)
0

Therefore, by introducing projected operator P and
@ = 1 — P, using the above projected formalism (the
Schrieffer and Wolf transformation) and neglecting the
scattering energy H,,, an effective Hamiltonian (the in-
termediate [8, 9]) © can be described by

0 = By, Cho— {J > 5 (ChCro — CfClis)
ko b,k

+ Y STCECre + T Sc,jc,ck,a}
.k .k

= Ho — (H1 + Hy + H3) (27)

4 Green function formalism

Introducing an equation of motion for two-time retarded
Green function, one gets

(A); B(t")) = —i0(t — ') ([A(2), B(t')])

By differentiating the quotient of time, we get

(28)
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i, (A@):; BE))=38(t—t'){[A, B)+{[A, H] | BE'))
(29)
Taking the Fourier transformation
(A1 B = [ dte e a(0: Be) (30)

one gets a general formula of the Green function as:

w((A| B)o = ([4,Bly) + ([A, H] | B)w (31)

This allows one to obtain an equation of motion for the
Green function (d, | d})) by

w{(do | d3 ) = ([do, dg]+) + ([do, O] | d5 ) (32)

where d electron is a fermion, which satisfies anticommu-
tation relation with [d,,d}]; = 1. Now considering the
second term in the Eq. (32), using the Bosons and the
Fermions commutation relation in quantum mechanics,
and some related operations, one gets

[dffv 9]: [deHO] - [dﬂle] - [d07H2] - [d07H3]
J

=1 (C{,Cho — CCriz)ds
2 P, (33)
— Y G Crods
kK
This allows Eq. (32) to be written as:
w((do | dF e
J
= 1= () S (G, — i Cua)ds | d).
kK’
(Y O Cuoods | d (34)
kK’
Introducing new operators:
Az 1 + +
A= ;;(ckack/g — O Cus) (35)
At =30 Cus
kK
A=) G Cro
kK’

Eq. (34) becomes

— J(A%dy | dF Yo — T(Ads | dF e
(36)

w(do | df)w =1

where [AT, A-], [A*, A?] and [A~, A7] are calculated by
commutation relation:

(AT, A7]1=) (Cf O —Cf Cha ) Oy =246k (37)
k,k’

and
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[AT, A%] = — Aty
[A-, A7)

Therefore, the above Eq. (36) can be solved by the fol-
lowing procedure:
(1) The second term in Eq. (36) can be expanded as:

WAy | df N =([A*dy,d}] 1) + ([A%ds, O] | di )

= A O

(40)
Furthermore,
[A%d,, 0] = Z Ex(Cf Cris — O Crip)dy
—2J(A%)2d (41)
Eq. (40) is written as:
- 1 N
w{(A*dy | dF ) :<A >—|— 9 ; E(C5:Chis
k#k!
_Clj_crck’a><<da | d;»w
o\ 2
~27 (&) (do | d}). (42)

(2) The third term in Eq. (36) can be expanded as:

WA= dy | di o= (A" d5, dF) )+ ([A"d5, 6] | dF )
(43)
where denoting
[A~ds, 0] =— Y ECfClo (44)
kok! (k#k')
Using the same way, Eq. (43) can be written as:
W(A=ds | dF ).
== Y EChLCuo)(ds | d)w (45)

ko k! (k')
which is related to the Green function {(d; | df)) and
enable us to establish the (d5 | d})) equation of motion.
(3) The Green function {(d5 | d})),can be calculated
by

w{{ds | dy Yo = ([ds, dg 1) + ([ds, O] | d5 ) (46)
where [d5, O] can be calculated:
J
[ds, 6] =, ;(czack/g ~C,Cko)ds
—J> G Crad, (47)
kK

which enables Eq. (46) to become
Wi(de | dF N =T(A%ds | dF)e—T(Atdy | di ) (48)

(4) Using the same way as Eq. (42), the third term
(Azdy | )., in Eq. (48) can be written as:
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W(A%dy | di Yo =([A%dg, di]1) + ([A%ds, 6] | dF )

(49)
where
[A%dy, O] = > El(CCwE — G Cro)ds
k,k' (k%K')
~\2
+27 (%) ds (50)

This allows Eq. (49) to become

w(A%dy | dF Yo
1
=y ¥ BCCu
k,k’, (k#k')

+2J(A%)2((ds

= CplyCrio) (do | df e

| dg D (51)

The second term in the Eq. (48) can also be expanded
as:

W AT dy | d Y= [ATds,d3]1) + ([ATds, 6] | df )

?52

it is just

[A*d,, 0] =— Y ECy Crod, (53)

kK (kR )

Therefore Eq. (51) can be written as:

WAt d, | df )

= (A1) = (D" BCy Crady | d o

k
= (A1) = " E(C Cra)(do | df ) (54)

kK (kK"
Now, combining Eqs. (36), (42), (45), (48), (51) and
(54), one can obtain the Green function {(d, | d})).:
{do | df e
(w = J(A%)(? = M) = N

= JQ (55)
(w2—2J%(47)?)? Z E{(Cy,Clio)
kkilk’
where we introduce symbols:
M=272(A5) 4 Y Bl Che — O, Ok
koK (k£k')
(56)
and
N=J7> > E}NCLCue)(AY) (57)

kK, (k£k')

In order to obtain the function pole, the denominator of
{ds | d}), must be equal to zero, which allows one to
have the function pole as:
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1
2
w = |2J2(A%)2 Z E(Cf Crro) (58)
kk;/k’
This allows the energy of d electrons to be given by
1
Bag = |27%(,, S (¢ Cro — O Cws))
kK’
>
J
+ Ep(CF Chy 59
Kotk

The obtained energy formula shows that the energy spec-
trum Fy, is related to the strong correlation coupling J
which is a kind of function related to E4, and interaction
between d electrons and s electrons. However, Ey, is in-
dependent on individual k, k', and only changes with o

1
since 9 Zkyk,(cljackzg — C’,;L&Ck/&y change’s with o.

5 Spectral function of Green function

We now turn into the expression (d, | df ).
standard form, which gives

following

oA Ay
_w—Eo w+ Ey

Asw+ Ay

(o | 2D APl

where w = Ey or w? = E? is a pole of Eq. (55). Accord-
ing to the Green function’s spectral theorem,

1 o <<A | B>>w in <<A | B>>w in
21 [oo . o

AB) =
(AB) o
the average value (d,d}) represents the number of s elec-

(61)

trons with spin ¢ in the nodes and can be calculated by

(dodf)
i
2

i /°° 2,
21 J_o [ (w— Ep)? +n?
A3(W—i7])+A4] 1

d
(w—in)2 — B2 |efwir1®”
(62)

<<d<7 | d;»w-&-in - <<d0 | d;L>>w—in dw
efw 41

—2177142
(w+ Eo)* +n?

Az(w+in) + Ag
(w +in)? - B?

where A1, Ay, Az, and A, are defined by

(53 (Eo— J(A)) = N

M)
A =
2 (E? E%)?o (63)
(3 — M) (Eo— J(A7)) = N
Ao = 2 (F2 - E?) Eo
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M — E?
Ag = !
for I
L N- J(A®) (M + E?)
e E§ — B}
1
2
Ey = |2J%(A%)? Z Ew(C} o)
kkilk’
1
2
Ey = |2J%(A%)? Z Ep(C} Cro)
kkilk’
and
1
7= 3O = Oy o) (64

Using a theorem of residues in the complex function

/ fw)dw = 2mi Z Resf(wk), through long term cal-
oo -
culation, and taking the limit, finally we can obtain

(dpdf) = lim Ay [ef(Eotin) 4 1]-1
T]‘)
+ lim Ag[eP(=Fotin) 4 1)1
n—
) [eﬁ(Elfin) + 1]71
lim (—AsE1 — A
+ nli%( 31 1) { 28,
[eﬁ(E1+i77) +1]71
_|_
|

B(E1+in) [oB(E1+in) 4 1]-1
+ lim (< Ay + Aa) [e l 1l

2F;
N eB(E1—in) [eﬁ(El—in) + 1]—1:|
2F,
= (efFo + 1)1 (A + Ay Ey) — AsEoEy
+ (eﬁElbj; D70 A, (5 1) (65)

From this we can see that the mean number of up or
down spin for d electrons is related with that of ¢ elec-
trons. When the spin is up (¢ =1), the above formula
can be calculated as:

<de¥r> = (eﬁEO + 1)71 (Am + As1Ey) — Asr EoEq
(7P +1)7!
Ay (ePFr -1
g1 A1) (66)
where the relevant parameter is given by
(B8 — M) (Bo — J{Az ) = Ny
1= 2 2
2(E5 —E9)E
(Eg — Ef) Fo (67)
(B (Ba— I ) -
2 2 (E2 — E2) E,
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M; — E?
Agp =
™ B2 - R2
.\ Ny — J(A3)) (M; + E})
for B o
~ J
My =2J%(A3 )+ 0 > Ep((C{Cry)
k k! (k£k’)
—(C}Ct)) (68)
Ny =T Y EUCHCR AT
kK (k#k')
and
Az 1 + +
<Au> = 9 Z <<Omck’T> - <Cklck’l>>
Kk’
(Af) = (Chcw 1) (69)
Kk’

In the same way, while the spin is down (o =]), <dldf>
is calculated as

(dydf)= ("Fo +1)7" (A1) + Az Eo) — A3 Eo Er
L@ DT
Ey

Both cases show that the electronic number of up spin is
not equal to that of down spin, (deﬁ #(d, df), hence,
the local magnetism can appear under this condition.

Ay (7P —1) (70)

6 Application in network

The above model constructed iteratively by the creation
and destruction of the d electrons (nodes) with interac-
tion of the environmental s electrons can be specialized
as a kind of fermionic network. Generally speaking, in
this model, at each time step, a new node (d electron
confined in an impurity) with m (or m’) links ( strongly
correlated to m confined d electrons) are added (or can-
celled) to the network. In terms of the idea of fermionic
network in the Refs. [3, 4], the new node has an energy
and a new link is attached, with probability

Pj (06 eﬁEjk (t| Ej,tj)
to node j arriving at the interface network at time ¢,
with energy E; and survivability k (t| E;,t;) at time ¢.

Therefore, the continuous equation describing the time
evolution of the survivability k (t| E;,t;) of the nodes is

expressed by
Ok (1| Ejoty) _ "Dk (1] Ej,ty) (71)

ot B ZeﬁEjk(ﬂEl,tl)
l

with the initial condition

223

ko = k (| Ej,t) (72)

By using the asymptotic behavior in the thermodynamic
limit

> ePPik (t| By, ty) = Z — (Z) — mte™ (73)
k
Eq. (71) can be reduced as
ok (t| E;,t; 4
( |atj7 J) :meﬁ(Ej—u)tj k(ﬂ?]ij) (74)
whose solution is found as
£\ FE)
b B t) = ko () (75)
J
with
f(Ej) = ePEi—mi) (76)

where f (E;) is the dynamic exponent which depends on
the energy Fj;, u; is a chemical potential and 3 is the in-
verse temperature 3. Therefore, the degree distribution

is given by
P (k)= /dEp (E) ;k ~ Bk~ (77)
ot
where
B- / dEp (E) (78)

which demonstrates that the fermionic network system
is scale-free if B is irrelevant to k or quite small. This al-
lows one to find a novel way to study the local magnetism
existence for the network. In fact, using the obtained sur-
vivability & (| Eqr, th) for up spin and k (¢ Egy, td/i)
for down spin, one can find that the local magnetism ex-
istence can be judged by k (t| EdT, th) ; k (t| Ed’17 td’l)a
since the survivability reflects the number of the up spins
or down spins in the interface of the network. This inter-
face evolves with time to construct the part of the net-
work, hence the number of the up spins or down spins in
the interface can reflect the total number of the up spins
or down spins as the nodes in the network. That means
if k (t| Eqr,tar) =k (t| Eay,tar)), there is no local mag-
netism, otherwise, k (t| Eqr,tq7) # k (t| Eq/|,ta|), there
exist the local magnetism. The local magnetism exists if
the number of the up spins and down spins are not equal
in the interface of the network [4],

Ny=> k(t| Eay,ta) #N,=> k(t|Egy,tay) (79)

tar td/l

Both cases can be expressed by

+ O\ (Ear)
k(t|EdT,th)—/€0m< )
tar
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)

¢ \S(Bar)
?’ék(ﬂEd’Latd’L) = kom (t )
a]

for Fqq # Eqg |, tay = tar)

t f(Edl)
:k(tlEd’Latd’L> :kom (t ) y
d’|

for Egy = Eqr |, tar = tar|

The above result shows that the origin of the local
magnetism existence actually depends on k& (t| Eg4t, tar)
# k (t| Eqry,tar)) which is related to the energy of the
local nodes of the network. It is the difference of d elec-
tron energy for up spin and down spin, Eq; # Eay,
distributed in the local region, to result in the difference
of k (t| Eq1,tar) and k (t| Egry,tar)), that introduces the
local magnetism for the system.

7 Conclusion

The energy spectrum for the d electrons in the Schrief-
fer and Wolf transformation for the quantum network
described by the Anderson d - s model is calculated us-
ing the Green function approach. The obtained energy
formula shows that it is related to the strongly coupling
number J and the interaction between d and s electrons
through spins. The local magnetism of the model can be
studied by using the spectral function of Green function,
which shows how the energy of the system influence the
number of up or down spin. Moreover, the given sur-
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vivability of the fermionic network model can be used
to study the local magnetism. The local magnetism ex-
istence actually depends on the difference of d electron
energy for up spin and down spin. Eg; # Eq | dis-
tributed in the local nodes of the network can introduce
the difference of the survivability for the up or down
spins. This results in local magnetism in the network,
which shows that survivability is an important statistical
characteristic quantity not only to reflect the fermionic
network topological property but also dynamics.
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