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Abstract In this paper, we present the elementary
principles of nonlinear quantum mechanics (NLQM),
which is based on some problems in quantum mechanics.
We investigate in detail the motion laws and some main
properties of microscopic particles in nonlinear quantum
systems using these elementary principles. Concretely
speaking, we study in this paper the wave-particle du-
ality of the solution of the nonlinear Schrödinger equa-
tion, the stability of microscopic particles described by
NLQM, invariances and conservation laws of motion of
particles, the Hamiltonian principle of particle motion
and corresponding Lagrangian and Hamilton equations,
the classical rule of microscopic particle motion, the
mechanism and rules of particle collision, the features of
reflection and the transmission of particles at interfaces,
and the uncertainty relation of particle motion as well
as the eigenvalue and eigenequations of particles, and so
on. We obtained the invariance and conservation laws
of mass, energy and momentum and angular momen-
tum for the microscopic particles, which are also some
elementary and universal laws of matter in the NLQM
and give further the methods and ways of solving the
above questions. We also find that the laws of motion of
microscopic particles in such a case are completely differ-
ent from that in the linear quantum mechanics (LQM).
They have a lot of new properties; for example, the par-
ticles possess the real wave-corpuscle duality, obey the
classical rule of motion and conservation laws of energy,
momentum and mass, satisfy minimum uncertainty re-
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lation, can be localized due to the nonlinear interaction,
and its position and momentum can also be determined,
etc. From these studies, we see clearly that rules and fea-
tures of microscopic particle motion in NLQM is different
from that in LQM. Therefore, the NLQM is a new phys-
ical theory, and a necessary result of the development
of quantum mechanics and has a correct representation
of describing microscopic particles in nonlinear systems,
which can solve problems disputed for about a century
by scientists in the LQM field. Hence, the NLQM built
is very necessary and correct. The NLQM established
can promote the development of physics and can en-
hance and raise the knowledge and recognition levels to
the essences of microscopic matter. We can predict that
nonlinear quantum mechanics has extensive applications
in physics, chemistry, biology and polymers, etc.

Keywords microscopic particle, nonlinear systems,
nonlinear quantum mechanics, basic principle, motion
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As is known, the quantum mechanics established by sev-
eral great scientists such as Bohr, Born, Schrödinger and
Heisenberg, etc., in the early 1900s [1 − 6] is the science
describing the properties and rules of motion of micro-
scopic particles (MIP). It is a foundation of modern sci-
ence, in which the state of microscopic particles is de-
scribed by the Schrödinger equation:

i�
∂ψ

∂t
= − �

2

2m
∇2ψ + V (r, t)ψ (1)

where �
2∇2/2m is the kinetic energy operator, V (r, t) is
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the externally applied potential operator, m is the mass
of particles, ψ (r, t) is a wave function describing the
states of particles, r is the coordinate or position of the
particle, and t is the time. Eq. (1) is a wave equation,
and if only the externally applied potential is known, we
can find the solutions of the equation. However, for all
externally applied potentials, the solutions of the equa-
tion are always a linear or dispersive wave, for example,
at V (r, t)=0, its solution is a plane wave as follows:

ψ (r, t) = A′ exp[i(k · r − ωt)] (2)

where k is the wavevector of the wave, ω is its frequency,
and A′ is its amplitude. When V (r, t) �= 0, its solu-
tions are a de Broglie wave or a Bloch wave, and so on.
Therefore, the MIP is represented by a wave in quantum
mechanics. It always disperses in total space and cannot
be localized. In other words, the solutions of Eq. (1) in
the case of any potential possessing only a wave feature
and not a particulate nature or corpuscle-wave duality,
can only use the |ψ(r, t)|2 representing the probability
occurred particle at position r. As is known, the wave
feature and probability concept of MIP is incompatible
with the traditional concept of stability and the determi-
nant size of particles [7 − 9]. Meanwhile, the wave func-
tion ψ (r, t), expressing the MIP, is a function of position
r. Thus, a contradictory problem occurs in quantum
mechanics, namely that if MIP is represented by a wave,
then it should not have the determinant position r. If we
could use a vector r to represent the position of the MIP,
then its position is determinant, thus there is no uncer-
tainty relation of position and momentum of the MIP
in quantum mechanics. On the contrary, the probabil-
ity concept, uncertainty relation, and statistical average
values of mechanical quantities of MIP are then the el-
ementary concepts and principle of quantum mechanics
and some intrinsic features of MIP, but are all contradic-
tory with regard to particles. Thus, we have reasons to
improve and develop quantum mechanics [7 − 9].

However, why does quantum mechanics have these
questions? This is worth studying deeply and in detail.
As is known, Eq. (1) describes the motion of a particle;
the corresponding Hamiltonian operator of the system is

Ĥ(t) = �
2∇2/2m+ V (r, t) (3)

Obviously, it consists only of kinetic and potential opera-
tor of particles; the potential operator is only determined
by an externally applied field, and not related to the
state or wavefunction of the particle, thus the potential
can only change the states of MIP, and cannot change its
nature and essence. Therefore, the natures and features
of MIP are only determined by the kinetic term. There
is no force or energy to obstruct and suppress the dis-

persing effect of kinetic energy in the system, thus the
MIP disperses and propagates in total space, and cannot
be localized at all. This is the main reason why MIP has
only wave feature in quantum mechanics. Meanwhile,
the Hamiltonian in Eq. (3) does not represent practical
essences and features of MIP. In real physics, the energy
operator of the systems and number operator of parti-
cles are always associated with the states of particles,
i.e., they are related to the wavefunction of MIP. On the
other hand, Eq. (2) or (3) can describe only the states
and feature of a single particle, and cannot describe the
states of many particles. However, a system composed
of one particle does not exist in nature. The simplest
system in nature is the hydrogen atom, but it consists of
two particles. In such a case, when we study the states of
particles in realistic systems composed of many particles
and many bodies using quantum mechanics, we have to
use a simple and uniform average-potential unassociated
with the states of particles to replace the complicated
and nonlinear interaction among these particles [10, 11].
Thus, these complicated effects and nonlinear interac-
tions determining essences and natures of particles are
ignored completely. Therefore, the state and properties
of particles determined by the average potential is not
real and correct. Then we can only say that quantum me-
chanics is an approximate and linear theory and cannot
represent completely the properties of motion of MIPs.
We here refer to it as linear quantum mechanics (LQM).
Meanwhile, a lot of hypotheses or theorems of particles in
quantum mechanics also do not agree with conventional
understanding, and have excited a long-time debate be-
tween scientists. Up to now, there is no unified conclu-
sion. Therefore, it is necessary to improve and develop
LQM. However, what is its direction of development?
From the above studies we know that a key shortcom-
ing or defect of LQM is its ignoring of the dependence of
the Hamiltonian or energy operator of the systems on the
states of particles and nonlinear interactions among these
particles. As a matter of fact, the nonlinear interactions
always exist in any realistic physics systems including the
hydrogen atom [10 − 15]. At the same time, it is also a
reasonable assumption that the Hamiltonian or energy
operator of the systems depend on the states of particles
[12 − 25]. Therefore, to establish a correct new quantum
theory, we must break through the elementary hypothe-
ses of LQM, and use the above reasonable assumptions
to include the nonlinear interactions among the particles
and the dependences of the Hamiltonian of the systems
on the state of particles. Thus, we must establish nonlin-
ear quantum mechanism (NLQM) to study the rules of
motion of microscopic particles in realistic systems with
nonlinear interactions [12 − 25].
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Pang worked out the NLQM describing the properties
of motion of MIPs in nonlinear systems [12 − 27]. The
elementary principles, theory, calculated rules and appli-
cations of NLQM were described in Pang et al.’s books
[26, 27]. This paper is essentially composed of three parts.
The first presents a review of the LQM, as well as theo-
retical and experimental fundamentals that establish the
nonlinear quantum mechanical theory. The theory itself
and its essential features are covered in the second part.
In the final part, extensive applications of this theory in
physics, biology and polymers are introduced. The whole
volume forms a complete system of the NLQM. Con-
crete contents are as follows. Linear quantum mechan-
ics: its successes and problems; macroscopic quantum
effects and properties of motion of quasiparticles; the
fundamental principles and theory of nonlinear quantum
mechanics; wave-corpuscle duality of MIP in the NLQM;
nonlinear interaction and localization of the MIP; non-
linear versus linear quantum mechanics; problem solving
in the NLQM; properties and states of the MIP in differ-
ent nonlinear systems; nonlinearly quantum-mechanical
properties of the excitons and phonons; properties of
nonlinear excitations and motions of protons, polarons
and magnons in different systems.

For the development of quantum mechanics from lin-
ear range to nonlinear domain, Pang worked at and
investigated this problem for about 20 years [12− 27].
In this investigation, Pang first sought the roots of
these problems existing in the LQM. Subsequently, Pang
[26 − 30] broke through the restrictions of the elemen-
tary hypotheses for the independence of the Hamilto-
nian of the systems on the states of the particles and the
linearity of the theory in the LQM, and proposed and
established the elementary principles and theory of the
NLQM, based on the relations among the nonlinear in-
teraction and soliton motions and macroscopic quantum
effect, and incorporating modern theories of supercon-
ductors, superfluids and solitons, according to the fea-
tures of macroscopic quantum effects and soliton theory.
A lot of practices and experiences demonstrate that the
NLQM is successful [26 − 30].

Based on the earlier discussion, the fundamental princi-
ples of nonlinear quantum mechanics (NLQM) may be
summarized as follows [12 − 30].

(1) Microscopic particles in a nonlinear quantum sys-
tem are described by the following wave function:

φ (r, t) = ϕ (r, t) eiθ(r,t) (4)

where both the amplitude ϕ (r, t) and phase θ (r, t) of
the wave function are functions of space and time.

(2) In the nonrelativistic case, the wave function
φ (r, t) satisfies the generalized nonlinear Schrödinger
equation (NLSE), i.e.,

i�
∂φ

∂t
= − �

2

2m
∇2φ± b |φ|2 φ+ V (r, t)φ+A (φ)

(5)

or

µ
∂φ

∂t
= − �

2

2m
∇2φ± b |φ|2 φ+ V (r, t)φ+A (φ) (6)

where µ is a complex number, V is an external potential
field, A is a function of φ (r, t), and b is a coefficient
indicating the strength of nonlinear interaction.

In the relativistic case, the wave function φ (r, t) satis-
fies the nonlinear Klein-Gordon equation (NLKGE), in-
cluding the generalized Sine-Gordon equation (SGE) and
the φ4-field equation, i.e.,

∂2φ

∂t2
− ∂2φ

∂x2
j

= β sinφ+ γ
∂φ

∂t
+ A (φ) , j = 1, 2, 3 (7)

∂2φ

∂t2
− ∂2φ

∂x2
j

∓ αφ ± β |φ|2 φ = A(φ), j = 1, 2, 3 (8)

where γ represents a dissipative or frictional effects, α is
a constant, β is a coefficient indicating the strength of
nonlinear interaction and A is a function of φ (r, t).

From the above fundamental principles, we see clearly
that the NLQM breaks through the fundamental hy-
potheses of the LQM in two aspects, namely the linearity
of dynamic equations and independence of the Hamilto-
nian operator with the wave function of the particles.
In the NLQM, the dynamic equations are all some non-
linear partial differential equations, in which nonlinear
terms of state wave function φ are involved. The Hamil-
tonian operator corresponding to these equations are all
related to the state wave function as shown in Eqs. (16)
and (17). Hence, so far as this point is concerned, the
NLQM is really a break-through or a new development
in quantum mechanics.

3.1 The solutions of nonlinear Schrödinger equation
and its wave-particle features

In the one-dimensional case, the solution of Eq. (5) at
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V (x, t) = A(φ) = 0 can be found by using some methods,
for example, the inverse scattering method, which is of
the form [26, 27, 31]:

φ(x, t) = A0sech

{
A0

√
b√

2�

[√
2m (x− x0) − vet

]}

·eive[
√

2m(x−x0)−vct]/2� (9)

where A0 =

√
v2

e − 2vcve

2b
. This solution is completely

different from Eq. (2). In fact, it is a bell-type non-
topological soliton as shown in Fig. 1. Therefore, the mi-
croscopic particle in NLQM is a soliton. Here, ϕ(x, t) =
A0sech

{
A0

[√
2m (x− x0) − vet

]
/
√

2�
}

is the envelop
of the solution, and exp

{
ive

[√
2m (x− x0) − vet

]
/2�

}
is its carrier wave. The form of soliton of MIP is shown
in Fig. 1. The envelop φ(x, t) is a slow varying function
and the mass center of the particle, the position of the
mass center is just at x0, A0 is its amplitude, and its
width is given by W = 2π�/(

√
mbA0). Thus, the size of

the soliton is A0W = 2π�/
√
mb, and a constant. This

shows that the particle has determinant form and is lo-
calized, ve is the group velocity of the particle (soliton),
vc is the phase speed of the carrier wave. For a certain
system, ve and vc and the size of the particle are deter-
minant and do not change with time. According to the
soliton theory [32, 33], the bell-type soliton in Eq. (9)
can move freely over macroscopic distances in a uniform

Fig. 1 The solution in Eq. (9) at V = A = 0 in Eq. (5) and its features.

velocity ve in space-time retaining its form, energy, mo-
mentum and other quasi-particle properties. In this con-
dition, its mass, momentum and energy are some con-
stants, and can be represented by [26, 27]

Ns =
∫ ∞

−∞
|φ|2dx′ = 2

√
2A0

p = −i
∫ ∞

−∞
(φ∗φx′ − φφ∗x′) dx′

= 2
√

2A0ve = Nsve = const

E =
∫ ∞

−∞

[
|φx′ |2 − 1

2
|φ|4

]
dx′ = E0 +

1
2
Msolv

2
e (10)

where x′ = x/
√

�2/2m, t′ = t/�, and Msol = Ns =
2
√

2A0 is effective mass of MIP, which is a constant. The
energy, mass and momentum of the particle are invariant
and cannot be dispersed in its motion. Just so, the posi-
tion vector r and position x (or x, y, z) has definitively
physical significance, and denotes exactly the positions
of MIPs at time t. Thus, the wave function φ (r, t) or
φ(x, t) can represent exactly the states of MIP at the
position r or x and time t. This is consistent with the
concept of particles or corpuscles. At the same time, in
Fig. 1(d), we show the collision property of two soliton
solutions of Eq. (9) by numerical simulation technique.
From this figure, we see clearly that the two particles can
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go through each other while retaining their form after the
collision, which is the same with that of the classical par-
ticles. Therefore, the microscopic particle in NLQM has
an obvious particulate feature. However, the envelope of
the solution in Eq. (9) is a solitary wave. It has a cer-
tain wavevector and frequency as shown in Fig. 1(b), and
can propagate in space accompanying the carrier wave,
i.e., the carrier wave carries the envelope to propagate
in space-time; the feature of propagation depends only
on the concrete nature of MIPs. Figure 1(b) shows the
width of the frequency spectrum of the envelope ϕ(x, t),
the frequency spectrum has a localized structure around
the carrier frequency ω0. Therefore, the microscopic par-
ticle in NLQM has exactly wave-particulate double fea-
ture [26, 27]. This consists of Davisson and Germer’s ex-
perimental result of electron diffraction on double seam
in 1927.

However, we must remember that the solution of dy-
namic equations (5)–(8) in nonlinear quantum mechanics
in the limits of weak nonlinear interaction are not exactly
the solutions of the dynamic equations in linear quantum
mechanics. To see this clearly, we first examine the ve-
locity of the skirt of the soliton given in Eq. (9), which
is rewritten as

φ (x′, t′) = 2
√

2 sech
[√

2k(x′ − υet
′)
]

·eiυe(x′−υct′)/2 (11)

for b = 1, V (r, t′) = A (φ) = 0 in Eq. (5). As is known,
the nonlinear term in Eq. (5) sharpens the peak, while its
dispersion term has the tendency to leave it off. Then,
for weak nonlinear interaction and small skirt φ (x′, t′),
it may be approximated by (for x > υet)

φ = 2
√

2ke−
√

2k(x′−υet′)eiυe(x
′−υct′)/2 (12)

and the small term |φ|2 φ in Eq. (5) in such a case can
be approximated by

iφt′ + φx′x′′ ≈ 0 (13)

Substituting Eq. (12) into Eq. (13), we get υe ≈ 2
√

2k,
which is the group speed of the particle. (Near the top
of the peak, we must take both the nonlinear and disper-
sion terms into account because their contributions are
of the same order. The result is the group speed.). Here,
we have only checked the formula for the region where
φ (x, t) is small; that is, when a particle is approximated
by Eq. (12), it satisfies the approximate wave equation
(13) with υe ≈ 2

√
2k.

However, if Eq. (13) is treated as a linear equation, its
solution is of the form:

φ′ (x, t) = Aei(kx−ωt) (14)

We now have ω = k2, which gives the phase velocity ω/k
as υc = k and the group speed ∂ω/∂k = υgr = k. Appar-
ently, this is different from υe = 2

√
2k. This is because

the solution Eq. (12) is essentially from Eq. (14). There-
fore, the solution Eq. (14) is not the solution of nonlinear
Schrödinger equation (5) with V (x, t) = A(φ) = 0 in the
case of weak nonlinear interactions. Solution Eq. (13) is
a “divergent solution” (φ (x, t) → ∞ at x→ −∞), which
is not an “ordinary plane wave”. The concept of group
speed does not apply to a divergent wave. Thus, we can
say that the soliton is made from a divergent solution,
which is abandoned in the linear waves. The divergence
develops by the nonlinear term to yield waves of finite
amplitude. When the nonlinear term is very weak, the
soliton will diverge; and if we suppress divergence no soli-
ton will result. These circumstances are clearly seen from
the following soliton in the case of nonlinear coefficient
b �= 1:

φ (x, t)=2

√
2
b

sech
[√

2k (x′−υet
′)
]
eiυe(x′−υct′)/2 (15)

If the nonlinear term approaches zero (b → 0), the soli-
tary wave diverges (φ (x, t) → ∞). If we want to suppress
the divergence, then we have to set k = 0. In such a case,
we get Eq. (14) from Eq. (15). This illustrates that the
nonlinear Schrödinger equation or nonlinear quantum
mechanics can reduce to the linear Schrödinger equation
or linear quantum mechanics if and only if the nonlin-
ear interaction and the group speed of the particle are
zero. Therefore, we can conclude that the particles (soli-
tons) of nonlinear quantum mechanical equations in the
weak nonlinear interaction limit is not the same as that
in linear quantum mechanics. If the nonlinear interac-
tion is zero, the nonlinear quantum mechanics reduce
to the linear quantum mechanics. However, real physi-
cal systems or materials are made up of a great number
of MIPs, and nonlinear interactions always exist in the
systems or among the particles. The nonlinear interac-
tions arise from interactions among the MIPs or between
the MIPs and the environment. The nonlinear quantum
mechanics should be the correct and more appropriate
theory for real systems. It should be used often and ex-
tensively, even in weak nonlinear interaction cases. The
linear quantum mechanics, on the other hand, is an ap-
proximation to the more general nonlinear quantum the-
ory and can be used to study motions of MIPs in systems
in which there exists only very weak and negligible non-
linear interactions [26, 27].
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3.2 Stability of microscopic particle described by
NLQM

As is known, in classical physics the macroscopic parti-
cles are certainly stable. Stability is an elementary fea-
ture of a particle. However, is the microscopic particle
(MIP) described by NLQM or the solution of nonlinear
Schrödinger equation (NLSE) in Eq. (5), for instance,
Eq. (9), stable? This is also a basic problem in NLQM,
and need to be proved further. In the absence of an ex-
ternally applied field, the stability of the MIPs in NLQM
can be demonstrated by means of the initial and struc-
tural stabilities. However, how are MIP’s behaviors ex-
posed in an externally applied field? If the motion of all
the MIPs is located in a finite range where the potential
is lowest, we can say that the MIPs are stable accord-
ing to the minimum theorem of energy. As a matter of
fact, when there are a lot of particles in the system, the
interactions with one another among the particles are
very complicated; it is very difficult to define the behav-
ior of each one individually. Therefore, we cannot adopt
again the strategies of initial stability and collision to
study their stability. Instead, we take advantage of the
following consideration: when a mechanical system is in
a state of minimal energy we may say that it is stable,
and to change this state, external energy must be sup-
plied. Pang used this minimal energy consideration to
demonstrate the stability of the MIPs as follows.

Let φ (x, t) represent the field of the particle; mean-
while, we assume that it possess derivatives of all orders,
and all integrations for it be convergent and finite. The
Lagrange density function corresponding to the NLSE
Eq. (5) at A (φ) = 0 is given as follows:

L =
i�
2

(φ∗φt − φφ∗t ) − �
2

2m
(∇φ · ∇φ∗)

−V (x)φ∗φ+ b (φ∗ · φ)φ (16)

The momentum density of this field is defined as P =
∂L′/∂φ, where L′ = L. Thus, the Hamiltonian density
of the field is as follows:

H =
i�
2

(φ∗∂tφ− φ∂tφ
∗) − L

=
�

2

2m
(∇φ · ∇φ∗) + V (x)φφ∗ − b(φφ∗)2 (17)

From Eqs. (16) and (17), we see clearly that the La-
grange and Hamiltonian operators of the systems corre-
sponding to Eq. (5) are all related to the state wave func-
tion of particles and involve all nonlinear interactional
energy, b(φφ∗)2 related to the states of MIP. This is in
essence different from Eq. (3) in LQM. Then the natures
and features of MIP are simultaneously determined by

the kinetic and nonlinear interaction terms in nonlinear
quantum mechanics. Just so, there is a force or energy
to obstruct and suppress the dispersing effect of kinetic
energy in the system, thus the MIP cannot disperse and
propagate in total space, and is localized all the time.
This is just the essential reason that the MIP has a par-
ticulate nature or corpuscle-wave duality as mentioned
above in Section 3.2 in nonlinear quantum mechanics.
Therefore, we can say that the above fundamental prin-
ciples of the NLQM in Eqs. (4)–(8) breaks through the
fundamental hypothesis for the independence of Hamil-
tonian operator with the wave function of the particles
in the LQM. This is a new development.

In the general case, the total energy of the particles is
a function of t′ and is represented by

E (t′)=
∫ ∞

−∞

[∣∣∣∣ ∂φ∂x′
∣∣∣∣
2

− b

2
|φφ∗|2+V (x′) |φ|2

]
dx′ (18)

However, in this case, b and V (x′) are not functions of
t′. So, the total energy of the systems is a conservative
quantity, i.e., E (t′) = E = const., as shown in Eq. (10).
We can demonstrate that when x′ → ±∞, the solutions
of Eq. (5) at A (φ) = 0 and φ (x′, t′) should tend to zero
rapidly [26, 27], i.e.,

lim
|x′|→∞

φ (x′, t′) = lim
|x|→∞

∂φ

∂x′
= 0

Then∫ ∞

−∞
φ∗φdx′ = const. or a function of t′

The average position of the particles φ or position of mass
centre of MIP can be represented as 〈x′〉 = x′g = x0 =∫ ∞

−∞
φ′∗φdx′/

∫ ∞

−∞
φ∗φdx′. Thus, the average velocity

of the particles or velocity of mass centre of MIP can be
denoted by

vg =
d 〈x′〉
dt′

=
d
dt′

⎛
⎜⎜⎝
∫
φ∗x′φdx′∫
φ∗φdx′

⎞
⎟⎟⎠

= −2i

∫ ∞

−∞
φ∗
∂φ′

∂x′
dx′∫

φ∗φdx′
(19)

However, for different solutions of the same NLSE (5),∫ ∞

−∞
φ∗φdx′, 〈x′〉 and d〈x′〉/dt′ can have different values.

Therefore, it is unreasonable to compare the energy be-
tween a definite solution and other solutions. We should
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compare the energy of one particular solution to that
of another solution. The comparison is only meaning-
ful for many MIP systems that have the same values

of
∫ ∞

−∞
φ∗φdx′ = k, 〈x′〉 = u and d〈x′〉/dt′ = u̇ at the

same time t′0. Based on these, we can determine the
stability of the soliton solutions of Eq. (5), for example,
Eq. (9). Thus, we assume that the different solutions of
the NLSE (5) at A (φ) = 0 satisfy the following boundary
conditions at definite time t′0:∫ ∞

−∞
φ∗φdx′ = k, 〈x′〉

∣∣∣
t′=t′0

= u (t′0)

d〈x′〉
dt′

∣∣∣
t′=t′0

= u̇ (t′0)

(20)

Now we assume the solution of NLSE (5) at A (φ) = 0
to be of the form:

φ (x′, t′) = ϕ (x′, t′) eiθ(x′,t′) (21)

Substituting Eq. (21) into Eq. (18), we obtain the energy
formula:

E=
∫ ∞

−∞

[(
∂ϕ

∂x′

)2

+ϕ2

(
∂θ

∂x′

)2

−bϕ4+V (x′)ϕ2

]
dx′ (22)

Eq. (20) becomes

∫ ∞

−∞
ϕ2dx′ = k,

∫ ∞

−∞
x′ϕ2dx′∫ ∞

−∞
ϕ2dx′

= u (t′0)

2
∫ ∞

−∞
ϕ2 ∂θ

∂x′
dx′∫ ∞

−∞
ϕ2dx′

= u̇ (t′0)

(23)

Finding the extreme value of the functional Eq. (22) un-
der the boundary conditions Eq. (23) by means of the
Lagrange uncertain factor method, we obtain the follow-
ing Euler equations:

∂2ϕ

∂(x′)2

=
{
V (x′) + C1 (t′0)C2 (t′0) [x′ − u (t′0)]

+C3 (t′0)
[
2
∂θ

∂t′
− u̇ (t′0)

]
+
(
∂θ

∂t′

)2}
ϕ− bϕ3 (24)

= 0

∂2ϕ

∂ (x′)2
ϕ2 + 2

∂θ

∂t′
ϕ
∂ϕ

∂t′
+ 2C3 (t′0)ϕ

∂ϕ

∂t′
= 0 (25)

where the Lagrange factors C1, C2 and C3 are all func-

tions of t′. Now, let C3 (t′0) = −1
2
u̇ (t′0), if

2
∂θ

∂x′
− u̇ (t′0) �= 0

we can get from Eq. (25)

2
ϕ

∂ϕ

∂x′
=

− ∂2θ

∂x′2

− ∂θ

∂x′
− 1

2
u̇ (t′0)

Integration of the above equation yields

ϕ2 =
g (t′)

∂θ

∂x′
− 1

2
u̇ (t′0)

or
∂θ

∂x′

∣∣∣∣
t′=t′0

=
g (t′0)
ϕ2

+
u̇ (t′0)

2
(26)

where g(t′0) is an integral constant. Thus,

θ (x′, t′) = g (t′0)
∫ x

0

dx′

ϕ2
+
u̇ (t0)

2
x′ +M (t′0) (27)

Here, M(t′0) is also an integral constant. Again, let

C2 (t′0) =
1
2
ü (t′0) (28)

Substituting Eqs. (26)–(28) into Eq. (24), we obtain

∂2ϕ

∂ (x′)2
=
{
V (x′)+

ü (t′0)
2

x′+
[
C1 (t′0)−

ü (t′0)
2

u (t′0)

+
u2 (t′0)

4

]}
ϕ− bϕ3 +

g2 (t′0)
ϕ3

(29)

Letting

C1 (t′0) =
u (t′0) ü (t′0)

2
− u̇2 (t′0)

2
+M (t′0) + β′ (30)

where β′ is an undetermined constant, which is a func-
tion of t′ -independent, and assuming Z = x′ − u (t′0),
then

∂2ϕ

∂ (x′)2
=
∂2ϕ

∂Z2

is only a function of Z. To make the right-hand side of
Eq. (30) be also a function of Z, the coefficients of ϕ,
ϕ3 and 1/ϕ3 must also be functions of Z, thus, g (t′0) =
g0 = const., and

V (x′) +
ü (t′0)

2
x′ +M (t′0) −

u2 (t)
4

= Ṽ0 (Z)

Then, Eq. (29) becomes

∂2ϕ

∂ (x′)2
=
{
Ṽ [x′−u (t′0)]+β

′
}
ϕ−bϕ3+

g2 (t′0)
ϕ3

(31)

Since Ṽ (Z) = Ṽ0 [x′ − u (t′0)] = 0 in the present case.
Hence, Eq. (31) becomes
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∂2ϕ

∂ (x′)2
= β′ϕ− bϕ3 +

g2 (t′0)
ϕ3

(32)

Therefore, ϕ is the solution of Eq. (32) for the parameters
β′ = constant and g (t′0) = const. For sufficiently large
|Z| we may assume that |ϕ| � β̃/ |Z|1+∆

, where ∆ is a
small constant. However, in Eq. (32) we can only retain
the solution ϕ (Z) corresponding to g (t′0) to ensure that
lim

|ε|→∞
d2ϕ/dZ2 = 0, thus, Eq. (32) becomes

∂2ϕ

∂ (x′)2
= β′ϕ− bϕ3 (33)

As a matter of fact, if ∂θ/∂t′ = u̇/2, and considering
Eqs. (30) and (31) we can verify that the solution in
Eq. (9) can satisfy Eq. (33). In such a case, it is not
difficult to show that the energy corresponding to the
solution Eq. (9) of Eq. (33) has a minimal value under
the boundary conditions of Eq. (33) [26, 27]. Thus, we
can conclude that the soliton solution of NLSE (5), or
the MIP in NLQM is stable in such a case.

3.3 The invariance and conservation laws of mass,
energy and momentum of particles

It is known from classical physics that the invariance
and conservation laws of mass, energy and momentum
and angular momentum are some elementary and uni-
versal laws of matter including classical particles in na-
ture. We demonstrate here also that the microscopic par-
ticles described by the nonlinear Schrödinger equation
in nonlinear quantum mechanics also have such prop-
erties. They satisfy the conventional conservation laws
of mass, momentum and energy. This shows that the
microscopic particles in the nonlinear quantum mechan-
ics also have a corpuscle feature. Therefore, the pro-
posed nonlinear quantum mechanical theory reflects the
common rules of motions of matter in nature. To solve
this problem, we first should give [26, 27] the Lagrangian

L =
∫ Ldx, where L is denoted by Eq. (16) and Hamil-

tonian H =
∫ Hdx, where H is denoted by Eq. (17), for

the systems corresponding to Eq. (5), respectively. Thus,
the number density, the number current, the densities of
momentum and energy for the particle can be defined by

ρ = |φ|2, p = −|i�(φ∗φx − φφ∗x)|
J = i�(φ∗φx − φφ∗x)

ε =
�

2

2m
|φx|2 − b

2
|φφ∗|2 + V (x)|φ|2

(34)

where φx =
∂

∂x
φ(x, t), φt =

∂

∂t
φ(x, t). From Eq. (5) and

its conjugate equation as well as Eqs. (16), (17) and (34)
we can obtain

∂p

∂t′
=

∂

∂x′

[
2
(
∂φ

∂x′

)2

+ (b|φφ∗|2 − 2V |φ|2

−
(
φ∗

∂2

∂x′2
φ+ φ

∂2

∂x′2
φ∗
)

+ 2iV
(
φ∗
∂φ

∂x′

)]
∂ρ

∂t′
=
∂J

∂x′

∂ε

∂x′
=

∂

∂x′

[
ρp+i

(
∂φ∗

∂x′
∂2φ

∂x′2
− ∂φ

∂x′
∂2φ∗

∂x′2

)

−iV
(
φ∗

∂φ

∂x′
− φ

∂φ∗

∂x′

)]
(35)

Thus, we get the following forms for the integral of mo-
tion:

∂

∂t′
M=

∂

∂t′

∫
ρdx′=0,

∂

∂t′
P =

∂

∂t′

∫
pdx′ = 0

∂E

∂t′
=

∂

∂t′

∫
εdx′ = 0

(36)

These formulae represent just the conservation of mass,
momentum and energy in such a case. This shows that
the mass, momentum and energy of the particles (soli-
tons) in the nonlinear quantum mechanical systems still
obey general rules of conservation of matter in physics.
In the case of V (x, t) = const., we can find out easily the
values of mass, momentum and energy of the particles of
Eq. (5) [26, 27], as are shown in Eq. (10).

3.4 The invariance and general conservation laws of
motion of particles described by nonlinear Schrödinger
equation

We have learned from Eqs. (31)–(34) that some conser-
vation laws for microscopic particles described by the
nonlinear Schrödinger equation (5) in nonlinear quantum
mechanics are always related to the invariance of the ac-
tion relative to several groups of transformations through
the Noether theorem in light of Gelfand and Fomin’s
(1963) and Bulman and its Kermel’s (1989) ideas (see
Sulem and Sulem et al.’s book and references therein
[26, 27, 34]). Therefore, we first give the Noether theo-
rem for nonlinear Shrödinger equation.

To simplify the equation, we introduce the following
notations:

ξ̄ = (t, x) = (ξ0, ξ1, · · · , ξa) ∂0 = ∂t

∂ = (∂0, ∂1, · · · , ∂d) and Φ = (Φ1,Φ2) = (φ, φ∗)

According to the Lagrangian Eq. (16) of the nonlinear
Shrödinger equation, the action of the system

S {φ} =
∫ t1

t0

∫
L′ (φ,∇φ, φt, φ

∗,∇φ∗, φ∗t ) dxdt
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where L′ = L is the Lagrange density function, now be-
comes

S {φ} =
∫

D

∫ ∞

x′
L′ (Φ, ∂Φ) dξ̄ (37)

Under the action of a transformation T ε which depends
on the parameter ε, we have ζ̄ → ζ̃

(
ζ̄ ,Φ, ε

)
,Φ →

Φ̃
(
ζ̄ ,Φ, ε

)
, where ζ̃ and Φ̃ are assumed to be differen-

tiable with respect to ε. When ε = 0, the transforma-
tion reduces to the identity. For infinitesimally small
ε, we have ζ̃ = ζ̄ + δε, Φ̃ = Φ + δΦ. At the same time,
Φ
(
ζ̄
) → Φ̃(ζ̃) by the transformation T ε, and the domain

of integration D is transformed into D̃,

S {φ} → S̃{φ̃} =
∫

D

∫ ∞

x1
L′
(
Φ̃, ∂̃Φ̃

)
dζ̃

where ∂̃ denotes differentiation with respect to ζ̃. The
change δS = S̃{φ̃} − S {φ} in the limit of ε under the
above transformation can be expressed as

δS =
∫

D

∫ ∞

x1
[L′(Φ̃, ∂̃Φ̃) − L′(Φ̃, ∂Φ̃)]dξ̄

+
∫

D

∫ ∞

x1
L′ (Φ, ∂Φ)

d∑
υ=0

∂δξυ
∂ξυ

dξ̄ (38)

where we used the Jacobian expansion
∂(ξ̃0, · · · , ξ̃d)
∂(ξ0, · · · , ξd) =

1 +
d∑

v=0

∂δξυ
∂ξυ

, and L′(Φ̃, ∂̃Φ̃), in the second term on the

right-hand sidehas been replaced by the leading term
L′(Φ, ∂Φ) in the expansion. Now define

δΦ̃i = Φ̃i

(
ξ̄
)− Φ̃i

(
ξ̄
)

= ∂υΦiδξυ + δΦi (ξ)

∂̃υΦ̃i

(
ξ̄
)− ∂υΦi

(
ξ̄
)

= (∂̃υ − ∂υ)Φ̃i

(
ξ̄
)

(39)

+∂υ[Φ̃i

(
ξ̄
)− Φi(ξ̄)]

with

∂υ =
∂ξ̄µ
∂ξυ

∂̃µ =
(
δυµ +

∂δξµ
∂ξυ

)
∂̃µ = ∂̃υ +

∂δξµ
∂ξυ

∂̃µ

We then have

L′
(
Φ̃, ∂̃Φ̃

)
− L′ (Φ, ∂Φ)

=
∂L′

∂Φi

[
Φ̃i

(
ξ̄
)− Φi

(
ξ̄
)]

+
∂L′

∂ (∂υΦi)

[
∂̃υΦ̃i

(
ξ̄
)− ∂µΦi

(
ξ̄
)]

=
∂L′

∂Φi
∂Φi + ∂µ (L′δξυ) − L′ ∂δξυ

∂ξυ

+∂υ

[
∂L′

∂ (∂υΦi)

]
δΦi − ∂µ

[
∂L′

∂ (∂υΦi)

]
δΦi

Eq. (35) can now be replaced by

δS =
∫

D

∫ ∞

x′

{
∂L′

∂Φi
− ∂

∂ξυ

[
∂L′

∂ (∂υΦi)

]}
δΦidξ̄

+
∫

D

∫ ∞

x′

∂

∂ξυ

[
L′δξυ +

∂L′

∂ (∂υΦi)
δΦi

]
dξ̄

where we have used
∂

∂ξυ
(L′δξυ)

= L′ ∂δξυ
∂ξυ

+
∂L′

∂Φi
∂υΦiδξυ +

∂2L′

∂ (∂µΦi)
∂2

υµΦiδξυ

· ∂L′

∂ (∂υΦi)
∂υ

∫ ∞

x′
δΦi

∂

∂ξυ

[
∂L′

∂ (∂υΦi)
δΦi

]

− ∂

∂ξυ

[
∂L′

∂ (∂υΦi)
δΦi

]
δΦi

Using the Euler-Lagrange equation, the first term
on the right-hand side in the equation of δS vanishes.
We can get the Noether theorem, i.e., (A) if the ac-
tion Eq. (37) is invariant under the infinitesimal trans-
formation of the dependent and independent variables
φ → φ + δφ, ξ̄ → ξ̄ + δξ̄ where ξ̄ = (t, x1, · · · , xd), the
following conservation law holds [28, 29]

∂

∂ξυ

[
L′δξυ − ∂L′

∂ (∂υΦi)
δΦi

]
= 0, or

∂

∂ξυ

[
L′δξυ +

∂L′

∂ (∂υΦi)

(
δΦi − ∂Φi

∂ζµ
δξµ

)]
= 0 (40)

in terms of δΦ̂i defined above.
If the action is invariant under the infinitesimal trans-

formation

t→ t̄ = t+ δt (x, t, φ) , x→ x̄ = x+ δx (x, t, φ)

φ (x, t) → φ̄ (t̄, x̄) = φ (t, x) + δφ (t, x)

then∫ [
∂L′

∂φt
(∂tφ∂t + ∇φ · δx − δφ)

+
∂L′

∂φ∗t
(∂tφ

∗∂t + ∇φ∗ · δx − δφ∗) − Lδt

]
dx

is a conserved quantity.
For the nonlinear Schrödinger equation in Eq. (5) with

A (φ) = 0 in the nonlinear quantum mechanics, we have

∂L′

∂φt
=

i
2
φ∗, and

∂L′

∂φ∗t
= − i

2
φ

where L′ = L is given in Eq. (16). Several conservation
laws and invariance can be obtained from the Noether
theorem.

(a) Invariance under time translation and energy con-
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servation law

The action Eq. (37) is invariant under the infinitesimal
time translation t → t + δt with δx = δφ = δφ∗ = 0,
then Eq. (40) becomes

∂t

[
∇φ · ∇φ∗ − b

2
(φφ∗)2 + V (x, t)φ∗φ

]

−∇ · (φt∇φ∗ + φ∗t∇φ) = 0

This results in the conservation of energy

E =
∫ (

∇φ · ∇φ∗ − b

2
(φ∗φ)2 + V (x, t)φ∗φ

)
dx

= const. (41)

(b) Invariance of the phase shift or gauge invariance
and mass conservation law It is very clear that the action
related to the nonlinear Schrödinger equation is invariant
under the phase shift φ̄ = eiθφ, which for infinitesimal θ
gives δφ = iθφ, with δt = δx = 0. In this case, Eq. (18)
becomes

∂t |φ|2 + ∇{i (φ∇φ∗ − φ∗∇φ)} = 0 (42)

This results in the conservation of mass or number of
particles.

N =
∫

|φ|2dx = const.

and the continuum equation

∂N

∂t
= ∇ · j

where j is the mass current density

j = −i (φ∇φ∗ − φ∗∇φ)

(c) Invariance of space translation and momentum
conservation law

If the action is invariant under an infinitesimal space
translation x → x + δx with δt = δφ = δφ∗ = 0, then
Eq. (40) becomes

∂t [i (φ∇φ∗ − φ∗∇φ)

+∇{2 (∇φ∗ ×∇φ+ ∇φ×∇φ∗ + L)}] = 0

This leads to the conservation of momentum

P = i
∫

(φ∇φ∗ − φ∗∇φ) dx = const. (43)

Note that the center of mass of the microscopic parti-
cles is defined by

〈x〉 =
1
N

∫
x |φ|2 dx

We then have

N
d 〈x〉
dt

=
∫
x∂t |φ|2 dx

= −
∫
x∇ [i (φ∇φ∗ − φ∗∇φ)] dx

=
∫

i (φ∇φ∗ − φ∗∇φ) dx

= P = −J = −
∫

jdx (44)

This is the definition of momentum in classical mechan-
ics. It shows clearly that the microscopic particles de-
scribed by the nonlinear Schrödinger equation have the
feature of classical particles.

(d) Invariance under space rotation and angular mo-
mentum conservation law

If the action Eq. (37) is invariant under a rotation of
angle δθ around an axis I such that δt = δφ = δφ∗ = 0
and δx = δθI × x, this leads to the conservation of the
angular momentum

M = i
∫

x × (φ∗∇φ− φ∇φ∗) dx

Besides the above, Sulem also derived another in-
variance of the nonlinear Schrödinger equation from the
Noether theorem for nonlinear Schrödinger equation.

(e) Galilean Invariance

If the action is invariant under the Galilean transforma-
tion

x→ x′′ = x− υt, t→ t′′ = t

φ (x, t) → φ′′ (x′′, t′′)

= −i
(

1
2
υx′′ +

1
2
υ · υt′′

)
φ (x, t)

which can also retain the nonlinear Schrödinger equa-
tion invariance. For an infinitesimal velocity υ, δx =
−υt, δt = 0 and δφ̂ = φ′′ (x′′, t′′) − φ (x, t) =
− (i/2)υxφ (x, t). After integration over the space vari-
ables, Eq. (40) leads to the conservation law Eq. (44)
which implies that the velocity of the center of mass of
the microscopic particles is a constant. It is also the
same, even though the particle is in motion. This ex-
hibits clearly that the microscopic particles have the par-
ticulate nature.

3.5 The nonlinear quantum mechanics describes Ham-
iltonian systems, the behavior of which is determined
by a set of canonical conjugate variables. The states of
particles can be described by Lagrangian and Hamilton
equations.

Using the above variables one can determine the Poisson
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bracket and write further the equations of motion of mi-
croscopic particles in the form of Hamilton’s equations.
For Eq. (5) with V (r, t) = A (φ) = 0, the variables φ
and φ∗ satisfy the Poisson bracket [26, 27, 34]:{

φ(a)(x), φ(b)(y)
}

= iδabδ(x − y) (45)

where

{A,B} = i
∫ ∞

−∞

(
δAδB

δφδφ∗
− δBδA
δφδφ∗

)

The corresponding Lagrangian density L in Eq. (16) as-
sociated with Eq. (5) with A(φ) = 0 can be written in
terms of φ(x, t) and its conjugate φ∗ viewed as indepen-
dent variables. The action of the system can be written
as

S (φ, φ∗) =
∫ t1

tb

∫
D

L′dxdt (46)

and its variation for infinitesimal δφ and δφ∗ is of the
form

δS=
∫ t

tB

∫
D

[
∂L′

∂φ
δφ+

∂L′

∂∇φδ∇φ+
∂L′

∂φt
δφt

]
dxdt+c.c.

(47)

where L′ = L, ∂L′/ (∇φ) denotes the vector with compo-
nents ∂L′/(∂iφ)(i = 1, 2, 3). After integrating by parts,
we get

δS=
∫ t

tb

∫
D

[
∂L′

∂φ
−∇ · ∂L

′

∂∇φ−∂t

(
∂L′

∂φt

)]
δφdxdt

+
(
∂L′

∂φt
δφ

)t1

t0

+ c.c. (48)

A necessary and sufficient condition for a function
φ (x, t) with known values φ (x, t0) and φ (x, t1) to yield
an extremum of the action S is that it must satisfy the
Euler-Lagrange equation:

∂L′

∂φ
= ∇ ·

(
∂L′

∂∇φ
)

+ ∂t

(
∂L′

∂φt

)
(49)

Eq. (49) gives the nonlinear Schrödinger equation (5) if
the Lagrangian density Eq. (16) is used. Therefore, the
dynamic equation, or the nonlinear Schrödinger equation
in nonlinear quantum mechanics can be derived from the
Euler-Lagrange equation, if the Lagrangian function of
the system is known. This is different from linear quan-
tum mechanics, in which a dynamic equation, or the lin-
ear Schrödinger equation, cannot be obtained from the
Euler-Lagrange equation. This is a unique property of
nonlinear quantum mechanics.

The above derivation of the nonlinear Schrödinger
equation based on the variational principle is a founda-
tion for other methods such as the “the collective coor-
dinates”, the “variational approach”, and the “Rayleigh-

Ritz optimization principle”, where a solution is assumed
to maintain a prescribed approximate profile (often bell-
type) [26, 27]. Such methods greatly simplify the prob-
lem, reducing it to a system of ordinary differential equa-
tions for the evolution of a few characteristics of the sys-
tems.

The Hamiltonian density H corresponding to Eq. (5)
with A (φ) = 0 is Eq. (17) [26 − 29]. Introducing the
canonical variables,

q1 =
1
2

(φ+ φ∗) , p1 =
∂L′

∂ (∂tq1)

q2 =
1
2i

(φ− φ∗) , p2 =
∂L′

∂ (∂tq2)

where L′ = L, the Hamiltonian density takes the form

H =
∑

i

pi∂tqi − L

and the corresponding variation of the Lagrangian den-
sity L′ = L can be written as

δL′=
∑

i

δL′

δqi
δqi+

δL′

δ (∇qi)δ (∇qi)+ δL′

δ (∂tqi)
δ (∂tqi)

(50)

From Eq. (50), the definition of pi, and the Euler-
Lagrange equation,

∂L′

∂φ
= ∇ · ∂L

′

∂∇φ + ∂tpi

one obtains the variation of the Hamiltonian in the form
of

δH =
∑

i

∫
(∂tqiδpi − ∂tpiδqi) dx

Thus, the Hamilton equation can be derived:

∂qi
∂t

= δH δpi,
∂pi

∂t
= −δH δqi (51)

or in complex form:

i∂tφ = δH δφ∗

This is also interesting. It shows that the nonlinear
Schrödinger equation of dynamics describing microscopic
particle can be obtained from the classical Hamilton
equation in nonlinear quantum mechanics, if the Hamil-
tonian of the system is known. Obviously, such methods
of finding dynamic equations are impossible in the linear
quantum mechanics. As is known, the Euler-Lagrange
equation and Hamilton equation are important equa-
tions in classical theoretical (analytic) mechanics, and
were used to describe laws of motions of classical parti-
cles. These equations are now used to depict properties
of motions of microscopic particles in nonlinear quantum
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mechanics. This shows sufficiently the classical features
of microscopic particles in nonlinear quantum mechan-
ics. On the other hand, from this study, we seek new
ways of finding the equation of motion of the micro-
scopic particles in nonlinear quantum mechanics, i.e., if
the Lagrangian or Hamiltonian of the system is known
in the coordinate representation, then we can obtain the
equation of motion of MIP from the Euler-Lagrange or
Hamilton equations [26, 27, 34].

3.6 The motion of particles obeys a classical rule of
motion in nonlinear quantum mechanics

Now utilizing Eq. (5) with A (φ) = 0 and its conjugate
equation we can obtain [12, 26, 27, 35]

d
dt′

∫ ∞

−∞
φ∗φ′xdx′ =

∫ ∞

−∞
φ′∗t φ

′
xdx′ +

∫ ∞

−∞
φ∗(φ′t)

′
xdx′

= i
∫ ∞

−∞

{
φ∗

∂

∂x′
[φx′x′ + bφ∗φ2 − V φ]

−[φ∗x′x′ − bφ(φ∗)2 − V φ∗]φ′x
}
dx′

= i
∫ ∞

−∞
φ∗
∂V

∂x′
φdx′

We here utilize the following relations and the boundary
conditions:∫ ∞

−∞
(φ∗φx′x′x′ − φ∗x′x′φ′x)dx′ = 0

∫ ∞

−∞
b(φ∗2φφ′x + φ∗φ2φ′∗x )dx′ = 0

lim
|x′|→∞

φ(x′, t′) = lim
|x′|→∞

φx′(x′, t′) = 0

and∫ ∞

−∞
φ∗φdx′ = const.

lim
|x′|→∞

φ∗x′φ′x = lim
|x′|→∞

φ′∗x x′φ = 0

where φx′ =
∂φ

∂x′
, φx′x′x′ =

∂3φ

∂x′3 . Thus, we can get

d
dt′

∫ ∞

−∞
φ∗x′φdx′=

∫ ∞

−∞

(
∂φ∗

∂t′

)
x′φ+φ∗x′

(
∂φ

∂t′

)
dx′

= −2i
∫ ∞

−∞
φ∗φ′xdx′

In the systems, the average position (or position of
mass centre) of MIP can be represented by 〈x′〉 =∫ ∞

−∞
φ∗x′φdx′/

∫ ∞

−∞
φ∗φdx′, the average velocity (or ve-

locity of mass centre) of MIP is defined by

d
dt′

〈x′〉 =
∂

∂t′

(∫ ∞

−∞
φ∗x′φdx′/

∫ ∞

−∞
φ∗φdx′

)

= −2
∫ ∞

−∞
ϕ∗ϕ′

xdx′/
∫ ∞

−∞
φ∗φdx′

Thus, the average acceleration (or acceleration of mass
centre) of MIP can also be denoted by

d2

dt′2
〈x′〉 = −2i

d
dt′

(∫ ∞

−∞
φ∗φ′xdx′/

∫ ∞

−∞
φ∗φdx′

)

= −2
∫ ∞

−∞
φ∗V ′

xφ
∗dx′ = −2〈∂V

∂x′
〉 (52)

If φ is normalized, i.e.,
∫ ∞

−∞
φ∗φdx′ = 1, then the

above conclusions also are not changed. However,
∂V (〈x′〉)
∂〈x′〉 �= 〈∂V (x′)

∂x′
〉, thus we have to expand

∂V

∂x′
at

x′ = 〈x′〉 by

∂V (x′)
∂x′

=
∂V (〈x′〉)
∂〈x′〉 + (x′ − 〈x′〉)∂

2V (〈x′〉)
∂〈x′〉2

+
1
2!

(x′ − 〈x′〉)2 ∂
3V (〈x′〉)
∂〈x′〉3 + · · ·

Finding the expectation value to the above formula,
thus we get

〈∂V (x′)
∂x′

〉 =
∂V (〈x′〉)
∂〈x′〉 +

1
2!
〈(x′ − 〈x′〉)2〉∂

3V (〈x′〉)
∂〈x′〉3

For the microscopic particle, described by Eq. (9), the
position of the particle, that is, the position of the
mass center of the particle is known, is just 〈x′〉 =
x0 = constant, or 0, thus 〈(x′ − 〈x′〉)2〉 = 0. Thus,

〈∂V (x′)
∂x′

〉 =
∂V (〈x′〉)
∂〈x′〉 . Finally, we can get

d2

dt′2
〈x′〉 = −2

∂V (〈x′〉)
∂〈x′〉 or m

d2x0

dt2
= − ∂V

∂x0
(53)

where x0 = 〈x〉 is the position of the mass centre of MIP.
Eq. (53) is a Newton-type classical equation of motion.
This shows clearly that the motion of the mass centre
of MIP satisfies the Newton law in nonlinear quantum
mechanics [26, 27]. Therefore, we can say that the mi-
croscopic particle has the property of the classical par-
ticle. If V = constants in Eq. (5) with A (φ) = 0 we

can get from Eqs. (52) and (53) that m
d2

dt′2
〈x′〉 =

−2
∂V (〈x′〉)
∂〈x′〉 = 0. This shows that the MIP moves in

uniform velocity in space-time. For the solution Eq. (9)
we can get that the acceleration of the mass centre of
MIP is just zero because V = 0. Therefore, the velocity
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of the particle is a const. In fact, if we insert Eq. (9)
into Eq. (19) we can obtain vg = d〈x′〉/dt′ = ve = const.
This shows clearly that the velocity of the uniform mo-
tion of MIP is just the group velocity of the soliton. This
property of the motion of microscopic particle shows that
its energy and momentum can be retained in the motion
process.

The above equation of motion of microscopic parti-
cles can also be derived from the nonlinear Schrödinger
equation (5) with A (φ) = 0 by means of another
method. As is known, the energy E and momentum
of MIP described by the nonlinear Schrödinger equation
(5) with A (φ) = 0 are denoted by Eq. (18) and P =

−i
∫ ∞

−∞
(φ∗φ′x − φ′∗x φ) dx′, respectively. For this system,

the energy Eand quantum number Ns =
∫ ∞

−∞
|φ|2 dx′

are integral invariant. However, the momentum P is not
conserved and has the following property:

dP
dt′

=
∫ ∞

−∞
2V (x′)

∂

∂x′
|φ|2 dx′

= −2
∫ ∞

−∞

∂V

∂x′
|φ|2 dx′ (54)

where the boundary condition is φ (x′) → 0 as |x′| → ∞.
For slowly varying inhomogeneities (in comparison with
particle scale (soliton)), i.e. Ws 
 L, where L is the
inhomogeneity scale, Ws is its width, expanding Eq. (54)
into a power series in Ws/L and keeping only the leading
term, we can get

dP
dt′

= −2
∂V (x′0)
∂x′0

Ns (55)

where x′0 is the position of the center of the mass of
the macroscopic particle. Eq. (54) or (55) is essentially
consistent with Eqs. (52) and (53) which are in the form
of the equation of motion for a classical particle. Indeed,
if we write the particle (soliton) solution as

φ (x′, t′) = ϕ (x′ − x′0, t′) eip(x′−x′
0)+iθ (56)

we assume that it is a solution of Eq. (5) at A (φ) = 0.
Inserting Eq. (56) into the representation of P (x, t), we

get P = pNs. Let p =
dx′0
dt′

be the velocity of the center

of the particle, then Eq. (55) and P = pNs indicate that
the center of mass of the microscopic particle moves like
a classical particle in a weakly inhomogeneous potential
field V (x′0) according to

d2x′0
dt′2

= −2
∂V

∂x′0
or m

d2x0

dt2
= − ∂V

∂x0
(57)

This is the same as Eq. (53) and it is Newton’s equation

for a classical particle.

3.7 Features of motion of MIPs in several special
potentials

We now consider some particular cases. Let V (x′) = αx′

in Eq. (5) with A(φ) = 0, where αis constant, and make
the following transformation [26, 27, 36, 37]:

φ (x′, t′) = φ′
(
x̃′, t̃′

)
e−iαx̃′t̃′−iα2(t̃′)3/3

x′ = x̃′ − αt̃′2, t′ = t̃′

Then Eq. (5) with A(φ) = 0 becomes

iφ′
t̃′ + φ′x̃′x̃′ + 2|φ′|2φ′ = 0 (58)

where b = 2. The exact and complete solution of the
above equation is well known. We can thus obtain the
complete solution of the nonlinear Schrödinger equation
with V (x′) = ax′. Its single soliton solution is given by

φ = 2η sech
[
2η

(
x′ − 4ξt′ + 2αt′2 − x′0

)]
· exp

{
i
[
2ξx′ cos 2α (t′ − t′0) −

ξ2

α
sin [4α (t′ − t′0)]

+4η2 (t′ − t′0) + θ′0

]}
(59)

When V0 (x′) = α2x′2, we can get

φ = 2η sech
{

2ηx′ − 4ξη
α

sin [2α (t′ − t′0)]
}

· exp
{

i
[
2ξx′ cos 2α (t′ − t′0) −

ξ2

α
sin [4α (t′ − t′0)]

+4η2 (t′ − t′0) + θ′0

]}
(60)

In each of the above two cases, with two different ex-
ternal potential fields, the characteristics of motion of
the microscopic particle can be determined according to
Eq. (57). The accelerations of the center of mass of the
microscopic particle is given by

d2x′0
dt′2

= −2
∂V (〈x′〉)
∂ 〈x′〉 = −2α = const. (61)

for V (x′) = αx′, and

d2x′0
dt′2

= −4α2x′0 (62)

for V (x′) = α2x′2 [26, 27, 36, 37], respectively.
These results can also be obtained using the following

method. From de Broglie relation E = hυ = �ω and
P = �k for microscopic particles which represent the
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wave-corpuscle duality in quantum theory, the frequency
ω retains its role as the Hamiltonian of the system even
in this complicated and nonlinear systems and

dω
dt′

=
∂ω

∂k

∣∣∣∣
x′

dk
dt

+
∂ω

∂x′

∣∣∣∣
k

∂x′

∂t′
= 0

as in the usual stationary media [26, 27]. From the above
result we also know that the usual Hamilton equation in
Eq. (34) for the nonlinear quantum mechanical systems
remain valid for the microscopic particles. Thus, the
Hamilton equation in Eq. (34) can be now represented
by another form:

dk
dt′

= − ∂ω

∂x′

∣∣∣∣
k

,
dx′

dt′
=
∂ω

∂k

∣∣∣∣
x′

(63)

in the energy picture, where k = ∂θ/∂x′ is the time-
dependent wave number of the microscopic particle, ω =
−∂θ/∂t′ is its frequency, θ is the phase of the wave func-
tion of the microscopic particles. From Eqs. (59) and
(60), we know that

θ = 2 (ξ − αt′)x′ +
4α2t′3

3
−4αξt′2 +4

(
ξ2 − η2

)
t′+θ0

for V (x′) = αx′ and

θ = 2ζx′ cos
[
2a (t′ − t′0) +

(
ζ2

a

)
sin 4a (t′ − t′0)

]

·4η2 (t′ − t′0) + θ′0

for V (x′) = a2x′2, respectively. From Eq. (59) we can
find that for V (x′) = ax′,

k = 2(ξ − at′)

ω = 2ax′ − 4 (2ξ − at′)2 + (2η)2 = 2ax′ − k2 + (2η)2

Thus, the group velocity of the microscopic particle is

υg =
dx̃′

dt′
=
∂ω

∂k

∣∣∣∣
x′

= 4 (2ξ − at′)

and its acceleration is given by

d2x̃′

dt′2
=

dk
dt′

= −2a = const., here x′0 = x̃′ (64)

For Eq. (60), we have

V (x′) = a2x′2, k = 2ξ cos 2α (t′ − t′0)

ω = 4aξx′ sin 2α (t′ − t′0) − 4ξ2 cos 4α (t′ − t′0) − 4η2

= 2αx′
(
4ξ2 − k2

)1/2 − 2k2 + 4
(
ξ2 − η2

)
Thus, the group velocity of the microscopic particle is

vg =
∂ω

∂k

∣∣∣∣
x′

=
αx′

ξ

k√
1 − k2/4ξ2

− 2k

= 2αx′ cot [2α (t′ − t′0)] − 4ξ cos [2α (t′ − t′0)]

while its acceleration is

dk
dt′

= − ∂ω

∂x′

∣∣∣∣
k

= −2α
√

4ξ2 − k2

= −4ξα sin [2α (t′ − t′0)]

since
d2x̃′

dt′2
=

dk
dt′

, here (x̃′ = x′0). We have

dk
dt′

=
d2x̃′

dt′2
= −4ζα sin [2α (t′ − t′0)]

and

x̃′ =
2ξ
α

sin [2α (t′ − t′0)]

Finally, the acceleration of the microscopic particle is

d2x̄′

dt′
=

dk
dt′

= −4α2x̄′ (65)

Eqs. (64) and (65) are exactly the same as Eqs. (61)
and (62), respectively, which shows that Eqs. (53) or (55)
and (57) have the same effects and function as Eqs. (51)
and (63) in nonlinear quantum mechanics. On the other
hand, it is well known that a macroscopic object moves
with a uniform acceleration, when V (x′) = ax′ which
corresponds to the motion of a charge particle in a uni-
form electric field, and when V (x′) = α2x′2 which is
a harmonic potential, the macroscopic object performs
localized vibration with a frequency of 2α and an am-
plitude of 2ξ/α, and the corresponding classical vibra-
tional equation is x′ = x′0 sinωt′, with ω = 2a and
x′0 = ξ/α. The equations of motion of the macroscopic
object are consistent with Eq. (57) and Eqs. (61) and
(62) or Eqs. (64) and (65) for the center of mass of mi-
croscopic particles in the nonlinear quantum mechan-
ics. These correspondence between a microscopic par-
ticle and a macroscopic object shows [26, 27] that mi-
croscopic particles in nonlinear quantum mechanics have
exactly the same properties as classical particles, and
their motion satisfy the classical laws of motion. We
have thus demonstrated clearly from the dynamic equa-
tions (nonlinear Schrödinger equation), the Hamiltonian
or Lagrangian of the systems, and the solutions of equa-
tions of motion, in both uniform and inhomogeneous sys-
tems, that microscopic particles in nonlinear quantum
mechanics really have the corpuscle property.

3.8 Mechanismand rules of collision of the microscopic
particle

As is known, the most obvious feature of macroscopic
particles is meeting the collision law or conservation law
of momentum. Therefore, we often also use the law to
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determine the particulate feature of macroscopic parti-
cles. In Fig. 1(d), we show also the collision feature by
numerical simulation method for the solution of the non-
linear Schrödinger equation (5). From this figure, we
see that microscopic particle satisfies the collision law of
macroscopic particles. As a matter of fact, Zakharov et
al. [31] demonstrated that the solutions of Eq. (5) with
V (x, t) = A (φ) = 0 obey also the collision law of macro-
scopic particles by theoretical analysis at both b > 0 and
b < 0. Their results show that when microscopic parti-
cles collide with other particles, the faster particle moves
forward by an amount of phase shift, and the slower one
shifts backwards by an amount of phase. The total shift
of the particles is equal to the algebraic sum of those of
the pair during the paired collisions. At the same time,
experiments and numerical simulations also show during
the collision that the MIPs interact and exchange posi-
tions in the space-time trajectory as if they had passed
through each other. After the collision, the two MIPs
may appear to be instantly translated in space and/or
time but otherwise unaffected by their interaction. The
translation is called a phase shift as mentioned above.
In one dimension, this process results from two MIPs
colliding head-on from opposite directions, or in one di-
rection between two particles with different amplitudes.
This is possible because the velocity of a particle depends
on the amplitude. The two MIPs surviving a collision
completely unscathed demonstrates clearly the corpuscle
feature of the microscopic particles. This property sep-
arates nonlinear quantum mechanical microscopic parti-
cles (solitons) from particles in the linear quantum me-
chanical regime. Therefore, the rule of collision of MIPs
is the same as that of classical particles.

In the following, we describe a series of laboratory
and numerical experiments dedicated to investigate the
detailed structure, mechanism and rules of collision be-
tween the microscopic particles described by the non-
linear Schrödinger equation in nonlinear quantum me-
chanics. The properties and rules of such collision be-
tween two microscopic particles have been first studied
by Aossey et al. [38]. Both the phase shift of the micro-
scopic particles after their interaction and the range of
the interaction are functions of the relative amplitude of
the two colliding microscopic particles. The microscopic
particles preserve the shape after the collision.

For the microscopic particles described by the nonlin-
ear Schrödinger equation (5) with V (x, t) = A (φ) = 0,
we will limit our discussion to the hole (dark) spatial
particles (solitons) with b < 0 [26, 27]. The hole-particle
is now given by

φ (x′, t′) = φ0

√
1 −B2sech2ξ′e±iΘξ′

(66)

where

Θ(ξ′)=arcsin
Btanh ξ′√

1 −B2sech2ξ′
, ξ′=µ(ξ′ − υtt

′)

Here, B is a measure of the amplitude (“blackness”) of
the solitary wave (hole or dark soliton) and can take a
value between −1 and 1, υt is the dimensionless trans-
verse velocity of the particle center, and µ is the shape
factor of the particle. The intensity (Id)of the solitary
wave (or the depth of the irradiance minimum of the dark
soliton) is given by B2φ2

0. Aossey et al. showed that the
shape factor µ and the transverse velocity υt are related
to the amplitude of the particles, which can be obtained
from the nonlinear Schrödinger equation in the optical
fiber to be

µ2 = n0 |n2|µ2
0B

2φ2
0, υt ≈ ±

√
(1 − B2)

|n2|φ2
0

n0

where n0 and n2 are the linear and nonlinear indices of
refraction for the optical fiber material. We have as-
sumed |n2|φ2

0 � n0. When two microscopic particles
(solitons) described by NLSE collide, their individual
phase shifts are given by

δxj =
√

n0

|n2|φ2
0

1
2µ0n0Bj

· ln
(√

1 −B2
1 +

√
1 −B2

2

)2

+ (B1 +B2)
2

(√
1 −B2

1 +
√

1 −B2
2

)2

+ (B1 −B2)
2

(67)

The MIP (soliton) interaction can be easily investigated
numerically by using a split-step propagation algorithm
which was found, by Thusrston et al. [39] , to closely
predict experimental results. The results of a simulated
collision between two equi-amplitude microscopic parti-
cles (solitons) are shown in Fig. 2 (a), which are similar
to that of general MIPs (bright solitons) as shown in

Fig. 2 Numerical simulation of an overtaking collision of equi-
amplitude dark particles. (a) Sequence of the waves at equal in-
tervals in the longitudinal position z. (b) Time-of-flight diagrams
of the signal.
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Fig. 1(d). We note that the two particles interpenetrate
each other, retain their shape, energy and momentum,
but experience a phase shift at the point of collision. In
addition, there is also a well-defined interaction length
in z along the axis of time tthat depends on the relative
amplitude of two colliding MIPs. This case occurs also
in the collision of two KdV solitons. Cooney et al. [40]
studied the overtaking collision, to verify the KdV soliton
nature of an observed signal in the plasma experiment.
In the following, we discuss a fairly simple model which
was used to simulate and to interpret the experimental
results on the MIPs (solitons) described by NLSE and
KdV solitons.

The model is based on the fundamental property of
solitons that two MIPs (solitons) can interact and col-
lide, but survive the collision and remain unchanged.
Rather than using the exact functional form of sech ξ

for MIPs (solitons) described by NLSE, the MIPs are
represented by rectangular pulses with an amplitude Aj

and a width Wj where the subscript j denotes the jth
microscopic particles. An evolution of the collision of
two MIPs is shown in Fig. 3(a). In this case, Aossey
et al. [38] considered two MIPs with different ampli-
tudes. The details of what occurs during the collision
need not concern us here other than to note that the
MIPs with the larger-amplitude has completely passed
through the one with the smaller amplitude. In regions
which can be considered external to the collision, the
MIPs do not overlap as there is no longer an interaction
between them. The microscopic particles are separated
by a distance, D = D1 +D2, after the interaction. This
manifests itself in a phase shift in the trajectories de-

Fig. 3 Overtaking collision of two MIPs. (a) Model of the interaction just prior to the collision and just after the
collision. After the collision, the two MIPs are shifted in phase. (b) Time-of-light diagram of the signals. The phase
shifts are indicated.

picted in Fig. 3(b). This was noted in the experimental
and numerical results. The minimum distance is given
by the half-widths of the two microscopic particles, D �
W1/2 +W2/2. Therefore,

D1 � W1

2
and D2 � W2

2
(68)

Another property of the microscopic particles (soli-
tons) is that their amplitude and width are related.
For the microscopic particles described by the nonlin-
ear Schrödinger equation with b < 0 in Eq. (5) of
V (x, t) = A(φ) = 0(W ≈ 1/µ), we have

BjWj = const. = K1 (69)

Using the minimum values in Eq. (68), we find that the
ratio of the repulsive shifts for the microscopic particles
described by the nonlinear Schrödinger equation is given
by

D1

D2
=
B2

B1
(70)

Results obtained from simulation of the kind of micro-
scopic particle are presented in Fig. 4(a). The solid line
in the figure corresponds to Eq. (70).

In addition to predicting the phase shift that results
from the collision of two microscopic particles, the model
also allows us to estimate the size of the collision re-
gion or duration of the collision. Each microscopic par-
ticles depicted in Fig. 3 travels with its own amplitude-
dependent velocity υj . For the two microscopic particles
to interchange their positions during a time ∆T , they
must travel a distance L1 and L2,

L1 = υ1∆T and L2 = υ2∆T (71)
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Fig. 4 Summary of the ratio of the measured phase shifts as a function of the ratio of amplitudes. (a) The particle
described by NLSE, the solid line corresponds to Eq. (67). (b) KdV solitons, the data are from (1) this experiment,
(2) Zabusky et al. [31], (3) Lamb’s [41] and (4) Ikezi et al.’s [42] results. The solid line corresponds to Eq. (9).

Fig. 5 Summary of the measured interaction length as a function of the amplitudes. (a) The particles described
by NLSE, the dashed line corresponds to Eq. (70) with B2 =1 and K1 =6. (b) KdV solitons, the data are from (1)
this experiment and (2) Zabusky et al.’s result [31]. The dashed line corresponds to Eq. (72) with K2 = A1 = 1.

The interaction length must then satisfy the relation

L = L2 − L1 = (υ2 − υ1) ∆T � W1 +W2 (72)

Eq. (71) can be written in terms of the amplitudes of the
two MIPs. For the MIPs described by NLSE, combining
Eqs. (68) and (72), Aossay et al. obtained

L � K1

(
1
B1

+
1
B2

)
(73)

In Fig. 5(a), the results for the MIPs described by
NLSE are presented. The dashed line corresponds to
Eq. (73) with B2 = 1 and K1 = 6. The interaction time
(solid line) is the sum of the widths of the two micro-
scopic particles, minus their repulsive phase shifts, and
multiplied by the transverse velocity of MIP 1. Since
the longitudinal velocity is a constant, this scales as the
interaction length. From the figure, we see that the theo-
retical result obtained using the simple collision model is
in good agreement with that of the numerical simulation.

The discussion presented above and the corresponding
formulae reveal the mechanism and rule of the collision
between MIPs depicted by NLSE in the nonlinear quan-

tum mechanics.
To verify the validity of this simple collision model,

Aossey et al. studied the collision of the solitons using
the exact form of sech2ξ for the KdV equation ut+uux+
d′uxxx = 0, and the collision model shown in Fig. 3. For
the KdV soliton they found that

Aj (Wj)
2 = const. = K2 and

D1

D2
=
W1/2
W2/2

=
√
A2

A1

(74)

where Aj and Wj are the amplitude and width of the jth
KdV soliton, respectively. Corresponding to the above,
Aossey et al. obtained

L � K2

(
1√
A1

+
1√
A2

)
=

K2√
A1

(
1 +

√
A1

A2

)
(75)

for the interaction length.
Aossey et al. [38] compared their results for the ratio

of the phase shifts as a function of the ratio of the am-
plitudes for the KdV solitons, with those obtained in the
experiments of Ikezi, Taylor, and Baker [42], and those
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obtained from numerical work of Zabusky and Kruskal
[31] and Lamb [41], as shown in Fig. 4(b). The solid line
in Fig. 4(b) corresponds to Eq. (74). Results obtained
by Aossey et al. for the interaction length are shown
in Fig. 5(b) as a function of amplitudes of the collid-
ing KdV solitons. Numerical results (which were scaled)
from Zabusky and Kruskal are also shown for compari-
son. The dashed line in Fig. 5(b) corresponds to Eq. (75),
with A1 = l and K2 = l.

Since the theoretical results obtained by the collision
model based on macroscopic bodies in Fig. 3 are consis-
tent with experimental data for the KdV soliton, shown
in Figs. 4(b) and 5(b), it is reasonable to believe the
validity of the above theoretic results of model of colli-
sion presented above, and results shown in Figs. 4(a) and
5(a) for the microscopic particles described in the non-
linear Schrödinger equation which are obtained using the
same model as that shown in Fig. 3. Thus, the above
colliding mechanism for the microscopic particles shows
clearly the classical corpuscle feature of the microscopic
particles in nonlinear quantum mechanics.

3.9 Features of reflection and transmission of micros-
copic particles at interfaces

As mentioned above, microscopic particles in nonlinear
quantum mechanics represented by Eq. (5) also have
wave property, in addition to the corpuscle property.
This wave feature can be conjectured from the follow-
ing reasons.

(1) Eqs. (5)–(8) are wave equations and their solu-
tions, Eqs. (9), (10) and (15) are solitary waves having
the features of traveling waves. A solitary wave consists
of a carrier wave and an envelope wave, has certain am-
plitude, width, velocity, frequency, wavevector, and so
on, and satisfies the principles of superposition of waves,
although the latter are different when compared with
classical waves or the de Broglie waves in linear quan-
tum mechanics.

(2) The solitary waves have reflection, transmission,
scattering, diffraction and tunneling effects, just as that
of classical waves or the de Broglie waves in linear quan-
tum mechanics. At present, we study the reflection and
transmission of the microscopic particles at an interface.

The propagation of microscopic particles (solitons) in
a nonlinear nonuniform media is different from that in
uniform media. The nonuniformity can be due to a phys-
ical confining structure or two nonlinear materials being
juxtaposed. One could expect that a portion of micro-
scopic particles that was incident upon such an interface
from one side would be reflected and a portion would
be transmitted to the other side due to its wave feature.

Lonngren et al. [43] observed the reflection and trans-
mission of microscopic particles (solitons) in a plasma
consisting of a positive ion and a negative ion interface,
and numerically simulated the phenomena at the inter-
face of two nonlinear materials. To illustrate the rules of
reflection and transmission of microscopic particles, we
discuss here the work of Lonngren et al. [43]

Lonngren et al. [41] simulated numerically the behav-
iors of microscopic particles (MIP) (soliton) described
by NLSE . They found that the signal had the property
of a soliton.These results are in agreement with numer-
ical investigations of similar problems by Aceves et al.
A sequence of pictures obtained by Lonngren et al. [41]
at uniform temporal increments of the spatial evolution
of the signal are shown in Fig. 6. From this figure, we
note that the incident microscopic particles propagating
toward the interface between the two nonlinear media
splits into a reflected and transmitted soliton at the in-
terface. From the numerical values used in producing
the figure, the relative amplitudes of the incident, the
reflected and the transmitted solitons can be deduced.

Fig. 6 Simulation results showing the collision and scattering
of an incident MIPs described by NLSE (top) onto an interface.
The peak nonlinear refractive index change is 0.67 % of the linear
refractive index for the incident MIPs and the linear offset between
the two regions is also 0.67 %.

They assumed that the energy that is carried by the in-
cident MIP (soliton) is all transferred to either the trans-
mitted or the reflected MIPs and none is lost through
radiation. Thus

Einc = Eref + Etrans (76)

Lonngren et al. gave approximately the energy of MIP
by

Ej =
A2

j

Zc
Wj

where the subscript j refers to the incident, reflected
or transmitted MIPs. The amplitude of the MIP is Aj

and its width is Wj . The characteristic impedance of a
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material is given by Zc. Hence, Eq. (76) can be written
as

A2
inc

ZcI
Winc =

A2
ref

ZcI
Wref +

A2
trans

ZcII
Wtrans (77)

Since AjWj = const. for the MIP described NLSE (see
Eq. (69) in which Bj is represented by Aj), we ob-
tain the following relation between the reflection coef-
ficient R = Aref/Ainc and the transmission coefficient
T = Atrans/Ainc,

1 = R+
ZcI

ZcII
T (78)

for the MIPs described by NLSE.
To verify further this idea, Lonngren et al. [44] con-

ducted experiments with KdV soliton. They found that
the detected signal had the characteristics of a KdV soli-
ton. Lonngrel et al. [44] showed a sequence of pictures
taken using a small probe at equal spatial increments
starting initially in a homogeneous plasma sheath adja-
cent to a perturbing biased object, as shown in Fig. 7.
From this figure, we see that the probe first detects the
incident soliton and some time later the reflected soli-
ton. The signals are observed, as expected, to coalesce
together as the probe passed through the point where
the soliton was actually reflected. Beyond this point
which was at the location where the density started to
decrease in the steady-state sheath, a transmitted soliton
was observed. From Fig. 7, the relative amplitudes of in-
cident, the reflected and the transmitted solitons can be
deduced, which was done by the author.

Fig. 7 Sequence of the signals detected as the probe is moved
in 2 mm increments from 30 to 6 mm in front of the reflector.
The incident and reflected KdV solitons coalesce at the point of
reflection, which is approximately 16 mm in front of the reflector.
A transmitted soliton is observed closer to the disc. The amplitude
scale at 8 and 6 mm is increased by 2 from the previous traces.

For the KdV solitons, there is also AjW
2
j = const. [see

Eq. (74)]. Thus, for the KdV solitons, we have

1 = R3/2 +
ZeI

ZeII
T 3/2

The relations between the reflection and the trans-
mission coefficients for the MIP described by NLSE and
KdV soliton are shown in Fig. 8, with the ratio of charac-
teristic impedances set to one. The experimental results
on KdV solitons and results of the numerical simulation
of MIPs described by NLSE are also given in this figure.
The computed data are shown using triangles. Good
agreement between the analytic results and simulation
results can be seen. The oscillatory deviation from the
analytic result is due to the presence of radiation modes
in addition to the soliton modes. The interference be-
tween these two types of modes results in the oscillation
in the soliton amplitude. In the asymptotic limit, the ra-
diation will spread and damp the oscillation, and result
in the reflection — transmission coefficient curve falling
on the analytic curve.

Fig. 8 The relationship between the reflection and transmission
coefficients of a microscopic particle (soliton)given in Eq. (78). The
solid circles are results from the laboratory experiment on KdV
solitons and the hollow circle is Nishida’s result. The solid triangles
are Lonngren et al.’s numerical results for the particle (soliton)
described by NLSE.

The above rule of propagation of the microscopic par-
ticles in nonlinear quantum mechanics is different from
that of linear waves in classical physics. Lonngren et
al. [45] found that a linear wave obeyed the following
relation:

1 = R2 +
ZeI

ZeII
T 2 (79)

This can be also derived from Eq. (74), by assuming
the linear waves. The width of the incident, reflected and
transmitted pulses Wj will be the same. For the linear
waves

R =
ZcII − ZcI

ZcII + ZcI
and T =

2ZcII

ZcII + ZcI
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Eq. (79) is satisfied. Obviously, Eq. (79) is different
from Eq. (78). This shows clearly that the microscopic
particles in nonlinear quantum mechanics have a wave
feature, but it is different from that of linear classical
waves and the de Broglie waves in linear quantum me-
chanics.

3.10 The uncertainty relation in linear and nonlinear
quantum mechanics

3.10.1 The uncertainty relation in linear quantum
mechanics

The uncertainty relation in quantum mechanics is an im-
portant representation and also a problem that has trou-
bled many scientists. Whether this is an intrinsic feature
of microscopic particles or a result brought by the linear
quantum mechanics or by the measuring instruments, it
results in a long-term controversy in physics. How do
we understand this correctly? Obviously, it is closely
related to the wave-corpuscle duality of microscopic par-
ticles. Since we have established nonlinear quantum me-
chanics which differs from linear quantum mechanics, we
could expect that the uncertainty relation in the nonlin-
ear quantum mechanics is different from that in linear
quantum mechanics [26, 27]. The significance of the un-
certainty relation can be revealed by comparing the lin-
ear and nonlinear quantum theories.

It is well known that the uncertainty relation in the
linear quantum mechanics can be obtained from [1, 6]

I (ξ′) =
∫

|(ξ′∆Â+ i∆B̂)ψ(r, t)|2dr � 0 (80)

or

F̂ (ξ) =
∫
ψ∗ (r, t) F [Â (r, t) , B̂ (r, t)]ψ (r, t) dr

In the coordinate representation, A and B are opera-
tors of two physical quantities, for example, position and
momentum, or energy and time, and satisfy the com-
mutation relation [Â, B̂] = iĈ, ψ (x, t) and ψ∗ (x, t) are
wave functions of the microscopic particle satisfying the
linear Schrödinger equation and its conjugate equation,
respectively, F̂ = (∆Aξ′ + ∆B)2 , [∆Â = Â − Ā,∆B̂ =
B̂ − B̄, Ā and B̄ are the average values of the physical
quantities in the state denoted by ψ (x, t)], is an opera-
tor of physical quantity related to Ā and B̄, ξ′ is a real
parameter.

After some simplifications, we can get

I = F̄ = ∆Â2ξ′2 + 2∆Â∆B̂ξ′ + ∆B̂2 � 0

or

∆Â2ξ′2 + Ĉξ′ + ∆B̂2 � 0 (81)

Using mathematical identities, this can be written as

∆Â2∆B̂ � Ĉ2

4
(82)

This is the uncertainty relation in linear quantum me-
chanics. From the above derivation we see that the un-
certainty relation was obtained based on the fundamen-
tal hypotheses of linear quantum mechanics, including
properties of operators of the mechanical quantities, the
state of particle represented by the wave function, which
satisfies the linear Schrödinger equation (1), the con-
cept of average values of mechanical quantities and the
commutation relations and eigenequation of operators.
Therefore, we can conclude that the uncertainty rela-
tion Eq. (82) is a necessary result of the linear quantum
mechanics. Since the linear quantum mechanics only
describes the wave nature of microscopic particles, the
uncertainty relation is a result of the wave feature of
microscopic particles, and it inherits the wave nature of
microscopic particles. This is why its coordinate and
momentum cannot be determined simultaneously. This
is an essential interpretation for the uncertainty relation
Eq. (82) in linear quantum mechanics. It is not related to
measurement, but closely related to the linear quantum
mechanics. In other words, if linear quantum mechanics
could correctly describe the states of microscopic parti-
cles, then the uncertainty relation should also reflect the
peculiarities of microscopic particles.

Eq. (81) can be written in the following form:

F̂ = ∆Â2

(
ξ′ +

∆Â∆B̂

∆Â2

)2

+ ∆B̂2 −
(
∆Â∆B̂

)2

∆Â2
� 0

or

∆Â2

(
ξ′ +

¯̂
C

4∆Â2

)2

+ ∆B̂2 −
¯̂
C

2

4∆Â2
� 0 (83)

This shows that ∆Â2 �= 0, if (∆Â∆B̂)2 or ¯̂
C

2
/4 is not

zero, else, we cannot obtain Eq. (82) and ∆Â2∆B̂2 >

(∆A∆B)2 because when ∆Â2 = 0, Eq. (83) does not
hold. Therefore, (∆Â2) �= 0 is a necessary condition
for the uncertainty relation Eq. (82), ∆Â2 can approach
zero, but cannot be equal to zero. Therefore, in lin-
ear quantum mechanics, the right uncertainty relation
should take the form [26, 27]:

∆Â2∆B̂2 >
( ¯̂
C2)2

4
(84)

3.10.2 The uncertainty relation in nonlinear quantum
mechanics

We now return to the uncertainty relation in nonlin-



Xiao-feng PANG, Front. Phys. China, 2008, 3(2) 225

ear quantum mechanics. Since microscopic particles in
NLQM is a soliton and they have wave-corpuscle duality,
and there is no fundamental hypothesis in the nonlinear
quantum mechanics, derivation of the uncertainty rela-
tion should be different from that in the linear quantum
theory given above. We can also expect that the uncer-
tainty relation in nonlinear quantum mechanics [26, 27]
is different from Eq. (84).

We now derive this relation for position and momen-
tum of a microscopic particle depicted by the nonlinear
Schrödinger equation (5) with V = 0, and A=0, with a
solution, φs, as given in Eq. (9), which is now represented
by

φs(x′, t′) = 2η
√

2/bsech[2η(x′ − x′0) + 8ηξt′]

·e−4i(ξ2−η2)t′−2iξx′+iθ (85)

where ξ is related to velocity of particle (soliton), η de-
notes its amplitude, x′0 is the position of mass center, θ
is an any constant.

The function φs(x′, t′) is a square integrable function
localized at x′0 = 0 in the position space. If the mi-
croscopic particle is localized at x′0 �= 0, it satisfies the
nonlinear Schrödinger equation,

iφt′ +
1
2
φx′x′ + |φ|2φ = 0 (86)

for b = 1. The Fourier transform of this function [26, 27]
is

φs(p, t′) =
1√
2π

∫ ∞

−∞
φs(x′, t′)e−ipx′

(87)

It shows that φs(p, t′) is localized at p in momentum
space. For Eq. (87), the Fourier transform is explicitly
given by

φs (p, t′) =
√
π

2
sech

[
π

2η
(
p− 2

√
2ξ
)]

·e4i[η2+ξ2−pξ/2
√

2t′−i(p−2
√

2ξ)]x′
0 (88)

The results in Eqs. (87) and (88) show that the micro-
scopic particle is localized not only in position space in
the shape of soliton, but also in the momentum space in
a soliton. For convenience, we introduce the normaliza-
tion coefficient A0 in Eqs. (85) and (88), then obviously

A2
0 =

1
4
√

2
η, the position of the certain of mass of the

microscopic particle, 〈x′〉, and its square,
〈
x′2

〉
, at t′ = 0

are given by

〈x′〉 =
∫ ∞

−∞
dx′ |φs (x′)|2

〈
x′2

〉
=
∫ ∞

−∞
dx′x′2|φs(x′)|2

We can thus find that

〈x′〉 = 4
√

2ηA2
0x

′
0,

〈
x′2

〉
=

A2
0π

2

12
√

2η
+ 4

√
2A2

0ηx
′2
0

respectively. Similarly, the momentum of the center of
mass of the microscopic particle, 〈p〉, and its square, 〈p2〉,
are given by

〈p〉 =
∫ ∞

−∞
p
∣∣∣φ̂s (p)

∣∣∣2 dp,
〈
p2
〉

=
∫ ∞

−∞
p2
∣∣∣φ̂s (p)

∣∣∣2 dp

which yield

〈p〉 = 16A2
0ηξ, 〈p2〉 =

32
√

2
3

A2
0η

3 + 32
√

2A2
0ηξ

3 (89)

The stan-
dard deviations of position ∆x′ =

√〈x′2〉 − 〈x′〉2 and
momentum ∆p =

√〈p2〉 − 〈p〉2 are given by

(∆x′)2 = A2
0

[
π2

12η
+ 4ηx

′2
0 (1 − 4

√
2ηA2

0)
]

=
π2

96η2

(∆p)2 = 32
√

2A2
0

[
1
3
η3 + ηξ3(1 − 4

√
2ηA2

0)
]

=
8
3
η2

(90)

respectively. Thus we obtain the uncertainty relation be-
tween position and momentum for the microscopic parti-
cle depicted by nonlinear quantum mechanics, Eq. (86),

∆x′∆p =
π

6
(91)

This result is not related to the features of the mi-
croscopic particle (soliton) depicted by the nonlinear
Schrödinger equation in nonlinear quantum mechanics
because Eq. (91) has nothing to do with characteristic
parameters of the nonlinear Schrödinger equation. π in
Eq. (91) comes from of the integral coefficient 1

/√
2π.

For a quantized microscopic particle, π in Eq. (91) should
be replaced by π�, because Eq. (87) is replaced by

φs (p, t′) =
1√
2π�

∫ ∞

−∞
dx′φs (x′, t′) e−ipx′/�

The corresponding uncertainty relation of the quantum
microscopic particle in nonlinear quantum mechanics is
given by

∆x∆p =
π�

6
=

h

12
(92)

The uncertainty relation in Eq. (92) or Eq. (91) [26, 27] is
different from that in linear quantum mechanics Eq. (84),
i.e., ∆x∆p > h/2. However, the minimum value
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∆x∆p = h/2 has not been observed in practical system
in linear quantum mechanics up to now except for the co-
herent and squeezed states of microscopic particles. The
relation Eq. (91) cannot be obtained from the solutions
of linear Schrödinger equation. Practically, we can only
get ∆x∆p > h/2 from Eq. (84), but not ∆x∆p = h/2,
in linear quantum mechanics.

3.10.3 The uncertainty relations of coherent states

As a matter of fact, we can represent one-quantum co-
herent state of harmonic oscillator by [26, 27]

|α〉 = exp(αb̂+ − α∗b̂)|0〉 = e−α2/2
∞∑

n=0

αn

√
n− 1

b̂+n |0〉

in the number picture, which is a coherent superposi-
tion of a large number of microscopic particles (quanta).
Thus

〈α |x̂|α〉 =

√
�

2ωm
(α+ α∗)

〈α|p̂|α〉 = i
√

�mω(α− α∗)

and〈
α
∣∣x̂2

∣∣α〉 =
�

2ωm
(
α∗2 + α2 + 2αα∗ + 1

)

〈α|p̂2|α〉 =
�ωm

2
(
α∗2 + α2 − 2αα∗ − 1

)
where

x̂ =

√
�

2ωm
(b̂+ b̂+), p̂ = i

√
�ωm

2
(b̂+ − b̂)

and b̂+(b̂) is the creation (annihilation) operator of the
microscopic particle (quantum), α and α∗ are some un-
known functions, ω is the frequency of the particle, m is
its mass. Thus we can get

(∆x)2 =
�

2ωm
, (∆p)2 =

�ωm

2
, 〈∆x〉2 〈∆p〉2 =

h2

4

∆x
∆p

=
1
ωm

, or ∆p = (ωm)∆x (93)

For the squeezed state of the microscopic particle:
|β〉 = exp[β(b+2 − b2)]|0〉, which is a two-microscopic
particle (quanta) coherent state, we can find that

〈β|∆x2|β〉 =
�

2mω
e4β, 〈β|∆p2|β〉 =

�mω

2
e−4β

using a similar approach as the above. Here β is the
squeezed coefficient and |β| < 1. Thus,

∆x∆p =
h

2
,

∆x
∆p

=
1
mω

e8β

or ∆p = ∆x(ωm)e−8β (94)

This shows that the momentum of the microscopic par-
ticle (quantum) is squeezed in the two-quanta coherent
state compared to that in the one-quantum coherent
state.

From the above results, we see that both one-quantum
and two-quanta coherent states satisfy the minimal un-
certainty principle. This is the same as that of the non-
linear quantum states in nonlinear quantum mechanics.
We can conclude that a coherent state is a kind of non-
linear quantum state, and the coherence of quanta is a
nonlinear phenomenon, instead of a linear effect.

As is known, the coherent state satisfies the classical
equation of motion, in which the fluctuation in the num-
ber of particles approaches zero, which is a classically
steady wave. In fact, according to quantum theory, the
coherent state of a harmonic oscillator at time t can be
represented by

|α, t〉 = e−iĤt/�|α〉 = e−iω(b̂+b̂/2)t |α〉

= e−iωt/2−|α|2/2

∞∑
n=0

αne−inωt

√
n!

|n〉

= e−iωt/2|αe−iωt〉, |n〉 = (b+)n|0〉
This shows that the shape of a coherent state can be
retained during its motion. This is the same as that
of a microscopic particle (soliton) in nonlinear quantum
mechanics. The mean position of the particle in the time-
dependent coherent state is

〈α, t |x|α, t〉 =
〈
α
∣∣eiHt/�xe−iHt/�

∣∣α〉
= 〈α|x− it

�
[x,H ] +

(−it)2

2!�2
[[x,H ] , H ] + · · ·+|α〉

= 〈α|x+
pt

m
− 1

2!
t2ω2x+ · · ·+|α〉

= 〈α|x cosωt+
p

mω
sinωt|α〉

=

√
2�

mω
|α| cos (ωt+ θ)

(95)

where θ = arctan
y

x
, x + iy = α, [x,H ] =

i�p
m
, [p,H] =

−i�mω2x.

Comparing (95) with the solution of a classical har-
monic oscillator

x =

√
2E
mω2

cos (ωt+ θ) , E =
p2

2m
+

1
2
mω2x2

we find that they are similar, with

E = �ωα2 = 〈α |H |α〉 − 〈0 |H | 0〉
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H = �ω

(
b+b+

1
2

)

Thus, we can say that the center of the coherent state-
packet indeed obeys the classical law of motion, which
is the same as the law of motion of microscopic particles
in nonlinear quantum mechanics discussed in Eqs. (70),
(71).

We can similarly obtain

〈α, t|p|α, t〉 = −√
2m�ω |α| sin (ωt+ θ)

〈α, t|x2|α, t〉 =
2�

ωm

[
|α|2 cos2 (ωt+ θ) +

1
4

]

〈α, t|p2|α, t〉 = 2m�ω

[
|α|2 sin2 (ωt+ θ) +

1
4

]

and

[∆x(t)]2 =
�

2ωm
, [∆p(t)]2 =

1
2
mω�, ∆x(t)∆p(t)=

h

2
(96)

This is the same as Eq. (92). It shows that the minimal
uncertainty principle for the coherent state is retained at
all times, i.e., the uncertainty relation does not change
with time t.

The mean number of quanta in the coherent state is
given by

n̄ = 〈α|N̂ |α〉 = 〈α|b̂+b̂|α〉 = α2

〈α|N̂2|α〉 = |α|4 + |α|2

Therefore, the fluctuation of the quantum in the coherent
state is

∆n =
√
〈α|N̂2|α〉 − (〈α|N̂2|α〉)2 = |α|

which leads to

∆n
n

=
1
|α| � 1

It is thus obvious that the fluctuation of the quantum in
the coherent state is very small. The coherent state is
quite close to the feature of soliton and solitary wave.

These properties of coherent states are also similar
to those of microscopic particles described by the non-
linear Schrödinger equation, the φ4− equation, or the
Sine-Gordon equation in nonlinear quantum mechanics.
In practice, the state of a microscopic particle in non-
linear quantum mechanics can always be represented by
a coherent state, for example, the Davydov’s wave func-
tions, both |D1〉 and |D2〉[46], and Pang’s wavefunction
[47, 48] of exciton-solitons in protein molecules and the
wavefunction in acetanilide [49, 50]; the wavefunction of

proton transfer in hydrogen-bonded systems [51, 53] and
the BCS’s wave function in superconductors [54], etc.
Hence, the coherence of particles is a kind of nonlinear
phenomenon that occurs only in nonlinear quantum me-
chanics. It does not belong to systems described by lin-
ear quantum mechanics, because the coherent state can-
not be obtained by superposition of linear waves, such
as plane wave, de Broglie wave, or Bloch wave, which
are solutions of the linear Schrödinger equation in linear
quantum mechanics. Therefore, the minimal uncertainty
relation Eq. (92), as well as Eqs. (94) and (96), are only
applicable to microscopic particles in nonlinear quantum
mechanics. In other words, only microscopic particles in
nonlinear quantum mechanics satisfy the minimal uncer-
tainty principle. It reflects the wave-corpuscle duality of
microscopic particles because it holds only if the duality
exists.

This uncertainty principle also suggests that the po-
sition and momentum of the microscopic particle can
be simultaneously determined in a certain degree and
range. A rough estimate for the size of the uncertainty
can be given. If it is required that φs (x, t) in Eq. (85) or
φs (p, t) in Eq. (87) satisfies the admissibility condition,
i.e., φs (0) ≈ 0, we choose ξ = 140, η =

√
300/0.253/2

√
2

and x0 = 0 in Eq. (85) (In fact, in such a case we can
get φs (0) ≈ 10−6, thus the admissibility condition can be
satisfied). We then get ∆x ≈ 0.026 24 and ∆p ≈ 19.893,
according to Eqs. (91) and (92). These results show that
the position and momentum of microscopic particles in
nonlinear quantum mechanics can be simultaneously de-
termined within a certain approximation.

Pang et al. [55, 56] also calculated the uncertainty re-
lation and quantum fluctuations and studied their prop-
erties in nonlinearly coupled electron-phonon systems
based on the Holstein model by a new ansatz including
the correlations among one-phonon coherent and two-
phonon squeezing states and polaron state proposed by
himself. Many interesting results were obtained. The
minimum uncertainty relation takes different forms in
different systems which are related to the properties of
the microscopic particles. Nevertheless, the minimum
uncertainty relation in Eq. (92) holds for both the one-
quantum coherent state and two-quanta squeezed state.
These works enhanced our understanding of the signifi-
cance and nature of the minimum uncertainty relation.

3.10.4 Quantum fluctuation of particles described by
quantum nonlinear Schrödinger equation

Finally, we determine the uncertainty relation of the
microscopic particle described by quantum nonlinear
Schrödinger equation, arising from the quantum fluctu-
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ation effect in the nonlinear quantum field theory. The
quantum theory was discussed by Lai and Haus et al.
[26, 27, 57] based on the nonlinear Schrödinger equation.
A superposition of a subclass of bound state |n, P 〉, char-
acterized by number of the boson, for example, photon or
phonon, and the momentum of the center of the mass P ,
can reproduce the expectation values of the microscopic
particle (soliton) in the limit where the average num-
ber of the bosons (phonons) are larger; we refer to these
states formed by the superposition of |n, P 〉 as a fun-
damental soliton states. In quantum theory, the quan-
tized dynamic equation in the second quantized picture
is given by

i�
∂

∂t
φ̂(x, t) = − �

2

2m
∂2

∂u2
φ̂(x, t)

+2bφ̂+(x, t)φ̂(x, t)φ̂(x, t) (97)

The operators φ̂(x, t) and φ̂+(x, t) are the annihilation
and creation operators of field of a quantum at a “point”
x and “time” t, they satisfy the commutation relation:

[φ̂(x′′, t), φ̂+(x, t)] = δ(x− x′′)

[φ̂(x′′, t), φ̂(x, t)] = [φ̂+(x′′, t), φ̂+(x, t)] = 0
(98)

The corresponding quantum Hamiltonian is given by

Ĥ =
�

2

2m

∫
φ̂+

x (x, t)φ̂x(x, t)dx

+ b

∫
φ̂+(x, t)φ̂+(x, t)φ̂(x, t)φ̂(x, t)dx (99)

In the Schrödinger picture, the time evolution of the sys-
tem is described by

i�
d

dt
|Φ〉 = Ĥs |Φ〉 (100)

with the commutation relation:

[φ̂(x′′), φ̂+(x)] = δ(x − x′′)

[φ̂(x′′), φ̂(x)] = [φ̂+(x′′), φ̂+(x)] = 0
(101)

where φ̂ (x) and φ̂+ (x) are the field operators in the
Schrödinger representation. The corresponding quantum
Hamiltonian is given by

Ĥs =
�

2

2m

∫
φ̂+

x (x)φ̂x(x)dx

+ b

∫
φ̂+(x)φ̂+(x)φ̂(x)φ̂(x)dx (102)

The many-particle state |Φ〉 can be built up from the
n-particle states given by

|Φ〉 =
∑

n

an

∫
1√
n!
fn(x1, · · · , xn, t)

·φ̂+(x1) · · · φ̂+(xn)dx1 · · ·dxn|0〉 (103)

The quantum theory based on Eq. (103) describes an
ensemble of bosons interacting via a δ-potential. Note
that Ĥ preserves both the particle number.

N̂ =
∫
φ̂+(x)φ̂(x)dx (104)

and the total momentum

P̂ = i
�

2

∫ [
∂

∂x
φ̂+ (x) φ̂ (x) − φ̂+ (x)

∂

∂x
φ̂ (x)

]
dx (105)

Lai et al. [55] proved that the boson number and mo-
mentum operator commute, so that common eigenstates
of Ĥ , P̂ and N̂ exist in such a case. In the case of a
negative ratio b, the interaction between the bosons is
attractive and Hamiltonian Eq. (97) has bound states.
A subset of these bound states is characterized solely by
the eigenvalues of N̂ and P̂ :

fn,p = Nn exp

⎛
⎝ip

∞∑
j=1

xj +
b

2

∞∑
1�i,j<n

|xi − xj |
⎞
⎠

(106)

where

Nn =

√
(n− 1)! |b|n−1

2π

Thus

fn (x1, · · · , xn, t)

=
∫

dpgn (p) fnp (x1, · · · , xn, t) e−iE(n,p)t (107)

where

gn =
√
g (p)e−inpx0

and

g (p) =
eφ{−(p− p0)2/|2(∆p)2|}√

2π(∆p)2

Using fn,p given in Eq. (106), we find that |n, P 〉 de-
cays exponentially with separation between an arbitrary
pair of bosons. It describes an n-particle soliton mov-
ing with momentum P = �np and energy E (n, p) =
np2 − |b|2(n2 − 1) n/12. By construction, the quantum
number p in this wave function is related to the momen-
tum of the center of mass of the n interacting bosons,
which is now defined as

X̂ = lim
ε→0

∫
xφ̂+ (x) φ̂ (x) dx

(
ε+ N̂

)−1

(108)

with
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[X̂, P̂ ] = i�

The limit of ε→ 0 is introduced to regularize the position
operator for the vacuum state.

We are interested in the fluctuations of Eqs. (104),
(105) and (106) for a state |ε(t)〉 with a large average Bo-
son number and a well-defined mean field. Kartner and
Boiven [56] decomposed the field operator in its mean
value and a remainder which is responsible for the quan-
tum fluctuations,

φ̂(x) = 〈ψ′(0)|φ̂+(x)|ψ(0)〉 + φ̂1(x), [φ̂1(x), φ̂+
1 (x′)]

= δ(x − x′), [φ̂1(x), φ̂+
1 (x′)] = 0 (109)

Since the field operator φ̂ is time independent in the
Schrödinger representation, we can then choose t = 0 for
definiteness. Inserting Eq. (109) into Eqs. (104), (105)
and (108) and neglecting terms of second and higher or-
der in the noise operator, Kartner et al. obtained that

N̂ = n0 + ∆n̂, n0 =
∫

dx(〈φ̂+(x)〉〈φ̂(x)〉)

∆n̂ =
∫

dx(〈φ̂+(x)〉φ̂1(x)) + c.c.

P̂ = �n0p0 + �n0∆p̂, p0 =
i
n0

∫
dx〈φ̂+

x (x)〉〈φ̂(x)〉

∆p̂ =
i
n0

∫
dx〈φ̂+

x (x)〉φ̂1 (x) + c.c.

X̂ = x0

(
1 − ∆n̂

n0

)
+ ∆x̂

x0 =
1
n0

∫
dxx〈φ̂+(x)〉〈φ̂(x)〉

∆x̂ =
1
n0

∫
dxx〈φ̂+ (x)〉φ̂ (x) + c.c.

where ∆x̂ is the deviation from the mean value of the
position operator, ∆n̂,∆p̂, and ∆x̂ are linear in the noise
operator. Because the third- and fourth-order correlators
of φ̂1 and φ̂+

1 are very small, they can be neglected in
the limit of large n0. Note that ∆n̂,∆p̂, and ∆x̂ are all
quadratures of the noise operator with ∆p̂ and ∆x̂ being
conjugate variables. To complete this set, we introduce
a quadrature variable conjugate to ∆n̂,

∆θ̂ =
1
n0

∫
dx{i[φ̂+(x) + x〈φ̂+

x (x)〉]

− p0x〈φ̂+
x (x)〉}φ̂1(x) + c.c.

As is known, if the propagation distance is not too large,
the mean value of the field is given to the first order by
the classical soliton solution

〈φ̂(x)〉 = φ0,n0 (x, t)
[
1 +O

(
1
n0

)]

with

φ0,n0 (x, t) =
n0

√|b|
2

·exp
[
iΩnl − ip2

0t+ ip0 (x− x0) + iθ0
]

·sech
[
n0 |b|

2
(x− x0 − 2p0t)

]
(110)

and the nonlinear phase shift Ωnl = n2
0 |b|2 t/4. If p0 =

x0 = θ0 = 0, we obtain the following for the fluctuation
operators in the Heisenberg picture,

∆n̂ (t) =
∫

dx
[
f−n (x)∗ F ′

nl + c.c
]

∆θ̂ (t) =
∫

dx
[
f−θ (x)∗ F ′

nl + c.c
]

∆p̂ (t) =
∫

dx
[
f−p (x)∗ F ′

nl + c.c
]

∆x̂ (t) =
∫

dx
[
f−x (x)∗ F ′

nl + c.c
]

with

F ′
nl = eiΩnlφ̂1 (x, t)

and the set of adjoint functions

f−n(x) =
n0

√|b|
2

sech xn0

f−θ(x) =
i
√|b|
2

[
sech xn0 + xn0

d
dxn0

sech xn0

]

f−p(x) = −
in0

√
|b|3

4
d

dxn0

sech xn0

f−x(x) =
1

n0

√|b|xn0sech xn0

where

xn0 =
1
2
n0 |b|x

For a coherent state defined by

φ̂ (x) |Φ0,n0〉 = φ0,n0 (x) |Φ0,n0〉 , φ̂1 (x) |Φ0,n0〉 = 0

where

|Φ0,n0〉 =

exp
{∫

dx[φ0,n0 (x) φ̂+ (x) − φ∗0,n0
(x) φ̂+ (x)]

}
|0〉

φ0,n0 has been given Eq. (110). Kartner et al. further
obtained that〈

∆n̂2
0

〉
= n0, 〈∆θ̂20〉 =

0.6075
n0
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〈
∆p̂2

0

〉
=

1
3n0τ2

0

,
〈
∆x̂2

0

〉
=

1.645τ2
0

2n0

where τ2
0 = 2/n0 |b| is the width of the microscopic parti-

cle (soliton). The uncertainty products of Boson number
and phase, momentum and position are, respectively,〈

∆n̂2
0

〉 〈∆θ̂20〉 = 0.6075 � 0.25

n2
0

〈
∆p̂2

0

〉 〈
∆x̂2

0

〉
= 0.27 � 0.25

Here the quantum fluctuation of the coherent state is
white, i.e.,

〈φ̂1(x)φ̂1(y)〉 = 〈φ̂+
1 (x)φ̂1(y)〉 = 0

However, the quantum fluctuation of the soliton cannot
be written because the particle interaction introduces
correlations between them. Thus, Kätner and Boivin
[58] assumed a fundamental soliton state with a Poisso-

nian distribution for the boson number pn =
nn

0

n!
e−n0and

a Gaussian distribution for the momentum Eq. (73) with
a width 〈∆p2

0〉 = n0 |b|2/4µ, where µ is a parameter of
the order of unity compared to n0. They finally obtained
the minimum uncertainty values:〈

∆θ̂20
〉

=
0.25
〈∆n̂2〉 =

0.25
n0

[
1 +O

(
1
n0

)]

and

〈
∆x̂2

0

〉
=

0.25
〈n2

0〉
=

0.25µτ2
0

n0

[
1 +O

(
1
n0

)]

up to order 1/n0 for the corresponding initial fluctuations
in MIP (soliton) phase and timing. Thus, at t = 0 the
fundamental soliton with the given Boson number and
momentum distributions is a minimum uncertainty state
in the four collective variables, the Boson number, phase
momentum and position, up to the terms of O(1/n0),
which are of the form [26, 27, 57]

〈
∆n̂2

0

〉 〈∆θ̂20〉 = 0.25
[
1 +O

(
1
n0

)]

and

n2
0

〈
∆p2

0

〉 〈
∆x̂2

0

〉
= 0.25

[
1 +O

(
1
n0

)]
(111)

These are the uncertainty relations arising from the
quantum fluctuations in nonlinear quantum mechanics of
MIP described by NLSE. They are the same as Eqs. (92)–
(94). Therefore, we can conclude that the uncertainty
relation in NLQM takes the minimum values regardless
whether a state is coherent or squeezed, a system is clas-
sical or quantum.

In light of the above discussion, we can distinguish the
motions of particles in the linear quantum mechanics,

nonlinear quantum mechanics, and classical mechanics
by means of the uncertainty relation. When the motion
of the particles satisfies ∆x∆p > h/2 or π/6, the par-
ticles obey laws of motion in linear quantum mechanics,
and the particles are some waves. When the motion of
the particles satisfies ∆x∆p = h/12 or π/6, the particles
obey laws of motion in nonlinear quantum mechanics,
and the particles are solitons, exhibiting wave-corpuscle
duality. If the motion of the particles satisfies ∆x∆p = 0,
then the particles can be treated as classical particles,
with only corpuscle feature. The nonlinear quantum me-
chanics introduced here makes physics more complete.
Therefore, we can say that the nonlinear quantum me-
chanics is a new theory which is a new physical branch, it
bridges the gap between the classical and linear quantum
mechanics.

4.1 The eigenenergy spectrum of the Hamiltonian of
the systems

In linear quantum mechanics (LQM), because the Hamil-
tonian of the systems is independent of the state wave-
function of the particle, the eigenenergy spectrum of the
Hamiltonian operator of the systems can be easily ob-
tained from its eigenequation, H |ψ (x, t)〉 = E|ψ(x, t)〉,
where |ψ(x, t)〉 is its eigenwave-function in coordinate or
particle number representation. It also is just a time-
independent linear Schrödinger equation in the coordi-
nate representation. However, in the NLQM we find
that this method fails in the coordinate representation
because the wavefunction of state of MIP is contained
in the Hamiltonian operator of the systems; that is, the
Hamiltonian operator depends on the state wave vec-
tor of the MIP, thus exact eigenvalues cannot be ob-
tained. Therefore, we must use other methods to find
the eigenenergies of the Hamiltonian operator of the
MIPs. We have two ways to get the eigenenergies of
the Hamiltonian operator. The first is that the en-
ergy of the MIP satisfying the NLSE can be obtained

from E =
∫ ∞

−∞
〈φ(x, t)|Ĥ ′|φ(x, t)〉dx as used in Eq. (18),

where H ′ = H is the Hamiltonian density of the sys-
tems which depends on the wave function φ (x, t). The
second is that the Hamiltonian operator and state wave-
function of particles are all given in particle number
representation, then we can find the eigenenergy spec-
trum of the Hamiltonian operator from its eigenequa-
tion, Ĥ |φ(x, t)〉 = E|φ(x, t)〉, whether one mode motion
or many mode motion. We often use the latter to find the
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eigenenergy of the Hamiltonian operator of the system.
We know that the wave function of a microscopic par-

ticle can be quantized by the creation and annihilation
operators of the particle in the second quantum repre-
sentation in NLQM. Then the Hamiltonian of a system
described by the wave function φ (x, t) can be quantized
by introducing creation and annihilation operators in
the particle number representation or second quantiza-
tion representation. Thus, we can calculate the eigenen-
ergy spectrum by using the eigenequation of the quan-
tum Hamiltonian and corresponding wavevector in num-
ber representation. This is basically how the eigenen-
ergy spectra in the NLQM can be obtained. For con-
venience, we express the nonlinear Schrödinger Eq. (5)
with A(φ) = 0 in the following discrete form:

i�
∂φj

∂t
= − �

2mr20
(φj+1 − 2φj + φj−1) − b|φj |2φj

+V (j, t)φ, j = 1, 2, 3, · · · , J (112)

in lattice field, where r0 is a spacing between two neigh-
boring lattice points, j labels the discrete lattice points,
J is total number of lattice points in the lattice field of
the system. The vector form of the above equation in
the lattice field is[

i�
∂

∂t
− �

2

mr20
− V (j, t)

]
φ̄ =

−εMφ̄− bdiag. (|φ1|2, |φ2|2, · · · , |φα|2)φ̄ (113)

where φ (x, t) is the column vector, φ (x, t) = Col. (φ1,
φ2, · · · , φα), whose complex components, Eq. (113) is a
vector NLSE with α modes of motion. In Eq. (113), b
is a nonlinear parameter and α is a number of motion
modes that exist in the systems. M = [Mnl] is an α× α

real symmetric dispersion matrix, ε = �
2/2mr20. Here,

n and l are integers denoting the modes of motion. The
Hamiltonian and the particle number corresponding to
Eq. (113), respectively, are

H =
α∑

N=1

(
�ω0 |φn|2 − 1

2
b |φn|4

)
− ε

α∑
n�=l

Mnlφnφl

and

N =
α∑

N=L

|φn|2 (114)

where �ω0 = �
2/2mr20 + V (j, t).

We have assumed that V (j, t) are independent of j
and t. In the canonical second quantization theory, the
complex amplitude (φ∗n and φn) become boson creation
and annihilation operators (B̂+

n and B̂n) in the number
representation. If |mn〉 is an eigenfunction of a particular
mode, then

B̂+
n |mn〉 =

√
mn + 1|mn + 1〉

B̂n|mn〉 =
√
mn|mn − 1〉

and

B̂n|0〉 = 0

Since no particular ordering is specified in Eq. (114) we
use the averages:

|φ|2 → 1
2
(B̂+

n B̂
+
n B̂nB̂

+
n )

and

|φn|4 → 1
6
(B̂+

n B̂
+
n B̂nB̂n + B̂+

n B̂nB̂
+
n B̂

+
n B̂

+
n B̂nB̂nB̂

+
n

+B̂nB̂
+
n B̂nB̂

+
n + B̂nB̂nB̂

+
n B̂

+
n + B̂nB̂

+
n B̂

+
n B̂n)

with the Boson commutation rule B̂nB̂
+
n − B̂+

n B̂n = 1,
Eq. (114) then becomes

Ĥ=
α∑

n=1

[(
�ω0 − 1

2
b

)(
B̂+

n B̂n +
1
2

)
− 1

2
bB̂+

n B̂nB̂
+
n B̂n

]

−ε
α∑

n�=l

MnlB̂
+
n B̂l (115)

N̂ =
α∑

n=1

(
B̂+

n B̂
+
n +

1
2

)
(116)

From now on, we will use the notation [m1, m2,
· · · ,mα] to denote the products of number states
|m1〉|m2〉 · · · |mα〉. Thus, stationary states of the vector
NLSE (114) must be eigenfunctions of both N̂ and Ĥ.
Consider an m-quantum state (i.e., the nth excited level,
m = m1 +m2 + · · ·+mj), with m < α. An eigenfunction
of N̂ can be established as

|φm〉 = C1[m, 0, 0, · · · , 0] + · · · + C2[0,m, 0, 0, · · · , 0]

+ · · ·+ Ci[0, 0, 0, · · · ,m, ] + · · ·
+Ci+1[m− 1,m, 0, 0, · · · , 0] + · · ·
+Cp[0, 0, 0, · · · , 0, 1, 1, · · · , 1] (117)

The number of terms in Eq. (117) is equal to the number
of ways that m quanta can be placed on α sites, which

is given by P =
(m+ α− 1)
m!(α− 1)!

. The wave function |φm〉
in Eq. (117) is an eigenfunction of N̂ for any values of
the C′

α. Thus, we are free to choose these coefficients so
that

Ĥ|φm〉 = E|φm〉 (118)

Eq. (118) requires that the column vector C = Col.
(C1, C2, · · · , Cp) satisfies the matrix equation:

|H − IE|C = 0 (119)
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where H is a p× p symmetric matrix with real elements.
I is a p × p identity matrix, E is just the eigenenergy.
Eq. (118) is an eigenvalue equation of quantum Hamil-
tonian operator (115) of the systems. We can find the
eigenenergy spectra Em of the systems from Eq. (119)
for given parameters, ε, ω0, and b. Scott et al. [59 − 61]
and Pang et al. [62 − 69] used this method to calculate
the energy-spectra of vibrational excitations (quanta) in
many nonlinear systems, for example, small molecules
or organic molecular crystals and biomolecules. These
results can be compared with the experimental data.

4.2 Eigenvalue problem of the nonlinear Schrödinger
equation

In LQM we know that the time-independent linear
Schrödinger equation is an eigenequation of the Hamilto-
nian operator in the coordinate representation. However,
we do not know the meaning of the eigenvalue problem
of the nonlinear Schrödinger equation, which is there-
fore a new problem. This problem comes from the Lax
method. According to this method, for any nonlinear

equation,
∂

∂t
φ (r, t) = K(φ (r, t)), where K(φ (r, t)) is a

nonlinear operator. If K(φ (r, t)) is related to two linear
operators L̂ and B̂, which depend on φ and satisfy the
Lax operator equation:

iL̂′
t = B̂L̂− L̂B̂ = [B̂, L̂] (120)

where t′ = t/�, then the eigenvalue E, which does not
vary with time, and eigenfunction ψ of the nonlinear
equation is determined by the eigenequation of opera-
tor L̂ as follows:

L̂ψ = λψ; iψ′
t = B̂ψ (121)

Thus, the eigenvector and eigenvalue of nonlinear sys-
tems are determined by the eigenvector and eigenvalue
of the above linear operators. In general, concerning
any types of nonlinear equation, its corresponding linear
eigenequation and time-independent eigenvalue can al-
ways be found. For the NLSE in Eq. (5) with V (r, t) =
A (φ) = 0, the two linear operators L̂ and B̂ are

L̂ =

(
1 + s 0

0 1 − s

)
∂

∂x′
+

(
0 φ∗
φ 0

)

B̂=−
(

1 0
0 1

)
∂2

∂x′2
+

(
|φ|2 /(1 + s) iφx′

−iφx′ − |φ|2 /(1 − s)

)

(122)

where s2 = 1−2/b, x′ = x
√

2m/�2. Thus the eigenvalue
of NLSE is determined by

L̂ψ = λψ, ψ =
(
ψ1

ψ2

)
(123)

Its corresponding solution can be found by use of inverse-
scattering or another method.

The eigenequation corresponding to the NLSE (5)
with V (x, t) = A(φ) = 0 and the Galilei invariance is
found by the linear Zakharov-Shabat equation [31]:

iψx′ + Φψ = λσ3ψ (124)

This is an eigenequation of eigenfunction ψ with an
eigenvalue λ and potential Φ, where,

σ3 =

(
1 0
0 −1

)
, Φ =

(
0 φ

φ∗ 0

)
(125)

where φ satisfies Eq. (5) with V (x, t) = A(φ) = 0. It
evolves with time according to Eq. (121). However, what
are the properties of the eigenvalue problems determined
by these relations? This deserves further consideration.

As is known, the eigenequation is invariant under the
Galilei transformation. As a matter of fact, if we substi-
tute the following Galilei transformation:

φ′(x̃, t̃) = eivx′−iv2/2φ(x′, t′), x̃ = x′ − vt′, t̃ = t′

(126)

into Eq. (125), then Φ is transformed into

Φ′(x̃) =

(
eiθ/2 0

0 e−iθ/2

)
Φ(x′)

(
e−iθ/2 0

0 eiθ/2

)

(127)

where θ = vx′ − 1
2
v2t′ + θ0, here θ0 is an arbitrary con-

stant. If the eigenfunction ψ(x′) is transformed as

ψ′(x̃) =

(
eiθ/2 0

0 e−iθ/2

)
ψ(x′) (128)

then Eq. (124) becomes

iψ′
x′ + Φ′ψ′ =

(
λ− v

2

)
σ3ψ

′ (129)

It is clear that in the reference frame that is mov-
ing with the velocity v, the eigenvalue is reduced to v/2
compared with that in the rest frame. It shows that the
velocity of the MIP (soliton) is given by 2 
(λk). When
θ is constant, i.e., θ = θ0, the eigenvalue is unchanged
because v = 0. This implies that the NLSE is invariant
under the gauge transformation, φ′ = eiθ0φ(x′).

Satsuma and Yajima [70] studied the eigenfunction
of Eq. (124) and its properties, where the eigenfunction
satisfied the boundary condition, ψ = 0 at |x| → ∞.
The eigenvalues and the corresponding eigenfunctions
were denoted by λ1, λ2, · · · , λN and ψ1, ψ2, · · · , ψN . For
a given eigenfunction, ψn(x′), Eq. (124) reads
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i
dψn(x′)

dx′
+Φ(x′)ψn(x′)=λnσ3ψn(x′), n=1, 2, · · · , N

(130)

ψ(x′) was expressed in terms of Pauli’s spin matrices σ1

and σ2,

ψ(x′) = 
[ψ(x′)]σ1 −�[ψ(x′)]σ2 (131)

Multiplying Eq. (130) by σ2 from the left and taking the
transpose of the resulting equation, we get

−i
dψT

m

dx′
σ2 − ψT

mΦ∗σ2 = iλmψ
T
mσ1 (132)

where the superscript “T” denotes transpose. Multiply-
ing the above equation by ψn from right and Eq. (129) by
ψT

mσ2 from the left and subtracting one from the other,
Satsuma and Yajima [70] obtained the following equa-
tion:

(λn − λm)
∫ ∞

−∞
ψT

mσ1ψndx′ = 0

The boundary conditions, ψn, ψm → 0 as |x′| → ∞,
were used in obtaining the above equation. The following
orthonormal condition was then derived:∫ ∞

−∞
ψT

mσ1ψndx′ = δnm (133)

Satsuma and Yajima further demonstrated that
Eq. (130) has the following symmetry properties.

(I) If φ(x′) satisfies φ(−x′) = φ∗(x′), then replacing x′

by −x′ in Eq. (130) and multiplying it by σ2 from left,
we can get

i
d

dx′
[σ2ψn(−x′)] + Φ(x′)[σ2ψn(−x′)]

= λnσ3[σ2ψn(−x′)]
Since σ2ψn(−x′) is also an eigenfunction associated with
λn, its behavior resembles that of ψn(x′) in the asymp-
totic region, i.e., σ2ψn(−x′) → 0 as |x′| → ∞, thus ψn

has the following symmetry

σ2ψn(−x′) = δψn(x′)

or

ψn(−x′) = δσ2ψn(−x′), δ = ±1

Therefore, if φ(−x′) = φ∗(x′), then ψ(x′) satisfies the
symmetry property ψn(−x′) = δσ1ψn(−x′) with δ = ±1.
This can easily be verified by replacing σ1 with σ2 in the
above derivations.

(II) If φ(x′)is a symmetric (or antisymmetric) function
of x′, i.e., φ(−x′) = ±φ(x′), then ψ(s)

n (x′) = σ1ψ
∗(−x′) is

the eigenfunction belonging to the eigenvalue −λ∗n, and
ψ′(a)

n (x′) = σ2ψ
∗(−x′) is the eigenfunction belonging to

the eigenvalue λ∗n. The suffix s (or a) to the eigenfunction
ψn, indicates that φ is symmetric (or antisymmetric).
Since φ(−x′) = φ(x′), replacing x′ with −x′ in Eq. (130)
and taking complex conjugate, we get

i
d

dx′
[σ1ψ

∗(−x′)] + ψ(x′)[σ1ψ
∗(−x′)]

= −λnσ3[σ1ψ
∗
n(−x′)]

Compared with Eq. (130), the above equation implies
that −λ∗n is also an eigenvalue and the associated eigen-
function ψ

(s)
n (x′) is just σ1ψ

∗
n(−x′), with the arbitrary

constant. For φ(−x′) = −φ(x′), the same conclusion is
obtained by replacing σ1 with σ2 in the above deriva-
tions.

These symmetry properties are useful in providing a
general view of the solution of Eq. (5) with V (x, t) =
A(φ) = 0. As is known, the real part of the eigenvalue,
ξn, corresponds to the velocity of a soliton and the imag-
inary part, ηn, the amplitude. Then, if φ(x′, t′ = 0),
whose initial value has the symmetry φ(x′, t′ = 0),=
±φ(−x′, t′ = 0), breaks into the series of solutions, the
decay is bisymmetric, corresponding to the eigenvalues
−λ∗n. If φ(x′)is real, the above symmetry property yields

ψ′(s)
n (−x′) = σ1[−δσ2ψ

∗
n(−x′)] = δσ2ψ

′(s)
n (x′)

ψ′(a)
n (−x′) = σ2[−δσ1ψ

∗
n(−x′)] = δσ1ψ

′(a)
n (x′)

i.e., ψ′(s)
n (x′) has the same parity as ψn(x′), while

ψ′(a)
n (x′) has the opposite one. When φ(−x′) = −φ(x′)

and λn is pure imaginary (λn = −λ∗n), the eigenvalues
corresponding to the positive and negative parity eigen-
functions degenerate.

(III) If φ(x′) is real, but not antisymmetric, then the
eigenvalue λn is pure imaginary, i.e., 
(λn) = 0. From
Eq. (130) and its Hermitian conjugate, Satsuma et al.

[70] found that


(λn)〈n|σ2|n〉 = 〈n|�[φ(x′)]σ3|n〉 (134)

with

〈m|σ2|n〉 =
∫ ∞

−∞
ψ+

mσ2ψndx′ (135)

where [Φ, σ1] = 2i�(φ)σ3 was used. We see from
Eq. (134) that 
(λn) vanishes if φ is real and 〈m|σ2|n〉 �=
0. When φ is a real and an antisymmetric function of x′,
the symmetry property (I) gives

〈m|σ2|n〉 = δ2
∫ ∞

−∞
ψ+

m(−x′)σ1σ2σ1ψn(−x′)dx′

= −〈|σ2|〉
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Thus 〈n|σ2|n〉 = 0.

(IV) If the initial value takes the form of φ =
eivx′

R(x′), where R(x′) is a real, but not antisymmetric
function of x′, then all the eigenvalues have the common
real part, −v/2. This can be easily shown by the Galilei
transformation. In fact, when φ(x′, t′ = 0) = eivx′

R(x′),
the solution does not decay to the series of solitons mov-
ing with the different velocities, but form a bound state.
In this case, the real parts are common to all the eigen-
values, i.e., the relative velocities of the solitons vanish.

(V) If φ is a real non-antisymmertric function of x′, it
can be shown that

ψ∗
n(x′) = iδσ3ψn(x′) (136)

where δ = ±1. Because 
(λn) = 0, from the com-
plex conjugate of Eq. (130), one can get ψ∗

n(x′) ∝ σ3ψ.

Substituting Eq. (124) into the normalization condition
Eq. (132), one then has δ = ±1. If the eigenvalue of
Eq. (124) is real, i.e., λ = ξ is real, then

i
dψ
dx′

+ Φψ = ξσ3ψ (137)

and the adjoint function of ψ, ψ = iσ2ψ
∗, is also a solu-

tion of Eq. (137), i.e.,

i
dψ̄
dx′

+ Φψ = ξσ3ψ

From this and Eq. (137), Satsuma and Yajima obtained
the following relations:

d
dx′

(ψ+ψ) =
d

dx′
(ψ

+
ψ) =

d
dx′

(ψ+ψ)

=
d

dx′
(ψ

+
ψ) = 0 (138)

Using the above boundary conditions, they found
that the solutions of Eq. (124) ψ1(x′, ξ), ψ2(x′, ξ), and
ψ2(x′, ξ) satisfy the following relations:

ψ+
1 ψ1 = ψ+

2 ψ2 = ψ
+

2 ψ2 = 1, ψ
+

2 ψ2 = ψ+
2 ψ2 = 0

From ψ1 = a(ξ)ψ2 +b(ξ)ψ2, we get a = ψ and b = ψ
+

2 ψ1,

where ψ1 = (x′, ξ) =
(

1
0

)
e−iξx′

, as x′ = −∞ and

ψ2 = (x′, ξ) =
(

0
1

)
e+iξx′

, ψ2(x
′, ξ) =

(
1
0

)
e−iξx′

as

x′ = ∞. As pointed out earlier, if a real (not antisym-
metric) initial value is considered, the microscopic par-
ticle does not decay into moving solitons, but forms a
bound states of solitons pulsating with the proper fre-
quency. Satauma and Yajima developed a perturbation
approach to investigate the conditions for the solutions
to evolve and decay into moving solitons.

If the wave function φ in Eq. (124) undergoes a small
change, i.e., φ → φ′ = φ + φ, the corresponding change
in Φ is given by

∆Φ =

(
0 ∆φ

∆φ∗ 0

)

Then, λn and ψn changes as λn + ∆λn and ψn + ψn,

respectively. To the first order in the variation, Eq. (124)
becomes[

i
d

dx′
+ (Φ − λnσ3)

]
∆ψn + (∆Φ − ∆λnσ3)ψn = 0

Multiplying the above equation by ψT
nσ2 from the left

and integrating with respect to x′over (−∞,∞), we get

∆λn = −i
∫ ∞

−∞
ψT

nσ2∆Φψndx′

= −
∫ ∞

−∞
ψT

n
(∆φ)σ3ψndx′

+i
∫ ∞

−∞
ψT

n�(∆φ)ψndx′

If φ is a real and non-antisymmetric function of x′,
Eq. (137) holds and

∆λn = δ〈n|�(∆φ)σ3|n〉 + iδ〈n|
(∆φ)|n〉 (139)

Eq. (139) indicates that if 〈n|�(∆φ)σ3|n〉 �= 0, the per-
turbation ∆φ makes the real part of the eigenvalue finite.
That is, for the initial value, φ(x′)+∆φ(x′), the solution
of the NLSE in Eq. (5) with V (x, t) = A(φ) = 0 breaks
up into moving solitons with velocity 2
(∆λn). If φ is
real and is either a symmetric or an antisymmetric func-
tion of x′, the above symmetry properties of eigenvalues
of the NLSE lead to

〈n|�(∆φ(x′))σ3|n〉 = −〈n|�(∆φ(−x))σ3|n〉
Therefore, if �(∆φ) is a symmetric function, 〈n|�(∆φ)

σ3|n〉 vanishes, i.e., 
(∆λn) = 0, and the soliton bound
state does not resolve into moving solitons even in the
presence of the perturbation ∆φ.

Satsuma and Yajima [70] also obtained the shifts of
the eigenvalues of Eq. (124) under the double-humped
initial values, φ(x′, t′ = 0) = φ0(x′−x′0)+eiθ0φ(x′ +x′0),
where φ0 is a real and symmetric function of x′, x′0 and
φ0 are real. The shifts of the eigenvalues were finally
written as

∆λ±n = δ

[
sin θ〈n|σ3φ0(x′ + 2x′0)|n〉 ∓ sin

θ0
2

·〈n|σ3φ0(x′)e2x′
0(d/dx′)|n〉

]
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+iδ
[

cos θ0〈n|φ0(x′ + 2x′0)|n〉 ± cos
θ0
2

·〈n|φ0(x′)e2x′
0(d/dx′))|n〉

]

where

−δ cos
θ0
2
〈n|φ0(x′)e2x′

0(d/dx′))|n〉

−iδ sin
θ0
2
〈n|σ3φ0(x′)e2x′

0(d/dx′)|n〉

=
∫ ∞

−∞
ψ′′(n)T

2 σ2Φψ′′(n)
1 dx′

=
∫ ∞

−∞
ψ′′(n)T

1 σ2Φψ′′(n)
2 dx′

−δ cos θ0〈n|φ0(x′ + 2x′′0)|n〉
−iδ sin θ〈n|σ3φ0(x′ + 2x′0)|n〉

=
∫ ∞

−∞
ψ′′(n)T

1 σ2Φ2ψ
′′(n)
1 dx′

=
∫ ∞

−∞
ψ′′(n)T

2 σ2Φ1ψ
′′(n)
2 dx′,

here

Φ(x′) = Φ1(x′) + Φ2(x′), Φ1(x′) = σ1φ0(x′ − x′0)

Φ2(x′) = [(cos θ0σ1 − sin θσ2]φ0(x′ + x′0)

The corresponding eigenvalue equation is given by

i
d

dx′
ψ′′

n + Φ(x′)ψ′′
n = λnσ3ψ

′′
n(x′)

The eigenfunction ψ′′
n(x′) satisfies the following symme-

try and orthogonality requirements:

ψ′′
n±(−x′) = ±δ

(
cos

θ0
2
σ2 + sin

θ0
2
σ1

)

ψ′′
n±(x′), δ = ±1∫ ∞

−∞
ψ′′T

n+(x′)σ1ψ
′′

n−(x′)dx′ = 0

When θ0 = 0, φ(x′) is real and symmetric, ∆λ(±)
n is pure

imaginary, when θ0 = π, φ(x′) is real and antisymmetric,
∆λ(±)

n is real,


[∆λ(±)
n (θ0 = π)] = ∓δ〈n|σ3φ0(x′)e2x′

0(d/dx′)|n〉
�[∆λ(±)

n (θ0 = π)] = −δ〈n|σ3φ0(x′ + 2x′0)|n〉
(140)

Thus, the solution of the NLSE (5) with V (x, t) =
A(φ) = 0 decays into paired solitons and each pair con-
sists of solitons with equal amplitude and moving in the

opposite directions with the same speed. For arbitrary
θ′0, we can see from Eq. (140) that the solution of Eq. (5)
with V (x, t) = A(φ) = 0 breaks up into an even number
of moving solitons with different speeds and amplitudes.
Therefore, the eigenvalues of NLSE in nonlinear quan-
tum mechanics are a very complicated problem.

In this paper, we give the elementary principles of non-
linear quantum mechanics (NLQM) according to the dif-
ficulties in linear quantum mechanics. Using these ele-
mentary principles, we study in detail some main prop-
erties of microscopic particles in nonlinear quantum sys-
tems. We give the invariance and conservation laws of
mass, energy and momentum and angular momentum
for the microscopic particles, which are also some ele-
mentary and universal laws of matter in the NLQM. We
also find the classical laws of motion of microscopic parti-
cles and that motions of microscopic particles satisfy the
Lagrangian and Hamilton equations. From dynamical
equation — nonlinear Schrödinger equation and their so-
lutions, the collision processes of many microscopic parti-
cles and their reflection and transmission features on the
interface as well as the uncertainty relation of the motion
of particles and quantum fluctuation of particle num-
bers, we discuss their wave-corpuscle duality. Finally,
we discuss further the eigenvalue problem of particles,
etc. From these investigations and discussions, we see
clearly that microscopic particles in nonlinear quantum
mechanical systems have a lot of new properties, their
laws, rules and features of motion are completely differ-
ent from that in the linear quantum mechanics (LQM),
for example, the particles possess the real wave-corpuscle
duality, obey the classical rule of motion and conserva-
tion laws of energy, momentum and mass, satisfy min-
imum uncertainty relation, can be localized due to the
nonlinear interaction, and its position and momentum
can be also determined in certain degree, etc. There-
fore, it is very necessary to establish the NLQM, which
is a new physical theory and a necessary result of the de-
velopment of quantum mechanics. Its correct representa-
tion describes microscopic particles in nonlinear systems.
The NLQM could solve problems disputed by scientists
in the LQM field for about a century. The NLQM estab-
lished can promote the development of physics and can
enhance and raise the knowledge and recognition levels
to the essences of microscopic matter. We can predict
that nonlinear quantum mechanics has extensive appli-
cations in physics, chemistry, biology, polymers, and so
on.
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