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Abstract In this paper, we study single-qubit and sin-
gle-user quantum repeaters based on CNOT gates under de-
coherence using the Kraus-operator representations of deco-
herence. We investigate the influence of decoherence on the
information-disturbance trade-off of quantum repeaters. It is
found that decoherence may lead to the appearance of three
subspaces, called as the normal subspace, the anomalous
subspace, and the decoherence-free subspace (DFS), respec-
tively. It is indicated that in the normal subspace decoherence
decreases the transmission and estimation fidelities, in the
anomalous subspace decoherence enhances these fidelities,
and in the DFS these fidelities do not change. The concept
of the quality factor is introduced to evaluate the quality of
the quantum repeater. It is indicated that the quality factor can
be efficiently controlled and manipulated by changing the
initial state of the probe qubit. It is found that under certain
conditions the quantum repeater can be optimal even in the
presence of decoherence.

Keywords quantum repeaters, quantum decoherence, qual-
ity factor, information-disturbance tradeoff, Kraus operators
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1 Introduction

In recent years, much attention has been paid to quantum
repeaters [1-15] which permit the retrieval of information
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without the destruction of the carrier. Actually, the extracting
process of information in a quantum repeater can be ex-
pressed in terms of a series of quantum measurement proc-
esses upon the information carrier and the probe system. As
well known, any kind of measurements performed on a
quantum system [16-25] will inevitably alters the quantum
system itself. As a general rule, the more information ob-
tained from a quantum state of the carrier, the higher the
disturbance applied to the state. The trade-off between the
amounts of the extracted information about a quantum state
and the corresponding added disturbance is one of funda-
mental problems in quantum mechanics and is of practical
applications in quantum communication [26-30]. In par-
ticular, the quantum-state disturbance caused by the infor-
mation gain has become an issue of practical significance
since it underlies the security of quantum key distribution
and quantum cryptography [31-35].

The trade-off between information gain and quantum state
disturbances can be quantified using two fidelities [36—45],
which may be defined as follows. Suppose now you have
a quantum system in a pure state [¢)) If the outcome £ is

observed at the output of the quantum repeater, then the esti-
mated signal state is given by | ¢#,) (the typical inference rule
being k —|¢,) with |¢,) given by the set of eigenstates of
the measured observable), whereas the conditional state of the
second output [¢;) is left to the subsequent user. The amount
of state disturbance is quantified by evaluating the overlap of
the conditional state |¢),) to the initial one |}, whereas the
amount of information extracted by the measurement corre-
sponds to the overlap of the inferred state |¢,) to the initial
one. The corresponding fidelities, for a given input signal
|1}, are given by

Fy=>"B @), G,=> P (] (1)
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where we have already performed the average over the distri-
bution P}, of the outcomes. The relevant quantities to assess
the quantum repeater are then given by the average fidelities

F:/Adm, G:/Adew (2)

which are obtained by averaging F'y, and G, over all of the
possible input states, i.e., over the alphabet A of the trans-
mittable symbols. F' will be referred to as the transmission
fidelity, which describes how much the state after the oper-
ation resembles the original one. G will be referred as the
estimation fidelity, which characterizes the average quality of
our guess. Of course we have 0 < G < land0 < F < 1
with F' = 1 corresponding to zero disturbance and G = 1 to
complete information.

The two fidelities /' and G are not independent of each
other. Banaszek [36] has explicitly derived the information
trade-off bound. For randomly distributed qubits with the al-
phabet A equal to the whole Bloch sphere, the information-
disturbance trade-off satisfies the following inequality

(F—§)2+4(G—%)2<$ 3)

From Eq.(3), one knows the maximum transmission fi-
delity compatible with a given value of the estimation fidelity
or, in other words, the minimum unavoidable amount of noise
that is added to the knowledge about a set of signals if one
wants to achieve a given level of information.

In order to evaluate the optimal character of a quantum re-
peater, we introduce a quality factor defined by

Q:Q(F—§>2+36<G—%>2 (4)

From the inequality of the information-disturbance trade-
off given by Eq.(3) we can see that the quality factor is gen-
erally less than unity and an optimal quantum repeater has
Q=1

On the other hand, a crucial obstruction to the realization
of quantum information processing devices (QIPD) is deco-
herence which is caused by the unwanted interaction of the
system with its environment [46—49]. Quantum systems are
generally very fragile to decoherence which can suppress var-
ious nonclassical effects of quantum systems [S0—55]. Even
for the simple special purpose quantum devices such as quan-
tum repeaters, decoherence must be taken into account since
very long quantum information storage times are required in
these devices. A number of concepts have been developed to
fight decoherence and increase the reliability of QIPD includ-
ing active error correction [S6—58] and fault tolerant quantum

computing [59—62]. It has been shown that there may exist
subspaces of the system’s Hilbert space which are immune
to decoherence processes induced by these unwanted interac-
tions. These decoherence-free subspaces (DFS) [63—68] are
a method of passive error correction or error prevention and
can significantly increase the lifetime of quantum informa-
tion and reliability of QIPD as already demonstrated with ion
traps, NMR and optical methods. Recently, Genoni and Paris
(GP) [69,70] have suggested a class of quantum repeaters
based on CNOT-gate operations. The GP quantum repeaters
are optimal since their transmission and estimation fidelities
saturate the ultimate bound imposed by quantum mechanics.
For a GP quantum repeater, neither the carrier system nor the
probe system of quantum information can avoid decoherence
induced by their environment. Thus, it is interesting and im-
portant to analyze effects of decoherence in real practical sit-
uations for finding out if GP quantum repeaters can maintain
their optimality in the presence of decoherence and the DFS
of the probe systems. The purpose of this paper is to inves-
tigate the influence of decoherence on the GP quantum re-
peaters with the single-signal qubit and the single-probe qubit
and to explore the DFS of realizing quantum information ex-
traction in the presence of decoherence. This paper is or-
ganized as follows. In Section 2, we present a brief review
for GP quantum repeaters without decoherence. In Section
3, we describe the Kraus-operator representations of deco-
herence. Three kinds of typical damping channels, i.e., de-
polarizing channel, phase-damping channel, and amplitude-
damping channel, are discussed in detail. In Section 4, we
calculate the transmission fidelity and the estimation fidelity,
analyze the trade-off between information gain and quantum
state disturbances, and indicate the existence of the DFS. We
shall conclude our paper with discussions and remarks in the
last section.

2 A brief review for quantum repeaters without deco-
herence

In this section we present a brief review for quantum repeaters
without decoherence [69] for the use in the next sections.
The simplest single-qubit quantum repeater with one user is
a four-port structure which is indicated in Fig.1. It consists
of the carrier qubit, the probe qubit, the probe-qubit detector,
and the CNOT gate which establishes the interaction between
the carrier qubit and the probe qubit. Quantum information
is encoded in a quantum state of the signal (carrier) qubit de-
noted by

| W) = cos01]|0) + e'? sin 6;]1) (5)
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Fig. 1 Minimal implementation of an optimal single-qubit quantum re-

peater with one user without decoherence.

Suppose that the probe qubit is initially in the following
state

|2),, = cos05]0), + €92 sin Bs]1),, (6)

The interaction between the signal qubit and the probe
qubit can be realized through the CNOT gate where the signal
qubit is the control qubit while the probe qubit is target qubit.
Output states of the probe qubit depend on the probe-qubit de-
tector Dy, which carries out 6, measurements upon the probe
qubit. If after a &, measurement the probe qubit is in the state
|0) (or |1)) with the probability po (or p;), the amount of in-
formation extracted by the measurement corresponds to the
overlap of the inferred state |0) (or |1)) with respect to the
initial state of the signal qubit

Gu = R|[(¥[0)]* + PL[(¥[1)? (7)

The output states of the signal qubit can be obtained
through the action of effective measurement operators in-
duced by the CNOT gate operation on the input state of the
signal qubit. Corresponding to the output states of the &,
measurements for the probe qubit |0) and |1), the output states
of the signal qubit are given by

1 1
i) VP

where the two effective measurement operators are given by

Ay — cos B . 0
0 el?2 gin 0,

192 5in @ 0
A — €'?2 sin 65 (9)
0 cos 09

which indicate that the parameters in the two effective mea-

| %) = Aol ), [¥) = A 0) (8)

surement operators are those of the initial state of the probe
qubit. Hence, one can design effective measurement opera-
tors through a suitable preparation of the probe state.

The amount of disturbance of the signal state can be quan-
tified through the mean fidelity, which is defined by the over-
lap of the conditional states | ¥() and | ¥1) with respect to the
initial state | ¥):
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Fy = Pol{(W[W0)? + Pr| (] ) ? (10)

The mean fidelities F' and G of the quantum repeater i.e.,
the transmission and estimation fidelities, are obtained by av-
eraging over all the possible input states with the following
expressions:

1
Fy=—
0 2770

1 2T /2
Go = _/ d¢1/ db sin(261)G v (11)
27T 0 0

For the initial state of the probe qubit given by Eq. (6),
through simple calculations one can obtain the two fidelities

2 1
Fy = 3 [1 + 3 sin(262) cos ¢2]

27 /2
d¢1 / d91 sin(291) F‘p
0

Go = é[?) + cos(262)] (12)

which implies that the transmission and estimation fidelities
of the GP quantum repeater depend on the initial state of the
probe qubit, and any allowed ration between the two fidelities
may be achieved by tuning the initial-state parameters of the
probe qubit.

Substituting Eq. (12) into Eq. (4) we find the quality factor
of the GP quantum repeater in the absence of decoherence to
be

Qo = 1 —sin*(26;) sin? ¢y (13)

which indicates that the optimality of the GP quantum re-
peater depends on the amplitude and phase parameters of the
initial probe qubit €5 and ¢2. In particular, when ¢o = km or
0> = km/2 with k being an integer, we have Qo = 1 which
implies the repeater is an optimal repeater for an arbitrary ini-
tial probe-qubit state with the phase ¢ = kx or 0 = km /2.

Fig. 2 The quality factor versus the amplitude and phase parameters of the

initial probe qubit 62 and ¢2.
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When 62 = (2r + 1)7/4 and ¢2 = (2s + 1)7/2 with r and
s being integers, we have Qg = 0 which implies the repeater
with the worst quality. To see the dependence of the quality
factor on the initial probe qubit, we have plotted the quality
factor versus the amplitude and phase parameters of the initial
probe qubit 62 and ¢ in Fig.2.

3 The Kraus-operator representations of decoherence

In this section, we describe the Kraus-operator representa-
tions of decoherence. Three kinds of typical damping chan-
nels, i.e., depolarizing channel, phase-damping channel, and
amplitude-damping channel, are discussed in detail. In prac-
tice, it is a complicated problem to understand the environ-
ment effect on the quantum system. In general, there are
three ideal models of noise to describe the environment ef-
fect [71, 72], called the amplitude damping, the phase damp-
ing, and the depolarizing channel, respectively. The ampli-
tude and phase damping capture many of the most important
features of the environment noise occurring in quantum me-
chanical systems. In order to understand the physical origin
of them, let us briefly recall a few basic facts about the in-
teraction between a quantum system and its environment. On
one hand, one of the most important reasons for the quantum
state change is the energy dissipation of the system induced
by the environment. This energy dissipation can be character-
ized by the amplitude damping model. On the other hand, a
state can be a superposition of different states, which is one of
the main characteristics of the quantum mechanics. The rel-
ative phase and amplitude of the superposed state determines
the properties of the whole state. If the relative phases of the
superposed states randomly change with the time evolution,
then the coherence of the quantum state will be destroyed.
This kind of quantum noise process is called the phase damp-
ing. In this case, the energy eigenstates of a quantum sys-
tem do not change as a function of time, but do accumulate a
phase which is proportional to the eigenvalue. When the sys-
tem evolves for an amount of time, partial information about
the relative phases between energy eigenstates is lost.

The amplitude and phase damping can be mathematically
described by decaying of the diagonal and off-diagonal el-
ements of the reduced density operator of the system. The
two effects can be understood in terms of Hamiltonian for-
malism. If we assume the total Hamiltonian of the system
plus environment to be Hyr = Hg + Hpr + Hj, where Hg
and Hp are Hamiltonians of the system and environment,
respectively, and H7 is the interaction Hamiltonian between
them. When the Hamiltonian of the system commutes with

that of the interaction between the system and environment,
i.e., [Hg, Hy] = 0, which means that there is no energy trans-
fer between the system and the environment, energy of the
system is conservative, so that what interaction between the
system and environment describes is the phase damping ef-
fect. When [Hg, H| # 0, there is energy transfer between
the system and environment, so that what interaction between
the system and environment describes is the amplitude damp-
ing effect.

As is well known, the evolution of quantum states in the
noisy environment can be well described in terms of Kraus
operators [71—76]. The quantum system of the initial state
pin €volves to the final state p,,¢ under the action of the noisy
environment. One can related the initial state and the final
state through using a superoperator pout = S(pin) in which
the quantum operation S on the state p;, can be described by
the Kraus operator sum formalism as

Pout = Z M,u(p)pian]:(p) (14)

where p is a parameter to describe the damping produced by
the noise environment and it takes its values in the regime
of (0,1). We have p = 0 in the absence of the damping
while we have p = 1 the evolution time approaches the in-
finity. The two-bit Kraus operators M, (p) and M ;5 (p) act
on the Hilbert space of the quantum system under consider-
ation, they can be expressed in terms of single-qubit Kraus
operators defined below and satisfy the completeness relation
S, M} (p) M, (p) = 1.

These superoperators which can be expressed in terms of
the Kraus operators are called as quantum channels. In what
follows we describe three kinds of typical quantum chan-
nels, i.e., depolarizing channel, phase-damping channel, and
amplitude-damping channel.

3.1 The depolarizing channel

In the depolarizing channel for a decohering qubit there are
three types of errors which are called bit flip error |0) — |1)
and 1) — |0), phase flip error, |0) — |0) and |1) — —|1),
and bit-phase flip error |0) — i|1) and |1) — —i|1), respec-
tively. The depolarizing channel has particularly nice sym-
metry properties. If an error happens with probability p, the
qubit remains intact with probability 1 — p. The error can be
of any one of above three types where each type of errors is
equally likely. These three types of errors can be expressed in
terms of Pauli matrices as follows:

) = Gal), ) = G:|v),  [¥) — Gylv) (15)



where for |1) is an arbitrary state of the qubit, 6, 6, and 7,
are Pauli matrices. If an error occurs, then |i) evolves to an
ensemble of the three states 6 |1), 6|1), and 6 |¢), and all
occurring with equal likelihood.

The depolarizing channel can be represented by a unitary
operator Usk acting on the total space of the qubit plus its
environment with dimension 4. Suppose that before the errors
occur, the total state of the qubit plus environment is |1)) s ®
|0) . Then after the errors occurs, the total state of the qubit
plus environment Us EelY)s ® |0) g becomes

VT Bl6)s © [0)5 + @ ol ® |1

+6y[¥)s @ 2)E + 64[1)s @ [3) ] (16)

where {|0) g, |1) g, |2) £, |3) £} is an orthonormal basis for the
environment. The Kraus operators of the depolarizing chan-
nel can be obtained through evaluating the partial trace over
the environment in the {|i) 5} basis M; =g (i|Usg|0) g with
the following expressions

Mo<p>=\/1—p< L ) M1<p>=\/§< e )

My (p)= g(o ;i>7M3<p>: §<; _01>

(17)
which satisfy the normalization condition ZfZOMi = 1.
Therefore, in the depolarizing channel a general initial den-
sity matrix p of the qubit evolves as

2 2 4
, (1 - gp) poo + 5pP11 (1 - gp) Po1
Pin = 4 2 2
(1 - gp) p1o (1 - gp) P11+ 5Ppoo
(18)
which implies to sum over the four ways that the environment
could evolve.

In order to intuitively understand the depolarizing chan-
nel, let us see how the depolarizing channel acts on the Bloch
sphere. An arbitrary density matrix for a single qubit can be
written as the following Bloch-sphere representation

(1+P-0)

P +iP
where P = (P, Py, P,) is the “spin polarization” of the
qubit.

It is straightforward to show that the evolution of the den-
sity operator of the qubit in the depolarizing channel (16) can

p:

P —iP,
1+ P

N = N =
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be expressed as

1
o =5(1+P5)

P =(1—-4p/3)P,, P, =(1—4p/3)P,

Pl=(1—4p/3)P. (20)

where P’ = (P,, P,, P}) is the “spin polarization vector” of
the qubit in the depolarizing channel given by

4
P=(1-=p)P
(-3)

which indicates that the Bloch sphere contracts uniformly un-
der the action of the depolarizing channel while the direction
of the spin polarization in which P points is independent of
the damping, and the spin polarization length |P| is reduced
by the factor 1 — 4p/3. This is the reason that this damping
channel is called as the depolarizing channel.

(21)

3.2 The phase-damping channel

In the depolarizing channel, the decohering qubit does not
make any transitions. Instead, the environment “scatters” off
of the qubit occasionally (with probability p) being kicked
into the state |1) g if the qubit is in the state |0) s and into the
state |2) g if the qubit is in the state |1) 5. A unitary represen-
tation of the channel is given by

0)s|0)r — VI =p[0)s]0)e + \/P|0)s|1) E
11)s[0)e — CVI—=pl1)s|0)r + /pPI1)s|2)E

which means that for an arbitrary state of the qubit |¢)) ¢ =
(C1]0)s + C2|1) g, the unitary transformation of the qubit plus
environment Ug g the total wavefunction is given by

Use|Y)slo)e =C1]0)s[vI—p|0)e+/p|1)E]
+C2[1)s[vI—p|0) & ++/PI2) E]

The Krauss operators of the phase-damping channel can
be obtained through evaluating the partial trace over the en-
vironment in the {|¢) g} basis M; =g (i|Usg|0)g with the
following expressions

10
0 0

(24)

(22)

(23)

Mo<p>:\/—1—p<; ‘f),Ml(p):\/ﬁ(

0 0
0 1

2
which satisfy the normalization condition > M; = 1. There-

Ms(p) = /P <

=0
fore, in the depolarizing channel a general initial density ma-
trix p of the qubit evolves as
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pl _ < P00
(1 —p)p1o

which indicates that thus the on-diagonal terms in p remain
invariant while the off-diagonal terms decay. The state evo-
lution given by Eq. (25) can be expressed in terms of the

(1—MM1> (25)

P11

Bloch-sphere representation:

1
o=+ P5)

which indicates that the action of the phase-damping channel
is to contract the Bloch sphere to a prolate spheroid about the
z-axis. The preferential treatment of the z-direction implies
that the phase-damping channel acts in a preferred basis.

3.3 The amplitude-damping channel

In the amplitude-damping channel, the decaying process of
the decohring qubit likes the decay of an excited two-level
atom due to spontaneous emission of a photon. In this chan-
nel, the evolution of the system plus environment is described
by a unitary transformation that acts on the system and envi-
ronment according to

10)s10)z — 10)5]0)
1Dsl0)e — V1 —=p[1)s|0)s + /pl0)s|1)E

which means that for an arbitrary state of the qubit |¢)) ¢ =
(1]0) s + C2|1) g, the unitary transformation of the qubit plus

(27)

environment Ug g the total wavefunction is given by

Uselp)s =C1]0)s|0)e + Co(vI —pl1)s[0) e
+vPl0)s[1)e)

The Krauss operators of the amplitude-damping channel
can be obtained through evaluating the partial trace over the
environment in the {|¢) g} basis M; =g (i|Ugg|0) g with the

(28)

following expressions

VvV1I—p 0 0
(29)

which implies that the state evolution of the system in the
amplitude-damping channel is given by

Mo(p) =

p' =My (p)p:M{ (p) + Mi(p)p: M{ (p)

_1<1+&+MLJ@ P —iP,
2

(1-p)
VA =p)(P+iP) (1 —p)(1— P3) )
(30)

which leads to the following Bloch-sphere representation of
the state evolution:

1
o =50+P5)

2
P =y =p)P:, Py=+/(1-p)k

Pl =P, 4+ p(1—P.) (31)

which indicates that the action of the amplitude-damping
channel is to contract the Bloch sphere to a prolate spheroid
about the z-axis. The preferential treatment of the z-direction
implies that the amplitude-damping channel acts in a pre-
ferred basis.

4 Information-disturbance tradeoff under decoher-
ence

In this section, we study GP quantum repeaters in the pres-
ence of decoherence. We evaluate the tradeoff between in-
formation gain and quantum state disturbance for quantum
repeaters under decoherence through calculating the fidelities
of output states of the signal and probe systems with respect to
the initial state of the signal system. We explore the possibil-
ity of the existence of decoherence-free subspaces for quan-
tum repeaters under decoherence. In order to see these, we
consider such a situation in which decoherence occurs only
before the signal-probe states enter the quantum repeater in-
dicated in Fig. 3. In other words, quantum states of the signal-
probe systems have decohered into mixed states before they
enter the quantum repeater due to the effect of their envi-
ronment. In what follows we will investigate the influence
of decoherence on information-disturbance tradeoff of quan-
tum repeaters for three cases of depolarizing damping, phase
damping, and amplitude damping, respectively.
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Fig. 3 The schematic diagram of a single-qubit quantum repeater with a
single user in the presence of decoherence for the signal qubit and the probe

qubit with the decohering parameters p; and pa, respectively.

4.1 The depolarization-damping case

For the depolarization-damping channel, the influence of de-



coherence on quantum states of the signal and probe sys-
tems are described by the four Kraus operators defined by
Eq. (17). Suppose that the initial states of the signal and
probe systems are pure states given by Eqgs. (5) and (6), re-
spectively. The initial state is specified by the density matrix
po = |¥)s(¥| @ |w)p{w|, where s denote the signal mode,
and p denote the probe mode. After experiencing decoher-
ing processes denoted by the parameters p; and ps, the initial
state becomes

3

p1 = ZO(MMS ) (U[M])
® Z up |w)p (W[ M) (32)
Hp=0

which is the real initial state of the quantum repeater under
our consideration. After the CNOT-gate operation denoted by
the unitary operator C'2, the state denoted by p; becomes

p2 = C12p1Cl, (33)

which is a mixed state of the signal plus probe system.

In order to complete information gain, we have to make
o, measurements for the probe system. Suppose that |0) and
|1) are eigenstates of o, with corresponding eigenvalues +1
and —1, respectively. We can further assume that after a o,
measurement of the probe system, the probe is in the state |0)
(|1)) while the signal is in the normalized state p3 (p4) with
the probability Py (P;). Then according to Egs. (1) and (2),
the fidelities F'y and G y are given by

Fy=Po(¥|ps|¥) + Pr(¥|pa| ¥)

(34)
Gy =R|(P[0)* + A[(¥[1)]*

where the two normalized states of the signal system are given
by the following reduced density operators:

3= - [a0010) 0] + aon 0){1] + a10[1){0] + ana|1)(1]
0

1
pa= E[boo|0><0| + b01[0) (1] + b10[1){0] + b11[1) (1]
(35)
while the two probability functions are defined by

Py =ago + a1, P =boo+bi1 (36)

where the coefficients a;; are given by

1
a0 = 5 [3(1 — p1)cos? 01 + pysin® 6, + Pl}

. [3(1 — p2) cos? By + posin® Oy + pz}

1
aj; = 5 [3(1 —p1) sin” 01 + p1 cos? 01 + Pl}
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[3(1 = p2) sin? 6 + po cos? Oy + P2

ap1 —am = % [(3 4p1) —id1 sin(291)]

- [(3 = 4ps)e%2 sin(26,)] (37)
and the coefficients b;; are given by
boo = é [3(1 = p1) cos® 61 + pysin® 61 + 1]
[3(1 = p2) sin? 0y + po cos? 0y + p2]
by = % [3(1 — p1)sin? @1 + p1 cos? 61 + pﬂ
-[3(1 = p2) cos? O3 + po sin® O3 + po ]
bor =biy = 316 [(3 —dpy)e " sin(26,)]
- [(3 = 4p2)ei? sin(265)] (38)

Then averaging over all the possible input states, i.e., the
whole Bloch sphere, we get the transmission fidelity and the
estimation fidelity as follows:

2
F = Fy = =5 = 2D(p1, p2) cos do sin(205)
G = Go — D(p1,p2) cos(202) (39)
where we have introduced
1
D(p1,p2) = 5=[6(p1 + p2) — 8p1p2] (40)

27
where Fjy and G are the transmission fidelity and the esti-
mation fidelity of the quantum repeater without decoherence,
they are given by Eq. (12).

0.4

0.6

p 08 715

Fig. 4 The quality factor given by Eq. (41) versus the amplitude parameter
of the initial probe qubit when ¢» = 0 and p1 = p2 = p.

From Eq. (39) we can see that both transmission fidelity
and estimation fidelity of the GP quantum repeater are af-
fected by the decoherence, and they can be tuned by chang-
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ing the initial-state parameters of the probe qubit 85 and ¢o,
and the damping parameters p; and py. Obviously, when
p1 = p2 =0, we have F' = Fy and G = G. This means that
we can recover the results when decoherence vanishes.

We now have a look at the influence of decoherence on
the optimal character of the quantum repeater. Substitut-
ing Egs. (39) into Eqgs. (4) we find the quality factor in the
depolarization-damping channel to be

Q= %[Zpl — (3 = 18D(p1, p2)) sin(262) cos ¢»]°

+ [1 = 6D(p1,p2)]? cos?(265) (41)
which indicates that when the damping vanishes, i.e., p; =
p2 = 0, we have ) = Qo. In Fig. 4 we have plotted the qual-
ity factor versus the amplitude parameter of the initial probe
qubit 65 and ¢, and the decohering parameter when ¢ = 0
and p; = p2 = p. From Fig. 4 we can see that decoher-
ence can play different roles in different damping regimes. In
the weak damping regime decoherence weakens the optimal
character of the quantum repeater while it may enhance the
optimal character in the strong damping regime.

In order to better understand the influence of decoherence
on information-disturbance tradeoff, for the weak damping
(i.e., p1 < 1 and ps < 1) we consider the following two
cases: (i) p1 = p2 = p; (ii) p1 = 0 and p2 # 0.

In the first case, p1 = p2 = p, up to the first order of p the
transmission fidelity and the estimation fidelity (39) becomes

2
F=F,— §[1 + 4 cos ¢y sin(265)]

G =Gy — Z%p cos(262) (42)
from which we can see that for the parameter regime of the
probe qubit {1+4 cos ¢2 sin(262) > 0, cos(262) > 0}, which
is called as the normal subspace of the probe qubit, we al-
ways have FF < Fjy and G < Gy. Hence, decoherence
decreases the transmission fidelity and estimation fidelity in
the normal subspace. In Fig. 5 we have plotted the trade-
off curves between the transmission fidelity and the estima-
tion fidelity in the normal subspace of the probe qubit for the
depolarization-damping channel when ¢2 = 0, 62 € (0, 7/4),
and p = 0,0.02,0.05, and 0.1, respectively.

Interestingly, from Eq. (42) we can also find an anoma-
lous subspace {1 + 4 cos ¢z sin(2602) < 0, cos(262) < 0} in
which we always have F' > Fy and G > Gq. Therefore,
decoherence may enhance the transmission fidelity and esti-
mation fidelity in the anomalous subspace. For instance, let
0 = 57 /8 and ¢o = 0 in Eq. (42), we have

0.95[-
09F
0.851

F 08¢f
0.75¢

0.7

0.651

05 0.55 0.6 0.65 0.7

G

Fig. 5 The trade-off curves between the transmission fidelity and the
estimation fidelity in the normal subspace of the probe qubit for the
depolarization-damping channel when ¢ = 0, 62 € (0,7/4), and p = 0
(the solid line), 0.02 (the dot line), 0.05 (the dashed line), and 0.1 (the dot-
dashed line).

2
F=F0+§(2\/§—1)p>Fo

V2

2
G=G0+TP>G0 (43)

In Fig. 6 we have plotted the trade-off curves between the
transmission fidelity and the estimation fidelity in the anoma-
lous subspace of the probe qubit for the depolarization-
damping channel when ¢ = 27/3, 02 € (w/4,7/2), and
p = 0,0.02,0.05, and 0.1, respectively. Comparing Fig. 6
with Fig. 5 it is easy to see that the trade-off curves between
the transmission fidelity and the estimation fidelity exhibit
very different characteristics for the normal subspace and the
anomalous subspace of the probe qubit. From Fig. 5 it can be
seen that the transmission fidelity decreases with the damping
parameter p in the normal subspace while the transmission fi-
delity increases with the damping parameter p in the anoma-
lous subspace for a given value of the estimation fidelity.

In the second case, p; = 0 and p2 # 0, which imply that
only the probe qubit experiences decoherence while the signal
qubit does not decohere. In this case the transmission fidelity
and estimation fidelity (39) becomes

4
F=F— §p2 cos o sin(265)

2
G =Gy — §p2 cos(202) (44)

from which we can see that the normal subspace is given by
{cos ¢28in(262) > 0,cos(202) > 0} in which decoherence
decreases the fidelities of the signal and probe qubits due to
F < Fy and G < G while the anomalous subspace is given
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Fig. 6 The trade-off curves between the transmission fidelity and the es-
timation fidelity in the anomalous subspace of the probe qubit for the
depolarization-damping channel when ¢» = 27/3, 62 € (7w/4,7/2), and
p = 0 (the solid line), 0.02 (the dot line), 0.05 (the dashed line), and 0.1 (the
dot-dashed line).

by {cos ¢asin(263) < 0,cos(262) < 0} in which decoher-
ence enhances the fidelities with F' > Fy and G > G.

From Eq. (44) we can also find that decoherence of the
probe qubit does not affect the transmission fidelity and es-
timation fidelity if we choose initial-state parameters o =
(2k 4+ 1) /4 and ¢p2 = (2k + 1) /2 with k being an integer
for the probe qubit, i.e., FF = Fy and G = Ggy. This im-
plies that there exists a DFS of the probe qubit. In the DFS
information-disturbance tradeoff does not change under de-
coherence of the probe qubit.

4.2 The phase-damping-channel case

For the phase-damping channel, the influence of decoherence
on quantum states of the signal and probe systems are de-
scribed by the three Kraus operators defined by Eq. (24).
Suppose that the initial states of the signal and probe systems
are pure states given by Eqs. (5) and (6), respectively. After
experiencing decohering processes denoted by the parameters
p1 and po, the initial state becomes

2
pr=Y (M |0) (M)
;/,;:0
® Z (M, lw)p (W|M]] ) (45)
pp=0

where {My, My, My} are Kraus operators defined by Eq.
(24).

Suppose that after a 0, measurement of the probe system,
the probe is in the state |0) (|1)) while the signal is in the
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normalized state pj ( p}) with the probability P} (P/). Then

according to Egs. (1) and (2), the fidelities F'}, and G’;, are
given by

Fy = Fy(P|p5|¥) + P{{¥]py| ¥)

G'y = Po[{2|0)* + P{[(¥[1)[? (46)

where the two normalized states of the signal system are given
by
1
P = 37 [€00[0) (O] + co1 0) (1] + €10[1){0] + ea[1)(1]]
0
1
Py F[doo|0><0| + do1]0) (1] + d10[1)(0] + d11[1)(1]]
1
(47)
while the two probability functions are defined by

Py =coo+c11, P =do+dn
where the coefficients ¢;; and d;; are given by

(48)

coo =cos2 01 cos? 0y, c¢11 = sin? 0, sin® 6

o1 =Y
1
= 1(1 —p1)(1 —p2)e

20 w2
doo = cos® 07 sin“ 6,

—i91+02) 5in(26;) sin(265)
dy; = sin® 0 cos? 65
do1 = dig
1
=7 (1=p1)(1-p2)e
Then averaging over all the possible input states, i.e., the
whole Bloch sphere, we get the transmission fidelity and the

—i(#1-92) 4in (26, ) sin(262) (49)

estimation fidelity as follows:

1
F' = Fy — Z[(p1 + p2)

3 — p1p2] cos ¢a2 sin(26z)
G' =Gy

(50)

where Fjy and G are the transmission fidelity and the esti-
mation fidelity of the quantum repeater without decoherence,
they are given by Eq. (12).

Substituting Eqgs. (50) into Eqgs. (4) we find the quality
factor in the phase-damping channel to be

Q' =1—[1— (1 —p1—p2+pip2) cos® ¢o] sin®(265)

(51)

which indicates that when the damping vanishes, i.e., p; =
p2 = 0, we have @ = Q. It is interesting to note that from
Eq. (51) we can see that one can efficiently control and ma-
nipulate the quality factor of the quantum repeater by chang-
ing the amplitudes and the phase of the probe qubit.

When ¢ = (2k 4 1)x/2 with k being an integer, we have
Q' = 1—sin(26,). This means that the quantum repeater can
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be immune from the influence of decoherence. In particular,
when 0y = k7 /2 with k being an integer, we have Q' = 1
which indicates that the quantum repeater becomes an optimal
repeater. In Fig. 7 we have plotted the quality factor versus
the amplitude parameter of the initial probe qubit 85 and ¢-
and the decohering parameter when ¢po = 0 and p; = p2 = p.

Fig. 7 The quality factor given by Eq. (51) versus the amplitude parameter
of the initial probe qubit when ¢» = 0 and p1 = p2 = p.

Eq. (50) indicates that the estimation fidelity of the probe
qubit is not affected by decoherence in the phase damping
channel while decoherence can change the transmission fi-
delity of the signal qubit. In fact, from Eq. (50) we can
see that the normal subspace of the probe qubit is given by
the parameter regime of {cos¢o > 0, sin(2602) > 0} or
{cos 2 < 0, sin(26;) < 0} in which decoherence decreases
the transmission fidelity of the signal qubit with F' < Fj
and G = G\ while the anomalous subspace is given by
the parameter regime of {cos¢o > 0, sin(262) < 0} or
{cos 2 < 0, sin(2603) > 0} in which decoherence enhances
the transmission fidelity with ' > Fy and G = Gy. It is
easy to see that the DFS is given by the parameter regime of
{02 = k7 /2, ¢2 = (2k+1)7/2} with k being an integer . In
the DFS decoherence does not affect the transmission fidelity,
ie., F' = Fyand G = Gy. In the DFS the information-
disturbance tradeoff does not change under decoherence of
the probe qubit.

In Fig. 8 we have plotted the trade-off curves between the
transmission fidelity and the estimation fidelity in the normal
subspace of the probe qubit for the phase-damping channel
when ¢—m/4, 02 € (0,7/4), and p = 0 (the solid line), 0.1
(the dot line), 0.3 (the dashed line), and 0.5 (the dot-dashed
line), respectively. In Fig. 9 we have also plotted the trade-
off curves in the anomalous subspace of the probe qubit when
¢ = m/4, 02 € (7/4,7/2), and p = 0 (the solid line), 0.1
(the dot line), 0.3 (the dashed line), and 0.5 (the dot-dashed

line), respectively. Comparing Fig. 9 with Fig. 8§ it can be seen
that the trade-off curves between the transmission fidelity and
the estimation fidelity exhibit very different characteristics for
the normal subspace and the anomalous subspace of the probe
qubit. The transmission fidelity decreases with the damping
parameter p in the normal subspace while it increases with the
damping parameter p in the anomalous subspace for a given
value of the estimation fidelity.
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Fig. 8 The trade-off curves between the transmission fidelity and the esti-
mation fidelity in the normal subspace of the probe qubit for the phase damp-
ing channel when ¢ = 7/4, 65 € (0,7/4), and p = 0 (the solid line), 0.1
(the dot line), 0.3 (the dashed line), and 0.5 (the dot-dashed line).

0.75 T T T T T T T

0.7r 7

0.651

0.5F

0.451

0.4

045 05 055 06 065 07

G/

035 04

Fig. 9 The trade-off curves between the transmission fidelity and the esti-
mation fidelity in the anomalous subspace of the probe qubit for the phase
damping channel when ¢ = 37/4, 62 € (w/4,7/2), and p = 0 (the solid
line), 0.1 (the dot line), 0.3 (the dashed line), and 0.5 (the dot-dashed line).

4.3 The amplitude-damping-channel case

For the amplitude-damping channel, the influence of deco-



herence on quantum states of the signal and probe systems
are described by the two Kraus operators defined by Eq. (29).
Suppose that the initial states of the signal and probe systems
are pure states given by Egs. (5) and (6), respectively. After
experiencing decohering processes denoted by the parameters
p1 and po, the initial state becomes

1

pL=" " (M, | &) (¥|M])

Me—O

oY

Hp=0

(M, |w)p w|MIL) (52)

where { My, M, } are Kraus operators defined by Eq. (29).
Suppose that after a o, measurement of the probe system,

the probe is in the state |0) (|1)) while the signal is in the
normalized state p% ( p}) with the probability P} (P{’). Then

according to Egs. (1) and (2), the fidelities '}, and G’} are
given by
Fy = Po(V|p5|¥) + P (¥]py| ¥)
v = PI(P]0)]* + PY[(¥[1)]? (53)

where the two normalized states of the signal system are given
by

Py = JDN[UOOKD<0|*‘u01KD<1|*‘U10U)<0|+'u11ﬂ><1H
0
Py = P” [V0010) (O] + v01[0) (1] + v10[1){0] + w11 |1) (1]]

(54)
while the two probability functions are defined by

P =wuoo +uir, P! =wvoo+v11 (55)

where the coefficients u;; and v;; are given by

Ugo = [cos2 01 + p1 sin® 61] [cos2 05 + po sin® 6]
Ug1 = ujg

=V -p)( - p2)e(#1792) gin (20, ) sin(265)

uir =[(1 —p1) sin? 01] [cos2 05 + po sin® 62]
voo = [cos? 1 + py sin? 61][(1 — py) sin? 6y]
Vo1 = V1

=V —p)(1 - pa2)e”(#1792) gin (20, ) sin(26,)

vi1=[(1—p1) sin? 61][(1 — p2) sin? 62] (56)

Through calculation, we get the transmission fidelity and
the estimation fidelity as follows:

1 1
F/'=6(4—p1)+—

3 (1 — p1)(1 — p2) cos ¢2 sin(262)
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—_

G"==(24p1+ 2p2 — 2p1p2)

(=2}
[t

+=(1 = p1)(1 — p2) cos? b

3 (57)

where p1, ps are decoherence parameters for the two decoher-
ing channels, respectively. For the situation of p; = pa = p,
Eq. (57) becomes the following simple expression:

1 1
F'= 6(4 —p)+ g(l — p) cos ¢ sin(265)

1 1
G'/=6(2+3p— 2p%) + §(1 — p)?cos? b, (58)
Substituting Eqgs. (58) into Eqgs. (4) we find the quality

factor in the amplitude-damping channel to be

= i[p —2(1 — p) cos ¢z sin(262)]?
+p(1 = p) + (1 — p)2 cos(20,)]2

which indicates that when the damping vanishes, i.e., p; =
p2 = 0, we have Q = Q. In Fig. 6 we have plotted the qual-
ity factor versus the amplitude parameter of the initial probe
qubit 2 and ¢o and the decohering parameter when ¢2 = 0
and p; = ps = p. From Fig. 4 we can see that decoherence
weakens the optimal character of the quantum repeater.

(39)

0.6]"
1
0 0.4

0.2("

o2

0.4 0.6

p 0.8 1.5

1

Fig. 10 The quality factor given by Eq. (59) versus the amplitude parameter
of the initial probe qubit when ¢» = 0 and p1 = p2 = p.

In the regime of weak damping p; < 1 and p; < 1, up
to the first order to the damping parameters p; and po the
transmission fidelity and the estimation fidelity become

1
F'=F,— % — E(pl + p2) cos ¢o sin(2605)
1 1
G"=Go+ E(Pl +2p2) — g(Pl + p2) cos® O (60)

which indicates that if the signal qubit and the probe qubit
have the same damping parameters, say p; = ps = p, from
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Eq. (60) we have
F'=Fy - g[l + 2 cos ¢ sin(26s)]

G"=Go+ 2(3—4c052 62) (61)
which indicate that both of the transmission fidelity and
the estimation fidelity is dependent of the decoherence pa-
rameter. However, for the estimation fidelity of the probe
qubit, the normal subspace is given by the parameter regime
of {1 + 2cos¢2sin(262) < 0,cos®>f2 > 3/4} while the
anomalous subspace is given by the parameter regime of
{1 + 2cos¢osin(205) > 0,cos?fy < 3/4}. In particu-
lar, when we choose initial-state parameters cos?(6;) = 3/4
and cos g9 = —1/[2sin(265)] for the probe qubit, we obtain
F" = Fy and G” = Gy. This implies that there exists a DFS
of the probe qubit.

Finally, in order to see the similar or/and different charac-
teristics of the quality factor and fidelities for different damp-
ing channels. In Fig. 11 we have plotted the quality fac-
tor versus the damping parameter for three types of damping
channels when the initial parameters of the probe qubit are
¢2 = 0 and 03 = 7/4. From Fig. 11 we can see that the
quality factor of the quantum repeater may exhibit different
characteristics in different damping regimes. For instance,in
the weak damping regime the quality factor decreases with the
damping parameter p for the three damping channels, and the
amplitude-damping channel has the best quality factor while
the depolarization-damping channel has the worst quality fac-
tor. However, in the strong damping regime the quality factor

1

0.8F

0.6

02F

Fig. 11 The influence of damping on the quality factor of the quantum
repeater when the initial parameters ¢» = 0 and 62 = /4 for three types
of damping channels: the depolarization-damping channel (the solid line),
the phase-damping channel (the dashed line), and the amplitude damping

channel (the dot line).

increases with the damping parameter p for the amplitude
and depolarization damping channels, and the depolarization-
damping channel has the best quality factor.

In Fig. 12 we have plotted the trade-off curves between
the transmission fidelity and the estimation fidelity for three
types of damping channels when ¢o = 0,p;1 = p2 = p = 0.1
and 0.3 in Fig. 3, respectively. From Fig. 3 we can see that
for three channels the larger the decoherence parameter p, the
further the resulting trade-off curves from the bound (the solid
line). This means that the decoherence can decrease the in-
formation acquirement for users. We can also see that the
decohering influence of the phase-damping channel and the
amplitude-damping channel on the trade off is smaller than
that of the depolarizing channel. The trade-off is most sen-
sitive to decoherence induced by the depolarization damping
channel.

(a)

(b)

0.7

Fig. 12 The trade-off curves between the transmission fidelity and the es-
timation fidelity for three types of damping channels when the damping pa-
rameter p = 0.1 (a) and 0.3 (b), respectively. The solid line denotes the
curve of Fp(Go) without decoherence. The dot-dashed lines denote F'(G)
for the phase damping channel, dotted lines denote F'(G) for the amplitude
damping channel, and the dashed lines denote F'(G) for the depolarizing

channel.

5 Concluding remarks

In this paper, we have studied single-qubit and single-user
quantum repeaters based on a CNOT gate under decoher-
ence in terms of the Kruas-operator representations of deco-



herence by calculating the transmission fidelity and the es-
timation fidelity for the signal qubit and the probe qubit, re-
spectively. We have investigated the influence of decoherence
on the information-disturbance trade-off of quantum repeaters
by calculating the transmission fidelity and the estimation fi-
delity for the signal qubit and the probe qubit, respectively.
Three types of damping channels, i.e., the depolarizing chan-
nel, the phase-damping channel, and the amplitude-damping
channel are discussed in detail. It has been found that deco-
herence may lead to the appearance of three subspaces, i.e.,
the normal subspace, the anomalous subspace, and the DFS. It
has been shown that in different subspaces of the probe qubit,
the transmission fidelity and the estimation fidelity of the GP
quantum repeaters exhibit different characteristics. In the
normal subspace the presence of decoherence decreases the
transmission fidelity and the estimation fidelity while these
fidelities may be enhanced in the anomalous subspace. How-
ever, in the DFS, these fidelities do not change. Hence, in the
DFS decoherence does not affect the information-disturbance
trade-off of quantum repeaters.

We have analytically and numerically investigated the
trade-off between the information gain and quantum state dis-
turbance for the GP quantum repeater through calculating the
transmission fidelity and the estimation fidelity. It has been
shown that the trade-off between the transmission fidelity and
the estimation fidelity exhibits different sensibility to differ-
ent damping channels and different damping regimes in the
same damping channel. The trade-off is most sensitive to
decoherence induced by the depolarization-damping channel.
We have introduced the concept of the quality factor to evalu-
ate the quality of the quantum repeater. It has been indicated
that decoherence can play different roles in different damping
regimes, and the quality factor can be efficiently controlled
and manipulated by changing the amplitudes and the phase
of the probe qubit. It has been found that under certain con-
ditions the quantum repeater can be immune from the influ-
ence of decoherence for the depolarization-damping channel.
This means that under these conditions the quantum repeater
is optimal even in the presence of decoherence. It should be
mentioned that in the present paper we only consider deco-
herence of the signal and probe systems before carrying out
the CNOT operation. In fact, both of the incompleteness of
the CNOT operation and the evolution after the CNOT oper-
ation may produce further decohering processes. These are
interesting problems deserved to be further studied.
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