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Abstract The effect of the anisotropic interfacial en-
ergy on dendritic growth has been an important sub-
ject, and has preoccupied many researchers in the field
of materials science and condensed matter physics. The
present paper is dedicated to the study of the effect of
full 3-D anisotropic surface tension on the steady state
solution of dendritic growth. We obtain the analytical
form of the first order approximation solution in the reg-
ular asymptotic expansion around the Ivantsov’s nee-
dle growth solution, which extends the steady needle
growth solution of the system with isotropic surface ten-
sion obtained by Xu and Yu (J. J. Xu and D. S. Yu,
J. Cryst. Growth, 1998, 187: 314; J. J. Xu, Interfa-
cial Wave Theory of Pattern Formation: Selection of
Dendrite Growth and Viscous Fingering in a Hele-Shaw
Flow, Berlin: Springer-Verlag, 1997).

The solution is expanded in the general Laguerre se-
ries in any finite region around the needle-tip, and it is
also expanded in a power series in the far field behind the
tip. Both solutions are then numerically matched in the
intermediate region . Based on this global valid solution,
the dependence of Peclet number Pe and the interface’s
morphology on the anisotropy parameter of surface ten-
sion as well as other physical parameters involved are
determined. On the basis of this global valid solution,
we explore the effect of the anisotropy parameter on the
Peclet number of growth, as well as the morphology of
the interface.
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1 Introduction

In studying free dendritic growth, the effect of
anisotropic interfacial energy on pattern formation and
selection bas been an important subject, which has pre-
occupied many researchers in the field of materials sci-
ence and condensed matter physics for quite a long time
now [1-4]. During the past decades, most theoretical
investigations on this subject were focused on the sys-
tem of 2-D dendritic growth with anisotropy of surface
tension, or the system of 3-D axi-symmetric dendritic
growth with axial anisotropy of surface tension, neglect-
ing the three dimensionality of the anisotropy of sur-
face tension [5-15]. With these efforts, the effect of the
anisotropy of surface tension on the morphology of the
steady state, interfacial stability mechanisms and selec-
tion of dendritic pattern formation for 2-D systems are
now well explored analytically.

A realistic system of dendritic growth is always three
dimensional. The anisotropy of surface tension at the
interface is also three dimensional. Up to now in liter-
ature, there are very few analytical works on dendritic
growth in systems with full 3-D anisotropic surface ten-
sion. As a consequence, the effects of three dimension-
ality of anisotropy on the steady state solution as well
as the stability mechanisms of dendritic growth are still
unclear.

In order to explore the effect of 3-D anisotropic sur-
face tension on the stability mechanisms and the selec-
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tion condition of dendritic growth, as the first step, it is
necessary to study the effect of 3-D anisotropic surface
tension on the steady state of dendritic growth. The goal
of our effort is to attack this problem.

We obtain the analytical solution in the form of
regular asymptotic expansion around Ivantsov’s needle
growth solution, which extends the work on steady nee-
dle growth solution of the system with isotropic surface
tension conducted by Xu and Yu [7, 14]. The solution
is expended in the general Laguerre series in any finite
region around the needle-tip and is also expanded in a
power series in the far field behind the tip. Both solutions
are then matched in the intermediate region numerically.
On the basis of this global valid solution, we explore the
effect of the anisotropy parameter on the Peclet number
of growth, as well as the morphology of the interface.

The paper is arranged as follows. In Section 2, we
formulate the problem in the moving paraboloidal coor-
dinate system; in Section 3, we derive the asymptotic
solution in the finite region behind the tip in the form
of a general Laguerre series; in Section 4, we derive the
solution in the region far away from the tip in the power
series; then in Section 5, we match two solutions in the
intermediate region numerically; in Section 6, we show
the numerical results for various cases; finally in Section
7, we give the discussions and conclusions.

2 Mathematical formulation of the problem of steady
needle crystal growth

Let us consider a system of free dendritic growth from
a pure substance at the later stage of evolution, when
the dendrite is fully developed with a sufficiently long
stem. At this stage, the effects of the initial growth
conditions as well as the situation at the root in the
finite region around the tip on the solution will diminish
to a minimum. Thus, for a mathematical model of the
steady state of dendritic growth at the later stage, one
may consider a needle-like crystal growing with a con-
stant tip-velocity U into an undercooled pure melt with
the undercooling temperature T, < T, where Ty is
the melting temperature of a flat interface (refer to Refs.
[7, 14]). The full 3-D anisotropic surface tension at the
interface between liquid and solid phase is taken into
account, so that the needle-like crystal under consider-
ation is non-axisymmetrical. For simplicity, we assume
that in the growth system, the mass density p, the spe-
cific heat cp, and other thermal characteristic constants
of the solid state are the same as that of the liquid state
(the so-called symmetric model); gravity is negligible, so
no convection is involved.
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As usual, we use the growth speed of dendrite U, as the
scale of the velocity, and the thermal length ¢t = k1 /U
as the length scale, f1/U as the time scale and AH/(cpp)
as the temperature scale, where AH is the latent heat
per unit volume of the solid.

We adopt the paraboloidal coordinate system mov-
ing together with the growing need-crystal (refer to Ref.
[14]), which can be defined through the Cartesian coor-
dinate system (z,y, z) by (see Fig. 1):

x2 = {ncosb, y2 = ¢nsinb, Z2
UR Mo o
(2.1)

where the constant 72 is to be chosen, so that the steady
interface shape satisfies

1s(0) = 1

It is known that this constant is just the Peclet number,
Peg, of the system with zero surface tension, fully deter-
mined by the undercooling T, via the Ivantsov solution.
In general, the Peclet number, Pe, is defined as the ratio
of the tip radius ¢; and the thermal diffusion length ¢,
and is a function of all physical parameters involved in
the system, including the anisotropy parameter.

(2.2)

£=const.

Fig. 1 The paraboloidal coordinate system (&,7,0) for three-
dimensional dendrite growth.

The governing equation for three-dimensional den-
dritic growth can be written in the forms:
(1) In the liquid region:

OT 0T (1,0 0T
oc2 a2 T \¢ %) e
1 ,\oT (1 1\&T
pu— 2-3
+<77+W7> 877+<€2+n2> o9 " 23)

(2) In the solid region:
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0Ty

€2

PTs (1, \ 0T
o T <§_770§> ¢

() (o) o
The boundary conditions are:

(1) The up-stream far-field condition:

T=Ty, as n— (2.5)

(2) The regularity condition:

Ts=0(1) as n—0 (2.6)

(3) The interface conditions, at nn = 15(§, ), we have
(a) the temperature continuity condition:

T, =Ts (2.7)

(b) the Gibbs—Thomson condition: The surface ten-
sion coefficient can be expressed in the form:

v =0[l + dsQa(n)] (2.8)

where 7y, is the coefficient of isotropic surface tension, ay
is the coefficient of forth fold anisotropic surface tension,
n is the unit normal vector of the interface pointing to
the liquid phase, and Q4(n) = (nj + nj + n?) is the
anisotropic scalar function. The temperature at the in-
terface can be determined by the Herring formula [10,
11]:

0Qq
062

o )| st 0

(2.9)

Ts—TI——62|:1+Oé4< +

where (01, 62) respectively represent the orientation an-
gles of the directions of the two principal curvatures;
Ks3{ns(&,0)} is the local twice mean curvature of the in-
terface ns(&, #), which is derived as:

IC3{77$ (f? 0)}

1
(@R ) + (e + )]
AT+ n2)€ +nd)] [ = (€n)* (ol - €)
+26n2 (62 +12) + E2nsms 00 (s — )
—Ens(Ens) (02 g + 1sms.00) | — 2[1s,075(€% + 12)]
[(€ns) 05,0 (€% +13) + Ens(nsnl. — €)(Ens0)’
—Ens(nsns.0)' (€ns)'] + [(€1)% + 020 (€2 +12)]

[(€ns)"Ens(nsml, — &) + Ens(Ens) (1 — 02 — nen)] }
(2.10)

Especially, for the special axi-symmetric case, ns = 1s(£),
we have
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! no 1

’C3{’75(5’6)}_ ¢g2+ng[(1+n£>3 ns(14n2)2
ne(n2 +26%) — & ] (2.11)
(€2 +12)(1+n2)3

The complete form of Eq. (2.9) in the paraboloidal co-
ordinate system is very complicated. Fortunately, in this
investigation, we only need its first order approximation
form, which is given in the Appendix. In Eq. (2.9), the
interfacial stability parameter € is defined as:

~ Ve/lr ~ YocppImo
€= 5 b, = )
o (AH)
where Ty is the melting temperature of the flat inter-

face.
(c) the heat balance condition:

0] 0]
(o0 ko )=

(2.12)

)

1 1\ 0 ’
ot ) g - T) Hu(en) =0 (213
(4) The tip-smoothness condition: at £ = 0,
15(0,0) =1, 1.(0,0) =0 (2.14)

The problem under study is how to solve the three
unknown functions involved: the temperature fields
T(&,n,0), Ts(&,n,6), and the interface shape 15(,0).

3 Steady state asymptotic expansion solution away
from the root region

It is known that the interfacial stability parameter ¢ is,
in practice, very small, whose numerical magnitude is
about 0.1-0.2. Thus, in order to examine the steady
perturbation induced by the anisotropic surface tension
in the region away from the root of dendrite, one may
make the regular perturbation expansion (RPE) around
the Ivantsov solution in the limit ¢ — 0. Namely, let

T:T(fv7779):T0(77)+52773T1(57777 0)+ e
TS:TS(§7U70)2T50+527]3T81(€77776)+"'
Ns = nB(€70) =1 +52771(579> +-

Substitute (3.1) into the system (2.3)-(2.13) and
equate coefficients of like powers of € to zero, then we

(3.1)

can successively derive the systems of each order approx-
imation.
3.1 Zeroth-order approximation O(g”)

The zeroth order approximation solution is the Ivantsov’s
solution,
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2 2,2
TQZTOO+n0€ 20E1<770277>
Tso=0
50 (3.2)
no =1
2 n2 2
Twz—’?ﬁ&(”;)

where F4(z) is the exponential integral function defined
as (see Ref. [13]):

Ei(z) = / h e: dt (3.3)

3.2 First order approximation O(g?)

In the first-order approximation, we derive that in the
liquid phase region

0? 02 1 0
UT =g+ o+ (¢ 78E)

I, ,\0 1 1\o*Ty
+<77 +W7) BH}TI - (52 * 772) oz~ 0
(3.4)

while in the solid phase region

02 0? 1 0
LTk =g+ g+ (¢ =188 o

1 ,\9 1 1\0Ts _
+<n+n077> 377]TSI+(€2+772> o2 "
(3.5

The boundary conditions are
(1) As n — o0,

T) — 0 (exponentially) (3.6)

(2) It is hard to determine the asymptotic behavior of
the solution at the first space, which specifies whether
the solution is growing or decaying as £ — oco. However,
one may very reasonably assume that the solution cannot
grow exponentially, if it grows. Thus, we impose that as
§ — oo,

T — 0 (or, at most, algebraically grows) (3.7)
(3) Asn—0,
Ts; = O(1), is regular (3.8)

(4) The interface conditions are linearized around the
interface of Ivantsov paraboloid (n = 1), which can be
written as:

(a) Temperature continuity condition:
Ty =Ts1+m (3.9)

(b) Gibbs-Thomson condition: The first order approx-
imation of the interface temperature can be derived in
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the form (Ref. [11], the details of the derivation is given
in the Appendix.):

Ts1 = —[K0+&4(F0 + Fy COS49)] (310)
where
3 3
2 4 &2 4£6+2§4+21§2—6
T+t Y a4l
15 ., 15,
= 4 ¢ 2 ¢ (3.11)
(1+€%)2
(c) Heat balance condition:
0 dm
T — T¢ 2 2 =0 3.12
377( 1= Ts1) + ( ‘f'770)771‘|'fdf (3.12)
(5) The tip-regularity condition, at £ = 0,
n1(0) =0, m(0)=0 (3.13)

Note that Eq. (3.10) is the only inhomogeneous con-
dition in the above system. With the superposition
principle, one may separate the solution vector q; =
{T1,Ts1,7751} into three parts:

q = q?s‘)) + d4q§0) + CAY4Q§4)

(iso)

Among them, ¢; ’ is the isotropic component of the so-

lution with a4 = 0, &4q§0) is the axi-symmetric compo-
nent of the solution induced by the anisotropy of surface
tension, while d4q§4) is the non-axi-symmetric compo-
nent of the solution induced by the anisotropy of surface
tension. These components of the solution are subject
to the following simplified Gibbs-Thomson conditions at

the interface, respectively:

TEO) = —Ko(¢), T = —Fy()

T§Y = —Fi(€) cos 46 (3.14)

while other boundary conditions remain unchanged.

The isotropic component of solution qiiso) has been
obtained by Xu and Yu previously (refer to Ref. [14]).
Therefore, the present paper attempts to solve the solu-

(0) (4)

tions &uq; * and duq; ’ only.

3.3 The solution for the temperature field in liquid
phase

The solution for Eq. (3.4) can be derived by using sepa-

ration of variables. Let
T1(§,n,0) = X()Y (n) cosmb (3.15)

From Eq. (3.4) it follows that
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1 m?
X"+ (5 - ngg) X'+ (ng/\% ~ e )X =0 (3.16)
1 m?
Y + ( +n§n)Y’ - (nm + )Y = (3.17)
n n
By letting
2¢2
o= ”025 . X =X(o) (3.18)

the equation (3.16) is transformed into the Kummer
equation [13]:
A2 B m? /4

0X”(0)+(1—0)X’(U)+<2 -

)X_O (3.19)
Furthermore, letting

X(o)=e%02W(0)
Eq. (3.19) is transformed in the Wittaker’s equation:

2 2
tg+<—i+s+l4é“)w_o (3.20)
with
1+ A _m
T 0 T
which has the two fundamental solutions:
M(m;/\%,l—i—m,a)
W(o) = e~ %g2t% ) (3.21)
U(m;/\l,l—i—mJ)

Here M and U are the confluent hypergeometric func-
tions [13].
Hence, the fundamental solutions of Eq. (3.19) are

_\2
M<m2>\1,1+m,cr)

)2
U(m Al,l—i—m,cr)

2
(3.22)

X(o)=ecio 2W(o) =0

Note that function M and U have the following proper-
ties:

— )2
oM(m 9 1,1—|—m,o> is regular at o = 0;

2

for m = 0 and O(c~"™/?) singularity for m > 0 at o = 0.
Thus, one must choose

m— A7 L :
o U ,14+m,o | has a logarithmic singularity

)2
X (o) = 07§M<m ) )\1,1 —|—m,a> (3.23)

m— A2
On the other hand, as 0 — oo, M 5 ,J14+m,o
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grows algebraically only for

2
m — Af

, l=en=0,-1,-2

(3.24)

2
m—A{

For other values of m—\?/2, the function M( g

1+ m,a) grows exponentially, as ¢ — oco. From the

far field condition of the liquid phase (3.7), one must set
A2 /2 =n +m/2 so that we derive

2¢2
X(0)= 0% M(-n,1+m,0) = ap™ L™ (nof )

2
(3.25)
2\ ? nlr 1
Here, we have denoted ag = o nil(m 1) and
2 I'm+n+1)
applied the formula:
m r 1
L™ (o) = (m+mn+ )M(—n71+m,(7) (3.26)

n!l'(m +1)

where L,({n)(x) is the m-th order general Laguerre poly-
nomial.
We now return to solve Eq. (3.17). Let

= ’732772, Y =Y(7) (3.27)
So that Eq. (3.17) is transformed to

Y (1) +(1+7)Y(7) - (’\5 + mj“) Y=0 (3.28)
With the new variable Z(7) defined as

Y(n)=e 277 22(7) (3.29)

Eq. (3.28) can be transformed to the Whittaker equa-
tion:

L,
p 1 ok 4 F
2"+ -, + + Z(t)=0 (3.30)
4 T T2
where
_m K__l—i—)\%
/1‘_ 27 - 2

Hence, we can obtain the two fundamental solutions of
Eq. (3.28):

MA+m+n,14+m,7)
Y(r)=eTrm/? (3.31)

Udl+m+n,14+m,T)

Note that as z — o0,

M(a, b, z) ~ F(b)) e*297%  Ula,b,z) ~ 27
a
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In the present case, a =14+m+n,b=1+m,a—b=n.
It is seen that the two basic solutions of Y (n) have the
following properties, respectively:

e Y(n)=e"r™/2M(n+m+1,14m,7) vanishes or
grows algebraically as n — oo;

e Y(n) = e "r™/2U(n 4+ m + 1,1 + m,T) vanishes
exponentially as n — oo.

From the boundary condition (3.6), one must choose

ngn?
9

(3.32)

non ’I]O’I] U

Y(n)=e" omy2 <n+m+171+m,

Thus, the general solution for the temperature in the
liquid region is obtained as:

mgmnm Zﬁn n<n0€2>

Tl (5777,

n2n2 2,,2
e U<n+m+171+m, %277 )
. ) 5y cosmb
n
e 2°U<n+m+1,1+m7n20>
(3.33)

where the coefficients [3,, are to be determined later.

3.4 The solution for the temperature field in solid
phase

The solution for Eq. (3.5) can be derived similarly. Let
TSl (éa m, 0) = X(S)Y(Tl) cos mb

The solution for X (&) is entirely the same as that ob-
tained for the liquid phase, namely,

(3.34)

2¢2
X(0)=0%M(—n,1+m,0) = ap¢™ L™ ("025 )

(3.35)

The function Y (n) is also subject to Eq. (3.17). However,
in the solid phase region, we let

2,2
r— (3.36)
2
so that Eq. (3.17) is transformed into

FY(E) + (1 AY() + (;1 _m

The form of Eq. (3.37) is completely the same as Eq.
(3.19). Hence, its solution, regular at 7 =1 = 0, can be

found as:
—ngn?
2

(3.38)

)Y =0 (3.37)

7

m

Y(7)=7%M(-n,1+m,7) = bOnMLSZ")(
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2\ ? nll(m+1
where by = (— 770) nil(m 1) . Thus, the gen-

2 I'm+n+1)
eral solution for the temperature in the solid phase is
obtained as:

2
TSl(€77776) = !

£ (W€ pom (e’
2 2
) 2

where the coefficients «,, are to be determined later.

3.5 The solution of the interface shape function

We expand the interface shape function 71 (€, 6) in the
following general Laguerre series:

(& 0) = n{"(€) + amn{” (€) + Gmni™ (&, 0)
(is0) T, (o) 77(2)52)
=S (' ) Ln<z
m 2
+am 770215 HZ:O A{m L) (77025 ) cos m@
(3.40)

Thus, the form of the solution derived above contains
three sets of unknown constants: {an,fBn,vn} (n =
0,1,2,---), which can be determined by the three bound-
ary conditions (3.9), (3.10) and (3.12).

Once the solution 71 (€, 9) is fully determined, one may
determine the tip radius as well as the Peclet number
with the effect of anisotropic surface tension. As a matter
of fact, after linearization, Eq. (2.10) is reduced to

2+ &2 g2
’C s 707 = - 3 1
3{77 €3 5)} (1+¢€2)8 (1+¢€2)3
€2+ +4 14262
(t+e2 MTeagren)h
(1+¢%)

+ny + ¢ n,00 | + O(e*) (3.41)
Due to 11(0) = 7'(0) = 0, the twice of the mean cur-
vature at the tip can be calculated as:

K3{ns(0,0,2)} = =2+ 2e217(0,6) + O(e*)
By the definition of the Peclet number, we derive

ft 2772

Pe=
¢ lr —/C3()

+ O(e*)
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It yields the dependence of the Peclet number of dendrite
growth on the anisotropy of surface tension.

3.6 Determination of the unknown constants

By substituting the above obtained solutions (3.39) and
(3.40) to the boundary conditions (3.9) and (3.10), one
may derive the three sets of algebraic equations for the
three sets of unknown constants. The details are given
below.

3.0.1

Temperature continuity condition
From Eq. (3.9) it follows that

3.6.2 Gibbs-Thomson condition
From Eq. (3.10) it follows that

2mem X 2¢2
GRS (m) 7 (m) [ M€
om ,;,0 oy Ly o ) cos mo

= —F, (&) cosmb (3.44)

It is derived that
e for the component with m = 0, we have

S o () = g

n=0

(3.45)
e for the component with m = 4, we have
8¢d 2¢2
no€ @@ (M _
and
o0 262
5 o (%) =
n=0

Noting that the associated Laguerre polynomials
LSZ")(x) (n =0,1,2,---) form the weighted orthogonal
set of functions:

(3.46)

(3.47)

0, n#*k
(n+m)!
n!
the coefficients «,, can be determined from the following

integral:

/ 2™e LI (z) L™ (z) =
0 , n=k

a9 = —/ e L) (2)Fo(v/2x/mo)dx, m

0
0 (3.48)
05(4) _ F(n—|—1)

n= =

o
02 I'(n+5)
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-/Oo e 22 LW (2)Fy(V2x/no)dz, m =4 (3.49)
0

and

o = = [ e L9 ) o2
0

(3.50)

3.6.8 Heat conservation condition

We now turn to apply the boundary condition (3.12).
From Eqgs. (3.39) and (3.33), one obtains

0Tg;
1

on (€1

2m ¢em 2 ¢2
_omn™E (m) UGS (m)
= om HE:OLH ( 5 o cos ml

2m¢m X 2 ¢2

m"E 2\ 1 (m) UGTS

E —ng) L

_n2 )
nL{™ < ;70 ) - (m—l—n)Lff_l)1 < ;70 )
. ) ) o™ cosmb
Mo L1(1m) —To
2 2

2
m n
n2m§m e ng—)1< 20>
=1 Z m+2n — 2(m+n)

2m m) (=18
Ly
( 2

n=0

242
-L,(lm) (77026 )a,(lm) cosmb (3.51)
and
o1
1
o (6
2me¢m X 2¢2
- mn§m€ Z Bm) g,(m) <7702€ ) cosmé
n=0
2m ¢em 0 2¢2
LS s (7
3 0 3
—nge_ 2 U(n—l—m—i—Ll—i—m, 20) + 2e7 2

Y\
U(n—l—m—i—Ll—i—m7 20>e2

2
.[(n—i—m—i—l)(l+n)U<n+m+271+m77720>

2
_(n—f—m—i—l)U(n—i—m—l—L 14+m, 7720 )} } cosmb

USRS >
= 1;0 m—2(m+n+1)—n5
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2
U(n—i—m—l—27 14+m, 20>
+2(n+m+1)(1+n)

2
U(n—i—m—l—l7 1+m, 0)

2
2
-L m)(nof ) nm) cosmb

In the above we have applied the formulas:
a(l+a—-0bU(a+1,b,2) =aU(a,b,z) + 2U'(a,b, x)
(L") (@) = nLi™ (@) = (m+ n) L (2) (3:52)

With the notations

2
U<n+m+27m+1, 0)
+2(n+m+1)(n+1)

2
U(n—l—m—i—Lm—i—l, 20)

(3.53)

one may write

o e ’"f’” [Zb Lm (noe)]ﬁncosma

8Ts1 mfm {ZanL(m (7705 >:|05n cos

(3.54)

(5, )=

Thus, from the boundary condition (3.12), we derive
n=0
s 2
2) (m) n5&* (m) ¢
+(2+n3 ZL ( ; ) Z{mL (

oo () s (5)

(3.55)
So that,
b B — apal™ 4 (2+n3 +2n+ m)%(Lm)
—2n4+m+1)y" =0, n=0,1,23,---  (3.56)
Combining Eqs. (3.43) and (3.56), we derive that
A = g™ 4 faal™, n=0,1,2,-- (3.57)

where
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2
U<n+m+27m+1, 20)
2) (3.58)

gn = (n+1)
U(n—l—m—l—Lm—i—l,nO

2

Lfﬁ)l(—no)

o= gn + m+n 2

n =gn m+n-+1 (m)( 77%)

Ly —

2
2
m—|—1—770

—2 4 2 (3.59)

n+m+1

q. (3.57) is a non-homogeneous difference equation for

{’yn )} For any given initial value 7(() ™)

(3.57) allows us to generate the sequence:

the formula

(™A™ A Ay

Thus, the function n§ )( (m),f 6) can be written in the
form:
0" (™ 6.9)

2m ¢m ° 2¢2
= om E Yo' Ly, o |08 mo

n=0

(3.60)

For the case m = 0, one may apply the tip condition
(3.13), namely

Z,V(O) -0

()

(3.61)

to determine 7, Once it is done, all the coefficients

(O)(n = 0,1,2,---) are determined. However, for the
case m = 4, the tip conditions (3.14) are automatically
satisfied by any constant 754). Hence, in order to deter-
mine the constant 'y( ). one must use the far field condi-

tion for 1y (&, 0), that is 71 (£,0) — 0, as £ — co.

4 Asymptotic behavior of the needle-like crystal
solutionas £ — oo

The Laguerre polynomial expansion for 7 (€, §) obtained
above (3.40) and (3.60) is a convergent eigen-function
enpension, valid in the whole interval (0 < £ < o).
However, this expansion is an alternative series, and the
numerical computation of this series at the point £ > 1
cannot yield an accurate value of the sum function due
to the numerical instability. In fact, the partial summa-
tion of the expansion with any large number of terms
N, starts to rapidly oscillate when £ > 1, as the partlal
sum becomes dominated by the past term 'yNL (52 /2)
[see Fig. 2(a) and (b)]. In other words, the Laguerre
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2
Fig. 2 The interface shape function for the case, 1720

polynomial expansion solution obtained above, numer-
ically, is useful only in a finite region behind the tip
(0 € € < &nax)- To obtain the accurate numerical value
of the solution in the region & > 1, one needs to find a
different asymptotic form of the solution. For this pur-
pose, we make the following asymptotic expansion for
the solution as & — oo:

(m) (m)
Ti(&n,0) = [Bl 5(77) + 3252(77) —|—] cosmb
A(m) (n> A(m) (77)
TSl(é-aT]?e): |: 1€ + 2£2 +"':|COS7’TLO
A(m) A(m)
m(&n,0) = [CE + 022 +] cosmé (4.1)

By substituting Eq. (4.1) into Egs. (3.4) and (3.5),
one may derive each order approximation of the solution
successively.

4.1 Zeroth order approximation O(£71)

In the zeroth order approximation, we obtain the equa-

tions:
a2 (1 d m2\] [ A{™
(o) (o) ()
LW <n 77077) dn < e )I\
(4.2)
" 1 2 l 212 m2
X"+ 5_770€ X'+ [ ngA — ¢ X=0 (4.3)
" 1 2 ! 2)2 m2
Y + n—i—non Y’ — no)\1+n2 Y =0 (4.4)
with the interface conditions: at n =1,
(1)
B{™ (1) =A™ (1) + ™ (4.5)
(2)
Ay A
1 ()+ 2 ()—|—:—Fm(€) (4.6)

3 &
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—0.5":

G
|

m

|
o

3

3
(b)

=0.5: (a) 1750) (&) for m = 0; (b) 1754) (&) for m = 4.

where
3564—354—1—2152—6 _1556_1554
Fy = 4 2 F, = 4 2
0 7 ) 4 7
(1+¢2)= (1+¢2)2
The values of Agm) (1) follow from the above, which are
4 15 0 3
A= A=
(3)
0 m m A(m
g BT = AT+ (4 )C =0 (4.7)

Eq. (4.2) is of similar type as that for Y(n) in Eq.
(3.17). Letting

2,2 -7
BT and Fpy =", 2(r)

T2

T =

where F'(n) represents both Agm)(n) and Bgm) (n), then
Eq. (4.2) is transformed to Eq. (3.30) with \? = —1.
Thus, we obtain the solutions

m 1 1
, M( + ,m—|—1,277§772)

nmnm n2 2 2
F(T/) = Om/2 k
? v+ mrt, L
2 27m 7277077
(4.8)

Taking into account the far field condition of the liquid
phase region and the regular condition at the n = 0 in the
solid phase region, we derive the solutions in the liquid
region and solid region, respectively as follows:
(m)( \_ am)g ™ g’ m 1 Lo oo
Al (Tl)_Al 2m/2 € 2 M 2+27m+1»277077
(4.9)
no ™ e

B =B,

m 1 1
1 2.2
U<2+27m+ 7277077)
(4.10)

where A{™ and B{™ are constants to be determined.
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To determine the three sets of constants: {Aﬁ’”%}%ﬁ”),
CA'fm)}, we apply the interface conditions (4.5)—(4.7).
From Eq. (4.6), we obtain

n
A = crant A @
n6”M< + X ,m+1, 9 )
From Eq. (4.5), we derive
B™p, = A™Q, + ™ (4.12)
where we have defined
Py = 2727267128U(2 +; m+1, ; )
(4.13)
Q2 = 27Z§326_"28M(T; + ;,m—i— 1, ;n(%)
From Eq. (4.7), we derive
BMP — AMQu+ 1+ )™ =0 (4.14)
where we have defined
e m 1 1
=" {— U( o Tyt 2773)
—2U<7; - ;,m—i- 1, ;ngﬂ
- (4.15)

UL

de~ 2 m 1 1
- M 1 2
22 |: <2 +27m+ 72770)

m 1 1,
—f—(m—i—l)M(2 —2,m+1,2770)]

Q1 =

In terms of formulas (4.11)—(4.14), and making some
organizations, one may derive
2R+ (m + 1)SA(m)

A(m) _
)

(1) (4.16)

where the following notations are used:

1 2
o( - pmen?)
Ri

2
S (m 1 m
U 1

2
2
Y m 1’ +17]0
g 2 2 2
a m 1 o
M 1,
<2—|—2m—|— 2)

The constants B£m) then follow from Eq. (4.14). Up to
this point, the asymptotic solution in the far field is fully
determined.
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5 Matching the condition of the RPE with the far field
asymptotic solution

Since the asymptotic solution (4.1) is applicable in the far
field as £ — oo, it can thus yield the accurate numerical
value of solution 71 (Emax, 0) at € = Emax > 1. On the
other hand, as it has been demonstrated, the Laguerre
expansion solution can be applied in the region (0 <
&€ < &max) with good accuracy, provided &pax is not too
large. Thus, in order to determine the parameter 'yém),
we may let the Laguerre expansion solution shoot the
value of the asymptotic solution (4.1) at £ = &pnax. In
other words, we may choose the value of 73"” properly,
so that the Laguerre expansion solution can meet the
far field asymptotic solution at the intermediate point
€ = &max. This procedure is shown in Fig. 2 (a) and (b)
for a typical case of m = 0 and m = 4, respectively. The
shape of a typical needle’s interface for the case n3/2 =
0.5, 44 = 0.5, = 0.15 is shown in Fig. 3.

85

64

T

44

Fig. 3 The shape of 3-D dendrite’s tip with 7120 = 0.5, &4 = 0.5,

e =0.15.

6 Numerical results

We have computed the solutions with various parameters
of &, n? and dy. Our numerical results for the isotropic
case &4 = 0 recovered the results previously obtained by
Xu and Yu [14]. Our numerical results are summarized
as follows.

6.1 Variation of Peclet number with the parameters
and d4

The Peclet number of needle crystal growth can be cal-
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culated with the formula (3.42). The numerical values
of Pe for the case with various parameters € and &4 are
shown in Table 1. The numerical values of 7} (0) and
K3(0) at the tip are computed through the paraboloid-
like tip that best fits the solution for the shape of the
interface obtained by using the method of least square
approximation.

The variations of relative Peclet number Pe = Pe/Pegy
with anisotropy parameter dy for the typical case n3 /2 =
0.5ande =0,0.1,0.12,0.15,0.2,0.3, 0.4 are shown in Fig.
4 (a) and (d). Here Pey is the Peclet number for the case
of e = 0. It is seen that the results that we obtained for
the case of &4 = 0 are consistent with those previously
obtained by Xu and Yu [14], that is, the Peclet number
decreases as € increases. However, if &4 is not small,
the Peclet number increases as ¢ increases. Particularly,
when &4 =~ 0.2, as € increases from 0.2 to 0.4, the relative
Peclet number Pe increases very rapidly.

The variations of the Peclet number Pe with T, for
the cases of anisotropic parameters &y = —0.5,—0.2,
—0.1,0.1,0.2,0.5 are shown in Fig. 5. It is seen again
that the anisotropy parameter &4 may significantly affect
the Peclet number, especially in the large undercooling
regime. When the &4 number is negative or positive
but small, the Peclet number decreases with increas-
ing €. However, when the &4 number is larger than a
certain positive value o, ~ 0.2, the Peclet number will
6 . . .

—0.1 0 0.1 0.2

(©)
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increase as € increases.

Table 1 The variation of the Peclet number with the parameters
e and &g4 for the case 173/2 = 0.5, or Too = —0.4615.

Gy
0.5000E+000
0.5000E+000

0.5000E+000
0.5000E+000

0.2000E+000
0.2000E+000
0.2000E+000
0.2000E+000

0.1000E+000
0.1000E+000
0.1000E+000
0.1000E+000

—0.1000E+000
—0.1000E+000
—0.1000E+000
—0.1000E+000

—0.2000E+000
—0.2000E+000
—0.2000E+000
—0.2000E+000

—0.5000E+000
—0.5000E+000
—0.5000E+000
—0.5000E+000

£

0.0000E+000
0.1000E+000
0.1200E+000
0.1500E+000

0.0000E+000
0.1000E+000
0.1200E+000
0.1500E+000

0.0000E+000
0.1000E+000
0.1200E+000
0.1500E+000

0.0000E+000
0.1000E+000
0.1200E+000
0.1500E+000

0.0000E+000
0.1000E+000
0.1200E+000
0.1500E+000

0.0000E+000
0.1000E+000
0.1200E+000
0.1500E+000

K3(0)

0.1000E+001
0.7236E+000
0.6124E+000
0.4226E+000

0.1000E+001
0.9854E+000
0.9790E+000
0.9670E+000

0.1000E+001
0.1080E+001
0.1116E+001
0.1184E+001

0.1000E+001
0.1281E+001
0.1416E+001
0.1685E+001

0.1000E+001
0.1389E+001
0.1581E+001
0.1976E+001

0.1000E+001
0.1740E+001
0.2146E+001
0.3064E+001

6 T

—0.1

=N
o

—
=

0.1

0.2

0

—0.2 —0.1

0
&,

(d)

0.1

0.2

Pe

0.1000E+001
0.1382E+001
0.1633E+001
0.2366E+001

0.1000E+001
0.1015E+001
0.1022E+001
0.1034E+001

0.1000E+001
0.9260E+4-000
0.8960E+000
0.8447E+000

0.1000E+001
0.7804E+-000
0.7060E+4-000
0.5934E+-000

0.1000E+001
0.7201E+000
0.6324E+000
0.5060E+4-000

0.1000E+001
0.5746E+4-000
0.4662E+000
0.3265E4-000

Fig. 4 The variation of relative Peclet number Pe = Pe/Pep with &4 and € = 0,0.1,0.12,0.15,0.2,0.3,0.4, from

bottom to top on the left side for the cases: (a) n3/2 = 0.005; (b) n3/2 = 0.01; (c) n2/2 = 0.05; (d) n3/2 =0.1.
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03
Tm
(d)

Fig. 5 The variation of Peclet number with T for the cases of anisotropic surface tension with € = 0 (dashed line),
€ = 0.1 (red line), e = 0.12 (green line), ¢ = 0.15 (blue line) and (a) &4 = —0.5; (b) &4 = —0.2; (c) &4 = —0.1; (d)

fy =0.1; (€) 6y = 0.2; (f) g = 0.5.

*—44 -3 -2 -1 0 4

(b)

Fig. 6 The contours of needle crystal on (z,y) plane with different coordinates z for the cases of 7720 = 0.5, =0.15

and (a) &4 = 0.2; (b) &4 = 0.5.

6.2 Shape of the cross-section of the needle crystal in
(x,y)-plane

The contours of the needle crystal on the (x, y)-plane for
the cases e = 0.15, &y = 0.2,0.5 are shown in Fig. 6 (a)
and (b), respectively. It is seen that the fourth fold sym-
metric feature of the interface morphology generated by
the anisotropic surface tension in steady state of needle
crystal growth can be most clearly seen over a certain
region of needle interfaces behind the tip. However, such
a feature can only be weakly seen in the region far away
from the dendrite’s tip. This fact is also consistent with
the Gibb-Thomson condition (3.10), which shows that

as £ > 1, the interface temperature Ts; = O(1/§). It
can also be seen from the asymptotic expansion form
of the solution in the far field (4.1), which shows that
as &€ > 1, the interface shape 71 = O(1/€). The result
implies that the correction to Ivantsov’s solution induced
by the anisotropic surface tension is rather weak in the
root region far away from the needle’s tip.

7 Discussion and conclusions

In the present paper, we considered the steady needle-like
crystal growth with full 3-D anisotropic surface tension
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with m-th fold symmetry. The uniformly valid asymp-
totic form of the solution is obtained in terms of the
general Laguerre function expansion in the finite region
around the tip of needle crystal, which matches with the
asymptotic expansion solution in the far field behind the
tip. On the basis of the solution, we derive the effect of
the anisotropy parameter on the Peclet number Pe and
the interface’s morphology. The results show that two
components of the variation of the interface morphology
of the needle crystal are generated due to the presence of
the 3-D anisotropy of surface tension: the axi-symmetric
component and 4-th fold symmetric component. The nu-
merical computations for the case of m = 4 show that a
fourth fold symmetric feature of the interface morphol-
ogy can be most clearly seen over a certain section of the
needle interface behind the tip; such feature, however, is
rather weak and faint as &€ > 1 in the far field. One of
the most important results derived in this work is that
the 3-D anisotropy of surface tension may significantly
affect the Peclet number Pe. For example, our numerical
calculations for the case of 73 /2 = 0.005, = 0.12 — 0.15
show that, with a small value of anisotropy parameter
&y = 0.005, we have the relative Peclet number Pe ~ 1.
However, when the anisotropy parameter increases to the
value &4 ~ 0.2, and € = 0.3 — 0.4, one has Pe=2-6.

The present paper does not attempt to carry out a
stability analysis for the needle solution obtained. The
detailed analysis and discussions for the selection and
determination of the tip-velocity Ui, will be given in fu-
ture papers.

Acknowledgements This work was supported by Nankai Uni-
versity, China. A partial financial support comes from the NSERC
grant of Canada.

Appendix: Gibbs-Thomson condition at the interface
with anisotropic surface tension

1 The geometric properties of the interface of

needle crystal

We attempt to derive the temperature Ts at the interface
of needle-like crystal. For the first order approximation,
we may assume that the needle shape is the Ivantsov
paraboloid, namely, s = 1. Thus, the shape equation
can be written in the following parameterized form in
the Cartesian coordinate system:

ng |€ cos b3 + EsinBj + ;(52 -1k
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The tangent vectors along the curves ¢ = const. and
1 = const. on the interface can be respectively expressed

as:
x¢ = ng(cosbi + sinbj + k) (A-2)
xy = n2(—Esin0i + £ cos07) (A-3)

which are orthogonal, namely x¢ - €p = 0. It can be
written that along any curve on the interface, de =
xed€ + xdf and

ds® = da - dx = g (1 + £2)dE? + ng&>do

= h2d¢? + h}de? (A-4)
where we introduce the scale factors
he = mo\/1+ €2, he =3¢ (A-5)

The unit vector along the curves £ = const. and n =
const. on the interface are then

1 1
ec= ,Te, €9 =  ,Tp (A-6)
h? h?
On the other hand, as the cross product of ¢ and g

is

xe X g = ng(—E2cosf i — E2sind § + k) (A-7)
and
e x @g| = nie(1+€2)2 = hehg (A-8)

one may write the outward unit normal to the paraboloid
needle interface as:

xe X xp  Ecosh i+ Esindj — k

n—=—-e, = — = A'9
K |Te X xo] (1+¢2)2 (4-9)
The derivatives of n with respect to £ and 7 are
01+sinfj + &k
ngzcos z—l—smg—i—é (A-10)
' (1+¢€2)2
Cfsing i 0i
- & sin z—|—§lcosg (A-11)
(1+&%)2
respectively.

On the other hand, with the angle ¢ between k and
T, one may write

cosp=n-k= -1 ) (A-12)
(1+g)}
and accordingly,
: 3
sin ¢ = , and tan¢ = —¢ A-13
(1+g)} A

Thus, one may re-write n as follows:

n =sin¢cosf i +singsinf j +cos¢d k (A-14)
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From (A-15), needle interface determined by the equation:
r =7r(&,0) X(&,0)=x(£,0)+cf(£,0)n(,0) (A-22)
— 2| ¢ cos 05 + € sin 65 + 1 (€~ 1)k (A-15) where f(&,0) is a given arbitrary function and ¢ < 1 is
2 a parameter. Then the tangent vector along the curve
It may be computed that ¢ = const. and = const. on the surface (S), can be
respectively determined as:
xee = N3k <
.. . =X tefen+efn
xep = N2 (—sinBi + cos 05) (A-16) ¢ ¢ +ele Jme (A-23)
g9 = 13 (=€ cos 0 — £ sin 05) Xo =9 +efon+efng
which yield the factors The normal vector of the surface (S) is determined by
the formula:
m
L_n.r&__(l—i—g?)% Xex Xg=1m¢ X g + €ze X (fonr + fng)
M=n- Teg = 0 - (A‘17) +(f§n + fng) X .’139] + 0(62)
N=n reg=— 58 . he
(1 +§2)2 = —he¢hon + ¢ |heeg X f0n+fh ey
3

The relations x¢ - £y = 0 and M = 0 imply that the

¢ and 6 coordinates are the principal directions. The
associated principal curvatures are given by
L 1
e 1+
N 1 (A-18)
IC@ = =

R+ €2)s
We shall express the orientation of vector in terms of

the spherical angles @ and @. In this way, for the unit
normal vector n we have

tan @ = ¥ = tand
ng
A-19
tan ¢ = n =tan¢ = —¢

It implies that for the normal vector n = e,, we have
® = ¢ and © = . This is evident. It is noted that
(eg, ep, —m) constitute a right-handed orthonormal sys-
tem as the basis vectors, and the relations

h
'I’L§ Zg Ny = hz €9 (A—QO)
and
3 h
€ Mg = 77%7 ec-ng=ep-nyg=0, eg-ng= ¢
' hf ' h&
(A-21)
hold.

2 The properties of perturbed surfaces

We now consider the surfaces (S) near the paraboloid

4
+(fgn + fzg e£> X (hgeg)] + 0(£?)
3
= —hehon +¢ [hgfeee — fhem

+fehoee — f h@’n] + 0(82)

B 1 n
_ MM{P+%¢{+@ﬂn

e, e Lo (A-24)
hg he
One may write
X§ X XG = —hghe [(1 + EfH)n
el ey — el ec| +0(g?) (A-25)
ho he
where the mean curvature
H =Ko+ K¢ (A-26)
is introduced, and as previously defined,
1 o
Ko =— Ke=— A-27

The magnitude of the above normal is

| X¢ x Xg|>= h2h3 + 2ehcho f [he + +0(e

g
(he + he)J +0(e

(A-28)

_ f
|X5 X X9| = hehe |:1+€h§h9

— hehg[1 — £ (Kq + Ke)] + O(?)
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So that, the unit normal can be written as
N=—— X§ X X9
[ X ¢ x Xy

—hehe [(l—l—afH)n— £fo ep— Efg 65] + 0(82)
hg he

hghe(l + EfH) + 0(52)

= {(1+5fH)n— Elieeg— ifjeg]

(1 —efH)+O(e?)

efo efe
=n- ey —

ho " he
The components of the normal vector IN along the di-
rections (¢, 7, k) are

ec + O(e?) (A-29)

N, = &cosb +5f9 sinf — efe cost +0(2)
VI+& o he he /14 €2
_ &cost afg\/1—|—§2 efe 9
= Jre 1 hot tam@—ghE +0(e?)
= Esin 6 _Efg _5f§ sin ¢ 0(c2)
V1+er  he he /14 ¢2
_ &sind efor/1+ &2 efe 9
= Jlte 1— hot C0t0_§h§ +0(e?)
_ 1 _Efﬁ ¢ 2
ToVi+e ke ire TOE)
-1 €€f£> 9
= 1+ * ] +0(e A-30
\/1+§2< he = (4-30)
respectively. Thus, we have
N2 &2 cos? 0 Ecosl cfy sin @
C148 V142 he
_ Ecosf ef: cosb 0(e2)
V1+€ he /14¢
B £2cos? EcosBsinf efy
Co14¢& V1+€2 he
_ €C0820<€f£ 5
2 1 4€ he + O(e?)
2 2 . (A_31)
szf sin 0_ Esin sfecosﬂ
Y142 V14 €2 ho
B Esinf efe sinf +O0(?)
V1€ he 1+
B £2sin? 6 B Ecosfsinfefy
1+&2 V1+€r he
_ §sin20£f5 5
2 L4+ € he +0(e%)
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2 2 _ ¢ . § efe

NJNLNy_Hg2 21+§2 h£+0(82) (A-32)
2 2§ _15f£) 2 )

\/Nm+Ny—\/1+§2<1 e he ) HOE) (A33)

3 Orientation angles

To determine the orientation of the normal of the surface,
we calculate

Nu ( 8]00\/14‘52 5f£>
Y =tanf| 1 — cotf — °°

5f9\/1 + &2 efe
~(1— hot tan9+€h£)+0(52)
B efor/1+ &2 efe
—tan9<1— hot cot0—€h£
—Efe\/l +& tan 6 + €f£> +O(e%)
ho& Ehe
B efo/1+E2  efor/1+€2
=tanf— et T ht tan? 0+0(e?)
(A-34)
\/N2+N3_ 1 lt’:‘fg 1 €§f§ O 9
N (e ) () ol
_ lefe  e€fe
(1 he  he )+oe
=tan¢ + €hf£ + Ehfg tan? ¢ + O(g?)
3 §
(A-35)

Thus, one may express the orientation of the normal
vector through the spherical angles & = ¢(6,¢,¢) and
6 = 0(0, ¢,¢), which are determined as:

2
tan © = ZZ = tan€—|—Efe\h/;;_§ (1+tan?0)+0(e?)
JNZ+N? e
tan @ = =tang+ |~ (1+tan? ¢)+0(e?)
N. he
(A-36)

We make Taylor expansion for he function @(6, ¢, ¢) and
O(6, ¢, ) in the limit € — O:

0=00 L0 ...
(A-37)
&= ¢0) L) 4 ...
Then it is derived that

tan © = tan O + ¢[1 + tan? OO]OW 4 O(?)
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and
tan @ = tan ¢ + ¢[1 + tan? 60 + O(£?)
Combining the above with (A-36), it follows that

for/1+€2 fohe
0 =p o) = — :_h37

hot (A-38)

o0 — ¢ o) = J€

= (A-39)

4 Minimum principle of free surface energy

Now consider a given segment of the perturbed needle
(VB), whose projection onto the (&, ) plane is (A) : (0 <
€ < &n;0 < 0 < 27). The boundary of (A) is denoted
by (C). The minimum free energy principle under the
constant volume constraint leads to the equation

5G=06F+6V =0 (A-40)

where (6G) is the variation of the Gibbs free energy of
the segment due to the presence of the interface change
ef(&,0)n; (0F) is the variation of total surface energy of
this segment and (§)) is the variation of the total volume
Gibbes free energy induced by the phase transition.

It is noted that the total area of the interface (S) of
the segment of the perturbed needle (Vg) is

A:/ dA:/ | X¢ x Xo|dédo
(8) (4)

= / hehodédd—e | f(£,0)(Ko+Ke)dEdO+0(?)
(4) (4)
(A-41)

Hence, the variation of the surface area can be written
as:

dA
de

_ / F(6,0)(Ko + Ke)dedo
e=0 (A)

= [ fHAds
(4)

where H = —(Kg + K¢). Accordingly, the corresponding
variation of the total volume is

(A-42)

dVv
— [ fe.0)d4 (A-43)
dE e=0 (A)
In view of the above, one may write that
dF d
0F = de = ¢, 0)dA | 4§
F= e de(/(s)’y( ,0) ) €
d
- / (8, 0)|Xe x Xoldedo | 6c (A4d)
de (A)
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and

v

2% de

de = / Af(&,0)dA ) de (A-45)
e=0 (S)
where A is the change of Gibbs free energy per unit vol-

ume of solid due to the phase transition.
From (A-45), it is derived that

dF
de

_ / (80, 0O fH 1 7( 8O, 9O D)
e=0 (A)

+70 (2@, 0©YOWhehodedd
= (I) + (II) + (IIT) (A-46)

Each of the terms on the right hand side of (A-46) are
calculated as follows:

o ()= / Fyfdédn, where
(4

Fay =2, 00K (A-4T)

e (II) = Fry fdédn. Note that

(4)

(I1) = /( N Yo (0, 0©) M hehydedd
= /'yqs(@(o), 9(0))<£>h5h9d§d0

= [ £€.0) % a8, 0©)hgldedd (A-48)
)

( 08

In the above derivation, we have applied the integral

by parts and assume that f(£,6) = 0 at the boundary
(C) of the domain (A). On the other hand, we have

9 o (8@, 00))hy]

9¢
Ohyg
= ©) g0

+ hy [7¢¢(¢(0), @(0))¢§0)
+00(2, 6) 6]
= 7080, 60) 1 15000, 601y 8 (A-49)
Here, we have used 95(0) = 0. We finally derive

oh
Fan = v4(2©), 0) 850 +725(2©, 6)hy ¢§O)
(A-50)
o (III) :/ Fr fdédn. Note that
(4)

(I1T) = / Yo (2, 00)0Whehydeds
A

= / vo(2, @“”)(— f;?f)hghedgde

0
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h2
_ —/7@(@(0), @<0>)f2 € dedy
6

d iF:
= [ £6.0) g |reo(09.09) Flacas (as5)
00 ho
In the above derivation, we once again used the integral
by parts and the boundary condition: f(£,0) = 0, at
(&,0) € (C). Note that

2 2
0 ve(¢(°),@<0))h§ — e(#©,60) "
ho 0

o0 he
2

h
+lroa(80), 60) 8 100(80), 60) O] ¢
0

2
ents o B o
6

Here, we have used
o =0
oh oh oh o [ hi
P oy =00 7 =0, “]=0
o0& 00 00 00 \ hg
(A-53)
So that, we derive
h2
Fam = vee (2, 00). hg - (A-54)
6

Putting all the terms together, we get

dr :/ {7@(0) OO vo(2©), 0 dhy
de |, ’ heho 0%
_vaa(2©),00) 30
hehg ¢
30 90 h2
e ( e he ) hj 08| fhehgdeds
' (A-55)
we have derived
60) — 6, $0) — )
©0) _ ) _ 1

0y =1, & = lie

Combining (A-55) with (A-45) and noting that f (&, 6)
is arbitrary function, we derive that to ensure the inter-
face is in the local thermodynamic equilibrium state, the
parameter A must take the following form:

0 0
A :7(¢(0), @(O))H— ’7@(@( )’ @( )) Ohg

hehg o
(0) (0)
P h
aa (80, 00) 4 00(00, 9) "%
3 9
(A-56)
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which yields the local interface temperature.

5 Herring formula

It is known that the dimensional form of the Herring
formula can be described as:

1
Ti=Tu (1 A A-57
1="Tu ( N ) ( )
The interfacial energy can be described as:
v ="(1 + @Q4) (A-58)

where

Qa(n) = nj+ny+nl =sin® ¢( cos* 0+sin* ) +cos* ¢

3 1
= sin4¢<4 + 4 00849) + cost ¢

254 +1 if4 A
_ -59
(1+€2)2 + (1+€2)2 cos 46 (A-59)
One may calculate
02 . 0? .
8@72 = Y004 8324 = — 4oy sin® ¢ cos 40
7t
= (1+e2) os 46
I _ 4 0Q4
o6 ~ M oo
N . 3 3.1 3, .
= G4 [4sin” ¢ cos ¢ 4+4COS40 —4 cos® ¢ sin @
o [—363 +4¢ —£3
”’0“4{ 1+ T 1+
Oy . 9°Qq
ap2 ~ 10N 52

1
= Gy [(12 sin? ¢ cos? ¢ — 4 sin® ¢) (Z + 4 €08 40)

+(12sin? ¢ cos? ¢ — 4 cos* ¢)}

A {952— 3¢t 412624 32— ¢t 00849}
= Y&
L aser Tasep
By using the formulas
1 1
he = mg/1+&2, ho = nak, =
3 0\/ 0 h§h0 7’]36\/1—"52
(A-60)
h2
Ohy — 2, Ohe —0, Ohg —0, 0 &) g
o0& 00 00 00 \ hg
(A-61)
and y
1 Mo
Ko=—_, Ke=-—
h& : hg
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2 4 ¢2 1 (15 o 15,
H=—-Kg+ K¢) = A-62 = - + A-65
we finally obtain the parameter ) 356 n 3.4 L2162 ¢
9 _
3 4 Ly Ko = +2€32’ o=1 ’ 2Y7/2
A 1 IR I 40 2+¢? (1+€2)¥ (1+€)7
= +a + cos
T a2 ey R(14e2) 150 15,
_ 4 2
—& —30 4 ¢ cos 46 ! 2 Fa= (1+£2)7/2 (A-66)
lae? T arery niey/1+e2"
With the length scale {1, we may derive the following
s =3¢t 2187 -4 3¢ - ¢t dimensionless form of the Herring formula from (A-57):
“oarep Tasep?
2+¢&
1 1 [ —4a et 46‘} n2y/1+ €2 Ty = —¢? v _552 + éuy (Fo 4 Fycos46) | + O(e)
: + cos 4
m/1+€21+8  [(1+€2)? n6&> (A-67)
2+&
= ;;g [\/1 f€2 + &y (Fo + Fycos 46‘)} (A-63)
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