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Abstract   The Kinetic Monte Carlo (KMC) method based 
on the transition-state theory, powerful and famous for simu-
lating atomic epitaxial growth of thin films and nanostruc-
tures, was used recently to simulate the nanoferromagnetism 
and  magnetization dynamics of nanomagnets with giant 
magnetic anisotropy. We present a brief introduction to the 
KMC method and show how to reformulate it for nanoscale 
spin systems. Large enough magnetic anisotropy, observed 
experimentally and shown theoretically in terms of first- 
principle calculation, is not only essential to stabilize spin 
orientation but also necessary in making the transition-state 
barriers during spin reversals for spin KMC simulation. We 
show two applications of the spin KMC method to mona-
tomic spin chains and spin-polarized-current controlled com-
posite nanomagnets with giant magnetic anisotropy. This spin 
KMC method can be applied to other anisotropic nanomag-
nets and composite nanomagnets as long as their magnetic 
anisotropy energies are large enough.  
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1 Introduction 

With the development of nanoscience and information tech-
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nology, it is highly desirable to explore the nanomagnetism 
and magnetization stability of nanomagnets. There is a non-
zero equilibrium spin magnetization in a bulk ferromagnet, 
but one should observe a zero average magnetization in a 
nanoscale ferromagnet in equilibrium because of Mer-
min-Wagner theorem [1, 2]. Here by nanomagnet we mean 
that its size is tens of nanometers or smaller in all the three 
space directions. Rigorously speaking, the average magneti-
zation of a nanoferromagnet is always changing with the 
time. The rate of the change varies enormously, depending 
on temperature, sample size, materials parameters, and so on. 
Generally speaking, the magnetization can be reversed 
through thermal fluctuations (and quantum tunnelling ef-
fects), or by applying magnetic fields or spin-polarized cur-
rents. 

Gambardello et al. [3] synthesized one-dimensional 
(1-D) monatomic Co chains by self-assembly epitaxial 
techniques and showed that the magnetic anisotropy energy 
can reach to 9 meV per atom [4]. The accurate first- princi-
ple calculation indicated that much larger magnetic anisot-
ropy may be obtained in near future. In these systems the 
magnetic anisotropy energy can be compared with or even 
exceed the interacting energy between moments. Giant 
magnetic anisotropy energy can stabilize the spin orienta-
tion and therefore is useful to applying such nanomagnets 
to information science and technology. It is highly desir-
able to investigate the effect of the giant magnetic anisot-
ropy [5−9]. 

We are interested in the dynamical properties of these 
nanomagnets. Recently, we used the Kinetic Monte Carlo 
method (KMC) [10−12], powerful and famous for simulat-
ing atomic growth of epitaxial films and nanostructures, to 
simulate the dynamical spin properties of nanomagnets with 
giant magnetic anisotropy [13, 14]. Experimental nanoferro-
magnetism at low temperatures is explained naturally and 
convincingly, which in turn confirms that our spin KMC 
method is reliable. Here we review the spin KMC method 
and its applications to such nanomagnets. 
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The remaining part of this article is organized as follows.
In the next section we briefly introduce the KMC method
based on the transition-state theory and show how to reformu-
late it to simulate spin dynamics of nanomagnets with large
enough magnetic anisotropy. In the third section we show
how to apply the spin KMC method to simulate the intrinsic
nanoferromagnetism of monatomic spin chains. In the fourth
section we show how to simulate the magnetization reversal
induced by spin-polarized current by the spin KMC method.
In the fifth section we present a concluding remark on the fur-
ther development of the spin KMC method and its possible
applications to other nanoscale spin systems.

The KMC method, different from other Monte Carlo methods
[15, 16], is based on the transition-state theory [17, 18]. We
use the term “process” to denote the change from a starting
state to a destination state. All the transition states between
the starting state and the destination state must be considered.
Usually there exists a transition-state energy barrier, ∆E, for
a process. It must be overcome to go from the starting state to
the destination state within a KMC step. At finite temperature
T , a process may happen with a rate defined in terms of an
Arrhenius law [19]:

R = R0e−∆E/kBT (1)

where kB is the Boltzmann constant and R0 the attempt fre-
quency.

We use Fig. 1 to give more details. The ball moves along

Fig. 1 A schematic figure of equilibrium sites (A, B, and B′) and transition

states (between A and B and between A and B′). The thermal-activation

barrier ∆E is equivalent to the energy difference between C (C′) and A for

the process from A to B (B′). The attempt frequency R0 is determined by the

shape of potential energy surface in the neighborhood of the energy minima,

such as that near the point A.

the line. There are three equilibrium sites: A, B, and B ′. The
ball at site A must climb over peak C (or C′) to arrive at site
B (or B′). Meanwhile it must overcome an energy barrier E C

A

(or EC′
A ). Within a KMC step, the ball can (1) move to site

B, (2) move to site B′, or (3) remain at site A. For the process
from site A to B, we have the rate

RA→B = RA
0 e−EC

A/(kBT ) (2)

where RA
0 is determined by the local potential shape around

site A. For a KMC simulation, we define the time sequence
as t0, t1, t2, t3, · · ·, where the relationship tn = tn−1 + ∆t is
satisfied for n > 0. Supposing the ball is at site A at time tn,
we have three possibilities for the ball:

(1) the ball moves to site B with probability

Pn1 = ∆t · RA→B

(2) the ball moves to site B′ with probability

Pn2 = ∆t · RA→B′ = RA
0 e−EC′

A /(kBT )

(3) the ball remains at site A with probability

Pn0 = 1 − Pn1 − Pn2

Here the condition
∑

i=1

Pni � 1 must be satisfied by adjusting

down the time interval ∆t. At the next step, the ball must be
at one of the three sites A, B, and B′. We produce a random
number, ρ, in the region [0,1] and determine which site it will
be at in the following way:

(1) if 0 � ρ < Pn1, then the ball will be at site B;
(2) if Pn1 � ρ < Pn1 + Pn2, then the ball will be at site

B′;
(3) if Pn1 + Pn2 � ρ � 1, then the ball will be still at site

A.
If the ball is already at site B or B′, we have only two pos-
sibilities instead of three for the next KMC step. If we have
N balls, the above step must be repeated for N times within
every KMC step so that every ball is selected once on average.

Now we turn to spin systems. Figure 2 shows a typical spin
chain with inter-spin ferromagnetic exchange interaction. A
spin alone can takes any direction, but all the spins tend to
orient in one single direction because of the inter-spin inter-
action. A strong uniaxial magnetic anisotropy with the z easy
axis is supposed. Hence, there is an energy favored axis for all
the spins. In order to reformulate the KMC method for spin
systems, we need two key ingredients: (1) equilibrium di-
rections, and (2) transition-state barriers and transition rates.
When the anisotropy is strong enough, a spin, labelled as S i,
naturally has two degenerate equilibrium directions: +z and
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−z. Then the two equilibrium directions for each spin corre-
spond to equilibrium sites A, B, and B′ for the ball discussed
above. Although it is quantum in essence, the spin can be de-
scribed by a classical vector as long as the spin value is high
enough, the temperature is high enough, and/or the anisotropy
is strong enough. We use θi to describe the angle of spin Si

from its original equilibrium direction. θ i takes values in the
region [0,π]. “0” is the original state and “π” is the reversed
state. Other states with θi satisfying 0 < θi < π are transi-
tion states. If the anisotropy is defined as −ku(Sz

i )2 cos2 θi

(ku > 0), there is a transition-state barrier Er = kuS2 for
the reversal of an isolate spin. Because of the inter-spin in-
teraction, the transition-state barrier Er may be changed. It
can also be changed by applying a magnetic field. It even dis-
appears for some special processes. With the transition-state
barrier Er, we can calculate the reversal rate

Fig. 2 Schematic spin orientations in a chain-like nanomagnet with strong

uniaxial magnetic anisotropy: (a) all spins orient downward, (b) a small part

of the spins are reversed, and (c) half of the spins are reversed.

Rr = Rr0e−Er/(kBT ) (3)

where Rr0 is the attempt frequency for spin freedom, usually
taking values from 109 to 1012/s.

With the equilibrium directions and transition rates, we can
do our spin KMC simulation for such a spin system consisting
of N spins with a uniaxial anisotropy ku. We can do it in the
following way:

(1) We define a KMC time sequence as t0, t1, t2, t3, · · ·
in the same way as the above and then construct the original
spin configuration, {S0i}.

(2) For step n (n=1,2,3,· · ·) we can calculate a reversal rate
Rni and a reversal probability Pni = ∆t · Rni for each spin
S(n−1)i. Every spin is taken to make one try on average for
reversal. It can reverse with probability Pni or remains un-

changed with 1−Pni. This should be repeated N times if we
have N spins in total. The updated spin configuration {Sni}
will be used for the next step.

(3) Adding n by 1 and replacing n + 1 with n formally,
repeat step (2) unless the condition for stoping is satisfied.

(4) Calculate average magnetization m by averaging all the
spins

m =
1
N

N∑

i=1

Sz
nf i (4)

where nf denotes the sequence number for the last step. In
order to reduce possible errors, we should repeat the above
run independently many times to make the average magneti-
zation stable enough. It is helpful to keep Pni substantially
smaller than 1.

Now we discuss the application of the spin KMC method to
the monatomic Co spin chains [8]. In our simulation we keep
the temperature higher than 5 K in order to use the classical
description of spins [13, 14]. The Co magnetic moment on
average is approximately 4 µB, which is quite large, and has
its easy axis in the z direction. Hence the spin Hamiltonian
can be written as [13]

H = −
∑

i,j

Jij Ŝi · Ŝj − ku

∑

i

(Sz
i )2 − µH

∑

i

Sz
i (5)

where the first term describes the Heisenberg inter-spin ferro-
magnetic exchange interaction, the second one the giant mag-
netic anisotropy energy, and the third one the Zeeman energy
in the presence of a magnetic field along the z direction. Us-
ing the spin angle θi defined above, we obtain the Hamilto-
nian of the ith spin [13]:

Hi =−
∑

j

Js
ijsisj cos θi−ks

u cos2 θi−µsHsi cos θi (6)

where the si is the reduced spin variable, taking one of +1 or
−1, and the superscript “s” for the constants means the spin
value S (4 in the present case) has been absorbed into them.
The variable si reminds us of the Ising model [20], but our
original spin angle can change continuously. The two values
of si is caused by the strong anisotropy and the KMC method
together. We can derive the energy of transition states:

Ei = ks
u sin2 θi − hi(cos θi − 1) (7)

where hi is defined by

hi =
(∑

j

Js
ijsj + µsH

)
si (8)
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If |hi/2ks
u| is less than 1, the energy Ei as a function of cos θi

has a maximum and therefore the rate for the spin reversal is

Ri = Rr0e−∆Ei/(kBT ) (9)

where the barrier is equivalent to

∆Ei = (2ks
u + hi)2/(4ks

u) (10)

When the condition |hi/2ks
u| � 1 is satisfied, there is no bar-

rier and we use the Glauber method [21] to determine the rate,
with the prefactor kept the same.

Our KMC simulation was done with the above equilibrium
directions and transition rates. We take N = 80, set R0 to
7 × 109, and use field sweeping rate 132 T/s with sweep-
ing interval 0.1 T. The inter-spin interaction is limited to the
nearest neighboring sites. We use the time interval ∆t =
7.576 × 10−4s and therefore we have ∆t · Rr0 = 5 303 030.
We repeat the KMC simulation for 200 times to reduce ran-
dom errors. Our simulated results for both 10 and 45 K are
shown in Fig. 3. A hysteresis loop of average magnetization
against the magnetic field is observed for 10 K. It is clear that
the spin chain of 80 atoms has ferromagnetism at low tem-
peratures such as 10 K, but the ferromagnetism crossovers to
a paramagnetic phase at high enough temperatures such as
45 K. A coercive field Hc can be defined. Its nonzero value
reflects the ferromagnetism. Our systematic KMC simula-
tions indicate that Hc decreases with the temperature. Upon
reducing the field sweeping rate down to zero, we obtain
Hc = 0. This implies that the ferromagnetism is a special
phenomenon for nanomagnets with large enough magnetic
anisotropy.

Fig. 3 Average magnetization behaviors of a nanomagnet of 80 spins at

45 K (a) and 10 K (b) when magnetic field is sweeped from −4 T to 4

T and back to −4 T. The original magnetization is set to -1. The nearest-

neighbor exchange constant Js is 7.0 meV and the magnetic anisotropy ks
u is

2.1 meV.

Figure 4 shows our composite nanomagnet consisting of an
array of fixed spins with giant magnetic anisotropy and a thin,
narrow metallic stripe into which a spin-polarized current can
be injected. The spin polarization p of the injected current is
defined as p = (n↑ − n↓)/(n↑ + n↓), where n↓ and n↑ are
the number of down spins and that of up spins of the injected
electrons over an appropriate time interval. Generally speak-
ing, such a system is very complicated and we should treat
the charge and spin freedoms at the same time. However, we
are interested in small nanomagnets and suppose the current
density is not so large that there is at most one electron in the
region of the fixed spins at a time. A moving electron cannot
meet another one in the region within a KMC step as long as
the time interval ∆t is small enough. Spin wave excitations
can be neglected due to the large enough magnetic anisotropy.
Therefore, we can use a pure spin model to describe the mag-
netization dynamics in such composite nanomagnets.

Fig. 4 Top view (a) and side view (b) of a composite nanomagnet with fixed

spins (circles) at top of a thin, narrow metallic stripe (gray). Spin-polarized

currents can be injected into the left side of the stripe and go out of the other

end.

The Hamiltonian of the fixed spins and the injected spins
can be expressed as

H = −
∑

i,j

JijŜ
B
i · ŜB

j −
∑

i

kB
u (SBz

i )2

−
∑

i,j

J ′
ij Ŝ

B
i · ŜA

j −
∑

i

kA
u (SAz

i )2 (11)

where ŜB
i describes the fixed spin at site i with anisotropy

kB
u , and ŜA

i describes the electron spin of injected current
with anisotropy kA

u . Jij (Jii = 0) is the inter-spin Heisen-
berg exchange interaction and J ′

ij the Heisenberg exchange
interaction between the fixed spin and the moving spin. For
the present case we need two spin angles, θi and θ′i, to de-
scribe the orientations of the two spins with respect to the
corresponding equilibrium directions. The Hamiltonians of
the fixed spin and the moving spin at site i can be written as
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[14]

Hi = kBs
u sin2 θi −

∑

j

(Js
ijs

B
j + J ′s

ii s
A
i )sB

i cos θi (12)

and

H ′
i = kAs

u sin2 θ′i − J ′s
ii s

B
i sA

i cos θ′i (13)

where the parameters with superscript “s” correspond to the
above-defined ones with some S and S 2 factors absorbed.
The energies are similar to those in the last section, and
can be expressed in terms of a simple function, f(x) =
u(1 − x2) − vx, with x being cos θi and cos θ′i. If the
condition |x| < 1 is satisfied, f(x) gets to its maximum
fmax = u + v2/4u and a transition-state barrier can be cal-
culated by ∆E = fmax − f(0) = (v + 2u)2/4u. If not, we
use the Glauber method [21] as we do in the last section. As
a result, we obtain barriers ∆Es

i and ∆E ′s
i of the two spins

at site i for the transition states described by θi and θ′i. Cor-
responding rates Ri and R′

i can be calculated by Eq. (9), and
the probabilities are equivalent to ∆t ·Ri and ∆t ·R′

i, respec-
tively. We have N fixed spins and N ′ moving spins. Because
N ′ can be 0 or 1 for our simulation, the total number of spins,
N t = N + N ′, is changing.

The spin KMC simulation was done for N = 20, with the
movement of the injected spin supposed to be not affected by
the fixed spins [14]. The simulated results of average mag-
netizations against applied currents are shown in Fig. 5. The
magnetic anisotropy energies for the fixed spin and the mov-
ing spin are kBs

u =16.8 and kAs
u =12 meV. The exchange con-

stant between fixed spins is J s=11.2 meV and that between
the fixed spin and the moving spin is J ′s=8 meV. The simu-

lation temperature is 30 K. We observe hysteresis loops for
the magnetization against applied currents for p = 1 and
p = 0.75. There are substantially fluctuations for the mag-
netization in the case of p = 0.75. A coercive current Ic

can be defined in the same way as we do for the field-driven
hysteresis loops in the last section. Further simulations show
that Ic decreases with the temperature and increases with the
anisotropies. The time evolution of the magnetizations can
be studied systematically. The magnetization m can be well
described by a simple time function:

m = ms − (1 + ms) exp
[
− (t/t0)2

b + t/t0

]
(14)

where ms is the saturated magnetization and the parameters
t0 and b are constants. Such simulation can be done with other
starting magnetizations. Whatever the starting magnetization,
the same saturated magnetization is obtained. It depends on
the temperature, applied spin-polarized current, and materials
parameters.

We present a brief introduction to the usual KMC method and
show how to reformulate it for simulating the intrinsic and
current-controlled magnetization dynamics of nanoscale spin
systems with large enough magnetic anisotropy. The large
enough magnetic anisotropy is not only essential to stabilize
spin orientation but also necessary in making the transition-
state barriers of spin reversals for spin KMC simulation. We
show two applications of the spin KMC method to nanomag-
nets with giant magnetic anisotropy. This spin KMC method
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can be applied to other anisotropic nanomagnets and compos-
ite nanomagnets as long as their magnetic anisotropy energies
are large enough [22].
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