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Abstract We study dynamical behaviors in coupled
nonlinear oscillators and find that under certain condi-
tions, a whole coupled oscillator system can cease oscil-
lation and transfer to a globally nonuniform stationary
state [i.e., the so-called oscillation death (OD) state], and
this phenomenon can be generally observed. This OD
state depends on coupling strengths and is clearly differ-
ent from previously studied amplitude death (AD) state,
which refers to the phenomenon where the whole system
is trapped into homogeneously steady state of a fixed
point, which already exists but is unstable in the ab-
sence of coupling. For larger systems, very rich pattern
structures of global death states are observed. These
Turing-like patterns may share some essential features
with the classical Turing pattern.
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1 Introduction

Collective behaviors in coupled nonlinear oscillators [1-5]
such as frequency locking [1], complete synchronization
(CS) [6-11], anti-phase synchronization (AS) [12, 13],
and oscillation death (OD) [14-41] have attracted much
attention in the past several decades. These phenom-
ena are ubiquitous and fundamental in physical, chem-
ical, biological, and even social sciences, and recently
remarkable achievements have been made in both theo-
retic developments and experimental studies. For the so-
called frequency locking (or phase synchronization), un-
der certain conditions the oscillators can be entrained to
a common frequency when they are coupled. In contrast,
complete synchronization means that all trajectories of
coupled oscillators go to the same trajectory as the sys-
tem evolves, and anti-phase synchronization means they
have the same amplitude but differ in sign. For the
other particularly interesting amplitude effect, oscilla-
tion death refers to the phenomenon where the coupled
oscillator system cease oscillation, become dead in time,
and exhibit a stationary state. Generally speaking, two
types of OD exist for the different relations between an
isolated oscillator without coupling and an oscillator un-
der coupling. Namely, the end stationary state can be
the same, which already exists and is an unstable fixed
point in the absence of coupling, and the coupling simply
changes its stability and makes it observable. As fixed
points with zero amplitude are usually considered, this
type of oscillation death is generally termed amplitude
death (AD) for its null amplitude. Conversely, the even-
tual stationary state can be entirely newly created by
the coupling. For this type of oscillation death, oscilla-
tors show a none-zero amplitude, and thus, it is simply
called OD, to be opposite to AD. As the two types of
death state in coupled oscillators, both AD and OD are
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important for the changes of system dynamics. More-
over, from the point of view of controlling oscillatory
dynamics, their studies are clearly of great significance
for potential applications. In theoretic studies, AD has
already been investigated by many researchers, but ob-
viously studies of OD are still few [27]. In experimental
studies, however, OD was extensively reported. See, e.g.,
Refs. [22-24, 37, 38]. The distinction between AD and
OD is not so great as in modelling studies, and usually
we do not know the exact information for unstable states
of experimental systems.

Coupled limit cycles provide a simple but powerful
mathematical model for simulating collective behaviors
of coupled nonlinear oscillators [1, 2]. One of the classical
models for single limit cycle, the Landau-Stuart oscilla-
tor

2= 1+iw—|z*z (1)

represents a weakly nonlinear system near a supercritical
Hopf bifurcation. Here, w denotes the intrinsic frequency
and z(t) = r(t)e'’® = x(t) + iy(t). The model describes
a stable limit cycle of unit amplitude (|z| = 1) on which
it moves at its angular frequency w, and apart from this,
an unstable fixed point at the origin (z = 0) exists.

A simple model for a pair of Landau-Stuart oscillators,
in which two of them are coupled linearly to each other,
is

Zi = (1 + iw; — |21|2)Zl + G(Zj — Zi> (2)

where 4,7 = 1 or 2, and € is the coupling intensity. It has
been well known that with the change of the coupling
strength € and the frequency mismatch between the os-
cillators A = |w; — wa/|, the system can exhibit very rich
phenomena [21]: (1) phase drifting under small coupling
(e < 1), where the oscillators behave independently and
the relative phase of the two oscillators drifts through
all phases, (2) frequency locking, where the two oscilla-
tors transit to a common frequency, and (3) amplitude
death, in which the oscillators collapse into the origin
(ri = re = 0) as time reaches infinity. As a result, the
occurrence of AD needs both the coupling strength and
the frequency mismatch to be sufficiently large [A > 2
and (1 + A?/4)/2 > € > 1], implying that AD is not
available in coupled identical Landau-Stuart oscillators.

Considering time delay of information propagation,
Reddy et al. [33, 34] studied the following coupled time-
delay equations,

Zi = (141w — |2i]*)zi 4 €(zi(t = 7) — 2(1)) (3)

where 7,7 = 1 or 2, and 7 > 0 is a measure of the time
delay. Obviously, Eq. (2) is a special case of Eq. (3)

for 7 = 0. They found that for appropriate delay times
(1 # 0) AD can be generally observed even in coupled
identical systems (w; = ws). This finding has been im-
mediately verified by several experiments, such as a pair
of electronic circuits [35], coupled living oscillators [36],
thermo-optical oscillators [37], chemical oscillators [38],
laser systems [39], etc.

Thus, time-delayed coupling and frequency mismatch
of oscillators seem to have become an alternative nec-
essary condition for the occurrence of AD, namely, to
observe AD, we have to construct a coupling by tuning
a proper delayed time, or set a pair of oscillators having
a sufficiently large parameter mismatch. One may ask:
can we release these two restrictions at the same time,
or can we find death state in coupled identical oscillators
in the absence of parameter mismatch and only through
the interaction of simultaneous information of coupled
oscillators? It seems that the only way to do so is to
construct other couplings, which are different from that
in Eq. (2). Several researchers have already tried to an-
swer this interesting question. For instance, Konishi [40]
tried a dynamic coupling. Different from the usual static
coupling, the proposed dynamic coupling is the coupling
with the combination of several variables, which depend
on time. As already stated in the paper, however, it is
a rough approximation of the time-delayed coupling for
low-frequency oscillators and/or short-time delay. Thus,
basically it is a time delay coupling. Very recently,
Karnatak et al. [41] proposed another novel coupling
scheme, dissimilar (or “conjugate”) variable coupling.
As z(t) = x(t) +iy(t), and = and y are two conjugate
variables, the Landau-Stuart oscillator can be specified
in Cartesian coordinates, & = pxr — wy,y = py + wx
(p = 1 — 22 — y?). They considered the couplings, us-
ing the variable z of one oscillator to the g term of the
other, or the variable difference yo — x; to the & term of
one oscillator. See Ref. [41] for more details. Although
this conjugate variable coupling is natural in a variety of
experimental situations, such as coupled semiconductor
laser systems investigated in Ref. [42], where subsys-
tems are coupled by feeding the output of one into the
other, the underlying mechanism still comes from the
time-delayed signal propagation of one single variable.
The reason is simple: From Takens’s embedding theo-
rem [43], we know that nonlinear systems can be recon-
structed by the so-called delay coordinate vector with
appropriate choices of embedding dimension and time
delay. (This technique has been extensively used in time
series analysis.) Thus, the conjugate variable is essen-
tially equal to the time-delayed variable with a certain
delayed time. It is not truly devoid of the effect of time
delay. Note that the achieved end state by using such a
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conjugate variable coupling can be either an OD or AD
state. It is only natural to obtain AD (or OD) for these
two types of coupling, as there is not much difference
between them and the time-delayed coupling considered
by Reddy et al. [33, 34].

Consequently, the question for the possibility of death
state in coupled identical oscillators is still not answered.
In experiments, however, the transitions from oscillation
to death in coupled oscillator systems have already been
extensively observed, for instance, in the symmetrically
coupled two [15] or three [16] identical (or nearly iden-
tical) chemical oscillators. On the other hand, many ef-
forts have been devoted recently to the studies of death
state in coupled systems with a large number of oscilla-
tors [25-32]. Both global [25-27] and local [28-32] cou-
plings have been studied. For a local coupling, a specific
case where the natural frequencies of oscillators are dis-
tributed in a regular monotonic trend was mostly treated
and only partial death state with some oscillators being
dead and the other still oscillating has been observed
[28-30]. Novel effects were studied even on complex net-
works [31]. Because a large mismatch of frequencies of
neighboring oscillators is necessary for the occurrence of
AD, it is natural to believe that to obtain a whole AD
pattern in populations of oscillators coupled locally with
randomly chosen natural frequencies, an extremely large
coupling is needed [32]. For an intermediate coupling
strength under usual conditions, AD is impossible. This
may even get worse for larger systems.

To fill the gap between theory and experiments and
search for death states in coupled oscillators, in the
present work we intend to study these problems in cou-
pled identical (or nearly identical) nonlinear oscillators
with another type of coupling-regular coupling. Com-
pared with the dissimilar (conjugate) coupling, which is
believed as an irregular coupling, the regular coupling in-
dicates that the units are coupled by feeding the output
of the same variables isochronously. The usual diffusive
coupling will mainly be investigated. Different from the
mostly studied scalar coupling [i.e., the same coupling
strength for z and y with Cartesian coordinates in Eq.
(2)] with only one parameter changeable, in this work
we will study a non-scalar coupling with two change-
able coupling parameters. We find that OD exists un-
der broad conditions. For larger-size coupled systems,
with the same type of diffusive coupling, we find that
OD state is generic and robust. Very rich pattern struc-
tures of nonuniform death states are observed and ana-
lyzed. Relevant to these stationary patterns are the so-
called Turing patterns [5, 44], which show nonuniform
stationary patterns, appearing from an initial homoge-
neous steady state by a novel mechanism found by Tur-

ing in 1952, the diffusion-induced instability. Thus, we
may call our nonuniform frozen patterns Turing-like pat-
terns. Interestingly, these Turing-like patterns may share
some essential features with the classical Turing pattern,
although they have very different natures. We hope that
all these findings are of significance and help explain the
experimental phenomena, possible techniques for con-
trolling of oscillatory systems, and pattern formations
in non-equilibrium state systems.

The paper is organized as follows. In Section 2, we
study and analyze the dynamics of a pair of regularly
coupled oscillators. Both diffusive and direct couplings
are investigated. A phase diagram as a function of the
couplings on x and y is obtained for each coupling form.
Sections 3 and 4 are devoted to the studies on death
states in small-size systems and large-size systems, re-
spectively. The properties of the structures of observed
patterns are studied. Finally, discussions and conclusion
are presented in Section 5.

2 Oscillation death in a pair of coupled oscillators

2.1 Diffusive coupling

First, let us consider the following two linearly coupled
Landau-Stuart oscillators,

T; = pizi — wiy; + en (T — x3) + €12(y; — i)
(4)

where p; = 1 —2? —y2, and € is the coupling matrix with
€11, €12, €21, and €32 being the matrix elements. This
equation can be regarded as a canonical model of linearly
coupled oscillators and has been studied in Ref. [20].
To be completely different from the dissimilar coupling
considered by Karnatak et al., we delete the two cross-
ing terms and simply keep the diffusive coupling terms
on the same variables. Namely, we set €10 = €31 = 0,

Ui = Pils + Wik + €21(xj; — ;) + €22(y; — ¥i)

€1 = €11, and €3 = €93. w; = we = w. Without los-
ing generality, w = 2 is chosen. Obviously, if €; = es,
the above equation degenerates to Eq. (2), and we can-
not find AD as w; = wy. Therefore, death state is only
possible for €; # €s.

As a first step, we numerically computed the largest
Lyapunov exponent (LLE) of this system for different €,
and e5. Generally speaking, the periodicity of the system
(limit cycle attractor) can be recognized by a zero-value
of LLE for a typical trajectory from random initial condi-
tions and steady state behavior (AD or OD) can be char-
acterized by a negative LLE. As illustrated in Fig. 1(a),
where we plot black points for zero LLE and leave it
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Fig. 1 The study of the diffusive coupling scheme of a pair of Landau-Stuart oscillators. (a) The black (blank) region for
the zero (negative) value of the LLE in the (e1,€2) parameter space. Steady states can be found in the blank region. (b)
The existence region (indicated by the two dashed lines) and the stable region (gray part) for the ASOD. (c¢) The critical
lines for the stable regions of complete synchronization and anti-phase synchronization, which are marked by the arrows and
letters S and A, respectively. (d) The phase diagram as a function of €1 and ez for the different dynamical behaviors: ASOD,
CSLC, ASLC, the coexistence of ASOD and CSLC, and that of CSLC and ASLC, which are indicated by I, II, III, IV, and

V, respectively. See the context for details.

blank for negative LLE, the stationary state can really
exist within very large blank regions. It is notable that in
the whole coupling space LLE is equal to or smaller than
zero, and no chaos can be found. In this case, there are
two sets of fixed point. One is the origin (0, 0,0, 0), which
is unstable for all €; and e3; this can be easily analyzed.
The other is the anti-phase synchronous oscillation death
(ASOD) state (Tax, Yax, —Tax, —Yax) given by

+ 1 — Pa
Lax =— TW
(Pa — 2€1)% + w?

Yaw = :I:\/(l — Pa)(Pa — 251)2 (5)

(Pa — 261)* + w?

where p1 = p2 = pa = (€1 + €2) — \/(61 —€2)? —w?. Be-
low, we will see that this nonuniform OD state plays
a constructive role in both small systems and large
systems. The existence conditions for this ASOD are
le1 —e2] = w and p, < 1, which are indicated in Fig. 1(b)
by the two dashed lines. For the stability of the ASOD,

the characteristic eigenvalue equation is
N2+ [~(a+d) F (e + e2)]A +ad — be + €162

+(aea + der) =0 (6)

where @ = p, — 222, — €1, b = —wW — 2Ty Yax, € = W —

2TaxYax, and d = p, — 292, — €. We get: Re(Amax) =
2pa — 1 = 2(e1 + €2) — 24/ (€1 — €2)2 —w? — 1 within
the stable region in Fig. 1(b) marked by 1, Re(Apax) =
2p, — 1+ \/(1 — pa)? — w? marked by 2, and Re(Amax) =
—2y/(e1 — €2)% — w? marked by 3.

It is interesting to study the stability of possible dy-
namical behaviors (including the above ASOD) from the
analyses of complete synchronous manifold and anti-
phase synchronous manifold, whose theories have been
developed by several researchers [6-11]. The equations of
the complete synchronous manifold and anti-phase syn-
chronous manifold are &, = prs — wys, Ys = pys + Wy,
and £, = pry — WYq — 26124, Yo = DYa + WTs — 2€2Yq,
respectively. Let & = x1 — 22,& = y1 — yo, and



Wei ZOU, Xin-gang WANG, Qi ZHAO, and Meng ZHAN, Front. Phys. China, 2009, 4(1)

M = X142, N2 = y1+ye, then the equations determining
the evolution of the perturbation that is transverse to the
complete synchronous manifold and the anti-phase syn-
chronous manifold are £; = (p—222)&; — (w+ 2z 4y, )& —
211, & = (w — 2z.y:)& + (p — 2y2)& — 26282, and
1 = (p—2x2)m — (w + 22aya )2, 12 = (W — 2TaYa) +
(p — 2y2)n2, respectively. We numerically computed the
largest transverse Lyapunov exponents (LTLE) of these
two manifolds. Only if LTLE is negative, can we observe
stable synchronous (inphase or anti-phase) state. The
results are illustrated in Fig. 1(c), where the region, en-
closed by the solid (dashed) line and marked by the letter
S (A), represents the stable complete (anti-phase) syn-
chronous state. There are overlaps in-between, which
clearly indicates that in these overlap regions bistable
behaviors with both synchronous and anti-phase syn-
chronous behaviors for different initial conditions are
possible.

As a result, the parameter space can be divided into
several sub-regions for the corresponding different be-
haviors [Fig. 1(d)]: the ASOD in region I, complete syn-
chronous limit cycle (CSLC) in region II, and anti-phase
synchronous limit cycle (ASLC) in region ITI. Apart from
these mono-stable regions, several bistable regions exist
in the overlap regions: the coexistence region of ASOD
and CSLC (region IV) and the coexistence region of
CSLC and ASLC (region V), which are clearly indicated
in Fig. 1(d). Figure 2 gives the corresponding attrac-
tors for the above five different dynamical behaviors. In
particular, we use solid circles to show the attractor of
the death state and open circles to show the snapshot
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of limit cycles. These figures well verify the results in
Fig. 1. Further simulations found that the basins of the
above coexisting states are not riddled and the division
curves are smooth (the numerical results are not shown
here).

2.2 Direct coupling

To show the generality of death states in regularly cou-
pled systems, we consider another coupling form, the
direct coupling,

T = piki — WiYi + €175

Yi = Diyi + wik; + €2y, (7)
where 4,7 =1,2 (i # j), w1 = w2 = w, and €1 and €3 are
coupling strengths, which can be different. Similar to the
diffusive coupling discussed above, direct coupling is also
very common in nature and engineering [21, 45], such as
in electronics. Direct coupling is the connection of the
output of one circuit directly to the input of the next,
and in theoretical biology, two directly coupled neural
oscillators as a model of circadian pacemaker have been
well studied [45].

Similar to the calculations in the diffusive coupling, we
computed the value of the LLE. The result is shown in
Fig. 3(a), which indicates that stationary state can also
exist in large blank regions. Now there are three sets of
fixed point: the origin (0,0, 0,0), which is again unstable
for all couplings, the complete synchronous oscillation
death (CSOD) state (Zss, Ys«, Tsx, Ys«) given by

4 S 4 4
1
1
Y2 Of Y12 Of O 12 Yiz OFf
’ 2
2
_ > 4 . —4
—4 0 4 —4 0 4 —4 0 4
Z12 T2 T1,2
(a) (b) (c)
4 4
1,2’
/
Yo 0 2{) 1 Y12 0 1@ 2
1R
_ . —4 :
44 0 4 —4 0 4
Ty 9 T12

(d)

(e)

Fig. 2 (a)—-(e) The dynamics for ASOD, CSLC, ASLC, the coexistence of ASOD and CSLC, and that of CSLC and
ASLC, respectively. The specific coupling parameters are: €1 = 5,e2 = —5 (a), e1 = 5,e2 = 5 (b), €1 = —5,e2 = —5 (c),
€1 = 0,2 = 5 (d), and €1 = —0.6,e2 = 0.8 (e). We use big solid circles to represent the fixed point (OD state) and big
open circles to show the snapshot of the limit cycle behavior. In (d) and (e), (1,2) and (1’,2’) are for two different initial

conditions.
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Fig. 3 The same as Fig. 1 for the study of the direct coupling, instead. (a) The distribution of the LLE. (b) The existence
regions are surrounded by the two dashed lines and the stable regions are represented by the gray color for the CSOD. (c)
The same as (b) for the ASOD, instead. (d) The critical line divides the whole parameter space into two components, one
for the stable complete synchronous region, and the other for the stable anti-phase synchronous region, which are marked by
the letters S and A, respectively. (e) The phase diagram as a function of €1 and ey for the different dynamical behaviors:
CSOD, ASOD, MSOD, CSLC, ASLC, and MSLC, which are indicated by I, II, III, IV, V, and VI, respectively.

4 1 — Ps
Tsx — TW
(ps +€1)* + w?

_ (1 _pS)(ps +€1)2
Ysx = i\/ (ps —|—61)2 + w? (8)

—(e1+€2) — \/(61 — €)% — 4w?

2 )
and the anti-phase synchronous oscillation death state
(xa*a Yax, —Tax, _ya*) given by

where p; = p2 = ps =

1_pa
Tasx = TW
\/(pa —€)? +w?

N \/(1 — pa)(pa — €1)? o)

(Pa — €)% + w?

(61 + 62) - \/(61 - 62)2 — 42
2

Clearly, the CSOD exists only if |e; — e2| > 2w and pg <
1, and the ASOD exists only if |e; — €3] > 2w and p, < 1.
We show their existence regions, which are surrounded
by the dashed lines in Fig. 3(b) and (c) for the CSOD
and ASOD, respectively.

For the linear stability analysis, the characteristic
eigenvalue equation of the CSOD is

where p1 = p2 = ps =

A2+ [—(a+d)F (€1 + )]\ + ad

—bc+ €160 £ (aeg + del) =0 (10)

where a = ps — 222, b = —w — 2T6.Yss, ¢ = W —
2%5:Ysx, and d = ps — 2y2,. Denote the four eigen-
values as A1, A2, A3z, and A4, and let Re(Apax) =
max{Re(\1),Re(A\2), Re(A3),Re(Aq)}. CSOD is stable
if and only if Re(Amax) < 0. Within the stable (gray) re-
gions in Fig. 3(b), the analytical expressions for Re(Amax)
are different: Re(Amax) = —\/(61 — €2)? — 4w? in the re-
gion marked by the number 1, and Re(Apax) = —(€1+€2)
in the region marked by 2. Out of the gray region, the
CSOD is unstable. A similar analysis is conducted for
the stability of the ASOD: Re(Amax) = €1 + €2 in the re-
gion marked by 3, and Re(Amax) = —\/(61 —€9)? — 4w?
in the region marked by 4, as shown in Fig. 3(c).

We also numerically calculated LTLE to determine
the stability of the synchronization manifold. The equa-
tions of the complete synchronous manifold and the anti-
phase synchronous manifold are &, = prs — wys + €125,
Us = PYs + WTs + €2Ys, and T, = pra — WYq — €1%q,
Yo = DPYa + WTe — €3Y,, respectively. The equations
for the transverse stability of the complete synchronous
manifold and anti-phase synchronous manifold are él =
(p—%z)fl - (w+2x5ys>€2 =&, 6.2 = (w—2z5y5)&1+(p—
2y3)&2 — &2, and 7y = (p — 222)m — (w + 2x4Ya) 2 + M1,
Mo = (W — 224Ya)N1 + (p — 2y2)n2 + 12, respectively. The
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results are shown in Fig. 3(d). The complete synchronous
manifold is stable within the up-right region (e; +€2 > 0)
and, conversely, the anti-phase synchronous manifold is
stable within the down-left region (e; + €2 < 0), which
are indicated in the figure by the letters “S” and “A”,
respectively. No overlap exists in-between. Note that on
the stable (complete or anti-phase) synchronous mani-
fold, the dynamics can be a fixed point or a limit cycle.

So far, the dynamical behaviors have been well clas-
sified by the above theoretical analyses, supplemented
by the numerical simulations. We obtain four main re-
gions in the phase diagram for CSOD, ASOD, CSLC,
and ASLC. It remains uncertain for the dynamics on the
anti-diagonal, which is exactly the division line of the
synchronization and the anti-phase synchronization re-
gions. Detailed observations find that on the two line
segments in Fig. 3(e) (e1 + €2 =0, 1 < —w, or €1 > w)
denoted by “IIT”, a new OD state appears, which can be
termed meta-stable oscillation death (MSOD); for differ-
ent initial conditions the two oscillators can be trapped
into different fixed points (locating on one limit cycle),
which are neither completely synchronous nor anti-phase
synchronous. Conversely, the dynamics on the parame-
ter line (67 + e = 0, w > € > —w) denoted by “VI”
shows a novel periodic behavior, meta-stable limit cycle
(MSLC), where the two oscillators rotate around their
own periodic trajectories. Finally, we classify the phase
diagram in Fig. 3(e) into six different regions I, II, III,
IV, V, and VI, for the corresponding dynamical behav-
iors, CSOD, ASOD, MSOD, CSLC, ASLC, and MSLC,
respectively. Their corresponding fixed point behaviors
(black points) and the snapshots of periodic trajectories
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at one time instance (open points on the curves) are ex-
emplified in Fig. 4, which well confirm our theoretical
analyses.

2.3 A pair of coupled nonidentical oscillators

Based on the above observations, AD state really does
not exist in these coupled identical oscillator systems,
but oppositely a novel OD state begins to appear for
unequal couplings €; and €5. This point is clearly distinct
from what was expected previously. Compared with the
AD state that traps the oscillators into the origin, which
is unstable in the absence of coupling and becomes stable
due to coupling, the novel OD state is coupling-induced
and changes with the coupling (see the explicit formula
above). On the contrary, the origin now is unstable, and
thus, is unobservable.

Because the system studied in the paper is only a spe-
cial case for wi; = wsy, it is valuable to investigate how
the system changes with the degree of parameter mis-
match. Again we calculated the LLE for diffusively cou-
pled nonidentical Landau-Stuart oscillators for unequal
wy and we. The results are shown in Fig. 5(a) and (b)
for w1 = 6 and wy = 8, respectively, with wy = 2 fixed.
Now we can find AD in a window near the diagonal and
OD far from the diagonal. With the increase of the fre-
quency mismatch A (A = |Jwy — wz]), the window gets
wider and wider. It can break the limit cycle (black)
region and connect with the outer OD region if A is
larger than a threshold 4.7 [comparing Fig. 5(a) and (b)].
Two dashed lines in Fig. 5(b) are used to divide the AD
and OD regions. We may also compare these numerical

4 4 4
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1,2 e b \.2/
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2 ‘\ ‘
atiic
—4 . 4 —4 .
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(a) (b) (c)
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—4 L —4 1 — 1
—4 0 4 —4 0 4 —4 0 4
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(f)

(W)

()

Fig. 4 (a)-(f) The attractors of the two oscillators in the phase space for the direct coupling for the CSOD, ASOD, MSOD,
CSLC, ASLC, and MSLC behaviors, respectively. The specific coupling parameters are: €1 = —3,e2 =7 (a), €1 = —7,e2 =3
(b), e1 = —5,e2 =5 (c), €1 =5,e2 =5 (d), e1 = —5,e2 = —5 (e), and €1 = 1.5,e2 = —1.5 (f).
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€1

Fig. 5 The study of regularly coupled two nonidentical Landau-Stuart oscillators. (a) and (b) The parameter regions of
zero LLE for the diffusive coupling with different parameters: w; = 6, w2 = 2 (a), and w1 = 8, w2 = 2 (b). OD can be
generally found in the outer blank regions and AD can be found in the window near the diagonal. We use two dashed lines
to divide these two regions in (b). (c) and (d) The same as (a) and (b) for the direct coupling, instead. Only OD can be

found.

results with the theoretic result on AD in the earlier work
for €1 = e = €. As the condition for the AD needs A > 2
and (14 A%/4)/2 > ¢ > 1, the window appears only if
wy is larger than 4 (we = 2), and after that the size of
the window on the diagonal direction is (—1 + A2?/4)/2.
All these predictions have indeed been verified by our
simulations.

Correspondingly, Fig. 5(c) and (d) are the results for
the direct coupling. Now under the nonidentical parame-
ter condition, AD always does not exist. By contrast, the
OD persists, but obviously its region decreases with the
increase of A. Further study shows that this OD is nei-
ther complete synchronous nor anti-phase synchronous,
as the system symmetry is immediately broken with the
input of the parameter mismatch under the current sit-
uation.

3 Stationary patterns in small-size systems

So far, we have studied a model of a pair of linearly
coupled oscillators. Next, let us investigate a ring of lin-
early coupled identical Landau-Stuart oscillators, which
can be written as

&y = pix; — wy; + €1(Tip1 + Tim1 — 225)
(11)

with ¢ = 1,2,---, N being the oscillator index. Periodic
boundary conditions are considered. Without losing gen-

Ui = pis +wi + €2(Yit1 + Yi1 — 295)

erality, we choose €, = —3 and €2 = 0. w = 2 is fixed
again.

For N = 2 [then z;11=x;—1 in Eq. (11)], the only
stationary state is the anti-phase oscillation death state,
described in Eq. (5). If we denote it as @ = (Tax, Yax),
then the patterns can be written compactly as (a,—a)
or, equivalently, (—a,a). To better characterize the ob-
served patterns, we may neglect the difference between
these interchangeable patterns and redefine a new vari-
able by the death amplitude d;, d? = 2? + y?. Un-
der such a new definition, the inphase and anti-phase
states are unified, the exchange of oscillator indices gives
no extra pattern configuration, and then the complex-
ity of the death patterns can be conveniently quanti-
fied and compared by checking the distribution of d.
Under the present parameters (¢4 = —3 and w = 2),
d=dy=+1—-p= \/1—2€1+ V/4€2 — w? ~ 3.558; this
value is consistent with that of d on the plateau in Fig.
6(a) for N = 2.

If the system size is larger than two, then no explicit
form of death state is available and we have to rely on
numerical simulations. Computer simulations show that
the patterns of LLE for other N’s do not have much dif-
ference with Fig. 1(a) for N = 2. The data are not
shown here. In Fig. 6(b)—(e), we plot the typical distri-
butions of d for N = 3, 4, 5, and 6, respectively. Figure
6(el) and (e2) are for N = 6 and two different initial con-
ditions instead. For N = 3, remarkably the distribution
begins to have a nonuniform form; one oscillator displays
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a different death amplitude to the others [Fig. 6(b)]. For
N = 4, two different patterns [one, (a, —a,a, —a), and
the other, (a, —a, —a, a)] with the same uniform config-
urations can be found, as shown in Fig. 6(c). The value
of d of the upper pattern is the same as that in Fig.
6(a) for N = 2, as the pattern can be simply viewed as
consisting of two N = 2 patterns. For the lower pat-
tern, the value of d can be easily calculated; d ~ 2.497.
We also found that these two different patterns actually
have extremely different generating probabilities: among
10% times of observation, the upper pattern was gener-
ally found except only about 100 times for the lower one;
thus, their appearing probabilities have 10* times differ-
ence. For the pattern of five coupled oscillators in Fig.
6(d), the same as N = 3 in Fig. 6(b), a nonuniform
pattern is found again with three different values of d,
and only one frozen pattern is observed. In contrast to
this, for N = 6 in Fig. 6(el) and (e2), two coexisting
patterns can be found, and both are predictable from
the patterns of smaller-size systems. In particular, the
pattern in Fig. 6(el) is a combination of three N = 2
patterns in Fig. 6(a), and the pattern in Fig. 6(e2) is a
combination of two N = 3 patterns in Fig. 6(b).

From these observations, we may summarize the prop-
erties of these frozen patterns as follows: First, these pat-
terns are well organized with rich but well-defined struc-
tures. For example, all the uniform patterns, which are
usually found for even IV, possess the rotation symmetry,
as shown in Fig. 6(a), (¢) and (el), while all the nonuni-
form patterns, possess the left-right mirror symmetry, as
shown in Fig. 6(b), (d) and (e2). This may be solely due
to the ring-structure network topology employed in our
model. Therefore, the pattern of large systems can be
viewed as being divided into several disconnected pat-
tern pieces and each of the pattern pieces is a copy of
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pattern of smaller systems. For instance, see the pattern
in Fig. 6(e2). Second, the final steady states depend
on initial conditions, and for different initial conditions
their probabilities can be extremely different. Third, as
the system size increases, the pattern structure may be-
come more complicated and the number of the coexist-
ing patterns may become larger. We have studied the
systems of size up to IV = 20 and well verified these es-
sential characters. All these observations are expected
to be helpful for much larger systems, as we will see in
the next section.

4 Stationary patterns in large-size systems

Now we investigate the dynamics in large-size systems.
As an example, we consider a system of size N = 2000.
The qualitative behavior does not change for any other
N if it is large. As a first step, it is convenient to nu-
merically compute the LLE with the change of ¢; and
€2. The result is shown in Fig. 1(a), with a quite similar
pattern to that in Fig. 7(a) for N = 2. This finding in-
dicates that the appearance of OD patterns in coupled
identical oscillators [Eq. (11)] is generic indeed and it is
even independent of the system size.

To see the detailed structure of frozen patterns, we
choose the same parameters (e; = —3, e2 = 0, w = 2) and
show a segment of typical patterns in Fig. 8. Compared
to the patterns in small-size systems (Fig. 6), the pat-
tern obviously shows much more complicated structures.
Roughly, it consists of some uniform flat fragments,
which have a constant value and are randomly dis-
tributed, and some embedded “bursting” states, which
seemly scatter into the flat patterns in a random way.
Taking a closer look at Fig. 8(a), (b) and (c), we can

4 4 4
o 0 O0——0——0——0
a —a a —a a —a
4,3} 4 3 D/g*\ 43
o)
az ag !
a —a —a
2 L 2 L 20— - ! ,
1 2 1 3 1 2 3 4
i ) i
(a) (b) (c)
4 4 4
o——O0—2o 0—0—0—0—0—0 by by
b Cs b a —a a —a a—a o] o]
d; 3t g ’ d; 3 d; 3f / \ \
d o} —d
as 23 2‘5 gﬁ{ az ag
2 2 L 1 s 1 2l L L s L L
1 2 3 4 5 12 3 4 5 6 1 2 3 4 5 6

(d)

(e1)

(€2)

Fig. 6 (a)—(e) The observed OD patterns in N coupled oscillators for N = 2, 3, 4, 5, and 6, respectively. The parameters
are w = 2, e = —3, and e2 = 0. Different patterns can be found for N =4 and 6, as shown in (c), and (el) and (e2).
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(b)
Fig. 7 (a) and (b) The same as Fig. 1(a) for the distribution

of steady state in diffusively coupled oscillators in one-dimensional
systems and two-dimensional systems, respectively.

find that the flat state is exactly constructed by the small
pattern (a,—a) of N = 2 system. To be clear, we use
several vertical lines to mark and separate these uniform
plateaus and nonuniform bursting structures. A further
study shows that they are very sensitive to the choices of
initial conditions and a small change of initial states of
the oscillators could lead to a complete change of pattern
structure.

To view and characterize these rich pattern structures
in large-size systems, we randomly selected 10° initial
conditions from the region z;,y; € [—1,1] and studied
the final states after a long lapse. Altogether, six types
of bursting patterns (highlighted by two red lines in each
panel) are found in order of decreasing probability of ap-
pearance, as illustrated in Fig. 9. Roughly, the proba-
bility of each type of bursting patterns is determined by
the width of these burstings. As the width increases, the
probability quickly decreases. For instance, the proba-
bility of the pattern plotted in Fig. 9(a) is about 103
times of that of Fig. 9(e2). Some other patterns are not
presented here due to their much small probability and
our limited simulation time. For the structures of these
patterns, we find that all of them possess a left-right mir-
ror symmetry. More specifically, if the bursting pattern
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Fig. 8 (a), (b), and (c) A segment of typical OD state for the
variables d;, x;, and y;, respectively. d? = m?—l—y?. The parameters
are w = 2, €1 = —3, and e3 = 0. Clearly, the pattern of d consists
of several separated modular structures with two distinct configu-
rations: One is the plateau with a homogeneous distribution of d,
and the other is the bursting with a nonuniform distribution of d.

has an odd size, then the ceasing states will be symmet-
rically distributed around the middle oscillator, e.g., the
pattern in Fig. 9(b), whereas if the size is even, the ceas-
ing states will be symmetrized around the middle link,
e.g., the patterns in the others.

For the uniform parts in the patterns of d, we may
characterize them in a statistical way. In Fig. 10(a),
P, which represents the probability of finding uniform
structures of a width of [, is plotted against [. In simu-
lations, the system size is fixed at N = 2000 again and
each point is averaged over 10° random initial conditions.
A semi-logarithmic fit shows a clear exponential scaling
between P, and [, namely, P, oc e~V with (1) defined
as the average length of [. The probability P, quickly
decreases with the increase of [. Thus, even the uniform
patten for whole oscillators (I = N) is stable, it cannot
be observed from randomly chosen initial conditions due
to its extremely small probability. This point can be
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Fig. 9 All six types of bursting patterns observed in a large diffusively coupled array. From (a) to (e2), the observation

probability decreases rapidly.

believed as one of the key differences between the death
patterns in large and small systems (comparing Figs. 8
and 6). From this fit, we obtain (I) = 6.7. Obviously,
this average length depends only on system parameters,
and thus, it can be viewed as a characteristic length of
the uniform patterns and further that of the whole pat-
terns of the coupled systems. Furthermore, we scan one
coupling parameter €; with the other fixed (e2 = 0) and
plot (I) versus € in Fig. 10(b).

0 10 20 30 40 50

()

Fig. 10 (a) Semi-logarithmic plot of the generating probability
p; of uniform patterns as a function of . The red straight line
indicates p; o« e~/ with (I) = 6.7. (b) The value of () is
plotted against €1 with €2 fixed (e2 = 0).

To proceed further, we briefly study death patterns
in two-dimensional coupled systems, which can be de-
scribed as

ijj = PijTij — Wiy T €1(Tip1j + Tio1
+ @i g1+ Tijo1 — 42 5)
Yij = Dij¥i; +wxij+ €2(Yit1,; + Yi-1,5

T Yige1r T Yig-1 — Wig) (12)
with ¢ (¢ = 1,2,---,N) and j (j = 1,2,---,N) being
the oscillator indexes on the horizontal and vertical di-
rections, respectively. Periodic boundary conditions are
considered.

Searching the extended two-dimensional parameter
space (€1, €2), we find that OD state can also be gener-
ically found here; the phase diagram from the compu-
tation of the LLE with blank regions gives not much
difference for the two-dimensional and one-dimensional
systems [comparing Fig. 7(b) to (a)]. The region with
several scattered black points in Fig. 7(b) simply ex-
hibits bistable behaviors. As an example, a stationary
pattern is given in Fig. 11(a), where points of ampli-
tude d > 3.3 are marked by black, and otherwise left for
blank. A size of N x N (N = 100) is selected with the
parameters e = —1.5, €2 = 0.0, and w = 2.0 within the
OD regime. Now the pattern is well characterized by ran-
domly distributed spots and it seems to be divided into a
number of loosely connected modular patterns, forming
various “pattern islands”. This phenomenon is robust
for a small change of w; ;. In Fig. 11(b), we randomly
choose w; ; within (1 < w; ; < 3) and find a similar pat-
tern. Note that all these patterns including the black
and white regions are frozen.
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Fig. 11 (a) and (b) Turing-like death patterns in two-

dimensional space for an identical parameter set and nonidenti-
cal one, respectively. Roughly, the black (blank) regions denote
large (small) value of d for the plateaus (burstings) of the frozen
patterns. See text for more details.

5 Discussion and conclusion

In conclusion, we have comprehensively studied the dy-
namical behaviors in coupled limit-cycle oscillators in
the extended two-dimensional coupling parameter space.
Our finding uncovers a new regime for death states in
coupled oscillator systems. Compared with the usual
diagonal coupling form with equal strengths on the two
Cartesian coordinates x and y, the only difference is that
now we consider the case of unequal coupling strength.
Thus, the usual diagonal in parameter space is extended
to a whole two-dimensional parameter space, and the dy-
namical behaviors can become richer. The coupling form
we consider is also very important, as it can be thought
of as a simplified canonical model for any linearly cou-
pled oscillators. We prove that in this case the usual AD
really does not exist, and it may only occur in coupled
nonidentical systems with a sufficiently large system mis-
match. On the contrary, the OD states can exist under
very broad conditions and survive even in coupled non-
identical systems. It is our major contribution to give a
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novel coupling and find death states in coupled oscilla-
tors in the absence of any effects of parameter mismatch
and delayed time.

For a pair of coupled oscillators, as two examples of
regular couplings, both the diffusive and direct couplings
are investigated theoretically and numerically in detail.
Apart from the death state, we also find some other in-
teresting dynamical behaviors, for example, the periodic
behaviors of oscillators with the same phase or anti-phase
relation, and the coexistences. We expect that these the-
oretic results are not only valuable for model study, but
also give a suggestive clue for the experimental observa-
tions in coupled identical oscillators [15, 16].

For the phenomenon of death state in large systems,
the pattern of the new-defined pattern amplitude d is
constructed by two separated modular structures: one
is the plateau, which is characterized by a constant d
and an exponential distribution of width, and the other
is the bursting, which is characterized by nonuniform
values of d and rich spatial structures. These two modu-
lar structures are randomly distributed and intermingled
with each other. Based on the facts that the global AD
pattern cannot be observed in identical (or slightly non-
identical) systems under the usual conditions (except
that an extremely large coupling strength is maintained)
and the global OD pattern can be observed generically in
our systems, we may conclude that OD is more robust,
compared to AD. In Ref. [14], on the study of coupled
Brusselators, the author conjectured that the pattern of
death state in large-size systems could be nonuniform,
but no evidence was given. In the current study, we
have not only provided solid evidences to support this
conjecture, but also analyzed the general properties of
the nonuniform patterns. Other than the studies on the
coupled Landau-Stuart oscillators in the paper, we also
investigated some other models, and even found OD in
diffusively coupled systems with some small-world net-
work connections and in diffusively coupled chaotic os-
cillators as well.

Finally, it is worthwhile to compare our OD patterns
with the classical Turing patterns. In his famous paper
in Ref. [44], Turing gave an explanation of biological
morphogenesis, on the basis of rigorous mathematical
analysis of the instability of steady states. The novel
phenomenon predicted in the paper, the Turing pattern,
has been proved to be very general and capable of being
found in many disciplines. Although both of these two
types of patterns show a coupling-induced steady state,
they have quite different dynamical natures: the OD
state comes from an originally oscillatory system and the
oscillators exhibit oscillation in the absence of coupling,
but the Turing pattern comes from an originally homo-
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geneous steady state and without coupling the system
is a stable fixed point. On the other hand, they really
share some basic characteristics, both in their pattern
structures and in their mechanisms. First, the Turing
patterns show a nonuniform stationary structure, whose
spatial period is determined by an intrinsic wavelength
selected by the most unstable mode. Here, the width
of uniform parts of OD patterns shows an exponential
distribution and is characterized by a well-defined av-
erage width (or wavelength), which is also intrinsic and
only determined by system parameters (not initial condi-
tions). Thus, it is quite natural to find these Turing-like
patterns in one-dimensional systems (Fig. 6) and two-
dimensional systems (Fig. 11). Second, both of these
patterns can be found in coupled identical (or nearly
identical) systems. The condition of large parameter
mismatches is not needed. Third, for the existence of
Turing patterns it is necessary that the inhibitor must
diffuse faster than the activator. Note that in a two-
variable reaction-diffusion equation (or its discrete form,
two-variable diffusively coupled oscillators), one variable,
which may activate its own production, is called the acti-
vator, and the other variable, which may inhibit its own
production, is called the inhibitor. Now in our coupled
oscillator systems, the two z and y variables of Cartesian
coordinates do not show this character; they play equal
contributions to the coupled systems. However, it seems
that unequal diffusive coefficients for z and y (e # €2)
are also needed for the existence of OD. See the plots
in Figs. 1(a) and 7, where the regions of OD state are
always away from the central forbidden zone (oscillation
regions) near the diagonal. This point is also true for the
observed OD in coupled chaotic oscillators. Fourth, it is
well-known that the underlying mechanism of Turing sta-
tionary patterns comes from diffusion-induced instability
(Turing bifurcation), which means that under some par-
ticular conditions, diffusion may even show a destructive
effect. Here in our work, in diffusively coupled Landau-
Stuart oscillators, the choice of coupling is also crucial:
the appearance of OD needs at least one negative cou-
pling strength (e; < 0 or 2 < 0, see the phase diagrams).
Usually, a positive coupling strength in diffusive coupling
represents negative-feedback coupling, whereas a neg-
ative coupling strength denotes positive-feedback cou-
pling. The same as negative-feedback coupling, positive-
feedback coupling is also very general, such as in electri-
cal engineering and biological systems [46, 47]. There-
fore, similar to the activator-inhibitor mechanism in Tur-
ing patterns, here for the OD states, the coupled systems
may need a sufficiently large positive-feedback coupling
(i.e., a negative diffusive coupling strength) to induce the
instability of the periodic oscillator and make the new-
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born steady state stable. It is also notable that for a
positive equal diffusive coupling strength in Eq. (11),
i.e.,, €, = €2 > 0, only synchronization or splay states
of oscillators can be found [48]. Nevertheless, this con-
dition is not always necessary; in the coupled chaotic
oscillators, we do observe OD under the usual condition
of positive diffusive coupling. Last, we expect that all
these findings in the paper are of significance and im-
portance for nonlinear physics and possible applications,
and can be justified in experiments in the future.
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