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Abstract In this paper, we show that the Lax connections
can yield new classical solutions with a spectral parameter of
the hybrid formulism for the Type IIB superstring in an
AdS, x §* background with Ramond-Ramond flux. This series
of classical solutions have the same infinite set of classically
conserved charges.

Keywords hybrid superstring, Lax connections, classical
solutions, integrability

PACS numbers 11.25.Hf

1 Introduction

The AdS/CFT correspondence [1, 2] between the classical
theory of supergravity on AdS in the bulk and the quantum
conformal supersymmetric Yang-Mills theory on the bound-
ary has stimulated much interest in the study of the corre-
sponding string theory with worldsheet methods.

The classical/quantum integrabilities in string theories are
expected to play an important role in the study of the
AdS/CFT correspondence, which have attracted much atten-
tion. In recent years, the existence of integrable structures on
the superstring has been discussed in papers [3—7]. The clas-
sical integrability and non-local charges in the type IIB string
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theory on AdSsxS° was suggested in an early work [8]
by regarding the S° part as a nonlinear o model. For the
PSU(2,214)
50(1,4)x SO(5)
chinski, and Roiban [10] have discovered the one-spectrum
parameter family of flat connections, which can be used to
construct an infinite number of non-local conserved charges,
such that it may be exactly solvable. Then, by twistly trans-
forming the vierbein, the Lax connections with a spectral pa-

rameter were equivalently given by Hou [11].

The pure spinor superstring on AdSsx S° was given by
Berkovits [12], and the hybrid description was given in
AdS,x §* [13, 14], AdS;x S [14—16]. In Ref. [17] the corre-
sponding flat currents were derived. In Ref. [18] it was proved
that the nonlocal charges in the string theory are BRST-
invariant and physical, and in Ref. [19] it was shown that
there exists an infinite set of nonlocal BRST-invariant currents
at the quantum level. Recently, the Lax operator for the

non-symmetric coset space [9], Bena, Pol-

superstring in the y-deformed background generated by TsT
transformations was obtained [20—23].

Recently, for the Green-Schwarz superstring on AdSsx S°,
in the paper [24] we found that the Cartan 1-forms associated
with the flat connections given by Bena, Polchinski and Roi-
ban also satisfy equations of motion and the Virasoro con-
straint of the Green-Schwarz Superstring on AdSsx S°. Thus,
one can generate a series of classical solutions with a spec-
trum parameter from the existing one, and these solutions
have the same infinite set of classically conserved quantities.
In the present work, we will try to prove that the worldsheet
components of Lax connections also satisfy the equations of
motion in the hybrid superstring on 4dS,x S* with R-R flux.

The paper is organized as follows. In Section 2, we first
recall the necessary facts about the Lie superalgebra
psu(1,1|2), andthen review the hybrid action for the Type
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[1B superstring in an AdS, x S? background with R-R flux.
In Section 3, we construct the currents with a spectral param-
eter which satisfies the Maurer-Cartan equations. In Section
4 we present the cal culations showing that these currents also
satisfy the equation of motion and the Virasoro constraint. In
Section 5 we make some further discussions.

2 The hybrid superstring in an 4dS2 x S2 background

Superstring propagating in the AdS; x S? space-time can
be described as the non-linear sigma model with a Wess-
Zumino-Witten (WZW) term whose target space is the fol-
lowing coset [13, 25]:

PSU(1,1]2)
U1) x U(1)

Here, the supergroup PSU(1, 1|2) with the Lie superalgebra
psu(1,1]2) is the isometry group of the AdS, x S? super-
space.

TheLiesuperagebrasu(1, 1|2) arethe algebraof 4 x 4 su-
permatrices with bosonic diagonal blocks and fermionic off-
diagonal blocks:

G:<A X> @

Y B
These supermatricesare required to have vanishing supertrace
strM = trA — trB = 0 and to satisfy the following reality
condition:

HG+GIH =0 2

For our further purpose, it is convenient to pick up the hermi-
tian matrix H to be

H—<(;=" _OH> )

where o3 isthe pauli matrix and I denotes the identity matrix
of the corresponding two dimensions. The matrices A and B
are even, while X, Y are odd (linearly depend on fermionic
variables). The condition (2) implies that [13]

A= —0'3AT0'3 5 B= —BJr 5 X = iO’gYT (4)

The Lie superalgebra psu(1, 1]2) is defined as the algebra
su(1,1]2) over the u(1) factor, it has no realization in terms
of 4 x 4 matrix.

The essential feature of the Lie superalgebra su(1,1|2)
is that it admits a Z, automorphism, so that the condi-
tion Z,(H) = H determines the maxima subgroup to be
u(1) x u(1) that leads to the definition of the coset for the

sigma model. The Z, automorphism 2 takes an element of
su(1,1]2) toanother G — 2(G) as

JAY] —JYtJ 0 -1
QG)= ,  where J= 5)
JXtJ JB'J 1 0
Since 24 = 1, the eigenvalues of 2 arei? (p = 0,1, 2, 3).
Therefore, one can decompose the superalgebra g as
G=H'oH' o H>DH> (6)

where H? denotes the eigenspace of (2 such that if H? € H?
then

Q(HP) = iPH?P ()

It is worth pointing out that 2(H°) = H determines the
HY = u(1) x u(1) subalgebra, and H? representsthe remain-
ing bosonic generators of the superalgebra G, while #' and
H3 consist of the fermionic generators of the superalgebra.
The automorphism also implies an important relation:

[HP, H] € HPTY (mod 4) (8)

The hybrid action for the Type IIB superstring in an
AdSy x S? background with Ramond-Ramond flux takes the
form[7, 13]:

1 1 .
Sads = /szbstr(Jf_Jz) + Zstr(JfJi)
3
+ZStI'(Ji, Ji) + Scom + Sghost (9)

where the currents J{ (p = 0, 1, 2, 3) are given by

SO+ I+ +J =T =G 10LG

JO = JT,,,  JL=JST,
J2=JST,, J3 =J%T, (10)

where G is the group element, A = cd, o, c,& and J ¢, J¢
are Grassmann odd functions while J§%, J¢ are Grassmann
even functions. T4 arethe psu(1,1|2) Lie superalgebra gen-
erators.

For the action (9), S.om IS the action for compactification
variablesand S0t 1S an action for the chiral and anti-chiral
bosonic ghosts, which we will not write explicitly. However,
it is emphasized that the hybrid action is different from the
pure spinor superstring action in an AdSs x S® backgroud
[12, 17], sinceinthe D = 4 and D = 6 actions the world-
sheet ghosts are Lorentz scalars in stead of the Lorentz ghost
currentson Ad.Ss x S°.

The action is globa psu(1, 1]2)-invariant, and it is aso
gauge-invariant under a local U(1) x U(1) transformation
parametrized by 2 € HO,
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dJL =[J8, 0], 8JL =
8J9 = 0,2+ [J9, 2],

6(Scorn + Sghost) =0

[JE, 2]
8JC =0_0N+[J°, 0

11)

The form of the action (9) is very useful since from which
now we can easily derive the equations of motion. If the vari-
ation of the group element g as 6g = g6 X is taken into ac-
count, the variation of the current J = ¢ —'dg is equal to

0Jr=—g 0997 0rg + g7 0409 =010X + [J1, 0X]
(12)

To find the variations of the currents J% (p = 0, 1, 2, 3), the
relation (8) is used with decomposing X asdX = X (0 +
dX M 4 8X®@ 4+ 5§XB) wheredX? € HP. Then onefinds

8J9 =0L0X0 + [J9,0X0] + [JL, 5X3]

+H[J2,0X%] + [J2, 80X ]

SJL =0:8X1 + [J9,8X 1) + [JL, X0
+[J2,8X3] 4 [J3,0X2
8J2 =0.8X2 + [J9,0X2) + [JL, X 1]
+[J3,8X0) + [J3,6X7]
8J3 =0.8X3 + [J9,0X3) + [JL,8X2]
+[J2, XY + [J3,6X9) (13)

Based on these results, we perform the variation of the ac-
tion (9) and have the equations of motion:

1 3 1 1

5D+J§ + §D_Ji = —§[JJ2F,JE] — §[Ji,JE} (14)
3 1 1 1

SDyJE 4+ DT = < [J2, T3+ <[22 (15)
2 2 2 2

DyJ? +D_J2 = —[J+, JL] + [J3, J2] (16)

where D, = 94 + [J?,]. And following from the variation
of the action over the metric g;;, in the light-cone gauge, the
J3 sector should satisfy the Virasoro constraint:

str(J2J2) =str(J2J2) =0

str(J2J?%) = str(J2J2) = ¢(c is constant) a7

In terms of the Z, grading of the superalgebra as well as

therelation (8), the Maurer-Cartan equations 0 J_ —9_ J +
[J+, J—] = 0 can be rewritten as
040 —0_JY = —[J,J°) = [J1, 3]
—[J3, J2] = [J3, J1] (18)
D8 = D_J3 = —[J4, 2]~ [J3, 1] (19)
Dy JL =D JL = —[J2, 3] - [J3, 2] (20)
DiJ? —D_J? =—[JL, Jt]) - [J3, J3] (22)
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From the equations of motion and the Maurer-Cartan equa-
tions, we can have the following relations:

04J0 —0_J¢ = —[J},J°] = [T}, J?]
—[73, 2] = [72, 7]
DyJt =0, D_Ji=[J2J3]+[J3,J?]
DyJ? = —[JL,JY), D_J% =[J3,J%]
Dy J3 = —[J}, J2] = [J2,JL], D_J? =0 (22)

In the next two sections, just by these relations, we will prove
that the worl dsheet components of the L ax connections satisfy
not only the Maurer-Cartan equations but also the equations
of motion.

3 Laxconnections in the hybrid superstring
Introducing the currents 77 (\) with the spectral parameter
A [6] which is eguivalent to the pure spinor superstring Lax
connection by setting the pure spinor ghosts to zero [16],

TN = I

200 = 2

TE) =ML ) = AR

TN = NJE, JEN) = AP (23)

We will prove that 71 (\) satisfies al the Maurer-Cartan
equations, one can have

0+ T2(N) = 0-TY(N) + [TLN), T2V
HITEN), TEN] +LTZN), T21+ [TEN), T2
=0.J% —0_JL +[JL, J°] + [JL, J2]
+H[J2, T2+ [J3, ] =0
D, J3(N) = D-J}(\) +
+TEN), TEN)]
=" (=[JL, J2) -
g2, g =0
DTN = D-J¢(\) +
+TEN), T2(N)]
“A([J2, T3]+ [J3, J2) + A[J2, T3]
+AJE, J2] =
DyJ2(N) = D_JZ(\) +
+TEN), T2(N)]
LI -

V]

(24)
[TE(A), T2(N)]

(T3, L)) + AL, 2]

(25)
(T2, T2

(26)
VAICVAVAICY]

N(JEL T AL
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+A2[J3, T3] =0

Henceit is proved that 72 (X), 72(\), 74 (X) and J2(X) &
satisfy the Maurer-Cartan equations (18), (19), (20), and (21).

Now, the Lax connections 7+ (\) with the spectral param-
eter A are constructed directly from the currents (23):

JT+(N)

(27)

=G(N)rLGN)
=JY +A2JF + AJL
=GN -GN
=JO + A2 LA B

+A3J3
J-(A)
(29)

It is obvious that the Lax connections 7+ () (28) satisfy the
compatibility condition for the integrable systems (the zero
curvature condition):

04 T-(N) = 0-T+(N) + [T+ (N), T-(N)] = 0

By using the Lax connections (28), and one can construct the
corresponding monodromy matrix T'(\):

(29)

2n
T(\) =Pexp {— jg()\)da} (30)
The Lax connections and the monodromy matrix of the super-
string would naturally lead to an infinite number of non-local
conserved charges which are intimately connected to the clas-
sical integrability of the theories. In the next section, it will
be shown that the currents al so satisfy the equations of motion
and the Virasoro constraint.

0

4 Lax connections and solutions in the hybrid super-
string

In this section, we will show that the Lax connections can
yield the new classical solutions with the spectral parameter
of the Hybrid Superstring on AdS, x S2.
From the equations of motion and the Maurer-Cartan equa-
tions, one has
1 3 3 3
§D+J,(>\) + ED,.ﬁ()\) +
1
+35lTE ), T2V
1

SITH, 7 V)]

L = R ) 4 A L

2
1
+5A 2, gt =0 (31)

3

5D+ TE ) + %D_Ji(A) - %[Ji(A), NALOY)

ey

1 1
= 5)‘([‘]4%& Ji] + [Jiv JE]) - 5)‘[‘]4%3 Ji]

—%A[Ji’ J2] =0 (32)
DyJ2N) + D_J2(\) + [TEN), TEN)]
i AHCIRVAICY]
=—AT2[JL, I+ N3, T3]+ ATR[JE, I
—X2[J3, 3] =0 (33)

Therefore, the currents 77 () satisfy all the equations of mo-
tion. Finally, we should consider the Virasoro constraint, one
finds

str(j_z()\)jf()\)) = str(J2 JZ) _

str(J2(AN)T2(N) = str(J3J2) =

str( 72 (A)Jf(A)) = (J2 J3) =
(T2(N)

(34)

So it is proven that the currents also satisfy the Virasoro con-
straint. Hence G(\) correspondingto 7+ () arethe new clas-
sical solutions with the spectral parameter. When A = 1, we
recover the existing solution. That is to say, the series of new
classical solutions G(\) can thus be generated from the exist-
ingoneG.

In summary, it has been shown that, for the hybrid super-
string on AdS, x S2, the currents with the spectral param-
eter satisfies not only the Maurer-Cartan equations but also
the equations of motion, as well as the Virasoro constraint.
Hence, the corresponding Lax connections can yield the new
classical solutions with the spectral parameter.

5 Discussions

Now, the Lax connections 7+ (A, i) with the spectral param-

eter 11 are constructed directly from the new solutions G(\):
\7+ (/\a :u) =
J-(A\ )=

JO + @ N2J3 4 pATL + N3 T3
JO 4 2AT2J2 AT A8
(35)

Here, we make uA — ), it is obviously that Lax connec-
tions (36) from the new solutions G(\) are consistent with
them (28) from the original solution G. Therefore, the series
of classical solutions have the same infinite set of classicaly
conserved charges, undoubtedly.

It isinteresting to note that the Lax connections of the hy-
brid superstring on AdS3 x S3 which take the similar form
with the hybrid superstring on AdS, x S?; furthermore, the
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Lax connectionscan also yield the classical solutionswith the
spectral parameter. However, for the pure spinor superstring
on AdSs x S%, because of the existence of the ghost currents
N4, the currents with the spectral parameter don’t satisfy the
equations of motion.

For this hybrid superstring, we have also checked that the
G(\) andtheorigina G givethesameaction S. However, we
don’t know the physical implications about this yet.
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