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Abstract Optical orbital angular-momentum (OAM)
has more complex mechanics than the spin degree of pho-
tons, and may have a broad range of application. Ma-
nipulating atomic states via OAM has become an inter-
esting topic. In this paper, we first review the general
theory of generating adiabatic gauge field in ultracold
atomic systems by coupling atoms to external optical
fields with OAM, and point out the applications of the
generated adiabatic gauge field. Then, we review our
work in this field, including the generation of macro-
scopic superposition of vortex-antivortex states and spin
Hall effect (SHE) in cold atoms.
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1 Introduction

Coherent optical control of the quantum state of atoms
is the most important task in quantum optics and atomic
physics, in terms of the application to quantum informa-
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tion science and discovering the basic features of quan-
tum many-body physics. A direct control of atomic
quantum states can be achieved by transferring the ex-
ternal optical information to atoms via atom-light inter-
action [1—19]. The technique of quantum state trans-
fer between photons and atoms has vital importance in
the practical quantum information technologies. As a
result, developing appropriate techniques for coherent
transfer of quantum states between photons and atoms
has become one of the central topics of quantum infor-
mation science and been widely studied in both theory
and experiment in recent years. The elegant schemes
of this field include, e.g. the coherent control of single-
atom by high-Q cavity QED [1-5], and the quantum
state transfer between photons and an ensemble of atoms
through electromagnetically induced transparency (EIT)
[6—22]. The applications of coherent manipulation of
atomic quantum states are now widely investigated in
quantum memory, quantum computing, and quantum
teleportation [23—28].

On the other hand, it has been widely acknowledged
that ultracold atomic gases have become an ideal play-
ground to experimentally investigate many-body physics
[29]. The remarkable controllability in the parameters of
these systems allows a clean study of complexr physics
in a controllable fashion. One of the most exciting ad-
vances in ultracold atomic gases is that rotating Bose-
Einstein condensates (BECs) provide a conceptual link
between the physics of trapped gases and the physics of
condensed matter systems such as superfluids, type-II
superconductors, and quantum-Hall effect (QHE) mate-
rials [30—36]. In the rotating BEC systems, the trap
rotation provides an effective magnetic field for the elec-
trically neutral atoms. For this, the Abrikosov lattice of
quantized vortices [37] and the analog of the fractional
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quantum Hall effect (FQHE) can be studied.

Recent advances in the optical coherent manipulation
of ultracold atoms suggest an alternative to create adi-
abatic gauge fields for the atomic systems by coupling
the atoms to external optical fields which are spatially
dependent in the amplitude and phase [38—41], e.g. op-
tical fields with orbital angular-momentum (OAM). Op-
tical OAM has more complex mechanics than the spin
degree of photons, and can have a broad range of appli-
cation [42, 43]. The simplest class of light field carry-
ing OAM is an optical vortex, which is a beam of light
whose phase varies in a corkscrew-like manner along the
beam’s direction of propagation [45, 46]. The interact-
ing Hamiltonian of atoms and optical field with OAM
depends on the local spatial parameters, which results in
an adiabatic gauge field for the motion of atoms under
the adiabatic condition. Properly modifying the exter-
nal optical fields yields different types of effective mag-
netic field, the curvature of the adiabatic gauge field.
Different from the rotating BECs where only the con-
stant and spin-independent effective magnetic field can
be obtained [30], the effective magnetic field created us-
ing optical means has more freedom to be shaped and
controlled, and then is very helpful to study new physics
in ultracold atoms.

In this paper, we first review the basic idea of gen-
erating adiabatic gauge field in ultracold atomic system
by coupling atoms to external optical fields with OAM,
and point out the applications of the generated adiabatic
gauge field. Then, we review our work in this field, in-
cluding the generation of macroscopic superposition of
vortex-antivortex states and spin Hall effect (SHE) in
cold atoms.

The paper is organized as follows. In Section 2, we
introduce the general discussion on the adiabatic gauge
field for the ultracold atomic system; in Section 3, we give
an example of the adiabatic gauge field in the three-level
system; in Section 4, we discuss how to generate macro-
scopic superposition of vortex-antivortex states from a
five-level M-type atomic system; in Section 5, we intro-
duce an intriguing application of the created adiabatic
gauge field: spin Hall effect in ultracold atoms; conclud-
ing remarks are given in Section 6.

2 Adiabatic gauge field in quantum system

2.1 Unitary transformation

The idea that adiabatic gauge fields can be generated in
quantum systems was first proposed by Wilczek and Zee
more than twenty years ago [47]. In this section, we shall
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review the general theory of the adiabatic gauge fields
created in the quantum N-level systems. For conve-
nience, we denote Hy(r) as the unperturbed Hamiltonian
that describes the N internal levels |xx)(k =1,2,---, N)
for the system, and & as the eigenvalue of the corre-
sponding energy level. In the presence of perturbation
Hamiltonian H; that can be created through e.g. ex-
ternal trap potentials, laser-induced coupling for atomic
systems, etc., the dynamics of the quantum system can
be studied via perturbation theory. Without loss of gen-
erality, in this paper we consider the case of a weak per-
turbation so that H; does not induce the energy shift
to the energy levels of internal Hamiltonian, but causes
the coupling between different eigenstates |xx). For this
we can generally expand the wave function for the sys-

N
tem according to ¥(r,t) = Z Uy (1) exp(—i&kt/R) | Xk),
k=1

where &, is the eigenvalue of the corresponding internal
energy level. Denoting by ¥ = (¥, Wy, ---, Wn)T, the
coupling between states ¥y by the interaction Hamilto-
nian can be given by

¥ _

1

5 (1)
where V(7) is the external trap potential, and the inter-
acting Hamiltonian H; depends on the local parameters,
e.g. the spatial position r. The diagonalization of the
interacting Hamiltonian can be done through a local uni-

[_%W + V(r)} v+ Hy(r) ¥

tary transformation U(r),
v =U(r)®, H¢=UHU 2)

where & = (Pq, §o, -+, Pn) is the diagonalized basis
of the interacting Hamiltonian, and H;l is diagonal on
this basis. The diagonal elements (H;l)kk = Ej repre-
sents the eigenvalue of @;. Note that the specific form
of the unitary transformation U (r) shall be solely deter-
mined by the interacting Hamiltonian. Substituting the
transformation (2) into Eq. (1) we obtain the equation
of evolution for @ that

0P h?
h— = ——UIV2U P f &+ Hr)d
ih o 2mU VUS+UW(r)Ud+ Hi(r) (3)
The form of the above equation can be simplified by
introducing the gauge potential

A(r) = i%UT(r)VU(r) (4)

with e the electric charge constant.

Relying on the above definition of the gauge potential
and after a straightforward calculation we find that the
Eq. (3) can be rewritten as follows:

8_45 1

ih gt 2m

ihV+§A(T)}2¢+V’(r)¢+H}i(r)¢ (5)
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where V! = UtV (r)U. Since U(r) considered here is a lo-
cal unitary transformation on the N-dimensional Hilbert
space, it is an N x N parameter-dependent matrix. As a
result, the gauge defined based on Eq. (4) is non-Abelian
and of the N x N matrix form (of the SU(N) symme-
try). The non-Abelian gauge field is associated with the
curvature (effective magnetic field) that is given by

Fly = 0,A, — 0,4, — 1%[,4“, A,] (6)
with the magnetic field B; = 1/2¢F);. One should
keep in mind that to this step we do not apply the adi-
abatic condition in the equation of motion. The gauge
field defined in Eq. (4) is a pure gauge and it is easy
to verify that Fj,, = 0. It is noteworthy that the non-
Abelian pure gauge may have nontrivial significance by
resulting in a phase to the wave function &:

O(r,t) — Pelnc | Adp(r 1) (7)

where P is the operator of chronological ordering.
The above phase factor is known as Wilson loop inte-
gral [48]. This phase factor can be non-zero even for a
pure gauge, since for the non-Abelian gauge field we have
V x A # B = 0. To find the possible observable physics
for this phase factor is an interesting issue in gauge field
theory.

2.2 Adiabatic condition

In this paper, however, we are interested in the case
that the adiabatic condition can be applied and then the
adiabatic gauge field is obtained [49]. Under the adia-
batic condition, the adiabatic gauge potential is generally
associated with a non-zero curvature

Fu, #0 (8)

To have more sense of the adiabatic gauge field obtained
above, we consider two special cases in the following.

First,
degenerate, i.e., E, is different for different eigenstates
&,,. Besides, the coupling between each two states, say
®; and @y, induced by the off-diagonal element A ()
satisfies

P- Ay
m(E; — Ek)

let us suppose that the system is non-

<1

9)

the adiabatic condition is then approved and the transi-
tion between different states in Eq. (5) can be ignored.
The non-Abelian gauge field is reduced from SU(N)
symmetry to N independent U(1) Abelian gauge fields
with
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he
A;(r) =i (UNr)VU(r));;

and the corresponding scalar potential after applying the
adiabatic condition:

1 .
¢j(r):%§Ajk'Akj7 j=12,---\N
j

(11)

In the dynamical equation of evolution (5), all compo-
nents of the column vector ¢ become decoupled to each
other and now yield
0P, 1
ot 2m
with V/(r) = V'(r) + ¢; + E;. The curvature of U(1)
gauge fields is given by

2 _
— 1hv+§Aj(r)} &+ V() (12)

F) =0,A9 — 0,49 (13)

which is generally non-zero.

Another interesting possibility is that the system has
degeneracy. Without loss of generality, we suppose &1,
@y, -+, By (m < N) consist of the degenerate subspace
of the system, with energy eigenvalue £, that differs from
the eigenvalues of all remaining states. Similarly, when

m(Ey — Ej)
wherei=1,2,--- . mand j =m+1,m+2,---,N. Then

we denote reduced column vector @' = (&1, P, -,
®,,)T, which satisfies the equation:

09" 1
at  2m

<1

(14)

ik

[V/(r)+¢' +E,] &'
(15)

e 2
[mv +oA(n)] o'+

where A’(r) is still non-diagonal U(m) gauge field and
h
Le(r) = if(UT(r)VU(r))jk. The scalar field ¢/ is also

1
an m X m matrix with the elements ¢;-k = o Z Aj -
m

I>m
Aji. The curvature can also be calculated with the Eq.

(6), but now it is generally nonzero.

3 Example of adiabatic gauge field: three-level
atomic system

As an example, in this section we calculate the adiabatic
gauge field in the three-level A-type atomic system which
couples to two external laser fields.

The three-level A-type system is shown in Fig. 1. The
transition |¢) — |a) is resonantly coupled by a pump field
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with the Rabi-frequency 2, = Ql(o) exp(ik; - r), where
(21(0) (r) is the slowly spatially varying amplitude and kq
is the wave-vector. The probe field, whose Rabi fre-
quency % = (22(0) (r)eller) o] with (22(0) (r) the slowly
spatially varying amplitude, couples resonantly the tran-
sition |b) — |a), where ko is wave-vector of the probe
field. ¢(r) is the spatially-dependent phase. Defining
the flip operators as 6, = |u)(v| with the level indices
w, v = a,b,c, the Hamiltonian in the present system
reads

|a)

Qycexp(ip+ikyr)
cexp(ikyr)

[e)

1b)

Fig. 1 Three-level A-type system couples to two external laser
fields.

H = Hy+ Hy (16)
72
Hy = o VZ+V(r)
Hy = —(hf%6a, + hi2164c) + hec.
where V(r) is the external trap potential. To facili-

tate the subsequent discussion, Hy is written in r-re-

presentation other using flip operators in Eq. (16). The
|

V2
he 1 1 .
A=—|[-1—=VO+ —=sin20 18
S < 1\/§V +2\/§sm VS>e

1
— E Sil’l2 GVS

.
(73

which generally is a SU(3) non-Abelian gauge potential.
Noting that the present system is non-degenerate, we
have particular interest in the case when the adiabatic
condition is satisfied. For this we require

v - Aaﬁ
(Ea - Eﬁ)

'<<1, a#f=+,-,0 (20

~

which can be satisfied for sufficient large Rabi-frequency
and small motion velocity. Under this condition we ig-
nore the off diagonal elements of the gauge potential.
A most interesting result can be achieved by applying

= sin2 VS (i%ve + 575 sin 29v5> e~ 1S
—sin? VS

Vo —
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interaction Hamiltonian H; can be diagonalized with the
local unitary transformation: H; = U(r)H;U'(r) with

1 1 . 1
— —_sinfe 5™ — cosf
V2 V2 V2
Ur)=| 0 cos® —sin@elSM) | (17)
1 1 . 1
ﬁ —ﬁ sin Ge_ls(r) _ﬁ COSG

where S = (ko — k1) - 7 + ¢(r) and the mixing angle
tan@(r) = |{%/f]. Under this unitary transformation,
the three eigenstates of Hy are easily obtained as

1 .
|P4) = ﬁ(|a> + sin e 3T |b) + cos |c))

| o) = cos|b) — sin e (")|c) (18)
1 )
P ) = —(|a) —sin e 5T |p) — cosb|c
| D) \/ﬁ(l ) |b) lc))
. . . h
with the corresponding eigenvalues Fi = :F§QO and

Ey = 0 where 2y = \/|(41]? + |{%]%. 1t is interesting that
| W), typically known as the dark state for a three-level
A gystem [6, 7, 9, 10, 19—22], is a coherent superposi-
tion of two ground states, excluding the excited state.
Dark state is also a central idea for the electromagnet-
ically induced transparency (EIT), a prevailing modern
technique in recent years to realize the slow light and
quantum memory for photons [6—14].

According to the definition given in the previous sec-
tion, by a straightforward calculation we find that the
3 x 3 matrix A in the three-level system has the follow-
ing form:
! ~ L sin? 9V S

7
1 > is
VO — ——=sin20VS | e
2v2
% sin? 9V S

V2
(. 1
1—\/5
1. -,
2—\/§sm29vs>e s

(19)

|

the probe field with orbital angular momentum (OAM)
hl. In this way, the spatially-dependent phase of the
probe field has the form: ¢(r) =l arctan(y/x). Further-
more, we consider the special situation that the Rabi-
frequency rate between the probe and pump fields sat-
‘%‘ = Ap x p with p = \/3227—1—312 the distance
from z axis, and [{%| < |£21], i.e., the probe field is much
weaker than the pump field. The diagonal elements of
gauge potential (19) follows the three constant effective
magnetic fields

isfies
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BTt =B " =hlcA\?/ee,, B"=-2hlcA\?/ee. (21)

This result clearly shows that atoms in the dark state
(|®0)) and in the bright states (] $4)) experience the op-
posite magnetic fields, respectively in +z and —z direc-
tion. Such a situation will result in the different Landau-
level structure for dark-state and bright-state particles
(Fig. 2). If we further apply an effective electric field in
say z direction, we can find atoms in |$y) move in the
+y direction, while the atoms in |$4) move in the —y
direction. This is in fact the basic idea in generating spin
current in atoms [50, 51].

Fig. 2 Atoms in dark- and bright-states experience opposite ef-
fective magnetic fields but the same effective electric field.

An interesting extension from the above situation can
be done by considering the four-level atomic tripod sys-
tem [41], where there are three ground states. Two inde-
pendent dark states in the tripod level configuration con-
sist of the degenerate subspace of the system. According
to our general discussion in Section 2, this will result in a
U(2) non-Abelian gauge field in the atomic adiabatic dy-
namics. The possibility of realization of monopole gauge
field is also discussed in Ref. [41].

4 Generation of macroscopic superposition of
vortex-antivortex states

By now we have shown that applying laser fields with
OAM can generate effective magnetic fields for the or-
bital motion of atoms. This result can be understood as
the coherent transfer of OAM between optical fields and
atoms. A natural idea following this result is that one can
generate atomic vortex states by transferring the optical
vortex to atoms. As is well-known, in cold atoms such
as Bose-Einstein condensates (BECs) in dilute gases, the
stable existence of quantized vortices is one of the most
striking and fascinating signatures of superfluidity [52].
Many works have been done on the nucleation of vortex
lattices in a BEC cloud by stirring the BEC cloud via ro-
tating external trap potentials [30]. On the other hand,
excitation of vortices in BECs, using the optical vortex
beams, has been proposed recently using Raman tech-
niques [53—55]. In this section we introduce the scheme,
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first proposed in Ref. [56] and in Ref. [57], for creation
of macroscopic superpositions of vortex-antivortex states
through coherent transfer of OAM between laser fields
and cold atoms.

Consider an ensemble of condensed atoms with in-
ternal five-level M type configuration interacting with
four laser beams (Fig. 3). Two strong control lasers

respectively drive the transitions |2) — [4) and |3) —

[5) with Rabi frequencies 2., = QC(?) exp(ik., - 7)
and 2., = Q,ES’ exp(ike, - T), where k., is the wave-
vector. The probe fields, 2, = Qé?)ei(w"rkm"") and

2y, = Q,gg)ei(l/¢+kpl"’), respectively couple the transi-
tions |1) — |4) and |1) — |5) with the wave-vectors
kp, = kp,2(j = 1,2). Qé?) and Qé?)(j = 1,2) are the
slowly varying amplitudes. Similarly, here we have al-
lowed the two probe photons to have orbital angular
momentum hl and Al’, respectively. It is convenient
to introduce the time-slowly-varying amplitudes ¥, =
QgZQ—i(wm—wcl)t7 U, = ¢4e—iwmt, 7y ¢3e—i(wm—ch)t7

and U5 = dsewr2t, Hence, the equations of motion for

the matter fields are given by

L

h2
5 —%V24§1+Vl(7')451+(U11|‘I’1|2+U12|¢2|2

UL | B3]?) 1 + B2, Uy + R2% D5 (22)

9d, W, ,
lﬁwz 612—%V Dy + Vo (r) Py + (U | 91|

+Uss| Do|? + Usa| B3|%) D1 + hi2r Dy (23)

ind%s _ g G5 + Va(r) B + (Usy| B |2
ot = | €13 om 3 3 3 31| *1
—|—U32| ¢2|2 + U33| ¢3|2)¢1 + h.Qc*z b5 (24)
. 0D h?
lha—; = <614 - %v2> @4 + V4(7') @4 + hQCl @2
+hi2,, D (25)

13)

I

Fig. 3 The five-level M-type scheme for generation of vortex-
antivortex states.
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.. 05 h?
ih 5 = <515 — %v2> s + VL;(T) &5 + thz L

+h82,, &, (26)

where V;(7)(i = 1,2,3,4,5) are the external potentials,
the scattering length a;; characterizes the atom-atom in-
teractions via U;; = 4wh?a;;/m of which for simplicity
we assume the scattering length a;; = ag is constant.
€14 = h(wa1 —wp, ) and €15 = M(ws1 —wy, ) are energies of
single-photon detunings, while €12 = fi(we1 — wp, — ws,)
and €13 = (w31 — wp, — ws,) are energies of the two-
photon detunings. To solve the above equations, we shall
consider the dark-state condition, i.e., the atoms are ap-
proximately restricted on the dark state of the five-level
system:

20, 2.
%

Dy, 0.
2

QCI sz

W =

1) -

“|2) - 3y (27)
where 2 = (|2, e, |2 + 2, Qe |? + 926, 2,,]?) /4. Since
the dark state excludes excited state, the collisions be-
tween two excited states and lower states are safely ne-
glected.

It is noteworthy that here our purpose is a little dif-
ferent from that discussed in the former sections. We
shall not calculate the adiabatic dynamics of the dark
state, but study the dynamics of the coherently gener-
ated states @5 and ®3. However, since the dark state
is not the unitary transformation of the three ground
states, generally the dynamics of @, 3 cannot solely be
determined through Eq. (27) even if we can solve the
adiabatic motion of the dark state. To solve this prob-
lem, we assume that the two-photon detunings €12 and
€13 are sufficiently small and the strengths of the probe
fields are much smaller than that of the control fields,
one arrives at the adiabatic Raman passage relating @,
and @3 to ¢; [38] through the Eq. (27). In the first order
we find

Py =61, P3=—-EP (28)
. . ‘Qpl QPZ

where the ratio coefficients §& == — and & = — .
£, Qe

This result is also the lowest solution of Egs. (25) and
(26). The subsequent derivation for equations of motion
for @1, ¢, and @3 straightforward. For example, sub-
stituting the above relation into the Egs. (23) and (24),
respectively, yields

qs4:_(mz;1)—1{[m 0 (612—%v2) +V2(r)} &l o,

.
(U] + Unnféa| 2| + Unaléal 2 @12} 01 (29)
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Bs— —(ﬁ();‘z)*l{{ih% — (613— %W) —H/};(r)} &1

+(Usi| + Usala| 72 + Ussléa| 2 1} &1 (30)

Together with the above results, from the Eq. (22) we
can obtain the equation of motion for the field ®;. Sim-
ilarly, from the Eq. (22) and Eq. (24) [or Eq. (23)], one
can derive the relations between fields &, 5 and &, (or
®3), and then substituting them into the Eq. (23) [or
Eq. (24)] we can obtain the equation of motion for the
field @, (or @3). Finally, we find the equations of motion
for the matter fields &, ¥ and @3 given by

ihﬁ D,

-h Aa 2@(1 e Qa
T ihV + A, + Vet

1
= o

+U| 61 *®, a=1,2,3 (31)

where we have ignored nonlinear terms involving &, or
@3 for small |&;|, the nonlinear interaction strength U =
4mh%ag/m and the effective vectors read

Ay = hETHEVE + EVE) (32)
Ay = =511/ V(1/&) + 6 /6 V (61/&)] (33)
As = W25 [1/6V(1/&) + & /&Y (&/6)] (34)

with Z1 = 14+ [&[* + |&[%, E2 = 1+ 1/[&)* + & [?/[&f
L+ 1/1&f* + [€*/|&]?, and the effective
trap potentials Vieg = ih Z; Vi + |62 Ve + |62 Vs +
(2mE;) " A1 |2, Vaerr = ih B3 [Va + (e21 + V1)/|&2)% —
Val&1[?/|&* + (2mE2) 1| A2|?] and Vaex = ih E5 ' [V3 +
(es1+V1)/1611* = Valéal? /&1 ]* 4 (2mZ5) ~A5[*]. One can

find that the effective vectors A, (a = 1,2, 3) is generally
non-Hermitian, which is easily understood by recalling

and Z3 =

that & 23 are not eigenstates while dark state is. The
Hermitian contribution is due to the changes in the phase
of &2, while the non-Hermitian part results from the
changes of the amplitude of £; 2. Denoting dimensionless
function &; = eift QIS?)/QC(?)(j = 1,2) with the phases
Ry = (kp, —k¢,) -7 +1¢pand Ry = (kp, —ke,) -7+ 19,
and under the condition |V|¢;]?| < ||&;|>°VR;|, we can
neglect the non-Hermitian part. The effective vectors
can then be rewritten as

Ay =hE7 (|6 PVR: + & VRy) 35)

(
Az = —h B3 1 ([1/&PV Ry — 6% /[P V(R — Ry))
(36)
Az=hZ3 ([1/& PV R —[&]?/|& P V(R — R1)) (37

When [£]? = [&]?, ie., the ratio between the Rabi
frequencies QIS? and Qé?) equals that between Q,gg) and
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Q(Ez , and the photons of two input probe fields have
opposite orbital angular momentum, i.e. [ = —I', it is
easy to verify A1 = 0 and As = —As3 = A = —hlV¢.
The Egs. (31) can be recast into

0 @2 1 . 2 ¢2 ‘/Qeff 0
2 () = a0, (@3)+(0 )

) of P2
. ¢
<¢3) +U| 9| <¢3) (38)
where o3 is the pauli matrix, ¢ = +1, and
i g =~ L av2 oy 4 Viea(r) @ (39)
a2 T Tam 1 leff 1

The results (38) and (39) can be interpreted as that
the three categories of condensates with effective elec-
tric charges ¢ = 0 and g2 = —q3 = g = +1, respec-
tively, interact with an effective U(1) gauge field A. In
other words, by employing two probe lights that respec-
tively have orbital angular momentum =+(% in the +z
direction, we obtain an effective two-flavor (oppositely
charged) condensate which has attracted special atten-
tion in recent years [59, 60]. Alternatively, if we call
@y and P3 as (pseudo-)spin up | T) and down | |) state,
the above result can be understood that different spin
states experience opposite effective gauge fields. For the
present purpose, since |§j|2 < 1, the small depletion of
atoms in state |1) can be neglected, and then Eq. (38) is
linearized by putting | ;| ~ /p(r) with p(r) the total
density of the condensate. In this way, the lowest order
solution of Eq. (38) is given by

Do(r,t) =

\/ r)exp [1S2(r, t)]

(40)

(0)
P3(r,t) = (0) Vp(r)exp [iS3(r, t)] (41)

where the phases Sa(r,t) = q—;forA ~dr’ + Spa(r, t)
and Ss(r,t) = %3 for A - dr’ + Sps(r, t) with Spa(r,t) =

koo — [ At {Vaeg[r + Ko (t' — )] + Uplr + Ko(t' —1)]}
and Sos(r,t) = Eg-r—fg’ At {Vaegt [r+K3(t' —t)]+Up[r+
Kg(t/—t)]}. ngﬁkg/m:h(kpl k:cl)/m andK'g:
hks/m = h(kp, —k.,)/m are the corresponding recoil ve-
locities. The velocity spread of the two generated BECs
can be obtained as v;(r) = hiV,.S;(r,t)/m (j = 2,3). B

a straightforward calculation one can verify that the loop
integration of the velocity yields fzzoecj vi(r') - dr’ =
+27hl/m (j = 2,3), where the sign of right-hand side of
the above equation takes + (for j = 2) or — (for j = 3).
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z = 0 € C; means that the integration path C; encircles
the z-axis. The above results indicate that the orbital
angular momenta of input probe fields are fully trans-
ferred into the generated BECs &5 and &3.

A simple but interesting application of the above re-
sults is that if the input probe lights are the compo-
nents of a superposition of opposite OAM states (vortex
qubits): | 4+ 1) £ | — ), we can obtain the macroscopic
superposition of vortex-antivortex states for the matter
fields through the above coherent transfer technique of
vortex states. Creation of a general superposition of the
OAM states of light has been studied in Ref. [57], and
the created vortex qubits for BECs are supposed to have
interesting fundamental and practical applications [58].

5 Spin Hall effect in atoms

Spin hall effect (SHE) has recently attracted much at-
tention since its prediction in solid systems with spin-
orbit coupled structures [61—66], with the concomitant
creation of spin currents and study of quantized spin
hall conductance. The physics of SHE in semiconduc-
tors can be understood in the following way: In the
presence of spin-orbit coupling, the applied electric field
leads to a transverse motion (perpendicular to the elec-
tric field) of spins, with the spin-up and spin-down carri-
ers transporting opposite to each other; thus, a spin cur-
rent is created perpendicular to the electric field. Quan-
tized SHE was predicted in metallic graphene [67, 68],
mercury telluride-cadmium telluride semiconductor sys-
tems [69] and in semiconductors with a strain gradient
structure [70]. In the latter cases, quantum SHE is es-
sentially the phenomenon in which particles in different
spin directions experience opposite effective gauge fields
formed through spin-orbit couplings, resulting in a non-
vanishing quantized spin hall conductance and a vanish-
ing charge hall conductance.

According to the discussion in the former sections, we
know the effective gauge field on atoms can be read-
ily generated through atom-light couplings. Properly
adjusting the parameters of external laser fields, one
can reach the situation that different atomic spin states
(angular-momentum states) experience opposite gauge
fields, leading to SHE in atomic systems. Such an idea
was first proposed in Refs. [50] and [51].

Figure 4 shows the level configuration of an ensemble
of cold Fermi atoms interacting with two external light

1 1
fields. The ground (|gi,:|:§)) and excited (|ei,:|:§>)

states are hyperfine angular momentum states (atomic
spins) with their total angular momenta F, = F, = 1/2.
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Fig. 4 Fermi atoms with four-level internal hyperfine spin states
interacting with two light fields. This can be experimentally real-
ized with alkali atoms, such as ®Li atoms (22S; /5 (F = 1/2) «—
22Py /o (F' =1/2)) [71, 72].

The laser fields are characterized by the Rabi-frequencies
2 = Qoexplilky - r + 119)] and 2 = a0 expli(ks -
r + [29)]. Here, the phase ¢ = arctan(y/x). For sim-
plicity, in the following discussion we replace the nota-
tions |a, :t%> by |at) (o =e,g). The r-representation
atomic wave function is denoted by &, (r,t). Similar to
former discussions, we introduce the slowly-varying am-
plitudes of atomic wave-functions by (setting w,, = 0):
yv/gj: = ¢9i7 l*pe-¢- = 4564- (Tvt)e_i[k2‘r_(WE+_Al)t]7 lpe_ =
D, (r,t)efi[kl'rf(“’e—fAz)t], where fw,, is the energy of
the state |a), A; and As are respectively the detuning of
o+ and o_ light fields. The Hamiltonian of the present
system can be written as H = Hy + Hy + Hs, where

h2
Ho= /d%w; {—%VZ +V(r)} 7,

a=e4g+

€4 e4 €4

H, = hAl/d3ru7;+S 7,

+h / dPr(wr 210e"’ S, Wy + hoa.) (42)

Hy = hA, / Bror S, . .

+h / Br(r 0s0e’??Soy Uy, + h.a.)

with atomic operators Se,.. = |ex){ex]|, S1+ =
lex){g-|, Sar = le-)gsl, STy = 81— and SI, =5, .
V(r) is the external trap potential. The collisions (s-
wave scattering) between cold Fermi atoms are negligi-
ble. The interaction part of the Hamiltonian can be diag-
onalized with the following local unitary transformation:

mn=<% &)

with

(43)
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_ cos 0;
Us = < —sinfjeliv(r)

Under this transformation, the four eigenstates of inter-
T

sin 0;ells V(") )’ P19

cos

action Hamiltonian can be obtained as [|¢4), [¢_)]

T T T
Utlle+).lg-)]" and [l¢4),lo-)]" = Us[le-),lg+)] -
The mixing angles §; are defined according to tanf; =
E, /E:Z and tanth = E /ET, where the eigenvalues
of |¢+) and |¢4) can be calculated by: Ejf = (41 £

VAT +402))/2 and EX = (Ay + /A2 4 403,)/2.

In order to suppress the spontaneous emission of the
excited states, we shall consider the large detuning case,
ie. A? > QjQO. By calculating all values up to the order
jO/Aj; and
EJ;@ > E, 4. According to the Eq. (9), atomic motion
may lead to the transitions between ground eigenstates
and excited ones. For example, the element of transition
between |11 ) and ¥_) can be calculated by

7+ = [(¥1]0:]¢-)]

1
~ |y VO (r) + 5 8in 201 - Vi (r)]

of QJ-QO/A?, one can verify that tanf; =

(44)

where vy is the fermi velocity of the atomic system. For
our purpose we require 74 < |E$ — E;| so that the
coupling between ground states and excited states can
be neglected. Then, we introduce the adiabatic condition
that the population of the higher levels |i4) and |¢4) is
adiabatically eliminated, say, meanwhile the total system
is restricted to the ground eigenstates

|¥) = cosy[th—) + sinvy[p)

= cos|9]) + sinvy|St) (45)

where, to facilitate further discussions, we have put
S) = [ ) = [oo)
with their z-component effective spin polarizations S] =
g(cosg 0y —sin? 0y) ~ h/2 and S} = g(SiDQ 01 —cos? 01) ~
—h/2. The parameter 7 describes the possibility of an
atom in states |S|) and |St), and can be determined by
the initial condition. It is easy to see that the probability
of excited states is much smaller than that of the ground
states for Sy, |) (sin®@; < cos? ), therefore the atomic
decay can be safely neglected in the present situation.

Under the above adiabatic condition, the local trans-
formation U(r) can lead to a diagonalized SU(2) gauge
potential:

E Al 0
C 0 AT

the effective spin states:

)= s msy)

where e > 0 is the positive effective charge of an atom
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and c is the vacuum light speed. Accordingly, the ef-
fective (scalar) trap potentials read V,(r) Vir) —
h|Aj|*1(2j20—(2m)*1|h<SO¢|V|Sa)|2 with j = 1 (for a« =|)
and j = 2 (for @ =7). Especially, we have

2, . R
A =-Ar = ﬁlce_lA—%(ﬂfey —yéz)/p’ (47)
and
21204
_ _ _ 2 "0
‘/Eff(r) - VT,l(r) - V(T) hQO/A (2mA4p2) (48)

with p = /22 + 92, when we choose A; = Ay = A,
o = $by = (% and |} = —Is =, i.e., the angular mo-
menta of the two light fields are opposite in direction.
This result is intrinsically interesting: by coupling the
atomic spin states to radiation, we find the atomic sys-
tem can be described as an ensemble of charged particles
with opposite spins experiencing opposite magnetic fields
but the same electric field. With the help of gauge and
trap potentials, we can rewrite the Hamiltonian in the
following effective form:

_ 3 * 1 E 2
H = /d o {—Qm (ne +ic4:)"|
+/d3ru7* i(ha ey )2 v
11 2m AP o

b [V P v ) (49)
where Vs (r) = cosy(r|S|) and ¥, (r) = siny(r|St)
are spin wave functions in r-representation.

The spin current in the present system has several
important properties. First, it satisfies the conservation
law. The spin density in the present system is calculated
according to

S(rit)=¥; 8 ¥, + ¥ SV, (50)

with St = (S]!, S;l, S14). On the other hand, the spin

current density Jy(r,t) = (J;=, ¥, J;?) is defined by
ih * * *

—— S\ (¥;, Di ¥, — Vo, DIy 73,

Jr

ih
_EST(EP:T Doy Vs, — ¥s, D3, W;"T) (51)

e e

where Dqp = Op +1-Ay and Doy, = O — i— Ay are the
c c

covariant derivative operators. By a straightforward cal-

culation we can verify the following continuity equation:
6tS(r,t)+8ka = Apo.é, X Jk(r,t) (52)

where o, is the pauli matrix. It is easy to see for the s,-
component spin current, that the right hand side of Eq.
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(52) equals zero. Thus, the spin current J;* is conserved.
Note that there is no spin-orbit coupling in the present
atomic system and that it can be verified that the orbit-
angular momentum current is also conserved. These re-
sults confirm the conservation law for s,-component of
total angular momentum current of atoms. Second, the
spin current in the present system may exhibit interest-
ing topological properties. For convenience, we denote

U, = \/%776&; a=T,]

where the complex (, = |(ale %= with |¢||* +[(1]? = 1.
The modulus 7 is related to the total atomic density
which is assumed to be constant in our case. Then the
s,-component of Eq. (51) can be recast into

Jie = =i (CLokC — G OkCy + GORCT — GrOkCT)

(53)

—or2n2S A,
C
= 120?[0k (01 — ©2) — (¢ 17 = 161 1)k (1 + 2]
—2h2n2§Ak (54)

Furthermore, we introduce the unit vector field by A =
(¢,0¢), where ¢ = (Q,(}*)T and o = (04,0y,0;). It
then follows that A1 = ([¢f + (¢, A2 = 1(( G — ¢ ¢F)
and A3 = |(;|? — |¢;]?. Based on these variables we can
finally find the following result:

1
(VX T ) = —2h2n223m — 3P emuA- (A X AN)
(55)

The contribution A - (OxA x 9;A) indicates a topological
term in the spin current induced by optical fields. Note
each value of A represents a point in the two-dimensional
sphere S2. The variation of A depends on the relative
density of the two spin components v(r) and the sum of
the phase spreadings ¢1(r) + ¢ (7). It is easy to verify
that A can cover the entire surface S? for the parameter
distributions in the interaction region: ¢; + @2 : 0 —
2nim and v : 0 — naow/2 with integers ni,ne > 1. We
then obtain a map between the unit vector field A and
the spatial vectors F' : A — 7 /r so that the closed-surface
integral

T

%(VXJSZ)-dSN %dsmﬁnklz-(ak— X 8;3) ~ 4mn
s s r T r

where n is the winding number. In physics, such map-
ping degree corresponds to the formation of a local inho-
mogeneity in the densities of the spin-up and spin-down
atoms. The Hamiltonian (49) can also be understood
as a system with two-flavor oppositely charged parti-
cles interacting with one external effective magnetic field.
Such model has a wide range of application in, e.g. two-
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band superconductivity [73, 74], etc. For instance, under
certain conditions liquid metallic hydrogen might allow
for the coexistence of superconductivity with both elec-
tronic and protonic Cooper pairs [75]. Faddeev et al.
have discovered a series of nontrivial topological prop-
erties in these systems [59, 60]. Again, based on our
technique, we develop an optical way to realize a two-
flavor artificially charged system, which may allow for
a deeper understanding of the basic physical mechanisms
in cold atomic systems.

For practical application, an important goal is to
create a pure spin current injection, i.e., there is no
accompanying massive current. For this we use two
columnar spreading light fields that [43, 44] 2p1(r) =
Do2(r) = fp with f > 0. Furthermore, we set the

potential V(r) = Eu(p + xpé;)? with the coefficient

202\ 9p 2
v = (1 + ;7{/123) %, say, we use a two-dimensional
harmonic potential centered at p = —x¢é, [76]. Then
we reach a set of uniform magnetic field
hlc f? .

B|(-By) = — 756 (56)

and electric fields
RI2f2\ 2hf2zq .
E=—-VVg(r)=— (1 + 4mA3) A G (57)

respectively in z (—z) and x directions. Atoms in dif-
ferent spin states |S,) experience the opposite magnetic
fields B, but the same electric field E. This may lead to
a Landau level structure for each spin orientation. To-
gether with the applied in-plane electric field, one can
obtain a pure spin current in the y direction, while the
massive current is zero. To exactly calculate the spin cur-
rents, we need to calculate the eigenstates of the present
system. The Hamiltonian for a single atom in state |Sq)
can be written as:

H = Hg + H', a=|1
H = —eEx
h%eB 1
HS = R2 + p2 —p? 58
0 2mc( a+ a)+ 2mpz ( )

e \1/2 e e \1/2
i = () ) = (5)
wi Reu B Po— At ) Py (eB
(py - —A;l) and B = |Bj,|. One can verify that
c

[Ra, P3] = ihdap, so the eigenfunction of H§ is Her-
mite polynomial, written as p&, (R) with the Landau
level Epgo = (n+ 1/2)hw + hk?/2m and w = eB/me.
In the weak field case, the spin/massive current carried
by an atom can be calculated to the first-order correc-
tion with perturbation theory on the state |u&,) (linear
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response)

(jsyz ,m)nk,a = </j‘g,k |jgz,m|u’zk>

+( > (o [ H Ny ) g 1Y o [y

ol En,a - En’,a’
+h.a.) (59)
where the spin current operator is
) h
(G2 )o = 5 (8205 +55) (60)

with vy = [y, H*|/ih = (eB/m?c)'/?P,, and the massive
current operator j, = mv,. The two terms in the right
hand side of the above equation respectively refer to the
zeroth and first-order correction. It is easy to see that
<ugk|jgz,m|ugfk> = 0 when n’ # n % 1, thus only the
terms with n’ = n 4+ 1 contribute to the above equation.

If the space-spreading lengths of the atoms in x and z
directions are L, and L,, respectively, the average cur-
rent density for the total system is given by

1 . .
Tom = [ ke + G a1 (E)

(61)

with f(E) the Fermi distribution function. For °Li atoms
we consider the initial condition that sin?~ = cos?~y =
1/2, i.e., the atoms have the equal possibility in state |S|)
and |S7), which is familiar in optical traps [77]. Note that
under the present definitions the perturbation part can

) ;. ec\1/2 0
be rewritten as H' = ihE (E) R
result into Egs. (60) and (61) we get

52l2 f 2 AZ‘Q
(/- ——
JSZ Ng <ﬁ + A3 ) ]

where n, = 2mn? is the density of atoms, whereas the

Substituting this

(62)

massive current .J,, = 0. In fact, under the present inter-
action of external effective electric and magnetic fields,
the atoms with opposite velocities in y direction have op-
posite spin polarizations (see Fig. 5). Thus, the massive
current vanishes whereas a pure spin current is obtained.
This result allows us to create conserved spin currents
without using atomic beams.

To observe SHE in present cold atomic systems, a spin-
sensitive measurement [78] can be used. After the spin
current is created, the spin-up and spin-down atoms will
respectively accumulate in opposite sides along the y di-
rection of the atom chip. Experimentally, one can detect
such spatially separated spin accumulation via, e.g. fluo-
rescence measurement. For 6Li atoms, one could perform
resonant Raman transitions from the accumulated spin
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Fig. 5 Under the interaction of effective electric and magnetic
fields induced by light fields, atoms in state |S|) (S» = —1/2) and
[S1) (Sz = 1/2) have opposite momenta in the y direction.

state 5. = —1/2 to 2?Py5(F = 3/2,m = —3/2) and
from S, = 1/2 to 22Po(F = 3/2,m = 3/2) and then
observe fluorescence. As long as the spin accumulations
are separated to, e.g., larger than 5— 10 microns, the two
separated images can be resolved in the experiment.
Finally, we can numerically check the adiabatic con-
dition in the present system. The typical values of
the parameters can be set A ~ 107s71,1 < 10, f
1077 8(s-m)~1, 29 ~ 0.2 mm. The velocity then sat-
isfies ¥ < 1.0 m/s and 7+ /|Ef — Ej| < 1073 < 1,
which guarantees the validity of the adiabatic condition.

Furthermore, if we employ an atomic system with the
3

atomic density n, ~ 1.0 x 10'%m™3, one can find the
spin current JY & 1.322 x 10~ %eV /ecm®. On the other
hand, practically the light fields have a finite cross sec-
tion Sz, whose effect is ignored in the calculation of
spin currents. For our purpose, this effect can be ne-
glected when [f2S,,/A? > 1, which means the effective
magnetic flux induced by the light fields can support an
enough large number of quantum states for each Landau
level. Since the decoherence rate of atomic spin currents
is generally much smaller than that of the counterparts in
semiconductors, the created atomic spin currents could
be applicable in quantum information devices.

6 Discussion and conclusions

Generation of adiabatic gauge field in the cold atomic
system is a rapidly developing research field in recent
years. The adiabatic gauge field in atomic systems,
which leads to effective spin-orbit couplings in atomic
motion, can result in very rich physical features. Com-
pared with the solid system, where the spin-orbit cou-
pling is originated from Dirac equation, the effective
spin-orbit coupling in atomic systems is created via
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atom-light coupling, and has more freedom in control-
lability, and thus attracts wide attention. Besides the
results discussed in this work, several interesting applica-
tions of the adiabatic gauge field in cold atoms have been
investigated. For example, By extending the atomic SHE
from fermi systems to bosonic systems, the fractional
spin Hall effect (FSHE) can be studied [79]. Generalized
Stern-Gerlach effect is studied by extending the result
in three-level A-type atomic systems to A-type systems
[80]. In the four-level tripod atomic system, the effec-
tive Rashba and linear Dresselhaus model is obtained
by properly adjusting the atom-light interactions [81].
Combining the approach of creating non-Abelian gauge
field with optical lattice, many interesting results can be
obtained, e.g. realization of the non-Abelian Aharonov-
Bohm effect, non-Abelian interferometry and simulating
lattice gauge dynamics [82].

In summary, we have reviewed the general theory of
generating adiabatic gauge field in quantum systems and
in particular, we have discussed how to generate effective
spin-orbit couplings in atomic systems by coupling atoms
to external optical fields with OAM. Two novel applica-
tions of the adiabatic gauge field in atoms have been
studied. First, we introduced the scheme for the cre-
ation of macroscopic superposition of vortex-antivortex
states from a five-level M-type atomic system, and then
we showed the realization of the spin Hall effect in fermi
atomic system. Further investigations on the applica-
tions of the adiabatic gauge field in atoms and experi-
mental demonstration of the theoretically predicted re-
sults will be the next focus in this intriguing topic.
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