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Abstract This article reviews recent progresses in ul-
tracold quantum gases, and it includes three subjects
which are the Fermi gases across a Feshbach resonance,
quantum gases in the optical lattices and the fast ro-
tating quantum gases. In this article, we discuss many
basic physics pictures and concepts in quantum gases,
for examples, the resonant interaction, universality and
condensation in the lowest Landau level; we introduce
fundamental theoretical tools for studying these systems,
such as mean-field theory for BEC-BCS crossover and for
the boson Hubbard model; also, we emphasize the im-
portant unsolved problems in the forefront of this field,
for instance, the temperature effect in optical lattices.
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The realization of Bose-Einstein condensation in alkali
atom gases in 1995 has opened up a new field of ultra-
cold quantum gases. Roughly speaking, the development
of this field has experienced three stages from then on.
From 1995 to 2001, researches were mainly focused on
the phenomena of Bose-Einstein condensates [1], which
has enriched our knowledge of superfluidity a lot [2].
However, interactions are usually weak in these systems
and most phenomena can be well understood based on
a mean-field Gross-Pitaevskii equation. From 2002, the
frontier of this field has moved to studying superfluid-
ity in Fermi gases, after the degenerate Fermi gas was
achieved and was found stable at a Feshbach resonance.
As we will explain in Section 2, Fermi gas at resonance
is a strongly interacting system. However, the strong
interaction does not necessarily lead to a strongly corre-
lated exotic state. Actually in the case of two-component
Fermi gas with equal spin population, the ground state
of the system remains superfluid despite the strong in-
teractions. Even though, the ability of tuning interac-
tion across a Feshbach resonance offers a wonderful op-
portunity to study the crossover from a Bose-Einstein
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condensate to a Bardeen-Cooper-Schrieffer type super-
fluid. From 2002 to 2006, a lot of wonderful experiments
and theoretical works have enabled us to understand the
physics of BEC-BCS crossover with great depth [3−6],
which will be briefly reviewed in Section 2. In 2007, this
field has entered a new era. Many labs have begun to
set up new experiments to study more strongly interact-
ing systems in ultracold atomic gases, and the goal is to
achieve strongly correlated new quantum states in a near
future.

In some sense, it is actually relatively easier to achieve
strong interactions in a gaseous system than in solids or
liquids, because quantum gases are very dilute systems
and the lower density means the smaller kinetic energy.
For instance, the Fermi energy in an electron sample is
usually several orders of magnitude larger than the inter-
action energy, while in a degenerate Fermi gas the Fermi
energy can be easily tuned to be comparable to the in-
teraction energy. So far, there are four major methods
to achieve strong interactions in the cold atom systems.
Besides using Feshbach resonance, the other three are im-
posing an optical lattice potential, rapidly rotating the
system and reducing the dimensionality. In optical lat-
tices, the motion of atoms becomes quantum hopping be-
tween different lattice sites and the hopping amplitude
will be greatly reduced as the lattice barrier increases,
which suppresses the kinetic energy so that the interac-
tion energy becomes gradually dominative. An exter-
nal rotating force is analogous to the magnetic gauge
field, under which the single-particle spectrum becomes
highly degenerated Landau levels. Within each Landau
level the kinetic energy is completely quenched due to
the degeneracy and therefore the physical properties of
the system is entirely determined by the interactions.
The progresses in these two aspects will be discussed in
detail in Section 3 and 4 of this review. The strongly in-
teracting effects in low-dimensional quantum gases will
be discussed elsewhere.

� �
��
 ���
� �	���� �
����	� �
�����	


2.1 Scattering resonance

The major character of quantum gases is its diluteness.
Except in a few cases where magnetic or electronic dipole
interactions are very strong, usually the interactions be-
tween atoms are dominated by short-range Van Der
Waals interaction. For dilute gases with short-range in-
teractions, the scattering problem can be treated by the
partial wave expansion method, and in such an ultra-
cold system, the s-wave scattering is the most domina-

tive one compared to higher partial waves. Since the
range of a Van Der Waals potential r0 is much smaller
than inter-particle spacing d, we only need to consider
the asymptotic form of the scattering wave function

ψ =
1
kr

sin(kr + δ) (1)

where r is the relative distance between two particles.
Here the scattering phase shift δ is an important quan-
tity. Since we are only interested in the low-energy scat-
tering, we can expand δ to the lowest order of momen-
tum k as δ = −kas, where the expansion coefficient as

is a quantity of length unit, which is called the s-wave
scattering length. Hence, in an ultra-cold dilute gas with
short-range interactions, the interaction can be described
by a single parameter, i.e. the s-wave scattering length
as. We note that this statement is valid even when as

itself becomes very large near a scattering resonance. It
is also useful to discuss a geometric meaning of as. For
the zero-energy wave function k → 0, by expanding the
sin function to the lowest order of k, ψ becomes 1−as/r,
and ψ = 0 when r = as. In other words, as is the value
of the node of the zero-energy wave function.

Here we use a simplified model potential to mimic the
realistic Van Der Waals potential and to demonstrate the
physical picture of a scattering resonance [7]. The model
potential is displayed in Fig. 1. It diverges at r = 0 in
order to mimic the hard-core repulsion of two atoms at
very short distances, and therefore the wave function ψ

has to vanish at r = 0. Between r = 0 and r = r0,
there is a short-range attractive part with the depth V0.
For r > r0 the potential vanishes because the Van Der
Waals potential is a short range potential. One can eas-
ily solve the zero-energy wave function for this potential.
As shown in Fig. 1, for small V0, as is a finite nega-
tive value. As V0 increases, as becomes more and more
negative and finally it reaches negative infinity at a crit-
ical value, and at the same value of V0, a bound state
appears at the threshold. With the further increase of

Fig. 1 Schematic of a model potential (solid black line), the zero-
energy wave function (solid red line) and the bound state energy
(solid blue line) for three different situations: as < 0, as = ∞ and
as > 0.
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Fig. 2 Schematic of the scattering length (red line) and the
bound state energy (blue line) as a function of 1/V0, where V0

is the depth of the attractive part shown in Fig. 1.

V0, as goes from positive infinity to finite positive value,
and meanwhile the bound state energy becomes deeper
and deeper. Hence, as shown in Fig. 2, on one side the
resonance, as is negative, and the scattering states are
stable. While on the other side of the resonance, as is
positive, but the ground state of the two-atom system is
actually not the scattering state but a two-body bound
state.

Since in reality one cannot easily vary the shape of Van
Der Waals potential, the way that a Feshbach resonance
actually works is slightly more complicated. We first
need to introduce the concept of “channels” in the scat-
tering problem. Different “channels” have different total
electronic spins of two atoms, and therefore have differ-
ent Zeeman energy in the magnetic field. By changing
the strength of the magnetic field, one can vary the Zee-
man energy difference between different channels, and
then tune the energy of a bound state in the “closed”
channel to the threshold of the “open” channel. And be-
cause different channels are coupled through hyperfine
interactions, the resonance with the bound state in the
“closed” channel can also strongly affect the scattering
length in the “open” channel.

Hence, the question arises as to what extent a two-
channel scattering problem can be equivalently described
by a single channel picture described above. To answer
this question, the concepts of “broad resonance” and
“narrow resonance” need to be introduced. A “broad res-
onance” means that the coupling strength between the
“open” and the “closed” channels is much stronger com-
pared to the typical kinetic energy of the scattered par-
ticles, which is the Fermi energy in a fermion gas. While
a “narrow resonance” means the opposite. Here we will
not go into the details of the discussion, but just present
the conclusion, that is, for a “broad” Feshbach resonance,
the physics can be well described by the single-channel
picture [8]. Because all the Fermi gases experiments done
so far are all about a “broad” resonance due to technical
reasons, we will only focus on the “broad” resonance in
this article.

2.2 Models for many-body systems

We now come to the discussion of the many-body Hamil-
tonian for dilute gases. In summary, there are three
widely used Hamiltonians and all of three are equivalent
in the “broad” resonance limit.

The first one is zero-range “pseudo-potential” intro-
duced by Huang and Yang [9]. Since in general a many-
body system is easier to deal with if the interactions are
all local, i.e. zero-ranged, and also as we have discussed
above, since as is the only important quality in the low-
energy scattering, the question is whether one can find
out a zero-range potential which produces the same as

as real Van Der Waals potential. If such a zero-range
potential does exit, we can replace real Van Der Waals
potential with a short-range contact interaction. Actu-
ally, such a “pseudo potential” was first found in Ref.
[9], which can be written as

Vs(r1 − r2) =
4π�

2as

m
δ(r1 − r2)∂r1−r2(r1 − r2) (2)

Thus, the many-body Hamiltonian is simply H =∑
i
H0(ri)+

∑
ij
Vs(r1−r2), whereH0 is the single body

Hamiltonian. The advantage of this Hamiltonian is that
the short-range divergency cut off has been explicitly
implemented by the partial derivative in the “pseudo-
potential”, while the disadvantage is also due to the
partial derivative, the calculation becomes more compli-
cated and subtle.

The second one is δ-function potential. If one ig-
nores the partial derivative in the pseudo-potential of
Eq. (2), the interaction simply becomes Vg = gδ(r1−r2).
The calculation therefore becomes much simpler, but the
price to pay is that one will encounter short-range diver-
gency everywhere in the calculation. The reason is that
the δ function potential is ill-defined, and the coupling
constant “g” is not a physical parameter. To relate “g”
with the physical parameter of the scattering length as,
one should use Vg to calculate a T -matrix of a two-body
problem, which gives

4π�
2as

m
= T = g + g

∑

k

1
�2k2/m

g + · · ·

=
g

1 − g
∑

k

m/(�2k2)
(3)

and therefore
1
g

=
m

4π�2as
−
∑

k

m

�2k2
(4)

Using Vg, the many-body Hamiltonian for the spin-1/2
Fermi gases can be written as
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H =
∑

σ=↑,↓

∫
d3rψ†

σ(r)Ĥ0ψσ(r)

+g
∫

d3rψ†
↑(r)ψ†

↓(r)ψ↓(r)ψ↑(r) (5)

But we should always keep in mind that in the calcula-
tion, we always need to use Eq. (4) to relate “g” to as,
and the second term in the r.h.s of Eq. (4) will automat-
ically eliminate the short wave length divergency.

The above two models belong to the so-called “single-
channel” description. The third model introduced here
is based on the sprit of two-channel picture. We first
introduce a bosonic field of b(r) for the close channel
molecules, and the scattering processes are described by
a conversion term between open channel fermion fields
and the molecular b(r) field. Again, using spin-1/2 Fermi
gases as an example, the many-body Hamiltonian should
be written as

H =
∑

σ=↑,↓

∫
d3rψ†

σ(r)Ĥ0ψσ(r)

+
∫

d3rb†(r)Ĥb
0b(r) + νb†(r)b(r)

+α
∫

d3rψ†
↑(r)ψ†

↓(r)b(r)

+α∗
∫

d3rb†(r)ψ↓(r)ψ↑(r) (6)

where the molecular detuning ν and the conversion
strength α are two “model” parameters.

To relate these two model parameters with real phys-
ical parameters, we again try to solve a two-body prob-
lem with Hamiltonian Eq. (6) in free space. The wave
function can be generally written as |Ψ〉 = (βb† +∑

k
ηkψ

†
k↑ψ

†
−k↓)|0〉. Thus, the eigenequation H|Ψ〉 =

E|Ψ〉 will lead to two coupled equations, that is, νβ +
α
∑

k
ηk/

√
L3 = Eβ, and �

2k2ηk/m+α∗β/
√
L3 = Eηk,

where L is the length of the system. These coupled equa-
tions lead to a self-consistent equation for eigenenergy

ν − E =
|α|2
L3

∑

k

1
�2k2/m− E

=
|α|2
2π2

∫
dkk2 1

�2k2/m− E
(7)

The r.h.s. of Eq. (7) of this integral has short wave
length divergency, which can be eliminated by renormal-
izing

ν0 = ν − |α|2
2π2

∫
dkk2 1

�2k2/m
(8)

and Eq. (7) becomes

ν0 − E =
|α|2
2π2

∫
dkk2

(
1

�2k2/m− E
− 1

�2k2/m

)
(9)

For the bound state with E < 0, we have ν0 − E =
−|α|2m3/2

√−E/(4π2
�

3), and this is the equation for the
bound state energy obtained from the model of Eq. (6).
On the other hand, we have the well-known results for
the bound state energy from quantum mechanical scat-
tering theory, that is,

√−E = �/(as
√
m)−r0√mE/(2�),

where r0 is the effective range of the scattering potential.
Comparing these two equations, we can establish the re-
lation between ν, α and the physical parameters r0 and
as

1
α2

= − r0m
2

8π2�4
and

ν0
α2

= − m

as4π2�2
(10)

The so-called “broad” resonance in a Fermi system
means kFr0 � 1, that is to say, the conversion coupling
α is much larger than the Fermi energy. In other words,
this means the bound state involved in resonance will
couple to all open channel fermions from the bottom to
the top of the Fermi sea with almost identical strength.
Hence, one can image that the weight of the wave func-
tion on the close-channel bound state will be heavily
depleted by the open channels states and become very
small, and the properties of the many-body system will
be dominated by the fermions in the scattering states.
This provides us an intuition why in a “broad” reso-
nance the close-channel molecules are not important and
the two-channel description is equivalent to the single-
channel model.

There are other models like “model potential” [12] and
“separable potential” [23] which are less popularly used,
and we will not discuss them here.

2.3 Universality

The theory for dilute gases was first developed in the
1950s by Lee, Huang and Yang [9−11]. They considered
the regime where the gas parameter na3

s < 1 and there-
fore one can treat the interaction perturbatively. In this
regime, the physical quantities, such as the ground state
energy, can be expressed in terms of kFas as [11]

E

N
=

3
5
EF

[
1+

10
9π
kFas+

4(11−2 lg 2)
21π2

(kFas)2+· · ·
]

(11)

However, such a theory will fail when the gas param-
eter na3

s > 1. Here we will introduce the concept of
“universality” in a many body fermionic system at uni-
tarity, where the scattering length as greatly exceeds the
inter-particle spacing and even diverges, while the range
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of the scattering potential r0 is negligible for a “broad”
resonance. For infinite as, it is obvious that any physical
quantity cannot depend on (kFas)n with positive n and
also (kFas)n = 0 for any negative n. From this simple
argument one can conjecture that any physical quantity
will not depend on as at unitarity [13]. Remember in the
previous section we have shown that as is the only rele-
vant parameter for the low energy scattering for a broad
resonance, the physical quantity therefore depends on
only one length scale, which is the inter-particle spacing
d. A typical example is that the ground state energy at
unitarity will be

E

N
= (1 + β)

3
5
EF (12)

where β is a universal number and the Monte-Carlo cal-
culation predicts β = −0.58 ± 0.01 [14, 15]. Recent ex-
periments in both 6Li and 40K gas have confirmed this
number within experimental accuracy [16, 17]. Note that
the details of inter-atomic potential are very different for
lithium and potassium, the fact that the number β is in-
dependent of atomic species provides strong experimen-
tal evidence of “universality”.

At finite temperature, the statement of “universality”
is that any physical quantity G is a function of density n
and T/TF only. For instance, from dimension analysis,
the energy can be expressed as

E = NEFf

(
T

TF

)
(13)

and the entropy is

S = NkBg

(
T

TF

)
(14)

Note that the local pressure is determined by −∂E/∂V
with fixed particle number N and entropy S, and
Eq. (14) shows that fixing entropy is equivalent to fixing
temperature. Hence, we reach a useful expression that
pressure is proportional to local energy volume density
E [13, 18]

P =
2
3
E

V
=

2
3
E
(
n,

T

TF

)
(15)

This is a very useful relation, and surprisingly, it works
for both a strongly interacting resonant gas and a non-
interacting gas.

For a trapped gas, the mechanical equilibrium and
force balance yields

∇P (r) + n(r)∇U(r) = 0 (16)

where U(r) is the trapping potential. Note that
r∇U(r) = 2U(r) for the hamonic trap, after integrating

over d3r and performing integration by part for r∇P (r),
it yields

N〈U(r)〉 =
3
2

∫
d3rP (r) =

E

2
(17)

The l.h.s. of Eq. (17) is a measurable quantity in exper-
iment, through which one can measure the energy of a
strongly interacting gas.

An intriguing problem is how to determine temper-
ature for a strongly interacting system. In a weakly
interacting BEC or a degenerate Fermi gas, temper-
ature is determined by fitting density profile using a
known equation-of-state. However, since the equation-
of-state is not known for the strongly interacting sys-
tem, the question is whether there is a model-independent
way to measure temperature. The thermodynamic rela-
tions discussed above will help us to establish a model-
independent measurement of temperature. Since entropy
can be measured by adiabatically swapping the magnetic
field to tune the scattering length to a weakly interact-
ing regime, the entropy can be determined by using the
known equation-of-state. On the other hand, energy can
be measured by the method discussed above. Hence,
∂S/∂E = 1/T gives a model-independent measurement
of temperature [19]. This method has now become stan-
dard in later studies of strongly interacting Fermi gases.

2.4 BEC-BCS crossover

In the above, we discussed the thermodynamic properties
in the resonance regime. Now we will discuss the ground
state at resonance. In general, the ground state is hard to
describe in a non-perturbative regime. However, in this
situation it is very lucky. Since we know that in one limit
where 1/(kFas) � 0, the system is a weakly attractive
Fermi gas, and the ground state is a BCS state; while in
the other limit where 1/(kFas) � 0, each pair of fermions
will form two-body bound state of bosonic molecules,
and from the four-body calculation we know that the
interaction between molecules is am = 0.6as [15, 20],
which is repulsive in this regime, thus the ground state
is a Bose condensate of those molecules. Leggett noticed
that both BCS and BEC have the same symmetry and
they can both be described by a BCS-like wave function
[21, 22]:

|Ψ〉 =
∏

k

(
uk + vkc

†
k↑c

†
−k↓

)
|0〉 (18)

Based on this observation, one can conjecture that it is
a crossover that connects the BCS regime to the BEC
regime, and throughout the crossover, the ground state
can be approximately described by a wave function like
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Eq. (18). In other words, the ground state at resonance is
adiabatically connected to these two weakly interacting
regimes.

The physical picture of this crossover is shown in
Fig. 3. In the BEC regime, the inter-particle spacing
d is much smaller than the size of a fermion pair ξ, and
therefore one can view those pairs as bosons. In contrast,
the inter-particle spacing d is much larger than the size
of fermion pairs ξ in the BCS regime. In between, as
the attraction increases, the size of Cooper pairs con-
tinuously shrinks, and in the unitary regime, the size of
Cooper pairs and the inter-particle spacing are compa-
rable. In particular, exactly at resonance, ξ = αd where
α is a universal constant, which gives a microscopic view
of “universality”.

This physics can be quantitatively described by a
mean-field theory using Eq. (18) as a trial wavefunction
[21, 22]. The standard BCS type mean-field theory will
give rise to two equations. The first equation is the gap
equation,

Fig. 3 A schematic illustration of the crossover from the BEC to
the BCS regime, d is the average inter-particle spacing and ξ is the
Cooper pair size.

m

4π�2as
=
∑

k

(
1

2

√(
�

2k2

2m
− μ

)2

+ Δ2

− 1
�

2k2

m

)

(19)

where Δ =
∑

k
ukvk, and the second equation is the

number equation

N =
∑

k

1
2

⎡

⎢⎢⎢⎢⎣
1 −

�
2k2

2m
− μ

√(
�

2k2

2m
− μ

)2

+ Δ2

⎤

⎥⎥⎥⎥⎦
(20)

which determines how chemical potential changes as the
interaction varies. The solution of these two coupled
equations is displayed in Fig. 4. Fig. 4(a) shows that the
pairing gap monotonically increases as it approaches the
BEC side, and it eventually approaches

√
3Eb/2, where

Eb is the binding energy of molecules. Figure 4(b) shows
how the chemical potential is renormalized from BCS to
BEC. In the weakly interacting BCS side, the chemical
potential is about free fermion Fermi energy. As the at-
traction increases, the chemical potential keeps decreas-
ing, eventually at the BEC side it approaches −Eb/2,
and the excitation energy for pair breaking is therefore√
μ2 + Δ2 = −Eb. We emphasize that the strong inter-

action dependence of the chemical potential is a major
feature of BEC-BCS crossover.

Though there is no phase transition between BEC and
BCS, they still have significant difference especially in
terms of the low energy excitations, as shown in Fig. 5.
In the BCS regime where μ > 0, the fermionic excitation
has a small gap of Δ, while the velocity of the bosonic
Goldstone mode is proportional to the Fermi velocity,
which is relatively large. So the low energy excitations
are dominated by pair breaking. In the BEC regime
where μ < 0, the fermionic excitation of pair breaking
has a gap of

√
Δ2 + μ2, which becomes very large, while

the velocity of the bosonic mode becomes ∼ √
πamn/m

which is very soft. So in this regime, the low energy
excitations are dominated by Bogoliubov mode of finite
momentum fermion pairs. However, we emphasize that
this Bogoliubov mode is not captured by the mean-field
theory discussed above, which makes this theory less ac-
curate in the BEC side than in the BCS side. A better
description of the BEC side [−1/(kFas) < −1] will be a
Bogoliubov type mean-field theory of bosonic molecules

Fig. 4 (a) The pairing gap Δ as a function of −1/(kFas) and (b) the chemical potential μ as a function of −1/(kFas).
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Fig. 5 Schematic of the low-energy excitation spectrum for both fermionic and bosonic modes in the BEC,
the unitary and the BCS regime.

which incorporates finite momentum quantum depletion
of the condensate. And in the unitary regime, both of
these two excitation modes are equally important. A
theory that can capture both two modes are highly de-
sirable, especially for describing finite temperature prop-
erties.

We close this subsection by presenting a classification
of Fermi gases around a scattering resonance, as shown
in Fig. 6. As discussed above, across a Feshbach reso-
nance, the system undergoes a crossover from a weakly
interacting BCS state to a resonant superfluid and even-
tually to a condensate of bosonic molecules. Besides,
in the regime with positive scattering length, fermions
in the scattering states experience repulsive interactions,
and they are meta-stable if the bound state is sufficiently
deep.

Fig. 6 A schematic of the scattering length and the bound state
energy in a two-body problem (the same as Fig. 2), and the clas-
sification of many-body Fermi gases in various regimes.

2.5 Generalization of crossover physics

In the above two subsections, we have discussed that,
on one hand, at resonance the interactions are so strong
that the total interaction energy is comparable to kinetic
energy, and its effects is non-perturbative. On the other
hand, we have introduced the crossover scenario in which
the ground state at resonance remains pretty much a

weakly correlated superfluid. We emphasize that the rea-
son is because the strongly interacting regime can be adi-
abatically connected to two weakly interacting limits by
tuning some physical parameters, and the quantum state
in these two limits can be adiabatically deformed into
each other. Therefore, a natural idea to reveal stronger
correlation at resonance is to destroy superfluidity, and
subsequently destroy the adiabatic connection between
the quantum state at resonance and those in two weakly
interacting limits.

The most natural way to destroy superfluidity is
through increasing temperature. In the BCS side, in-
creasing temperature will lead to Cooper pair break-
ing which destroys superfluid, and the revealed normal
state is a normal Fermi liquid. The critical tempera-
ture increases as attraction increases; while in the BEC
side, the superfluid transition is the condensation of the
molecules, above which the phase coherence between
molecules is lost and it becomes a bosonic normal state,
and the critical temperature is almost constant once the
density is fixed. It is very clear that the normal states in
two sides are very different. Therefore, the normal state
at resonance becomes very intriguing since there presents
both the Cooper pair breaking effects and the incoherent
Cooper pairs. A theory on superfluid critical tempera-
ture was first proposed by Noziéres and Schmitt-Rink
[23].

Nevertheless, we are more interested in revealing more
interesting normal states at zero or very low tempera-
tures. There are various ways to frustrate superfluidity,
and each of them will lead to rich physics. Here we list
a few examples:

(1) An optical lattice potential can destroy the super-
fluid by driving a transition from the superfluid state
to an insulator, and different insulating states will be
reached in different sides of the resonance. In the BEC
side it will be a Mott insulator of bosonic molecules, and
in the BCS side it will be a band insulator fermionic
atoms. A general picture of superfluid to insulator tran-
sition throughout the crossover regime will be discussed
in Section 3.3 in detail.
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(2) Rotating a superfluid can mimic applying a mag-
netic field to superconductor. At some critical strength
of rotation, superfluid will be destroyed. At the extreme
fast rotation limit, fermionic and bosonic quantum Hall
states will be reached in the BCS side and in the BEC
side, respectively. In Section 4.2 we will discuss how the
BEC-BCS superfluid family responds to an external ro-
tation and how the crossover scenario breaks down in the
extreme fast rotation limit.

(3) In cold atom experiments, it is very easy to create
the situation that the population of two spin compo-
nents are unequal [17, 24, 25]. This mimics a Zeeman
field in electron systems, and in this system, the effec-
tive Zeeman field can be as large as comparable to the
Fermi energy. In a BCS superfluid, it is known as the
Pauli limit that a Zeeman field will drive a first order
transition to normal state when the Zeeman energy is
comparable to the pairing gap. While in the BEC side,
note that the two-body bound state is stable in vacuum,
the minority fermions can always find their partner in
the majority component to form a molecular state, and
these molecules can always Bose condense even if they
are very dilute in large imbalance limit. So the system re-
mains superfluid mixed with residual majority fermions.
As schematically shown in Fig. 7, it is clear that these
two sides respond differently to the Zeeman field, and
it stimulates a lot of research on how the transition be-
tween these two regimes takes place [26]. The interesting
question is at the strongly interacting resonance regime,
whether there is still a Pauli limit of superfluidity. If
there is, whether the normal state at large population
imbalance is still a Fermi liquid, and if it is, it must be a
Fermi liquid with universal properties which is of great
interest.

Fig. 7 Schematic of quantum states at large population imbal-
ance at the BEC side and the BCS side.

In addition to these, there are other two generaliza-
tions of crossover physics which are very interesting, and
they are being studied by ongoing experiments.

(4) In a mixture of two different fermion species, like
mixture of 40K and 6Li, two “spin components” have
different masses. Recently, Feshbach resonance between

different atomic species has been found [27], which opens
a new route to study crossover physics with unequal
masses mixture. Note that for equal population, though
the Fermi energies of two components are quite different
due to mass difference, it still possesses Cooper instabil-
ity since they have the same size of the Fermi surfaces.
This BCS superfluid will undergo a crossover to a BEC
of heteronuclear molecules. Although from this point
of view, the ground state properties of unequal masses
mixture is very similar to the equal mass one, the excita-
tion spectrum strongly depends on the mass imbalance,
which leads to more interesting finite temperature prop-
erties and a lot more intriguing physics when Zeeman
field, rotation or optical lattice is imposed.

(5) Alkali atoms usually have more than two hyper-
fine spin states. Take 6Li as an example, in the mag-
netic field there are three states in the lower hyperfine
branch, and all of them can be easily trapped. Previ-
ously, two out of three states have been used to study
crossover physics in experiments, which possesses reso-
nance at about 830 G. Actually, the third state also has
Feshbach resonances with these two in the regime nearby
800 G, as shown in Fig. 8 [28]. Multi-component mix-
ture of fermions is a very interesting subject, especially
when the interaction between them are all very strong
and highly tunable [29]. For example, the phase dia-
gram of a three-component mixture with a density ratio
of 1 : 2 : 1 has been studied in Ref. [30] and shown in
Fig. 8. In the BEC side of two resonances, two kinds of
molecules are stable and the ground state is a binary mix-
ture of a two-component molecular condensate, while su-
perfluidity will break down due to the mismatch of three
Fermi surfaces as it approaches the BCS side, which is
similar to the physics discussed in the content of imbal-
ance mixture of two-component fermions. The physics of
multi-component mixture will also strongly depend on

Fig. 8 Schematic of phase diagram as a function of magnetic field
which controls the scattering length, in a mixture of lowest three
hyperfine spin states of 6Li gases. This phase diagram was initially
published in Ref. [30].
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the concentration ratio of different components and the
regime of the magnetic field which controls the relative
strengths and sign of the scattering lengths. Recently,
some preliminary experimental work on the stability of
three-component mixtures has been reported [31], which
will stimulate more work on this subject.

� ������� ���
� 
� ���
	�� ����
	
�

When a laser field forms a standing wave along the
x direction in space, atoms will experience a periodic
potential in the form of V0 sin2(Kx) due to the AC
Stark effect, where K = π/λ and λ is the wave length
of the laser. When three independent laser fields are
turned on along three spatial directions, it will form
a three-dimensional lattice potential as Vx sin2(Kx) +
Vy sin2(Ky) + Vz sin2(Kz). This kind of period poten-
tial is referred to as optical lattices, which has now be-
come a major tool and playground for studying many-
body problems in ultra-cold quantum gases. By tuning
the intensity of the laser field, one can independently
control Vx, Vy and Vz, so that the system can go from
a tunneling dominated regime to interaction dominated
regime continuously. Moreover, optical lattices provide
accessibility to low-dimensional physics. If one tunes
Vx ∼ Vy � Vz , the system becomes arrays of almost
independent one-dimensional tubes; and if one tunes
Vz � Vx ∼ Vy, the system behaves like layers of in-
dependent two-dimensional pancakes.

As we know from text books on solid state physics,
single-particle spectrum in a periodic potential exhibits
band structure. For instance, the single-particle density
of state in a three-dimensional cubic lattices is shown
in Fig. 9(a). For very shallow lattices, the density-of-
state is finite everywhere as indicated by the dashed line
in Fig. 9(a). However, when V0 is above a certain crit-
ical value, a band gap opens where the single-particle
density-of-state vanishes, as indicated by the solid line

in Fig. 9(a). The band gap increases rather quickly with
the increase of lattice depth V0, as shown in Fig. 9(b).

As for the interactions in optical lattices, here are a
few general comments. (1) Except in a few exceptions,
like chromium atoms or heteronuclear molecules where
the dipolar interaction is profound, usually the interac-
tion between atoms are short ranged and therefore only
the on-site interaction needs to be considered in optical
lattices. (2) Unless close to a Feshbach resonance, usu-
ally the s-wave scattering length as is a few nano-meters,
while the lattice constant λ = π/K ∼ µm, and the har-
monic length of each lattice size is at least two orders of
magnitudes larger than as, hence the s-wave approxima-
tion will still be applicable in optical lattices. (3) When
the interaction is away from a resonance, the interaction
energy can be estimated as

U ∼ 4π�
2as

mλ3
∼ as

λ
ER � ER (21)

In the discussion of optical lattices, we usually use so-
called “photon recoil energy” ER = �

2K2/(2m) as the
energy unit. Hence, for bosons in optical lattices, when
V0 is above (3 − 4)ER, the band gap is larger than 1ER

as shown in Fig. 9(b), and one can safely use single-band
boson Hubbard model to describe the physics. The ba-
sic physics content and experimental progresses on bo-
son Hubbard model will be discussed in Section 3.1.
While for two-component fermions, if the filling number
is smaller than two, the physics can also be described
as single s-band model, which gives the famous fermion
Hubbard model. Nowadays, many labs are pursuing ex-
periments where one can use cold Fermi gases to simulate
the fermion Hubbard model to shed light on many long-
standing condensed matter problems, including High-Tc

problem. We will discuss this and its related issues in
Section 3.2. However, when the interaction is close to a
resonance, as becomes comparable or even larger than
λ, which means the interaction energy will be strong
enough to compete with the band gap. In this situation,

Fig. 9 (a) Single-particle density of state for a three-dimensional lattice with Vx = Vy = Vz = V0 = 2ER (dashed line) and
V0 = 3ER (solid line) respectively. (b) The band gap between s-band and p-band, as a function of V0.
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the single-band model will be no longer applicable and
one needs more complicated multi-band model to cap-
ture the essential physics of lattice gases with resonance
interaction, where a host of new quantum many-body
physics remains to be explored. We will talk about this
in Section 3.3.

3.1 Repulsive Bosons in lattices

The single band boson Hubbard model is written as fol-
lows

Ĥ = −t
∑

ij

b̂†i b̂j +
∑

i

[
U

2
n̂i(n̂i − 1) − μn̂i

]
(22)

where t =
∫

d3rw∗(r − Ri)V (r)w(r − Rj) is the tun-
neling amplitude. w(r − Ri) is the wannier wave func-
tion localized at i-site. U = 8π�as/m

∫
d3r|w(r − Ri)|4

which describes the strength of on-site interaction, μ is
the chemical potential, and n̂i = b̂†i b̂i is the boson num-
ber operator at site-i.

It is easy to show that there are two distinct phases
in this model. In the limit of t = 0, the ground state
is an eigenstate of each n̂i which is of the form |ψ〉 =∏

i
b̂†ni

i |0〉. The excitation in this limit is either adding a
particle in one site or taking a particle away from one site,
which will cause a finite excitation energy on the order of
U . This state is called a Mott insulator. On the opposite
limit of non-interacting bosons with U = 0, the ground
state is a Bose-Einstein condensate at zero-momentum
state, and |ψ〉 =

(∑
i
b̂†i
)N

/
√
N !|0〉. It possesses the off-

diagonal long range order and gapless excitation. Hence,
as a function of t/U , there must be a quantum phase
transition that separates these two phases [32].

The phase diagram and the phase transition can be
described by a simple mean field theory [33]. We decom-
pose the kinetic term into

−t
∑

ij

b̂†i b̂j =
∑

i

(
−ϕb̂†i − ϕ∗b̂i +

|ϕ|2
zt

)
(23)

where ϕ = zt〈b̂i〉 is the superfluid order parameter, and
z is the number of adjacent sites of site-i. In this mean-
field we only consider the uniform quantum states, and
the entire Hamiltonian becomes a sum of each lattice site
as H =

∑
i
Hi where

Hi = −ϕb̂†i − ϕ∗b̂i +
|ϕ|2
zt

+
U

2
n̂i(n̂i − 1) − μn̂i (24)

The ground state energy of H i, F (ϕ), can be easily cal-
culated. Then one can minimize F (ϕ) with respect to ϕ,
and it will yield either zero or non-zero ϕ, which corre-

sponds to a Mott insulator or a superfluid, respectively.
Two typical situations are displayed in Fig. 10(a). For
small t/U , the minimum occurs at ϕ = 0. As the increase
of t/U , the minimum departures from zero to a non-zero
ϕ, which marks the insulator to superfluid transition.

With this mean-field scheme, one can obtain the
phase diagram of the boson Hubbard model as shown
in Fig. 10(b). In the regime of small t/U , there are lobs
of Mott insulators, and the Mott lobs shrink with the
increase of the chemical potential and the boson filling
number. This is an effect due to the boson enhancement
factor, that is, the number fluctuation on top of a Mott
insulator with n particle per site will get an enhancement
factor of

√
n. Hence, the Mott insulator with larger fill-

ing number is easier to become a superfluid.
This phase diagram of Fig. 10(b) is for a homogeneous

system. For the cold atom experiments which are usu-
ally performed in a harmonic trap, one has to use local
density approximation (LDA) to relate this phase dia-
gram to the real space density profile. The idea of LDA
is to treat the system locally as a bulk system with a
chemical potential μ0 − V (r), where μ0 is the chemical
potential at the center of the cloud and V (r) is the trap-
ping potential. Hence, from the center to the edge, the
chemical potential trajectory μ(r) goes from μ0 to zero,
as indicated by the dashed line in Fig. 10(b) and the in-
set of Fig. 11(a). Depending on which phase μ(r) lies
in, the system locally behaves as either a superfluid or
a Mott insulator. If μ(r) is in the superfluid phase, the
density is a smooth function that continuously changes
as a function of the position r, while if μ(r) is in the
Mott insulator phase, the density will exhibit a plateau
due to the incommensurate nature of the insulator. The
whole cloud therefore exhibits shell structure of sepa-
rated phases, which is usually referred to the wedding
cake structure, as shown in Fig. 11(a).

The first experimental signature of the phase transi-
tion was reported in Ref. [34], which stimulated a lot of
theoretical and experimental works in recent years [35].
In experiments, the Mott insulator is relatively easy to
identify. For example, from the transport experiment
[34] or radio-frequency spectroscopy one can measure the
Mott gap [36], and the shell structure of a Mott insula-
tor with different filling numbers has also been observed
when the system is deeply in the Mott limit [36, 37].
However, the experiments in the superfluid side and in
the quantum critical regime is much less clear. We sum-
marize the major problems as follows:

(1) How important is the temperature effect in cur-
rent optical lattice experiments? As the lattice depth
V0 increases, the BEC temperature drops for two rea-
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Fig. 10 (a) The ground state energy of Hi, F (ϕ) in units of U , as a function of ϕ for small t/U in Mott insulator phase,
and for large t/U in superfluid phase, respectively. (b) The phase diagram of Boson Hubbard model. The red areas are the
Mott insulator phases with different number of bosons per site. The horizontal axes is t/U and the vertical axes is μ/U .

Fig. 11 (a) The real space density profile for different values of t/U . The inset indicates the corresponding local chemical
potential trajectory in the phase diagram. This figure was published in Ref. [39]. (b) A schematic of the finite temperature
phase diagram in terms of temperature kBT and lattice depth V0. The superfluid transition temperature drops exponentially
fast with the increase of V0. The red solid and blue dashed arrows indicate two possible physical trajectories in experiments,
and the blue dashed one is more possible.

sons. One is due to the approach of the quantum critical
point, and the second is because the hopping amplitude
decreases very fast with the increase of V0. Actually, the
second effect is more dramatic which makes the BEC
temperature drop exponentially, as schematically shown
in Fig. 11(b). In fact, for 87Rb atoms in optical lat-
tices, even without considering the quantum critical ef-
fect, the BEC temperature for the gas already drops to
nano-Kelvin when V0 ∼ 10ER [38], which is much lower
than the initial temperature of the gas before ramping
up lattices. Hence, it is conceivable that the superfluid
undergoes a thermal phase transition into normal gas
way before entering the quantum critical regime, such
as the physical trajectory indicated in Fig. 11(b). A re-
cent analysis of the visibility of the measured momentum
distribution provides strong evidence that it is the case
[39].

(2) How can we measure temperature in a lattice envi-
ronment? In the conventional condensed matter systems,
the determination of temperature relies on the thermal
reservoir, for instance, we usually use lattice tempera-

ture to determine the temperature of an electron gas.
Trapped quantum gases is different because it is isolated
from any thermal reservoir. As discussed in Section 2.3,
in the trapped BEC without lattices, temperature mea-
surement relies on the non-condensed weakly-interacting
particles where we know its equation-of-state very well.
However, in lattices both thermal excitation and quan-
tum depletion contribute to the non-condensed compo-
nent, and they are generically mixed and indistinguish-
able. In the quantum critical regime the equation-of-
state is not known for the quantum depletion. So the
previous methods of determining temperature all fail,
which raises an unsolved problem of how to determine
temperature for strongly interacting quantum gases in
lattices in a model-independent manner.

(3) How the system temperature evolves while ramp-
ing up the lattices? In the current way of doing optical
lattice experiments, one starts with a condensate or a
degenerate Fermi gas without lattices, and then ramps
up the lattice potential. Hence, if the ramping process
is slow enough to ensure the adiabaticity, the entropy is
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conserved, and the temperature may either increase or
decrease, depending on the properties of the final quan-
tum state. For instance, when the system approaches
and enters the Mott insulator phase where a gap opens
in the excitation spectrum, temperature will increase for
a fixed entropy [38]. And if some fermions are mixed
into the bosons, it will affect the distribution of entropy
and strongly affect the temperature of the final state
[40]. The distribution of entropy is complicated also be-
cause of the inhomogeneity due to the harmonic trap
[38]. Understanding how the entropy distributed in the
system is very crucial for understanding thermodynamics
of trapped quantum gases in lattices.

(4) How can we cool the quantum gases in the presence
of a lattices environment? Since the kinetic energy scale
becomes so small in lattices, one has to cool the system
down to below nano-Kelvin in order to reach quantum
degeneracy in a lattice environment, which is at least
two orders of magnitudes lower than the temperature
attainable currently. Besides, since the current ramping
scheme usually heats up the system even more, and the
current schemes of cooling quantum gases do not work
in the presence of a lattice, a brand new scheme is highly
desirable.

These issues are important and serious questions in or-
der to make further experimental breakthroughs in this
direction, and they are also issues that need more theo-
retical inputs.

3.2 Repulsive Fermions in lattices

In this section we will first discuss two-component
fermions in optical lattices when the interaction is weaker
compared to the band gap. When the filling number is
smaller than two, it can be described by a single s-band
Hubbard model such as

H = −t
∑

ij,σ

c†iσcjσ +U
∑

i

n̂i↑n̂i↓−μ
∑

i

(n̂i↑+n̂i↓)(25)

This model has a very rich phase diagram when one
varies the interaction parameter U/t, the filling num-
ber (or the chemical potential μ), the lattice geometry
and the dimensionality. Despite the huge amount of ef-
forts extending over decades, there are still controversial
issues in this model. This model has attracted consider-
able attention particularly after the 1980s because many
people believe that the physics of superconductivity in
cuprates can be described by a two-dimensional Hub-
bard model in the limit of large U/t, and therefore a
long-standing theoretical issue arises on whether a two-
dimensional Hubbard model can exhibit d-wave super-
conducting ground state when it is slightly doped away

from half-filling. Trapping two-component fermions in
optical lattices now offers the promise of simulating the
Hubbard model directly, which perhaps can shed new
light on many unsolved problems in this model.

Here, instead of discussing the controversial issues, we
review the most clean theoretical conclusion about this
model, that is, in a half-filled cubic lattice, the system
exhibits antiferromagnetic (AF) order at low tempera-
tures. There are two reasons for which we start with
AF order. First, in the large U/t limit the AF order
is caused by strongly correlated superexchange effect,
which is the dominative physics effect in the strongly
interacting regime, and secondly, observing this AF or-
der in cold atom experiments is the first step for studying
the Hubbard model in this new setup, and it is also the
most challenging step at the current stage.

In a half filled cubic lattice, AF order exists for all
range of repulsive interactions. For weak interactions,
the AF order is caused by mean-field effect which can be
described by the standard Hatree-Fock type mean-field
theory. The key concept is the nesting of the Fermi sur-
faces. For instance, as shown in Fig. 12(a), the Fermi
surface of a single-band Hubbard model has a perfect
nesting at momentum {π, π, π}, i.e. for any momentum
p at the Fermi surface, p + {π, π, π} is also a momen-
tum at the Fermi surface. The relation between Fermi
surface nesting and AF instability can be understood by
performing a particle-hole transformation for one spin
species, say,

c†i,↓ → (−1)ici,↓ and ci,↓ → (−1)ic†i,↓ (26)

Fig. 12 Schematic of the exact particle-hole symmetry and Fermi
surface nesting at half-filling. Red line and blue line are the Fermi
surfaces in kx-ky plane for kz = π/3 and kz = −2π/3, respectively.
These two Fermi surfaces are separated by the nesting momentum
�π = (π, π, π)(the solid black arrow) for single s-band case (a) and
for half-filled p-band case (b). Before Eq. (26), the regime-II is
filled by holes. The transformation Eq. (26) makes regime-II occu-
pied by ↓ particles and translates regime-II to regime-I by shifting a
vector of π. ↑ particles always occupy regime-I. Hence, this shows
that in the attractive-U model two-spin components have the same
shape of the Fermi surface.

What this transformation does is to first change spin-
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down hole packet (shaded area II in Fig. 12) into spin-
down particle pocket, and then shift it by a momentum
of {π, π, π}. If the original Fermi surface has perfect
nesting at {π, π, π}, then after this transformation, the
new Fermi surface for a spin-down particle is perfectly
coincident with that of spin-up particle. Besides, the in-
teraction changes from repulsive to attractive. Hence,
the model after the transformation will exhibit BCS
instability, which leads to a superconducting order of
〈c†i,↑c†i,↓〉 
= 0, and this superconducting order corre-
sponds to the AF order of 〈(−1)ic†i,↑ci,↓〉 
= 0 upon the
particle-hole transformation. That is to say, with the
nesting, the AF order can be essentially understood as
Fermi surface instability in the exact same way as that
in the BCS theory. The Neel temperature for the onset
of the AF order, similar to Tc for superconductivity, goes
as e−|U|D(EF), where D(EF) is the density of state around
the Fermi energy. The presence of the AF order will dou-
ble the unit cell of the cubic lattice so that the half-filling
becomes effectively an integer filling, and the system will
open up a charge gap below the Neel temperature when
the AF order is sufficiently strong.

In the strongly interacting regime where U/t� 1, this
mean-field theory fails to work. In the absence of hop-
ping, all the sites are singly occupied and each site has an
undetermined spin degree of freedom so that the ground
state is totally 2N fold degenerate. This spin degeneracy
can be lifted when hopping is included. To the second
order perturbation of the hopping term, a Heisenberg
model can be derived to describe the low energy spin
degrees of freedom [41, 42]

HH = Jex

∑

ij

(
SiSj − ninj

4

)
(27)

where

Jex =
4t2

U
(28)

and Si is the on-site spin-1/2 operator defined as

Si =
�

2

∑

ss′
c†i,sσss′ci,s′ (29)

where σ are three Pauli matrices. Since Jex is positive,
the ground state will be an antiferromagnetic state in a
cubic lattice. It happens that this AF state is the same as
what we obtained in the weakly interacting regime. How-
ever, the driven mechanism is completely different, and
the Neel temperature in the strongly interacting regime
is ∼ Jex which no longer depends on the Fermi surface
properties.

Therefore, we have reached the phase diagram for
the repulsive Hubbard model as shown in Fig. 13(a).
Regime-I is an antiferromagnetic insulator, regime-II is
a paramagnetic Mott insulator with no spin order, and
regime-III is a paramagnetic Fermi liquid. Note that
with the particle-hole transformation mentioned above,
the phase diagram for the attractive Hubbard model has
the same topology. In the attractive Hubbard model, a
BCS superfluid is the ground state in the weakly interact-
ing regime. In the strongly interacting regime, Cooper
pairs all become on-site pairs. Jex can be viewed as the
hopping amplitude of Cooper pairs, and the Neel tem-
perature can be viewed as the BEC temperature of these
on-site pairs. The regimes I-III are the BCS-BEC super-
fluid, the pseudo-gap phase and the normal Fermi liquid,
respectively. The correspondence between the repulsive
and the attractive Hubbard model are further summa-
rized in the Table 1. This mapping also establishes the
relation between the spin imbalanced Fermi gas with at-

Fig. 13 (a) The phase diagram for half-filled repulsive-U Hubbard model and also for equal spin population attractive-U
Hubbard model. (b) The Neel temperature for fermions in optical lattices with a half-filled s-band. The two solid lines
are weakly interacting regime mean-field Neel temperature T s

N-M and strongly interacting regime Heisenberg model Neel
temperature T s

N-H. The dashed line indicates current temperature regime and the red arrows indicate the long way to reach
super-exchange physics in this system. The energy units is taken as ER, which corresponds to 0.21 µK.
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Table 1 The relation between repulsive interaction and attractive interaction Hubbard model under the particle-hole mapping of

Eq. (26).

Kinetic term −t
∑

ijσ

c†iσcjσ Kinetic term −t
∑

ijσ

c†iσcjσ

Interaction term U
∑

i

(
ni↑ − 1

2

) (
ni↓ − 1

2

)
Interaction term −U

∑

i

(
ni↑ − 1

2

) (
ni↓ − 1

2

)

Chemical potential μ
∑

i

c†i↑ci↑ + c†i↓ci↓ Zeeman field μ
∑

i

c†i↑ci↑ − c†i↓ci↓

Zeeman field h
∑

i

c†i↑ci↑ − c†i↓ci↓ Chemical potential μ
∑

i

c†i↑ci↑ + c†i↓ci↓

Half filling N↑ + N↓ = N Equal population N↑ = N↓

Doping half-filling N↑ + N↓ = N + δ Spin imbalance N↑ = N↓ + δ

Antiferromagnetic state at π 〈S+〉 = (−1)i|S| �= 0 Uniform BCS state Δ �= 0

Charge insulator but spin liquid Pairing without superfluidity

tractive interaction and the repulsive interacting Fermi
gases doped away from half-filling.

To explicitly reveal the major difficulty in experi-
ments, we calculate the Néel temperature as a function
of lattice depth given by both the mean field formula
TN-M and the Heisenberg model formula TN-H [43], with
the parameters t and U obtained from solving a single
particle Schrödinger equation in optical lattice potential,
and the result is displayed in Fig. 13(b). For small V0,
TN-M � TN-H, the AF order is caused by mean-field ef-
fect, while for large V0 where TN-H � TN-M, the AF order
is driven by super-exchange processes. The regime where
TN-M and TN-H cross is the crossover regime from weak to
strong interaction, where both two methods will fail, and
more advanced numerical techniques like dynamic mean-
field theory and quantum Monte Carlo is required in or-
der to give accurate Néel temperature [44−46]. However,
the key point is that the TN-H is already of the order of
0.1 nK when the lattice height barely enters the strongly
correlated regime, and it decreases below 10−2nK rapidly
as V0 increases. While the lowest temperature attainable
nowadays is about 10 nK as indicated by the dashing line
in Fig. 13(b). Again, this requires great idea to further
cool the system in the presence of lattices for two to three
orders of magnitudes in order to reveal superexchange ef-
fects.

The underlying reason for this difficulty is due to the
rapid decrease of hopping amplitude t with the increase
of lattice depth, thus, an alternative way out is to inves-
tigate higher band physics where the hopping amplitude
is relatively larger for the same lattice depth. For in-
stance, when each lattice site is filled by five fermions,
two of them fill the s-band, and the other three will half
fill the three-fold degenerate p-band.

The p-band Hubbard model is now much more com-
plicated than the single s-band Hubbard model. Very
remarkably, it can be shown that they share very similar

physics [47]. One can show that in the strongly interact-
ing regime, at each isolated site the ground state of three
fermions in p-orbitals are four-fold degenerate spin-3/2
states due to the Hund’s rule coupling. The coupling
between two neighboring spins is caused by virtual hop-
ping of fermions, which gives rise to an isotropic spin-3/2
Heisenberg model:

HJ = Jex

∑

〈ij〉

(
SiSj − 1

4
ninj

)
(30)

and Si is an on-site spin-3/2 operator defined as

Si =
1
2

∑

pα

∑

ss′
c†i,pα,sσss′ci,pα,s′ (31)

where c†i,pα,s creates a fermion in the pα orbital of site-
i with spin s. Jex is positive that means the ground
state possesses spin-3/2 antiferromagnetic order 〈S+

i 〉 =
(−1)i|〈S+

i 〉| 
= 0. In the weakly interacting regime,
the Fermi surface of a half-filled p-band also exhibits a
perfect nesting symmetry, with the nesting momentum
π = (π, π, π), as shown in Fig. 12(b). Mean-field anal-
ysis shows that this nesting will induce the AF order
Δ = 〈

∑

k,pα

c†k,pα↑ck+π,pα,↓〉 
= 0 at low-temperature, and

the order parameter also coincides with the S = 3/2 spin
order in the strongly interacting regime. However, the
key point is that the Néel temperature for p-band AF
order, as shown in Fig. 14, is significantly higher. It re-
mains at the order of nK in deep lattice regime which is a
great advantage to access the strongly correlated regime
experimentally.

3.3 Lattice Fermi gases across a Feshbach resonance

Across a Feshbach resonance, since the interaction is so
strong, more than one band will be involved even in the
deep lattice limit where the band gap is very large. This
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Fig. 14 Néel temperature TN as a function of optical lattice
depth V0. Four curves are p-band TN from Heisenberg model T p

N-H,
from mean-field theory T p

N-M; s-band TN from Heisenberg model
T s
N-H, from mean-field theory T s

N-M, respectively. For parameters,
we use 40K in optical lattices as an example [48]. The lattice spac-
ing λ = 1064 nm, K = π/λ and as = 15 nm. The energy units
is taken as ER, which corresponds to 0.21 µK. This figure was fist
published in Ref. [47].

can be demonstrated by solving a two-particle problem in
a single harmonic trap, which has been done in Ref. [49]
using a single-channel model and later in Ref. [50] with
a two-channel model. The solution shows that at least
three energy levels, which correspond to three bands
when different sites are coupled, will be significantly pop-
ulated across a Feshbach resonance. Meanwhile, an ex-
periment has also demonstrated the population of higher
bands when swapping the magnetic field through a Fes-
hbach resonance [48]. Involving multi-band is also a re-
quirement of recovering the physics at the molecular side
properly, since it must be a superposition of multi-band
in order that the size of a molecule can be smaller than
that of the lowest wannier wave function.

Since a Fermi gas can be changed continuously from
a BCS to a BEC superfluid as a function of scattering
length, the question is how the entire BCS-BEC family
is affected by a lattice potential. The first experiment on
this issue was reported from MIT [51] where it was found
that at resonance the interference pattern is smeared out
when the lattice is increased to about (3 − 4)ER deep.

On the molecular side, when the molecule binding en-
ergy is much larger than any other energy scales in the
problem, the system can be effectively described by a
Boson-Hubbard model of molecules, and as discussed in
Section 3.1, the transition will be from a boson super-
fluid to a Mott insulator with integer bosons, i.e. even
number of fermions, per lattice site [32]. Whereas on the
fermion side, increasing the lattice height V0 will lead to
a transition from a BCS superfluid to a fermion band
insulator. This transition is driven by the competition

between interaction energy gain by promoting fermions
from filled bands to various conduction bands to form
Cooper pairs and the kinetic energy cost in overcom-
ing the band gap. It is interesting to note that in most
solid state material the band gap (∼ 1 eV) is several
orders of magnitude larger than the typical pairing en-
ergy (∼ 0.1 − 10 meV), and it is impossible for pairing
energy to compete with band gap. While the situation
is very different in the strongly interacting Fermi gases,
the pairing energy is comparable to the Fermi energy,
and the band gap is highly tunable. This offers a unique
opportunity to study the competition between pairing
and lattice effects. A mean field theory description of
this transition is developed in Ref. [52].

While it is the same transition for two sides, the prop-
erties of the superfluid and insulating phases are contin-
uously changed across the resonance. Since the effects of
pair fluctuation are weak in the BCS regime but become
increasingly strong in the BEC regime, mean field theory
is only accurate on the BCS side of the resonance, less
accurate near resonance and becomes very poor on the
BEC side. The situation is identical to calculating Tc for
the BEC-BCS crossover, where fluctuation corrections
grow rapidly on the BEC side [23]. A theory incorporat-
ing this fluctuation, i.e. a generalization of the work of
Noziéres and Schmitt-Rink [23] to zero temperature with
lattices, is highly desirable, which is very essential for
obtaining the critical lattice depth at resonance regime
correctly and for comparing with experiments properly.

Though there is a lack of a precise understanding at
resonance, we can still make a schematic of the global
phase diagram in the space of chemical potential μ, lat-
tice height V0, and interaction parameter −1/(Kas) with
the help of our knowledge at two sides, as shown in
Fig. 15. In the case of two fermions per site, as V0 in-
creases, the ground state on the BCS side will be a band
insulator, whereas it will be a Mott insulator with one
boson per site on the BEC side. Because a band insu-
lator can be written as a Fock state with two fermions
in the same Wannier state on each site, a band insula-
tor can also evolve continuously into a Mott insulator by
simply changing the wavefunction of a fermion pair on
each site, and it is also a crossover from a fermion band
insulator to a molecular Mott insulator. However, note
that while filling the lowest s band requires two fermions
per site, filling an additional p band requires totally eight
fermions per site, due to the degeneracy of p-band. The
Mott insulators on the BEC side, however, can have any
integer number of bosons, or any even integer number
of fermions per site. Hence, to go from the BEC side to
the BCS side, only Mott phases with 1 and 4 bosons can
crossover to a band insulator. Mott phases with 2 and 3
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bosons (or 4 and 6 fermions) per site must disappear as
it approaches the fermion side. It is also an intriguing
unsolved issue how the transition from a molecular Mott
insulator to a metallic Fermi liquid takes place.

Fig. 15 Schematic of how the μ-V0 phase diagram evolves across
a Feshbach resonance, from the molecule side (up one) to the reso-
nance regime (middle one) to the fermion side (bottom one). This
figure was fist published in Ref. [52].
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When a trapped quantum gas is rotated along the z-
direction with a frequency Ω , its single particle Hamil-
tonian becomes

H0 =
�

2

2m
∇2 − ΩLz +

1
2
mω2r2 +

1
2
ω2

zz
2 (32)

which can be rewritten as

H0 =
1

2m
(p̂−mΩ ẑ × r)2 +

1
2
m(ω2 −Ω2)r2 +

1
2
ω2

zz
2

(33)

We note that the first term in Eq. (33) is exactly the same
as the Hamiltonian of an electron moving in a magnetic
field along z-direction, the single particle spectrum of
which are Landau levels with a level spacing �Ω . The
last two terms in Eq. (33) are residual trapping poten-
tial which can be treated by the local density approxi-
mation as usual. An interacting electron gas in Landau
levels has been previously investigated in the quantum
well systems, where both integer and fractional quantum
Hall effects have been discovered and studied extensively.
In this section, we will review some recent progresses in

studying both the ultracold boson and fermion gases in
the Landau level regime.

4.1 Bosons in lowest Landau level

Rotation will create vortices in a Bose-Einstein conden-
sate. Usually, the average distance between two vortices
d is given by the “magnetic length”

√
�/(mΩ), while the

size of a vortex core ξ is given by the healing length of
the condensate �/

√
2mgn, where g is the strength of the

local interaction and n is the density of the condensate.
For a dense quantum liquid like 4He superfluid where n
is very high, or for a slowly rotating condensate where
Ω is small, ξ � d, therefore vortices can be viewed as
point defects in a superfluid.

Because n is small in a condensate of dilute gas, it is
experimentally accessible that ξ can be comparable or
even larger than d. In other words, the vortex core will
begin to overlap. We note that ξ > d is equivalent to
gn < �Ω , that is to say, the interaction is not able to
excite particles into higher Landau levels. So the bosons
will almost all condense into the lowest Landau level
(L.L.L.). We can therefore project the condensate wave
function into the L.L.L. as ΨL.L.L.(r) = PL.L.L.Ψ(r). In
the L.L.L., the wave function is an analytical function of
the complex coordinate w = x + iy apart from an over-
all Gaussian envelope, i.e. ΨL.L.L. =

∏
i(w − wi), where

wi’s denote the locations of vortices. Very importantly,
in the L.L.L. regime, H0ΨL.L.L = �ΩΨL.L.L. which is in-
dependent of the positions of vortices. This property
of the L.L.L. condensate is its major distinction com-
paring to a conventional condensate. In a conventional
condensate, the kinetic energy logarithmically depends
on the distance between two vortices, and therefore the
vortices interact with each other logarithmically, which
determines the vortex lattice to be a close-packed trian-
gular lattice, as well as vortex dynamics. However, in the
L.L.L. condensate, since the kinetic energy is completely
quenched, the positions of vortices and the structure of
vortex lattices are entirely determined by the interac-
tions between atoms. Nevertheless, it has been shown in
Ref. [53] that for a single component condensate with the
short range repulsion, the vortex lattice is still a trian-
gular one. Later on the effect of a harmonic trap on the
condensate in L.L.L. regime has also been studied [54].
Experiments have also reached the L.L.L. regime [55, 56],
and more details of rotating condensate are summarized
in a recent review article of Ref. [57].

Here we will give two examples that the interaction
between atoms can actually significantly change the vor-
tex lattice structure. The first one is a rotating two-
component condensate first proposed by Ref. [58]. For
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a weak repulsive interaction between components, two
sets of triangular lattices in different components will be
staggered so that the vortex core area of one component
can fit the high density area of the other component. By
maintaining an increase in the repulsion between compo-
nents, these two sets of lattices will undergo a first order
transition from triangular type to square type, and then
continuously deformed into rectangular type, in order to
further avoid inter-component repulsion. This transition
has been observed in experiments [59].

The second example is a rotating dipolar condensate
first proposed by Refs. [63] and [64]. We consider both
the magnetic dipolar interaction and the short-range s-
wave contact interaction between atoms, where the in-
teraction is of the form

V =
4π�

2as

m
δ(r1 − r2) +

μ0μ
2

4π
1

|r1 − r2|3 (34)

The condensate of chromium atoms is such a system [60].
The magnetic dipole moment is six times larger than that
of alkali atoms, so its magnetic dipolar interaction is 36
times larger. Also, it has been shown experimentally
that its s-wave scattering length can be tuned by Fesh-
bach resonances [61, 62]. Due to the dipolar repulsion,
the condensate will not collapse when the s-wave interac-
tion becomes slightly attractive. By using the L.L.L wave
function as a trial wave function to minimize the interac-
tion energy, one can show that, when as exceeds a certain
critical negative value, the vortex lattice will first become
a square lattice as the short range attraction increases,
and then become more and more rectangular. It even-
tually forms a structure like arrays of one dimensional
stripes, where the density strongly modulates along the
direction perpendicular to the stripe, since this arrange-
ment can efficiently benefit the short-range attraction.
Finally, the condensate collapses when the s-wave attrac-
tion is so strong that it overcomes the dipolar repulsion.
The phase diagram is shown in Fig. 16.

Fig. 16 A sequence of structure transitions of vortex lattices,
form the triangular lattice to the square lattice and eventually to
the vortex stripe phase, in a fast rotating dipolar condensate.

4.2 Fast rotating Fermi gases

Even for non-interacting fermions, it is very interesting
in the fast rotating regime since the integer quantum Hall
effect will take place. Inside a trap, the Hall insulator
will manifest itself in the density profile as a sequence of
plateaus [65], which is due to the same reason as the wed-
ding cake structure discussed in Section 3.1. In addition
to rotation, if one imposes an optical lattice, it will be-
come more interesting since the single particle spectrum
will behave as Hofstadter butterfly [66], which is topolog-
ical in nature [67]. The manifestation of the Hofstadter
insulator can also be revealed in the density profile, and
from the density profile one can also measure the Hall
conductance without doing transport experiments [68].
In particular, we emphasize the fact that the effective
“magnetic field” created by rotation can be as large as
hundreds and thousands Tesla, which is not attainable
for any real magnetic field in a laboratory [68].

In this section, we will mainly focus on how the BEC-
BCS family responds to the external rotation across a
resonance. An experiment has succeeded in creating vor-
tex lattices in the fermion superfluid from the BCS to the
BEC regime [69], and this is analogous to the vortex lat-
tices in the type-II superconductors in a magnetic field.
It is well known that a superconductor will turn into a
normal metal when the magnetic field exceeds a certain
critical value known as Hc2. Similarly, one expects a
fermion pair superfluid will also become normal when it
is above some critical rotational frequency Ωc2.

Here we will first introduce the two-channel model for
Feshbach resonance in a rotating frame

H =
∑

νσ

ξνf
†
νσfνσ + Ξ0b

†b

+α
∑

νν′

(
Q∗

νν′b†fν↑fν′↓ + h.c.
)

(35)

where f †
νσ is the creation operator for an open chan-

nel fermion with Landau level quantum number ν, spin
σ, and energy ξν . b† creates a close channel molecule,
which is restricted in the L.L.L.. It is important to
note that restricting the condensate to the L.L.L. im-
poses no restrictions on the quantum numbers of the
fermions. Two fermions in different Landau levels can
convert into a molecule in the L.L.L., with the cou-

pling α and an overlap integral Qνν′ =
∫

drdRφ∗ν(R +

r/2)φ∗ν′(R−r/2)D(R, r), where R and r are the center-
of-mass and relative coordinate of the fermion pair, and
D(R, r) is the wavefunction of the tightly bound close-
channel molecule, which can be taken as Φ(R)δ(r). φν

is the wave function of the state with quantum num-
ber ν, and Φ(R) is a vortex lattice wave function in the
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L.L.L.. Here, γ̄ is the unrenormalized molecular binding
energy. To remove the divergency, γ̄ must be renormal-
ized as γ = γ̄ −α2m/(4π

√
2a�2)

∑
N

1/
√
N + 1, where a

is the “magnetic length”, and the renormalized param-
eters (γ, α) are related to physical parameters (as, r0)
as

− γ

α2
=

m

as�
2π

√
2
;

1
α2

= − r0m
2

2π
√

2�4
(36)

Within the mean-field theory, we replace α〈b〉 = Δ,
and the free energy can be expanded in powers of Δ as
F = F0 + χ|Δ|2 + o(|Δ|4). χ < 0(> 0) means that the
system is in the superfluid (normal) state. In this way,
one can determine the critical rotational frequency Ωc as
a function of as, which is shown in Fig. 17. As one ap-
proaches the resonance from the BCS side, Ωc increases
and has a sequence of steps. This reflects the periodic-
ity of the density of state in the Landau level spectrum,
which is an effect analogous to the integer quantum Hall
effect. Since whenever the chemical potential marches an
eigenenergy of a Landau level, the large density of state
near the Fermi surface due to the Landau level degen-
eracy will give rise to a strong Cooper instability, which
protects the superfluid from being destroyed [70]. This
mean-field calculation also shows that the critical rota-
tion only exits at the BCS side, and the superfluidity is
robust against pair breaking effect caused by rotation at
resonance and in the BEC side [70, 71].

Fig. 17 Phase diagram of a rotating Fermi gas across a Feshbach
resonance. In the side as > 0 “SF” means superfluid with vortices,
and in the side as < 0, below the critical frequency line the system
is a coexistence of superfluid with vortices at the center of the trap,
and normal state at the outside region. “N” denotes that the whole
cloud becomes normal. “FQH” and “BQH” denote fermionic and
bosonic quantum Hall states, respectively. The transition regime
between two quantum Hall states is indicated by the shaded area,
which is not yet quite clear. The inset shows the mean-field critical
frequency in the fast rotating regime. A similar figure was first
published in Ref. [70].

However, when the quantum fluctuation beyond
mean-field is taken into account, even a boson superfluid
will be replaced by a bosonic quantum Hall state, when

the number of vortices becomes comparable to the num-
ber of bosons in the ultra-fast rotation limit [72]. On the
other hand, a normal Fermi gas will become a fermionic
quantum Hall insulator as the rotation frequency fur-
ther increases. Therefore, at two different sides of the
resonance, one gets two different types of quantum Hall
states, the transition between different quantum Hall
states is an unsolved problem [73], and the details of
the transition will also depend on the filling number.

� �����
 �����
	��

Our current knowledge of quantum many-body physics
are all built on the research of solid state materials and
quantum liquids. Nowadays, thanks to the advanced
technique of trapping, cooling and manipulating atoms
and molecules, many laboratories all over the world are
performing extensive experimental studies of a host of
new quantum many-body models in the dilute quantum
gases. In particular, we are now able to control the in-
teractions to be very strong by various means. There is
no doubt that this investment will reveal more new phys-
ical phenomena and concepts in the near future. How-
ever, it is hard to predict which will be the next big dis-
covery in this field, due to the diversity of the research
directions. Nevertheless, it is worthwhile to pay suffi-
cient attention to the following directions, since there
must be a lot of developments along these in the future:
(1) strongly interacting fermions in optical lattices; (2)
molecular quantum gases; (3) low-dimensional quantum
gases; (4) multi-component mixture, boson-fermion mix-
ture and quantum gases with internal degrees of freedoms
and (5) dynamics, non-equilibrium and quantum kinet-
ics in quantum gases.
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