
Front. Phys. China, 2008, 3(4): 436–443

DOI 10.1007/s11467-008-0037-8

Yong HAN

� ���������	��
�
��
�
����
���������������
��
������



�	 �
����




c© Higher Education Press and Springer-Verlag 2008

Abstract A simple jellium model is used to investi-
gate the stability of a metal nanowire as a function of its
size. The theoretical results from the model indicate the
quantum selectivity of preferable radii of nanowires, in
apparent agreement with the experimental observations.
It is consequently suggested that a series of stable “magic
numbers” and “instability gaps” observed in the synthe-
sis experiments of Au nanowires is mainly attributed to
the quantum-mechanical behavior. These stable radii
can be achieved by rearranging atoms during the forma-
tion of nanowires. The model is also used to analyze
the growth of Au nanomesas on a graphite surface, and
the puzzling growth behavior of Au nanomesas can be
reasonably explained.

Keywords jellium model, free electrons, quantum size
effects, metal nanowires, metal nanomesas
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A metal nanostructure often exhibits a size-dependent
feature arising from quantum confinement when its
structural dimension is comparable to the electron Fermi
wavelength, a phenomenon referred to as the quantum
size effect (QSE). The QSE can have two distinct size-
dependent manifestations: a property anomaly at cer-
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tain selected size, i.e., the so-called “magic” size, or an
oscillatory size-dependent property. For example, metal
nanoclusters are anomalously stable when they contain
a magic number of atoms [1−5]; a chain of transition
metal atoms shows an oscillatory magnetic moment with
increasing chain length [6]; and, metal nanofilms dis-
play a periodic oscillation of stability with increasing film
thickness [7, 8]. The size-dependency of physical prop-
erties of metal nanostructures has attracted much inter-
est because it is of importance not only in fundamental
physics but also in many targeted potential applications,
e.g., electronic device technology, nanocatalysts, sensors,
biological interfaces, and functional materials. However,
the measurement and interpretation of properties rele-
vant to metal nanostructures manifests a considerable
theoretical and experimental challenge [2−5] because,
as mentioned above, the big difference in properties of-
ten exists between a metal nanostructure and its bulk
counterpart.

Nanowires, belonging to one type of nanostructure,
can be produced by employing various experimental
techniques that have burgeoned in the past decade.
Such experiments on alkali metals [9−11], noble met-
als [12−14], Al [15−17], and Bi [18] have revealed an
oscillatory behavior in nanowire electrical conductivity
as a function of its diameter. Suspended Au nanowires
formed in an ultra-high vacuum have been reported as
exhibiting a series of stable “magic numbers” and “insta-
bility gaps” [19]. Although some theoretical analyses on
metal nanowires have been made to connect this magic
sequence to the electron shell structure, the physical ori-
gin is still not very clear [16, 20−25].

Nanomesas, belonging to another type of nanostruc-
ture, can grow on a semiconductor or insulator surface
in vacuum evaporation-deposition experiments, and of-
ten adopt a flat-top cylinder-like shape. Some puzzling
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size-dependent growth features have been observed for
metal nanomesas. For example, by depositing Au onto
a surface of highly oriented pyrolytic graphite (HOPG),
the Au nanomesas are formed around the surface defects
[26−29]. These Au nanomesas initially grow in both
height and radius. However, with increasing amount
of deposited Au, the height growth of Au nanome-
sas is gradually hindered, and radial growth becomes
predominantly favored [26]. These growth behaviors are
speculated to originate from the QSE, but the corre-
sponding theoretical study is still lacking.

In this article, a simple cylindrical hard-wall jellium
model (CHWJM) combined with a chemical potential
analysis is used to study Au nanowires and nanome-
sas. The results from the model show that the ra-
dius of a Au nanowire is of quantum selectivity, being
fairly consistent with the “magic numbers” and “insta-
bility gaps” observed in the experiments of Kondo et
al. [19] Consequently, it is suggested that the size se-
lection of metal nanowires is mainly governed by the
QSE during their formation, while a nanowire must
conform to these quantum-mechanically allowable magic
radii by rearranging its inner atoms. In addition, the
quantum-confinement effect along the axial direction for
the nanowires with different lengths are discussed. The
model is also used to analyze the Au nanomesas on
the HOPG surface, and the above-mentioned puzzling
growth behavior of Au nanomesas can be reasonably ex-
plained.

� ���
�

It has been shown that the QSE in small metal clusters
can be effectively described within the framework of a jel-
lium model, given a potential well with an even simple
geometry. For example, Knight et al. [30] explained the
mass spectra of a Na cluster, using a spherical jellium
model with simple Woods-Saxon potential [31], which
is initially applied to describe the main field inside a
spherical atomic nucleus. Clemenger [32] investigated
the possibility of ellipsoidal distortions for alkali metal
clusters with Nilsson potential [33, 34], which is initially
applied to describe a deformed nucleus in theoretical nu-
clear structure physics. Schulte [7] made a self-consistent
calculation using a jellium slab, presenting a seminal
theoretical prediction for the QSE in metal nanofilms.
Zhang et al. [35, 36] have also studied metal nanofilms
using the jellium slab with a simple one-dimensional rect-
angular potential well.

In this work, the studied system is a nanowire with
a limited length or a cylinder-like nanomesa. Thus, the
simplest choice for the potential is naturally the cylindri-

cal hard-wall potential. In the present model, a nanowire
or nanomesa is simplified as a jellium cylinder with ra-
dius R (diameter D = 2R) and length (or height) H .
See Fig. 1. While the total energy of electrons can be
simply analytically expressed, the CHWJM suffices in
effectively capturing the essential physics of the studied
problem, as discussed below.

Fig. 1 Schematic illustrations of (a) a cylindrical nanomesa on
a surface, and (b) a nanowire with a limited length.

For the jellium cylinder, the potential well has the
general form

U =

{
0, for 0 < z < H, and ρ < R

U0, for z < 0, z > H, or ρ > R
(1)

where ρ, ϕ and z are the cylindrical coordinates, as
shown in Fig. 1(a). It is assumed that the work function
of the metal is large enough so that the potential barrier
U0 is approximately infinite, i.e., the hard-wall potential.
The effects of the positive charge background from ion
cores and the electron-electron interactions can be sim-
plified by the effective mass approximation: replacing
the free electron mass me with the effective mass m∗. If
the interactions are neglected, m∗ is simply equal to me.

The electron wavefunctions are obtained by solving
the single-electron Schrödinger equation as

|m,α, n〉 ≡ψm,α,n(ρ, ϕ, z)

=
√

2
R
√
πHJm+1(Zm,α)

·Jm

(
Zm,α

R
ρ

)
eimϕ sin

nπz

H
,

m = 0,±1,±2, · · · ;α = 1, 2, 3, · · · (α �= 1, if m �= 0);

and n = 1, 2, 3, · · · (2)

where Zm,α is the αth zero of the Bessel function Jm(x)



438 Yong HAN, Front. Phys. China, 2008, 3(4)

with order m. The eigenvalues are

εm,α,n =
�

2

2m∗

(
Z2

m,α

R2
+
n2π2

H2

)
(3)

By letting the N electrons occupy the lowest single-
electron eigenstates, the ground-state energy of the sys-
tem is simply E =

∑
m,α,n εm,α,n, where the summation

runs over all the occupied eigenstates |m,α, n〉. Note
that the states |m,α, n〉 and | −m,α, n〉 correspond to
the same eigenenergy. After taking into account the spin
degeneracy of each electron state, |±m �= 0, α, n〉 is 4-
fold degenerate, and |m = 0, α, n〉 is 2-fold degenerate.
Mills et al. [37] have used the above wavefunctions to
study single-atom Au chains supported on a metal sur-
face. However, they obtained an incorrect expression for
wavefunctions due to the wrong normalization factor and
the incomplete degeneracy of quantum number m. We
think that it is necessary to clarify this by showing a
strict mathematical derivation. For details, see the Ap-
pendix in this article.

� �
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In nanowire synthesis experiments, the nanowires in their
formation can become thinner or thicker due to the ap-
plied electron beam irradiation or kinetic diffusion pro-
cess [19, 38]. Therefore, from the viewpoint of a jellium
model, it can be assumed that the volume change of the
nanowire as a jellium cylinder is “continuous” with the
smallest volume unit, the Wigner-Seitz volume, which in
turn is, on average, occupied by each electron. Because a
change in total volume results in a corresponding change
in total energy, a partial chemical potential can be intro-
duced as [8, 39, 40]:

μR =
(
∂E

∂N

)
H

= EN − EN−1|H=constant (4)

representing the change of energy with respect to chang-
ing the radius at a fixed length. Here, N is the total
number of free electrons in the jellium cylinder. For Au,
the valence electron number is one, so N is also the total
number of atoms in the nanowire.

In order to describe the stability of a nanowire, a con-
venient method is to introduce a second different func-
tion,

ΔμR = μR+ΔR − μR

= EN+1 − 2EN + EN−1|H=constant (5)

i.e., the change in chemical potential. The system is sta-
ble if ΔμR � 0, and unstable if ΔμR < 0. If a certain

radius gives rise to a relatively much larger ΔμR value
than its neighbors, this radius is considered to be “mag-
ically” stable. It follows that ΔμR can be called the
“stability index” in analyzing the stability of a nanowire
as the function of its radius. This method is similar to
that used in the stability analysis for alkali metal clusters
[1, 30, 32].

In previous studies, a nanowire was often modelled
as an infinite system [20, 41]. However, the length of
an experimentally observed nanowire is always limited,
e.g., the longest Au nanowires synthesized by Kondo et
al. [19] are only 6 nm in length, and ∼ 11 nm by Oshima
et al. [38] Therefore, for the purpose of comparison with
these experimental results, it is necessary to calculate
the nanowires using different lengths, and consequently
reveal the effect of quantum confinement along the axial
direction.

Figure 2 shows the calculated results of ΔμR as the
function of diameter D for the Au nanowires with three
different lengths. It is clear that a series of stable magic
radii (ΔμR > 0) and unstable radii (ΔμR > 0) appear.
The data points in Fig. 2(a) are sparser in contrast to
Fig. 2(b) and (c), because changing one unit volume
(i.e., the Wigner-Seitz volume) will lead to a larger ra-
dial change for a shorter nanowire than for a longer
nanowire. Actually, the short “nanowire” with a small
length of 0.94 nm in Fig. 2(a) is more like a cylindrical
cluster, which has a strong axial quantum-confinement
effect, displaying a very different stability feature from
those of the longer nanowires in Fig. 2(b) and (c).

Figure 2(b) shows a plot of the calculated ΔμR ver-
sus diameter D for a Au nanowire 6 nm in length.
A series of stable regions composed of some dense
magic diameters appears around D = 0.4 nm, 0.58 nm,
0.75 nm, · · ·, respectively. There are two bigger “insta-
bility gaps”, around D = 0.47 nm and 0.70 nm, without
any stable diameters; with increasing diameter, the “in-
stability gaps” are still observable, but become smaller
and smaller. In Kondo et al.’s experiments [19], the his-
togram shows that the peaks of stable diameters are at
D = 0.58 nm, 0.88 nm, 0.96 nm, 1.03 nm, 1.13 nm, 1.20
nm, 1.29 nm, and 1.40 nm, and no stable diameters are
observed around D = 0.50 nm and 0.70 nm. Figure 2(c)
shows a plot of the calculated ΔμR versus diameter D
for a Au nanowire 11.31 nm in length. Compared with
Fig. 2(b), the amplitudes of ΔμR in Fig. 2(c) are re-
duced overall, but their oscillation pattern features are
quite similar, indicating that the axial quantum confine-
ment does not strongly influence their magic diameter
selectivity. From Fig. 2(b) and (c), a stable magic re-
gion should appear around D = 0.4 nm. This has been
observed in Oshima et al.’s experiments [38]. Thus, for
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Fig. 2 Plots of ΔµR versus diameter D for the Au nanowires
with three different lengths: (a) 0.94 nm, (b) 6.00 nm, and (c)
11.31 nm.

a Au nanowire, the results from the present jellium model
is in fair agreement with the existing experiments of
Kondo et al. as well as Oshima et al.

Generally, a nanowire obtained simply by truncating
its corresponding bulk is thermodynamically unstable.
From the above analysis, the stable radii of a nanowire
is quantum selective, and therefore it should be sug-
gested that a nanowire must conform to these allowable
magic radii by rearranging its inner atoms. Uncovering
these rearranged structures of inner atoms is a challenge
in both experimental techniques and theoretical mod-
ellings. It has been argued from experimental hints [19,
38], first-principles calculations [42], and molecular dy-

namics simulations [43], that a Au nanowire has a multi-
shell structure composed of coaxial tubes and each tube
consists of helical atom rows coiled round the wire axis.
In addition, the helical structure is very close to a cylin-
drical geometry, as assumed in the present jellium model.

Now, we switch the discussion to nanomesas. In ex-
periments wherein Au was deposited onto the HOPG
surface [26], a Au nanomesa was found to grow both in
its radius as well as in its height. So besides Eq. (4), an-
other partial chemical potential needs to be introduced
as [8, 39, 40]:

μH =
(
∂E

∂N

)
R

= EN − EN−1|R=constant (6)

representing the change of energy with respect to chang-
ing the radius at a fixed height. A growth index function
can then be defined as [39, 40]:

S(R,H) = μH − μR (7)

which tells the energetically favored growth direction:
S(R,H) < 0 indicates that at a given radius R and
height H , the height growth is favored; S(R,H) > 0, the
radial growth is favored. Thus, in order to determine the
energetically favored Au nanomesa growth preference, a
contour plot of the growth index S versus diameter D
and height H is constructed, as shown in Fig. 3.

The main feature of Fig. 3(a) is that the S values
(in units of eV) are basically divided into three different
regions: orange, yellow, and green, which correspond to
S ≈ −1, S ≈ 0, and S ≈ 1, respectively. There is a
clear asymptotic-like boundary between the orange and
yellow regions, as well as between the yellow and green
regions. From the definition of S, the orange region fa-
vors radial growth, and the green region favors height
growth. When the mesa size is relatively small (1 nm
� D � 5 nm, and 1 nm � H � 5 nm), the orange and
green colors are generally symmetric about the H = D

line, indicating that radial growth and height growth are
almost equally favorable. Such a growth feature in this
size range is consistent with those observed in other ex-
periments: a Au nanomesa on a HOPG surface can grow
both in height and radius when its size is relatively small
[26−28].

When D � 5 nm, the colors of the pattern in Fig.
3(a) gradually become asymmetric with increasing size.
A noticeable characteristic is that more and more dis-
crete orange domains appear below the dashed H = D

line, and simultaneously, discrete green domains go down
gradually toward the horizontal axis, as shown by arrows
in Fig. 3(b), which, for clarity, is a magnification of the
dashed red rectangular part in Fig. 3(a). Such charact-
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Fig. 3 (a) Contour plot of growth index S versus diameter D and
height H for Au nanomesas. Colors and corresponding contrasts
denote the values of S, which are in units of eV. (b) A magnifi-
cation of the dashed red rectangular part in (a). Arrows indicate
some small discrete orange and green domains below the dashed
H = D line.

eristic of the growth index indicates that with increasing
nanomesa size, the height growth is gradually hindered,
while the radial growth becomes more favorable. This ex-
plains McBride et al.’s experimental observations: as the
amount of Au deposited increases, the diameters of Au
nanomesas will be larger and larger than their heights,
which seem to be hindered [26]. According to McBride et
al.’s experiments, an “optimal” height of ∼ 11.4 nm ap-
pears when the lateral size of the Au nanomesa is large
enough [26]. This is not in good agreement with the
contour plot of Fig. 3, in which the height can be big-
ger than this value. The reason is possibly related to
the substrate effect. Generally speaking, the substrate
has a strong influence on the growth of nanomesas. Nev-
ertheless, because graphite is a material that is known
to interact weakly with many metals, the substrate ef-
fect has been neglected in the present model. However,
when the lateral size of a Au nanomesa grown on the
graphite surface (and therefore the interaction area be-
tween the mesa and the substrate) becomes larger, it is
possible that the substrate may play a certain role so
that the pattern of growth index will be correspondingly
influenced. This can also be understood from the real
mesa geometry in other experiments [26−28]: for a Au
nanomesa, the area of its bottom face touching the sub-

strate is a little bit larger than that of its top face due
to the substrate effect.

WhenD � 1 nm, the growth index S has a big rugged-
ness, seen as a narrow region adjacent to the vertical axis
in Fig. 3(a). This region contains many spots with differ-
ent colors (red as well as blue) interspersed on an orange
background like a jambalaya. This suggests a complex
growth behavior of small-radius nanomesas, for which
height growth and radial growth are alternately favored
at different mesa sizes. In contrast, when D � 1 nm and
H � 1 nm, the growth index S exhibits some blue bands
on a green background, as a narrow region adjacent to
the horizontal axis in Fig. 3(a). This suggests that for
small-height nanomesas with D � 1 nm, height growth is
always favored over radial growth at all mesa sizes within
this region.

Here it should be mentioned that in the present jellium
model, the only parameter is the free electron density, or
the corresponding Wigner-Seitz radius (rs). Calculations
show that a small change in rs does not result in a criti-
cal difference for the above discussion. Ag has nearly the
same rs as Au, and hence the results of Au can be qual-
itatively applied to Ag. There have been a few vacuum
evaporation-deposition experiments reported for growing
Ag nanomesas [44] but due to the lower coverage of Ag
seen in other experiments [44], the Ag nanomesas are
limited to small sizes. For this size region, it seems to be
that the radial growth of a Ag nanomesa is slightly fa-
vored over its height growth, in little disagreement with
the above discussion about Au nanomesas. No existing
experiments with higher coverage of Ag are available,
and experiments with higher coverage are suggested so
that the results for a larger-sized region of Ag nanomesas
can be compared.

Finally, it should be emphasized that the CHWJM is
a very simple model, and it is impossible to accurately
describe all the details regarding stability and growth be-
havior for an actual nanowire or nanomesa. The model
could be extended by considering some theoretical modi-
fications, e.g., the finiteness of the potential barrier U0 in
Eq. (1), interactions among ions and electrons, and some
realistic experimental conditions, e.g., substrate effect,
temperature effect, and nanostructure geometry. Never-
theless, as discussed above, the CHWJM can fairly reveal
the essential physics of the studied problems, and the re-
sults from it should be useful as a rough guide in the
research on metal nanostructures.

� ���	���
��

In conclusion, a cylindrical hard-wall jellium model
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(CHWJM) was developed to investigate the stability of a
Au nanowire and the preferred growth direction of a Au
nanomesa for a broad-sized range containing hundreds to
millions of atoms. Basic understanding of the QSE with
regards to the formation of nanowires and nanomesas is
demonstrated, and the most salient quantum features as
observed in experiments are captured. The model shows
that the radius of a Au nanowire is of quantum selectiv-
ity, being fairly consistent with the experimental results.
It is suggested that the size selection of metal nanowires
is mainly governed by quantum confinement effects dur-
ing their formation, while a nanowire must conform to
these quantum-mechanically allowable magic sizes by re-
arranging its inner atoms. The results from the model
can also reasonably explain some puzzling behaviors in
Au nanomesa growth experiments. The CHWJM can be
also generally applicable to other metals.
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Assume that a single particle is enclosed in a cylindri-
cal box with radius R and height H , as shown in Fig.
1(a), and in the cylindrical coordinates, the “hard wall”
potential can be expressed as:

U =

{
0, for 0 < z < H, and ρ < R

∞, for z < 0, z > H, or ρ > R
(A-1)

For 0 � z � H and ρ � R, the wavefunctions satisfy
the Schrödinger equation:

− �
2

2m∗∇2ψ(ρ, ϕ, z) = εψ(ρ, ϕ, z) (A-2)

where m∗ is the effective mass of the particle. Let

k =

√
2m∗ε

�2
(A-3)

and then Eq. (A-2) becomes

∇2ψ + k2ψ = 0 (A-4)

This is the Helmholtz equation. For z � 0, z � H , or
ρ � R, the wavefunctions satisfy

ψ(ρ, ϕ, z) = 0 (A-5)

In cylindrical coordinates, Eq. (A-4) can be written
as:

1
ρ

∂

∂ρ

(
ρ
∂ψ

∂ρ

)
+

1
ρ2

∂2ψ

∂ϕ2
+
∂2ψ

∂z2
+ k2ψ = 0 (A-6)

Assume that the solution of Eq. (A-6) has a factored
form:

ψ(ρ, ϕ, z) = P (ρ)Φ(ϕ)Z(z) (A-7)

and then Eq. (A-6) can be written as:

ΦZ
ρ

d
dρ

(
ρ
dP
dρ

)
+
PZ

ρ2

d2Φ
dϕ2

+ PΦ
d2Z

dz2
+ k2PΦZ = 0

(A-8)

Dividing Eq. (A-8) by PΦZ and moving the z derivative
term to the right-hand side yields

1
ρP

d
dρ

(
ρ
dP
dρ

)
+

1
ρ2Φ

d2Φ
dϕ2

+ k2 = − 1
Z

d2Z

dz2
(A-9)

Then, a constant μ can be chosen to make

1
ρP

d
dρ

(
ρ
dP
dρ

)
+

1
ρ2Φ

d2Φ
dϕ2

+k2=− 1
Z

d2Z

dz2
=μ (A-10)

From the boundary condition

Z(0) = Z(H) = 0 (A-11)

the equation

− 1
Z

d2Z

dz2
= μ or

d2Z

dz2
+ μZ = 0 (A-12)

has the solution

Zn(z) = Cn sin(lz), l =
nπ

H
, n = 1, 2, · · · (A-13)

where Cn is an undetermined constant, and μ must be
greater than zero so that another positive number l can
be use to denote

√
μ, which is allowed to take only the

above discrete values. Thus, one equation in Eq. (A-10)
can be written as:

1
ρP

d
dρ

(
ρ
dP
dρ

)
+

1
ρ2Φ

d2Φ
dϕ2

+ k2 = μ = l2 (A-14)

Multiplying Eq. (A-14) by ρ2 and rearranging terms
yields

ρ

P

d
dρ

(
ρ
dP
dρ

)
+ (k2 − l2)ρ2 = − 1

Φ
d2Φ
dϕ2

(A-15)

Then, a constant λ can be chosen to make

ρ

P

d
dρ

(
ρ
dP
dρ

)
+ (k2 − l2)ρ2 = − 1

Φ
d2Φ
dϕ2

= λ (A-16)

From the periodic boundary condition

Φ(ϕ) = Φ(ϕ+ 2jπ), j = 0,±1,±2, · · · (A-17)
the equation
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− 1
Φ

d2Φ
dϕ2

= λ or
d2Φ
dϕ2

+ λΦ = 0 (A-18)

has the solution

Φm(ϕ)=F−me−imϕ+Fmeimϕ, m=0, 1, 2, · · · (A-19)

where Fm and F−m are two undetermined constants, and
λ must be equal to m2. Therefore, in Eq. (A-16), the
equation

ρ

P

d
dρ

(
ρ
dP
dρ

)
+ (k2 − l2)ρ2 = λ (A-20)

can be expressed as:

ρ
d
dρ

(
ρ
dP
dρ

)
+

[
(k2 − l2)ρ2 −m2

]
P = 0 (A-21)

or

d2P

dρ2
+

1
ρ

dP
dρ

+
[
(k2 − l2) − m2

ρ2

]
P = 0 (A-22)

Setting

x =
√
k2 − l2ρ (A-23)

and substituting Eq. (A-23) into Eq. (A-22), the Bessel
differential equation is obtained as:

d2P

dx2
+

1
x

dP
dx

+
(

1 − m2

x2

)
P = 0 (A-24)

which has the solution

Pm(ρ) = DmJm(x) (A-25)

with the condition

Pm(0) = finite value (A-26)

Here, Dm is an undetermined constant. Combining Eqs.
(A-3), (A-13), (A-19), (A-23), and (A-25), the wavefunc-
tions are obtained as:

ψmn(ρ, ϕ, z) = Pm(ρ)Φm(ϕ)Zn(z)

= AmnJm

(√
2m∗ε

�2
− n2π2

H2
ρ

)

· eimϕ sin
nπz

H
(A-27)

where m = 0,±1,±2, · · ·; n = 1, 2, · · ·, and

Amn = CnFmDm (A-28)

These constants can be determined by the normalization
conditions:

H∫
0

Z∗
n(z)Zn(z)dz = 1 (A-29)

2π∫
0

Φ∗
m(ϕ)Φm(ϕ)dϕ = 1 (A-30)

and
R∫

0

P ∗
m(ρ)Pm(ρ)ρdρ = 1 (A-31)

Now, consider the boundary condition

Pm(R) = 0 (A-32)

to obtain the energy eigenvalues. Substituting Eq. (A-
25) into Eq. (A-32), and considering Eqs. (A-3), (A-13),
and (A-23) together yields

Jm

(√
2m∗ε

�2
− n2π2

H2
R

)
= 0 (A-33)

which means that√
2m∗ε

�2
− n2π2

H2
R = Zm,α (A-34)

where Zm,α is the αth zero of the Bessel function Jm(x).
Thus, the energy at the quantum state ψm,α,n(ρ, ϕ, z),
which is sometimes labelled as |m,α, n〉 with the use of
the Dirac symbol, can be written as

εm,α,n =
�

2

2m∗

(
Z2

m,α

R2
+
n2π2

H2

)
, m=0,±1,±2, · · · ,

n = 1, 2, · · · (A-35)

Here, the values of several zeroes of the Bessel function
Jm(x) are listed:

Z0,1 = 2.4048, Z0,2 = 5.5201, Z0,3 = 8.6537, · · ·
Z1,1 = 0.0000, Z1,2 = 3.8317, Z1,3 = 7.0156, · · ·
Z2,1 = 0.0000, Z2,2 = 5.1356, Z2,3 = 8.4172, · · ·
Z3,1 = 0.0000, Z3,2 = 6.3802, Z3,3 = 9.7610, · · ·

· · · · · ·
From the above values of zeroes, it is seen that

Zm �=0, α=1 = 0. Therefore, in order to guarantee that
the wavefunctions do not vanish, one must have α =
1, 2, 3, · · · , but α �= 1 if m �= 0.

From the expressions of wavefuctions in Eqs. (A-13),
(A-19), and (A-25) with the corresponding normalization
conditions in Eqs. (A-29), (A-30), and (A-31), one can
obtain

Cn =

√
2
H
, Fm = F−m =

√
1
2π

and

Dm = D−m =
√

2
RJm+1(Zm,α)

(A-36)
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and then from Eqs. (A-28), and (A-36), one can have

Amn =
√

2
R
√
πHJm+1(Zm,α)

(A-37)

Substituting Eq. (A-37) into Eq. (A-27), the wave-
fuctions are obtained as:

ψm,α,n(ρ, ϕ, z) =
√

2
R
√
πHJm+1(Zm,α)

·Jm

(√
2m∗ε

�2
− n2π2

H2
ρ

)
eimϕ sin

nπz

H
(A-38)

Using Eq. (A-34), one can rewrite Eq. (A-38) as:

|m,α, n〉 ≡ ψm,α,n(ρ, ϕ, z) =
√

2
R
√
πHJm+1(Zm,α)

·Jm

(
Zm,α

R
ρ

)
eimϕ sin

nπz

H
(A-39)

where m = 0,±1,±2, · · · ;α = 1, 2, 3, · · · (α �= 1, if m �=
0); and n = 1, 2, 3, · · ·.
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27. H. Hövel, Th. Becker, A. Bettac, B. Reihl, M. Tschudy, and

E. J. Williams, J. Appl. Phys., 1997, 81: 154
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