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Abstract Gaudin model is a very important integrable
model in both quantum field theory and condensed matter
physics. The integrability of Gaudin models is related to
classical »-matrices of simple Lie algebras and semi-simple
Lie algebra. Since most of the constructions of Gaudin
models works concerned mainly on rational and trigono-
metric Gaudin algebras or just in a particular Lie algebra as
an alternative to the matrix entry calculations often pre-
sented, in this paper we give our calculations in terms of a
basis of the typical Lie algebra, 4,, B,, C,, D,, and we cal-
culate a classical r-matrix for the elliptic Gaudin system
with spin.
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1 Introduction

The Gaudin system is a very important integrable model in
both quantum field theory and condensed matter physics,
which was originally introduced as an integrable spin chain
system associated with N particles with su (2) or su (1, 1) in
statistical quantum mechanics [1, 2]. This system is very
different from the well-known Heisenberg models. The most
significant property of the Gaudin model is its N commuta-
tive Hamiltonians expressed as:
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where z; > z, >---> zy are free parameters and S; (i = 1,---,
N) is the su (2) or su (1, 1) spin operator of the i-th particle.

N N
The total spin of the system S§* = Z:(S’)2 and SZ=ZS;

i=1 i=1
are the remaining conserved moving constants of motion.
Here, the spin operators S; belong to the Lie algebra SL (2)
generators {£., H }, which satisfy the commutation relations
in Chevalley basis:

[H',E{1=+5,2E,, [E.,E/]1=8,H' ()

This model has been used as a testing ground for ideas
such as the functional Bethe Ansatz [3] and the general pro-
cedure of separation of variables [8, 9], and also applied in
quantum optics [10]. The Gaudin models based on the face-
type elliptic quantum groups and the XYZ Gaudin models in
SI, algebra are studied in Ref. [4]. A method to construct a
basis of singular and non-singular common eigenvectors for
Gaudin Hamiltonians in a tensor product module of the Lie
algebra SL(2) was proposed in [7]. Osp (1|2) Gaudin algebra
was discussed in the trigonometric and rational cases in Ref.
[6]. All of these are fixed on a special case with some simple
symmetry. Since then, constructing a new kind of integrable
Gaudin system has become quite interesting due to its possi-
ble applications in other physical fields. This motivates us to
investigate the problem.

2 Integrability

We know that investigating an integrable system needs two
ingredients: a classical r-matrix and a quantum L-operator
[13—15]. The proof of the complete integrability of a system
given in terms of a Lax pair involves several stages. The
first, an immediate consequence of a Lax pair formulation, is



the observation that the quantities Tr, L" are conserved. Here,
the trace is taken over the representation 4 of the Lie algebra
G to which the operator L is associated. Another stage is to
show that these provide enough functionally independent
conserved quantities. Finally, and this is perhaps the most
tedious step, one must show that the quantities are in involu-
tion, i.e., {TryL", Tr,L™} = 0. This step is model dependent.
We can get the result by arguments based on asymptotics,
inverse scattering or direct recursion. Given an L-operator,
an alternative approach to proving this Poisson commutativ-
ity proceeds via the r-matrix [13, 15].

The L-operators associated with Lie algebra G must sat-
isfy the standard linear -matrix algebra:

(L )Ly (0)} = [ (u,0), L )] =[5, (v,0), L,)] (3)
Li(u)=Lw)®l, L,(v)=1®L(v) 4)
So 7y, and r,; are matrices belonging to the tensor product
G®G. In general the r-matrix is a dynamical object and
possesses no special symmetry, and r,; can be expressed as:
7y (v,u) = Pr, (u,v) P (5)
and P is the permutation operator such that: Px ® yP =y ®x.
Integrability in the sense of Liouville does not automati-
cally follow from the existence of the Lax representation.
One needs to check that the conserved quantities Tr,L"
have vanishing Poisson brackets [16]. When an r-matrix

structure is known as Eq. (3), this result is trivial [17]. The
proof runs as follows:

{Tr, Ly, Tr, Ly} = Trye4 {L'11®>L’2n}
=nmTtyg, (L @ L" ([, Li1-[r2, L, D)}

=0, by cyclicity of the trace (6)
which also implies the existence of an r-matrix.
In our case r is antisymmetric. Thus, Eq. (3) becomes
(L )T Ly (0)} = [r(u,0), L () + Ly (v)] (7

More generally, integrable systems can be associated to
any semi-simple complex Lie algebra. The infinite dimen-
sional algebra generated by the components of L(u) is called
a Gaudin algebra. If a Gaudin algebra describes the Gaudin

system corresponding to the Lie algebra G, then we term this

kind of a Gaudin algebra a G Gaudin algebra. To any simple

Lie algebra, one can associate different types of Gaudin al-
gebras, corresponding to different types of r-matrices [18].
With such an algebraic nature, the study of Gaudin algebras
becomes an important issue.

The Gaudin models related to classical »-matrices of sim-
ple Lie algebras were studied intensively (see [8—10, 19-24],
and references therein). In Ref. [12] the Gaudin model was
generalized to any semi-simple Lie algebra. However, most
of the previous works concerned mainly on rational and
trigonometric Gaudin algebras or just in a particular Lie
algebra [4—7]. As an alternative to the matrix entry calcula-
tions often presented, we give our calculations in terms of a
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basis of the typical Lie algebra, 4,, B,, C,, D,. We shall cal-
culate a classical r-matrix for the elliptic Gaudin system
with spin.

3 Construction

Before discussing how to construct the Gaudin model, let us
review some basics about Lie algebras and give some nota-
tions, which is closely related to our work.

Let X, denote a Cartan-Weyl basis for semi-simple Lie
algebra G = N_® H® N.. Here, H and N, are the corre-
sponding Cartan and Borel subalgebra of G, respectively.

Denote the root system of G by A. In the Cartan-Weyl bases,
they satisfy:

(H,. B l=a,Eys [EfE  l=aH ®)
[Ey Egl=NygE,.p3, ifa+ped 9
Define the Jacobian elliptic function as:

0;q) = [T (-g"w][]a-¢"u™) (10)

n=0 n=1
where ¢ is related to the module and u as the argument of

function 0 (u) = 0 (u; q). Sometimes, we represent brief no-
tations by O(u)= uj—e(u), 0'(u) = ?(u). The Jacobian
u u

elliptic functions have many properties, which can be found
in standard text books. Here, we give a few key important
identities:

O™y =-u"'0w), g(u/v)zl—g(v/u) (11)
O(uw HO(r'w) O 'uw™)  O(tt'w)

O()0(u/ w)o(tthO(w)  6(t")O(u/ w) O(tt")O(u)
A()0(u) 6(t")O(w)

1 d} 0w | 1 0 @) O(tw)

gQ) dt| 0)O(w) | 010 0()O(w)

_ 6’(t1_1u/w) o) 1 Q(u w) O(tw) (13)
Ot 0w/ w) 0(t)0(w) O(1) 0 0()0(w)
—1 1 . .

Hg u)  O(tw) agzl ulw) | F -2 (W)}

Ot ™H0w) O(HO(w) Ot/ w) O'(1)| 6 0
o u/w)y 1 16 0

= Z@O+=t"us 14
o0 W) 9'(1){0(t)+9(t u W)} (14)

In terms of the canonical variables p, z ({ pa, z»} = d) and

[N A4
t(y =¢ s
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a,b=1-,m

(15)
In the case of L= ZaLaX ! ® X, the Poisson bracket has

the form:

(L)L, ()} = 2 {L,

{paﬂta}:aata: {pa:pb}:{ta:t/j’}:o:

XL LX)X, ©X,
—ZL LIX,, X]1X,®X,

+{Lme}X;Xb’(Xa ®X,) (16)

With these notations we can express the L operator as:

L(u) = Z{Z W (WE, QE_ +Z(pa+é’ wWH.)®H, }

i=1 laed
(17)
where
sy Ol z) _ e'll(u,q):g 1
W“(”)_e(l)e(za)e(u/z[)’ cw=u e 02
(18)

The following discussions are based on all the 4,, B,, C,,

D, Lie algebra. Now we can construct the r-matrix via Eq.(7)

and Eq. (16), noticing that ¢’ (1) does not contain variables
p’ Z’

N
{Ll(u)@?Lz(v)}=Z{ I

i=l |a,feA

. o1 2 . .
Ely EJ1E-a E-g W)W () (1)

. o1 2
+ Z{Wolt(u)apa}E(lz E—a Ha

(In)
+Z[E’ H/] E HaW’(u)g(v)f (1IT)
+Z{pa,W;(v)}E,éﬁla Ep (1V)

B.a
+Z[H’,EJ Ha E_ﬂ () Wﬂj (v)} (V)

Using Egs. (8), (9), (15) and the properties of the theta
function , we calculate each part of the above equation.

12 1
Introducing a zero term (i) as {Z Eq E_q, zpb (Hp
a b

2
+Hyp )} = 0 to part (I), and defining

P (u,0) =

Fu,v)=-Y W_

we can get

d
—t, —W (u/
“ de «(/v)

a

1 2
a(u/'[})Ea E—a

(I) + 'zero term(i)' = [ 7(u,v), Ll(u)+L2(v)]
+ ZZ{W (ulv)W, (v)E’ —a(a- H)
Wl W @E (@ H) E-a
HOWP p, o)t H) E 125}
=[F(u,v), Ly (u) + Ly (v)]
+ ZZ{Wa(um)éa fEa,W;(u)E; éa}

1 2 . o1
+|:W_a(u/U)Ea E—a,Wol{(u)E; E—a:|

+[«9'(1)]2pa(u,v)(a~H")ia 125} (19)

(1) + (1I1) = Z{—Z{Wa W/ 0)E-a Ea Wi (0)E, é}

a

_Z{g(u /v)ll{a I%IWD, (u)E,, JIE_a }} (20)

a,a

(IV)+(V) = Z{—Z[W_a (u/v) fEa fE_a,W; (u)E., flf—a:|

o

—Z{é’(u/v)]lia Iira,W; ()E., é_a }} (21)

With fq(u) = ZWO’[ (u)E(’Z Ella, it’s easy to see that
(L )Ly (v)} = [F(u,0), L () + Ly (v)]
12 .

S S OO py o H )Y E-a E

(22)
We can find another zero term (ii) as
12 1
AScwm i ite. T [p, ¢ )i
a i b
2
+[pb+.§"(u)Hg]Hb}:o (23)
Adding this term to Eq.(22), we obtain
(LT Ly (0)} = [r(u,0), L () + Ly (v)]
1 2
+Z O'(F pg (u, v)[ -a a’H H] (24)



Here,

1 .
H =ZZEH; ®H, (25)

and

r(u,v) = #(u,v) —Zg(u/v)ll{a I%I

=Y W ,u/vE,®E_, Y {(u/v)H, ®H,

(26)

We can see clearly that r-matrix is antisymmetric indeed.

r-matrix encodes the Hamiltonian structure of the Lax equa-

tion, provides the involution of integrals of motion, and

gives a natural framework for quantizing integrable systems
in a quantum group theoretical setting.

Let us now turn to the conserved quantities of the system.

Denoting T :%Tr I, where Try is the trace taken only over
the second factor in G® G.
{T(u), T(v)} = Tryy { Ly () Ly (0)[r(u, 0), Ly (u) + Ly (v)]}

+2 10O p, (u,v)0, H . Tri, {L1 (u) 115_(1 L, (v) éa }

i a,a
=0 27)

In this procession, we use the conclusion of Eq. (6) and the
fundamental representation of the classical Lie algebra.
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4 Conclusion

In contrast to the well-studied case of purely numerical
r-matrices, no general theory of dynamical r-matrices exists
at present, apart from some concrete examples and observa-
tions. Still, the collection of examples is rather sparse, and
any new example of dynamical »-matrix could possibly con-
tribute to a better understanding of the model's algebraic and
geometric nature.
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