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Abstract In this review article, we will summarize the
main advances in network science investigated by the CIAE
Group of Complex Network in this field. Several theoretical
models of network science were proposed and their topo-
logical and dynamical properties are reviewed and compared
with the other models. Our models mainly include a harmo-
nious unifying hybrid preferential model, a large unifying
hybrid network model, a quantum interference network, a
hexagonal nanowire network, and a small-world network
with the same degree. The models above reveal some new
phenomena and findings, which are useful for deeply under-
standing and investigating complex networks and their ap-
plications.

Keywords theoretical model of network science, a harmo-
nious unifying hybrid preferential model, a large unifying
hybrid network model, quantum interference network, topo-
logical and dynamical properties

PACS numbers 89.75.-k, 89.75.Da, 89.75.Fb

1 Introduction

In 1998, Watts and Strogatz (WS) proposed the small world
(SW) model [1, 2] and in 1999 Barabasi and Albert (BA)
proposed the scale-free (SF) model [3, 4]. These two dis-
coveries of the SW effect and the SF property symbolized
that complex network research has broken through the im-
prisonment of random graph analysis that started in the
1960s. Since then, interdisciplinary studies and conferences
on complex networks have become a very hot activity all
over the world. In the last decade, people have witnessed the
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great progress of complex networks. It was a very pleasant
news [5] from the University of Notre Dame on August 24,
2006, that Barabasi was awarded a computing medal, which
was presented by the Hungarian von Neumann Computer
Society for outstanding achievements in computer-related
science and technology. This is because Barabasi is a pio-
neer in the field of networking as a unified science and au-
thor of “Linked : The new science of network.”

Complex networks, which belong to network science,
have emerge all over the place in nature and in society, in-
cluding physical, social, informative and technological net-
works. A variety of theoretical models of networks have
been proposed and investigated in various literatures [1-20].
Most of the real world networks (RWNs) are characterized
by both the SF and the SW effects, which have power law of
the degree distribution, relatively small average path lengths
(APL) and high average clustering coefficients (ACC).
However, one of the most important problems at present in
network science is that the majority of the research concen-
trates on the BA network and its varieties [3—19], which
introduces random preferential attachment (RPA) mecha-
nism to mimic un-weighted growing networks. But many
current models are not completely consistent with those
ubiquitous properties in RWNs although they have been
useful at reproducing features to approach the RWNs. As
pointed out by well-known American scientist Wilson [13,
14], “The greatest challenge today, not just in cell biology
and ecology but in all of science, is the accurate and com-
plete description of a complex system. Scientists have bro-
ken down many kinds of systems. They think they know
most of the elements and forces. The next task is to reas-
semble them. At least in a mathematical model that captures
the key properties of the entire ensemble.” That is the total
motivation for this review article based on our work.

The article is organized as follows. In Section 2, we shall
briefly review the main models of current network science.
In Section 3, a harmonious unifying hybrid preferential
model (HUHPM) and main numerical and analytical results
are given briefly. In Section 4 the HUHPM is extended to a
large unifying hybrid network model (LUHNM) and fresh
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results are shown. In Sections 5 and 6, the quantum inter-
ference network and the hexagonal nanowire network are
summarized, respectively. In Section 7, the SW model with
the same degree is mentioned. Lastly, a summary of the arti-
cle is made.

2 Brief review on current main models of network
science

Most models of network science can be found in Refs. [1-5,
7-16] and the references therein, which include the original
detail properties of topology and dynamics, and have a bet-
ter review. In this article, from our point of view, we will
only give the classification of the complex networks and
most models of network science so far. Then we pay atten-
tion to focus our recent work in this field. The current main

Table 1

models may be classified into different types of complex
networks, as shown in Table 1, such as: social network, in-
formation network, technological network, biological net-
work and so on. There are random graph, small-world net-
work, scale-free network and hybrid network (e.g., LUHNM).
Especially, we can classify the networks into two categories:
un-weighted networks and weighted networks, in which the
random graphs, generalized random graphs, static SF net-
works and evolving SF network, all these belong to the gen-
eralized random networks, they always ignore deterministic
linking, but another extreme case is that only consider de-
terminism instead of random. These two extreme cases are
useful for theoretical analysis easily and reproduce the main
topological properties for the RWNs. However, based on the
foundational observation fact for a unifying world in natural
and social networks, one cannot ignore anyone of order and
random. As a matter of fact, the interactions in the real world
are neither completely regular nor completely random and

Classification of complex networks and models of network science.
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lying between the extremes of order and randomness. The
world should be harmoniously unified. Most network mod-
els focus on the un-weighted network, which may reflect the
most topological characteristic and dynamical behavior be-
tween the network nodes and connectivity, but they could
not describe the strength of interaction and difference of
connected edges in the RWNs. Various weights and strength
almost exist in the RWNs and the weighted networks can
carefully portray the nodes connection and mutual interac-
tion that not only reflect the topology of the RWNs, but also
reveal the physical and dynamic characteristics for the
RWNS.

Recently, as given in Table 1, several weighted networks
have been proposed in the literature, in which one of typical
weighted models is the BBV model, the weighted evolving
network model [23, 24]. The BBV model yields the SF prop-
erties of the degree, weight and strength distributions, but its
weight dynamical evolution is triggered only by newly
added vertices, resulting in few satisfied interpretations to
the collaboration networks and the transport networks (e.g.,
airline systems). The other is the TDE model for tech-
nological networks [25], they considered two coupled
mechanisms: topological growth and the strengths’ dynam-
ics, which is suitable for technological networks. However,
both the BBV and the TDE models consider only random
preferential attachment (RPA), and does not consider the
deterministic preferential attachment (DPA) and other possi-
ble linking way. This is in contradiction to the fundamental
observation in which one can see both the RPA and the DPA,
in general, the deterministic and the random factors exten
sively exist in our unifying real-world. To improve the above
models, we have proposed a large unifying hybrid network
model (LUHNM), which includes the harmonious unifying
hybrid preferential model. We will summarize these two
models as follows.

3 Harmonious unifying hybrid preferential model
(HUHPM)

From our analysis and point of view, as seen above, we con-
firm that one cannot ignore RPA and DPA, which should be
a harmonious unifying one in theoretical models for dedi-
cating the real-world. Certainly, the combination of RPA
with DPA should be considered and investigated in the
growing and evolving complex networks. Motivated by this
goal, we first propose a hybrid preferential model for un-
weighted and weighted complex networks [26—29], which
are extended to a harmonious unifying hybrid preferential
model (HUHPM), in which only total hybrid ratio d/r is in-
troduced as a key control parameter, and is used to master
the topological and dynamical properties in complex net-
works. We then applied the HUHPM to the un-weighted BA,
the weighted BBV and the TDE models; corresponding
networks are called the HUHPM-BA network, the HUHPM-
BBV network and the HUHPM-TDE network, respectively.
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Through both theoretical analysis and numerical simulation,
it was found that the HUHPM has a series of universal
properties, which approaches the RWNs and is more suitable
for most un-weighted and weighted networks. In the fol-
lowing subsections we will summarize the main idea and the
important results.

3.1 Idea and method

The HUHPM is expressed simply as:

Random preferential attachment and growing
way for any model ]
HUHPM]) = +
Deterministic preferential attachment
or other connective way

This means that the HUHPM can rest on any type of net-
work’s original growth way and RPA pattern by adding the
DPA pattern according to arrangement of the degree distri-
bution from the largest to the smallest value (and may also
broadly develop other determination connection methods).
This implementation combines the random connection with
the determination connection by using the total hybrid ratio
to request the growth scale size of the networks. Hence, the
unified hybrid ratio is defined by

i=dr=

r
Time intervals d of deterministic preferential attachment (DPA)

Time intervals 7 of random preferential attachement (RPA)

(1)
where d and r are a number of time intervals for the DPA
and the RPA, respectively. In the process of the network
evolution, the total hybrid ratio d/ must maintain the same
value by combining the RPA and the DPA. Actually, one can
use different orders to make the two hybrids grow the net-
work in turn, until the required scale size is achieved. The
main principle for implementation of hybrid growth network
is as follows:

(1) The growth way: first, use each growing rule of the
model to carry on the growth by the RPA way.

(2) Growth connection way: each step adopting the kind
of connection mechanism must accord to the hybrid ratio d/r.

(3) DPA way: After each RPA, rank of the degree of
nodes is reordered again from the biggest to the smallest: &;
> ky>--->k, >---> k,, then m nodes is attached preferen-
tially. This is a general way for the DPA.

We have applied the above idea and method to some of
the current typical models [1, 21, 22] and follow the above
steps to give the rules of the HUHPM-BA, HUHPM-BBV
and HUHPM-TDE networks. The concrete constructions are
followed by their respective preferential attachment methods
[3, 4, 20, 21, 23-25].

After the procedures above have been completed for each
model, the rank of the vertices degrees is then rearranged
from the largest to the smallest as k; > k, > --- > k,. The DPA
is to be conducted for d time steps for the HUHPM networks
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according to the new rank of the vertices degrees above
when choosing the nodes connected to the new node. This
procedure creates a network with N = r + d + m, nodes.

The steps (1)—(3) of the HUHPM algorithm are repeated
again. Two kinds of preferential attachments are applied in
turns under a certain hybrid ratio d/r, until finally reaching
the desired size of the network.

The main results of HUHPM are briefly given as follows.

3.2 Power-law exponents sensitive to hybrid ratio d/r

The relations of the power-law exponents with the total hy-
brid ratio d/r for different typical networks have been inves-
tigated using both simulation and analysis. For the HUHPM-
BA network we have obtained the function relationship of
power-law exponent y with d/r as:

1 A
oLl Ay,

50

If adjusting relevant parameters, we have another function
relationship for y with d/r:

oA T = y0+ 4 '{1 —exp(—%ﬂ
2

+ 4, o{l—exp(—d/rﬂ
4

where y = 3. The parameters for Egs. (2) and (3) (formulas
1 and 2) are listed in Table 1 of Ref. [30]). As shown in Fig.
3(a), the theoretical results coincide with the numerical
curves for corresponding different parameters.

Similarly, we have the relation y and d/r for the HUHPM-
BBV and HUHPM-TDE by considering associated weighted
parameters ¢ and w, respectively,

(formula 1) (2)

(formula 2) (3)

40 + #A} + 4,
exp (d/)
HUHPM 4,
BBV = 2511 (formula 3) (4)
and
VBBV
45+y,+ 4 (1 - exp[—d/r)j + 4, (1 —exp [—CMD
4 &)
- 25+1

(formula 4) (5)

where parameters for different Jare also given in Ref. [29].
The HUHPM-TDE y is given by

A
HUHPM : a +(4-2)
Yme = =1+ xq1+ dl/r
exp| —
4,

m

2w+m

(formula 5) (6)

and

YTDE M:“‘Z

{Al {1 —exp(—dtjrﬂ+A2 {1 —exp{—dtirj:|+(7/0 —1)}m

2w+m

1+

(formula 6) (7)
where the strength of the node sock” and y=1 for
HUHPM-BBYV and y is related to w for HUHPM-TDE [23].
Relevant parameters 4;, A,, A3, A4 are also given in Table 1
of Ref. [29, 30].

Figure 1 shows the exponent y of degree power law ver-
sus the total hybrid ratio d/r by comparing the numerical
simulation result with the theoretical results of Egs. (1)—(3)
for the three typical networks, (a) HUHPM-BA, compared
three orders of connections (HPAS-1, HPAS-2, HPAS-3),
which do not affect properties of topology; (b) the HUHPM-
BBV and (c) the HUHPM-TDE, where N = 6000 and m = mj
=3.

Several important features are seen from Egs. (2)—(7) and
Fig. 1 wherein the theoretical results are in agreement with
the numerical simulations. First, the exponents y of the
power-laws are sensitive to the change of hybrid ratio d/r, as
a new topological characteristic. Here, the d/r = 1/1 is a
threshold value. If d/r <1, y <3, then yis nearly constant,
this is consistent with the RPA playing a leading role. If d/r
>1/1, in the HUHPM-BA and the HUHPM-BBV models, y
increases as d/r increases. Once RPA approaches to zero (r =
0, d/ r), y is very large or even approaches infinity, and the
power-law then vanishes, and often concentrates on several
high condense nodes. Second, the power exponents have a
quite complicated relation with the hybrid ratio d/r, which is
beyond simple relation in the corresponding original models.
This reflects either a mutual competition or a harmonious
unification between the DPA and the RPA. Thirdly, the
HUHPM-BBV and HUHPM-TDE models are related to
weight associated parameter o or w, respectively, which is
closely connected to the architecture producing the network.
This makes the relationship more complicated. For the three
typical networks, (a) HUHPM-BA, (b) HUHPM-BBY, and
(c) HUHPM-TDE, under their different parameters, the
simulation results are consistent with the theoretical results.
Finally, similar results for the power-laws of the node
strength and the edged weight governed by the total hybrid
ratio d/r are also obtained in the HUHPM-BBV and
HUHPM-TDE [30].

3.3 Effect of d/r on the SW properties

The SW effect in the HUHPM is much better than the
other models since it has the shortest APL (L) as well as the
largest ACC (C). Taking the HUHPM-TDE model with w <
1 as an example, as shown in Fig. 2, in which when w = 0,
the HUHPM-TDE reduces to HUHPM-BBYV. The APL value
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Fig. 1 The exponent y of power-law versus the d/r compared simulation results with theoretical results of Eqgs. (1)—(3). (a) The
HUHPM-BA, compared three orders of connections (HPAS-1, HPAS-2, HPAS-3), which do not affect the values of exponents; (b) The
HUHPM-BBYV, compared different values of weight parameter ¢ [24, 25]; (¢) The HUHPM-TDE compared different values of weight pa-
rameter w [26]. Here N = 6000 and m = my = 3.
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Fig. 2 (a) APL vs d/r; (b) ACC vs d/r under different values of weight parameter w < 1 for HUHPM-TDE. Here N = 6000 and m = mg = 3.
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increases as w increases. If w > 1, when d/r increases, w
increases, the APL also becomes smaller, this fully explains
that HUHPM can cause the small world effect, which is
more close to the actual network than the other models, as
demonstrated and compared later.

Theoretically, we derive the relation of the APL with ex-
ponent y for the HUHPM-TDE model:

) nil_9( 2 1)+8.6192
HUHPM Y~ Y=
PE 2 4.788 ®)

For the HUHPM-BA and the HUHPM-BBYV networks simi-
lar relationships are also obtained [30].

36 T T T T
34+F w=005 A
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—~— Eq. (8)
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Fig. 3 Comparing theoretical result with numerical simulation for the
HUHPM-TDE. Here N = 6000, w = 0.05 and m = my = 3.

(5]

Furthermore, by comparing the APL with the network
size N for the three kinds of models, which are the HUHPM,
the original BA model and random graph model, Fig. 4(a)
shows the APL of the HUHPM-BA to be the shortest. The
red (block) is the result of a random graph model; its APL
value is the largest, blue (dot) is the result of the original BA
model, whose L value is the second biggest. The green (as-
terisk) is the result of Eq. (60) in Ref. [10], whose L value is
in the middle. The brown (triangle number) is the HUHPM-
BA result; L value is the smallest. This explains once more
that the HUHPM can reduce the APL under the same level
size N, which is able to achieve the smallest APL compared
with other networks.

Similarly, Fig. 4 (b) shows comparing the average clus-
tering coefficient (ACC ) C with the network size N for the
three kinds of models, which are the HUHPM, the original
BA model and the random graph model. One can see that the
C of HUHPM is largest, where the brown (block) is the re-
sult of the random graph model, its C value is the smallest;
the red (dot) is the result of the original BA model, whose C
value is the second biggest; the green (asterisk) is the result
of HUHPM-BA, whose C value is the largest. This explains
once more that the HUHPM can really enhance the C under
the same level size &V, which is able to achieve the biggest C
compared with other model networks.

In addition, we have also investigated the effect of the
hybrid ratio d/r on dynamical synchronizability for the
HUHPM networks in Ref. [27].

The results above show that all characteristics of the
HUHPM models are closer to the RWNs, which have the SF
as well as WS properties. The results imply that although the

19 B Random graph

&® BA model
« Eq. (60) in Ref. [10]
A HUHPM-BA

10° 10° 10 10° 10"

l()"

10°?

10+
® BA model
M Random graph

10 1 HUHPM-BA

10° 10° 10 100
N
(b)

Fig. 4 Comparing SW effects of the HUHPM with other models. (a)
illustrates that when d/r = 1/1 and{ k)= 4, using the HUHPM-BA method to
obtain L is shortest, the brown (triangle number) is the HUHPM-BA result;
the green (asterisk) is the result of the Eq. (60) in the literature [10]; the
blue color (circular number) is the result of the original BA model; red
(block number) is the result of random graph; (b) is a similar comparison
between C and N for the HUHPM-BA, random graph and original BA
models.

RPA is the main mechanism to produce the distributed
power law function, the combination of the RPA with the
DPA has more rich transition features between random and
order. Therefore, the DPA also displays a vital role, includ-
ing the ability to suppress the power distributed heavy tail.
The HUHPM models can cause randomness and determin-
ism to arrive at the harmonious unification only controlled
by total hybrid ratio.

4 Large unifying hybrid network model

The shortcoming of the HUHPM above is that it considers
only preferential attachments and could not explain why
social networks are mostly positive degree-degree correlated
(assortatively mixed) while biological and technological
networks tend to be negative degree-degree correlated (dis-
assortative). Could one give a unification explanation? Be-



cause the degree-degree correlation is another important
property in complex networks, as Newman emphasized [13,
14], “there is an important element missing from these mod-
els: many networks show ‘assortative mixing’ on their de-
gree, i.e., a preference for high-degree vertices to attach to
other high-degree vertices, while others show disassortative
mixing — high-degree vertices attach to low-degree ones.”
Of the social networks studied all have positive degree-de-
gree correlation .. In contrast, the technological and biologi-
cal net-works are all of the negative degree-degree correla-
tion. To answer the above questions, Wang et al. proposed a
mutual attraction model (MAM) to characterize the weighted
evolving networks [15], by introducing the initial attractive-
ness 4 and the general mechanism of the mutual attraction,

- - (s;+4)
and assume the connectivity probability /7, , ; R
D (sp+4)
k#i

The A > 0 in the MAM governs the probability for “young”
nodes to get new links and weights, and obtain tunable de-
gree assortativety, depending on the values of m and 4. But
in the MAM the tunable range of the 7, value is very small,
as seen in Fig. 6 (b), the maximum value is only about 0.2
although the two parameters (4, m) are changed from 1 to 12
significantly. So the questions also raised here is: Why is the
r. value so small in the MAM? Is it consistent with the
RWNs completely? The results of the MAM mimics both
the assortative and disassortative of the weighted evolving
networks but its description is incomplete because of only
producing small values of disassortative r. . In fact the
physics co-authorship and film actor collaborations net-
works have r. = 0.363 and 0.276 [13, 14], respectively.
Clearly, the MAM does not completely catch all the key
mechanisms behind the various complex networks yet, and
even more importantly, the factors that must effect 7,
strongly may have been ignored.

To explore and solve the problem above, we can make a
careful analysis and then find that the main problem of the
theoretical models above is that they consider only random
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preferential linking as a key formation mechanism but ig-
nore any other possible linking ways that can largely affect
the structure and dynamics of complex networks. Although
the HUHPM above considered mixing random with the de-
terministic, it was only limited to preferential attachment.
Furthermore, for improvement of the HUHPM, we have
proposed a large unifying hybrid network model (LUHNM),
which is controlled by the three hybrid ratios in different
levels. Through the study of numerical simulation and theo-
retical analysis, we find that the LUHNM has included the
most possible previous and current models of network sci-
ence. It is found from the LUHNM that it has new phenom-
ena and fresh nontrivial properties, which can give satisfac-
tory answers and worthwhile for more unified mechanisms
of complex networks, and can have reasonable explanation
for some problems.

4.1 Basic idea and method of the LUHNM
The HUHPM has unified both the RPA and the DPA, but
“preferential attachment” is not necessary completely in
various networks, including social networks and techno-
logical networks and so on, because any networks may have
two or more possible hybrid linking ways: general, preferen-
tial and special linking for both random and order. To de-
scribe the RWNs and improve the HUHPM, we extend the
HUHPM to a large unifying hybrid network model
(LUHNM) [31], as shown in Fig. 5.

In the LUHNM, three-level hybrid ratios are defined re-
spectively. At the first level, the total hybrid ratio d/s; Eq. (1)
is changed to

dr:i

-
_ Total time intervals of deterministic attachment (DA)

Total time intervals of random attachment (RA)

)

‘:&ndum preferential attachment (RPA)

=

Eﬂdom link \\-'a}-'j

gr=GRA/RA
RA=RPA + GRA

[

\leneral random attachment (GRA)

o7

dr = DP/RP

-

S

Deterministic preferential attachment (DPA

.Etcrministic link »ﬂ
DA = DPA + HPA

fd = HPA/DA

‘ng the poor (lower degree) attachment (I

Fig. 5 Diagram of physical idea of the LUHNM.



116

At the second level, there are two hybrid ratios, one is a
deterministic hybrid ratio fd, which is defined by

f HPA
fd " Da ©))
where HPA is helping poor attachment, DA = HPA + DPA.

The other is a random hybrid gr, which is defined by

g GRA
ar T RA (10)
where GRA is a general random attachment, RA = GRA +
RPA.

In the evolving process of the complex networks, the total
hybrid ratio dr must maintain the same value by combining
the RA and the DA, but there are two other mixing ways, the
RA including gr and RPA, and the DA including fd and DPA,
respectively. Actually, multiple hybrid kinds of attachments
carried on is very flexible for the LUHNM. It is notable that
the general case of the LUHNM is of fd and gr in the range
of (0, 1), which includes the most important kinds of net-
work models:

(a) fd = 1/1: complete helping poor attachment (HPA) for
the DA, instead of the DPA.

(b) fd = 0/1: complete DPA for the DA, instead of the
HPA.

(c) gr = 1/1: complete GRA for the RA, instead of the
RPA.

(d) gr = 0/1: complete RPA for the RA, instead of the
GRA.

(e) fd=0/1 and gr = 0/1: it reduces to the HUHPM.

(f) fd = 0/0 and gr = 0/1: it reduces to the BA, the BBV
and the TDE models.

(g) fd = 0/0 and gr = 1/0: it reduces to the ER model.

(h) fd # 0 and gr = 0/0: it reduces to complete determinis-
tic model.

It can be seen clearly from the 8 kinds of models above
that the LUHNM is a reasonable, natural and large unifica-
tion for most of the network models in both theory and prac-
tice, i.e., one can rest on any type of network model and
pattern formatted by the combination of 3 different ratios (dr,
fd and gr) to grow and govern network scale-size as needed.
This means that one can combine a different hybrid to grow
the network in turn, until the required scale size is achieved.
On the other hand, this implementation combines the ran-
dom connection with the determination connection by using
the multiple hybrid ratios according to the need. Thus, one
can have certain diverse and complex networks.

4.2 Degree-degree correlation versus total hybrid ratio dr

The main results of the degree-degree correlation 7. versus
dr and m for the LUHNM are shown in Fig.6 under different
values of dr, gr, and fd. It is found that the LUHNM reveals
two interesting transition features of degree-degree correla-
tion from negative to positive in an un-weighted network.
First, as shown in Figs. 6 (a), (c)—(f), only if the fd =0.9/1,
which means helping the poor attachment (HPA) for the DA

is dominated strongly, whatever the value of gr is, the r,
curve exists as one peak or mutual peaks (one or more ex-
treme values), which is a new phenomenon, compared to the
MAM model [15] shown in Fig.6 (b) and other models, and
is closely associated with d/r and m. Second, as the dr in-
creases the r, increases and reach a large positive value to
about 0.7. It seems that the fd increases and approaching 1/1
is a necessary condition for having the extreme and large r.
value. This finding can explain the question above.

4.3  Degree-degree correlation 7. versus fd and gr

Under a different typical region of the total hybrid ratio dr,
the 7. vs gr and fd are shown in Fig.7.

From Fig.7, we can obtain the linear fit relation of r, with
grand fd:
r.=a(gr)+b, grel0,1] (11)

When dr is smaller, the relation of . with fd is approximately
linear:

1, =ay(gr)+by, (12)
For the dr < 1/1, a; > 0; as the dr increases, a; decreases;

If dr— N, a;— 0. For the dr= 1/1 and fd— 1, the rela-
tionship above is strongly changed to:

0< <009

gr €[0.1]

ae™' +a,,

2b, by
n{4(fd —b,)* +b:] (13)

where a; and b; are some parameters to be determined, i = 1,
2,3;,7=1,2,3,4.

We can see from Fig.7 and Eqgs. (11)—(13) that there are
three regions of dr value and results: (1) When dr < 1/99,
where random is dominant, the r increases linearly as the gr
and fd increases. (2) When dr = 1/1, which is a transition
point, because it is evenly matched in strength for random
and deterministic linking, the 7, increases slowly as the gr
increases, the r, increases linearly if fd < 0.9/1 but the r,
is abruptly increased only if the fd = 0.9/1. (3) When dr=
99/1, deterministic linking is dominant, the . increases much
more slowly as the gr increases, but the r. is still abruptly
increased only if the fd = 0.9/1. These results imply that the
fd = 0.9/1 plays a key role for the degree-degree correlation
transition although sometimes the gr value also has impor-
tant effects. The transition features depend on their matched
sense of 3 different hybrid ratios. Therefore, the LUHNM
can give a reasonable answer to some questions above for
complex RWNs. For example, why are social networks
mostly positive degree-degree correlated (assortatively mixed)
while biological and technological networks tend to be
negative degree-degree correlated (disassortative)? Using
our findings above, it can easily be understood that the two
situations can also take place in any RWNs. Since 1980’
Chinese government has proposed and implemented a

© T b+ ,09< fi <1
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Fig. 6 The r. versus dr for the LUHNM and compared with the results of the MAM [15]. (a) and (¢)—(f) under different fd and g7, in the
LUHNM,; (b) The results of Ref. [13]; (¢) fd = 0.99/1; (d) fd = 1/1; (e) fd = 0.95/1; (f) fd = 0.97/1.

so-called “policy of helping the poor region” and “Chinese
eastern supporting Chinese western region”, that want to use
advanced technology and fund in eastern region to support
the western region, in which case the LUHNM should put
into increasing fd value , then makes increasing the r. value.
Trough such a growing mechanism Chinese people may lead
to be on route of common rice and to construct a harmoni-
ous society. Therefore, the policy above accords with the
LUHNM. The LUHNM can also be applied to research the
entrepreneurial economy based on complex ecological net-

work.

4.4 Complexity of degree-degree correlation in weighted
LUHNM

In the last subsection, we will only give the main results of
the un-weighted LUHNM. As a matter of fact, the weight
effect is over almost all networks and is of significance for
the RWNs. Therefore, we have also investigated the transi-
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Fig. 8 Some results  versus fd and gr for the weighted LUHNM. (a) dr = 1/99; (b) dr = 1/1; (¢) dr = 99/1.

tion complexity of degree-degree correlation for the
weighted LUHNM [31]. Some results of the weighted
LUHNM for the three typical total hybrid ratio are given in
Fig. 8. From Fig. 8, we see that a much more complex rela-
tion exists than the un-weighted LUHNM; not only does the
r. curves appear as mutual peaks but it also increases
nonlinearly as the fd and gr increase.

In conclusion, either the un-weighted or the weighted
LUHNM can reveal some nontrivial properties of topology
and dynamics. Therefore the LUHNM can give a reasonable
answer for the questions raised above, especially for social
networks, which are mostly positive degree-degree corre-
lated, while biological and technological networks tend to be
negative degree-degree correlated if we change the three
hybrid ratios in the LHUNM. It is easily understood that the
different correlation can take place in the RWNs.

5 A quantum information network

The network characteristic in the quantum microcosm can
be explored, especially studies of the topological property of
quantum information network (QIN) and its application, but
this aspect has not yet been seen in the related literature. We
have proposed a QIN whose spatially separated nodes are
connected by the quantum communication channel (QC)
[32-34]. The QC and operation between the different nodes
allow the network to perform various QC non-locally. The
photon transmits interaction between the two separate net-
work nodes in the channel as the flight ebit or tangled ebit to

perform the quantum logic computation or the QC. As an
example, the QIN schematic drawing is shown in Fig. 9,
where we suppose that the QIN nodes consist of a trapped-
atom inside a high-Q cavity. The atom has a standard “A”
type of internal state, the ebits are flying polariza-
tion-entangled photons. Because the user is stochastic, the
environment noise is stochastic, therefore we consider that
the QIN node and the segment fluctuation is stochastic also.

Node C

Cavity B

pairs (EP)
QC

Entangled

RL

Random link (RL)
Node £

Random node F
Fig.9 A schematic quantum information network.

We constructed a QIN with Gaussian channel (GC). Al-
though there is a strong coupling between the photons emit-
ted from the atoms confined in the cavity, the encoded in-
formation carrier in the channel are photons which may in-
teract with the environmental field at temperature 7. This is



a typical quantum Brownian motion problem. In the coher-
ent representation, a quantum Fokker-Planck equation (FPE)

for QID f(«, a*,t) In f(a,a*,t) is obtained by

0 « ¥
af(a,a ,Dn f(a,a ,t)

I"O . a 7"0 . 5 5
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where |a> is a coherent state, ay is frequency of a harmonic
oscillator, N is the mean number of quanta in the mode
with @y, yois defined as y, =in| 7, |2 , here 7, denotes the
coupling between the oscillator and kth field mode. The so-
lution of the FPE is found as:

*
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The above FPE may describe the transmission of the QID
signals along a quantum GC by extending the concept of the
classical GC for information. The quantum dynamical mu-
tual information formula for the quantum GC can be gener-
ally obtained in the coherent state representation,

(21_56)5(‘[)*1 0_.2()‘(r)
mn

1405 B, () =3 In| 1+ e

(15)

(16)

where 4, (0) is an input ensemble encoded state at time 0
with a special coordinate 0, B, (7) is an output ensemble en-

coded state at time r with the coordinate «. (ff1 and Gfm»se

are average power of input signal and noise in the channel,
respectively.

Based on the ultimate analysis, we will construct a quan-
tum logical operation or quantum channel between the two
nodes as a link to form a quantum network. Because of the
“quantum” property, each link between a pair of nodes pos-
sesses the probability to open or close. Furthermore, we
suppose that there is a new node added into the network
stochastically. Each node added to the system at time ¢; with
an energy & is described by the number of links 4; ( 7,7, &) at
time ¢. This makes the quantum network similar to the net-
work describing Bose-Einstein condensation. Moreover, it is
of interest to allow the k; (¢, ¢, &) to be also driven by an
external field for controlling the final link pattern of the
network in the expected level (by administrator). Thus the
rate of k; ( ¢, t;, &) with respect to time is expressed as:

aki(t,ti,gl.) eiﬂg“k[(t,tl»,é‘i)
=m _ﬂg_
ot Zje Tki(t,t,¢;)
+glk;(t,1;,6;)]

a7
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where glk; (¢, t;, &)] is a driving term introduced by the driv-
ing field, S is inverse temperature 1/7, and m is defined as a
new node attached by m links to m of the N existing nodes
of the network. In general, choosing a different type of driv-
ing function can obtain a different type of evolution of ; (%, #,
&). To study the complex behavior of the network resulting
from the driven term we choose the following different
functions:

(1) Choosing g[k;] as an exponential function, and exp(k),

then we have
fe)-1
f(&) H
t.

1

ki (t,t;,e)=In|m (18)

(2) Choosing g [k;] as one of seven catastrophic polyno-
mial, such as Elliptic umbilic

g[ki(t, t, 6‘[)] =2 =3t +a(* + y*)+cy+gt, then if 1 #
a/3, a solution is given by

1 1
ki(tt;,6)=——| —=t,ct 19
( ) ati—3tit( 2 rl) (19)
which shows that £; is type of irrational polynomial of ¢. The
complex behaviors of k; may be implied by adjusting some
parameters and ¢; . Our results show that the curve of folds is
a parabolic curve around which the number of solutions k;
can be changed. This drives the network to be the type of
catastrophe. The connectivity distribution P (k) can be given
by the sum of the probabilities P (k) which is a node with an
energy € has a connectivity k. Thus, we have to sum over all
the nodes with energy distribution P (&), which allows us to
get complicated P (k) which may have positive exponential,
when ¢ =1.08, when r=1.08, g =c=1,a =5, we have
1

e+k+2.76k% +3.5

Figure 10 (b) gives P(k) decays with negative exponent of

P(k) = (20)

power-law P(k). These motivate us to change k; % as ki2 in

the corresponding driving terms to get the evolution of P(k)
with positive exponent of power-law, when 1 =1.08, g=1, ¢

0.2

0.15 —— () P() = (e + k+ 2.76/2+3.5)

£ (b) P(K) = 1/(e + k + 2.76/k* + 3.5)
o e (€) PUR) = 1(e + 2.76/K2 +3.5)
pinfg o

Plk

0.05F¢

15 20

Fig. 10 The degree distribution P(k) vs k.
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=0,a=>5, we have
1 21
e+2.76k> +3.5

This is shown in Fig.10 (c), which gives a positive exponent
of power law P (k). It is seen from Fig.10 that there exist
positive and negative exponents of power-laws P (k) if the
quantum information network is driven by a kind of catas-
trophic polynomials.

It is noted that the positive or negative exponent of
power-law P(k) can influence the assortativity coefficient 7,
of the network. Indeed, if . is a quantity corresponding to
the correlation coefficient of the degrees of the nodes at the
extremes of an edge of the network, r, oc —(jk){;)(k)

then from P (k)=k"7 — k7, we have

R e

743 (—y+2)°

P(k) =

(22)

| K

7+3 (r+27
which influences the y as a function of k£ and exponent y of
power-law definitely, as shown in Fig.11(a)—(d), which re-
veal that for the positive exponent of power-law, the y pos-
sesses more stable negative values (correlations) until it
tends to —oo, while y, for the negative exponent of power-law,
is positively or negatively unstable and finally tends to 0. All
are of negative assortativity. The QIN we proposed may
produce positive assortativity r. as a physical network ex-
ample, which may help to study QIN having different topo-
logical characteristics and mechanism.

This is possibly helpful to find a way to study the differ-
ent topological characteristics and mechanisms, as well as
the inner link and the mechanism that different types of
networks possess.

6 Hexagonal nanowire network

Based on the principle of the QIN above, we have also

studied the suitability of the hexagonal nanowire network
(HNN) [35-37], as shown in Fig.12, to detect the radiation
field. This HNN has six levels of transmission for current
densities. Suppose an input current density along two arms
is 51/2, s,/2, then the output current density with quantum
interference to different levels, is as shown.

We apply the idea and the method of the HUHPM to the
HNN. The analysis shows that the influence functional
phase depends on the final relative velocity of electrons in
the arms connected to an output node for a symmetric loop
or network. The increase of the order levels of network al-
lows the relative velocity to be increased, which magnifies
the effect of quantum interference. The time evolution of the
connectivity obeys a power law. The characteristic differ-
ence of this network from the bosonic and fermionic net-
work is that the connectivity of the nodes is related to the
influence functional phase replace to the energy. All these
allow us to study the connectivity distribution by the total
hybrid ratio above, i.e., using random/determination prefer-
ential attachment. The calculation results reveal that differ-
ent choice of total hybrid ratio and the related driving func-
tion can change the shape of the curve for the degree of dis-
tribution P(k) from power law strongly, as shown in Fig.13.
These reveal that the topological property change of the mi-
croscopic network, such as k(f) or P(k) can influence the
dynamic property of the network, such as quantum interfer-
ence phase. The dynamic characteristics of the network is
related to the structure of the topology of the network.

Based on the principle of quantum interference and using
nanowires, the HNN can be used to detect the radiation field.
The analysis shows that the influence functional phase de-
pends on the final relative velocity of the electrons in the
arms connected to an output node for a symmetric loop or
network. The increase of order levels of the network allows
the relative velocity to be increased, which magnifies the
effect of the quantum interference. The time evolution of the
connectivity obeys a power law. The characteristic differ-
ence of the QIC and HNN from the Bosonic and the Fer-
mionic network is that the connectivity of the nodes is re-
lated to the influence functional phase replace to the en-
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The assortativity coefficient . vs the negative exponent of degree power-law.
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Fig. 12 (a) A network consisting of hexagonal nanowire loops. This network has six levels of transmission for current densities. (b) The

picture of the hexagonal InGaAs ridge nanowire networks.

ergy. All of these allow us to study connectivity distribution
by using the idea of a total hybrid ratio of the HUHPM
above. The calculation shows that the total hybrid ratio can
change the shape of the curve for the connectivity distribu-
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Fig. 13 Several degree power-law distributions in the HNN.

tion strongly, allowing the network to appear to scale-rich
properties, see Fig. 13. These results above for the QIC and
the HNN have potential application [37].

7 Small world model with the same degree of all
nodes

The discovery of the SW leads to an avalanche of research
on the properties of the SW networks [1]. A much-studied
variant of the SW model was proposed by Newman and
Watts [2, 38], in which the edges are added between ran-
domly chosen pairs of sites, but no edges are removed from
the regular lattice. In 1999, Kasturirangan proposed an al-
ternative model to the SW network [40]. The model starts
also with one ring lattice, and then a number of extra nodes
are added in the middle of the lattices which are connected
to a large number of sites chosen randomly on the main lat-
tice. In fact, even in the case where only one extra node is
added, the model shows the SW effect if that node is suffi-
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ciently highly connected, which has been solved exactly by
Dorogovtsev and Mendes [38]. To investigate the SW effect
further, Kleinberg has presented a generalization of the SW
model which is based on a two dimensional square lattice
[41]. Besides, in order to study other mechanisms for form-
ing the SW networks, Ozik, Hunt and Ott introduced a sim-
ple evolution model of growing the small-world networks,
in which all connections are made locally to geographically
near sites [42].

Generally, SW networks are characterized by three main
properties. First, their average path length (APL), which
does not increase linearly with the system size, but grows
logarithmically with the number of nodes. Second, the av-
erage node degree of the network is small. Third, the net-
work has a high average clustering compared to an Er-
dos-Renyi (ER) random network [43, 44] of equal size and
average node degree. The APL can be used to estimate the
average transmission delay. One can always reduce the APL
by adding more edges, but this could bring in economical
and technical pressures. So the average edge number of the
nodes must be controlled within an acceptable range. More-
over, the information localizing principle makes the net-
works with a larger clustering coefficient welcome.

Therefore, the models of SW networks can be diverse in
nature and society. We also proposed the model of the same
degree (SD) of all the nodes which produces the SW effects
very well [44, 45].

To realize the SD-SW model, we suggested two algo-
rithms, one is the so-called “spread all over vertices” (SAV)
algorithm [45], the other is the so-called “spread all over
boundaries ” (SAB) [46] for generating the SW properties
from regular ring lattices. During randomly rewiring con-
nections the SAV is used to keep the unchanged number of
links. We start with a ring of N nodes, each connected to its
k nearest neighbors by undirected edges. For clarity, N = 10
and k = 4 are taken as the schematic examples here. At each
time step we perform one of the following three operations:
(i) We randomly select a node i. From the nodes connected
with the node i, we randomly select a node j and remove the
edge connected to the node i. (ii)) From the nodes uncon-
nected with the node i, we randomly select a node u and
connect a new edge to the node i. (iii) From the nodes con-
nected with the node u, we randomly select a node v and

—== W-S algorithm
—a— SAB algorithm
~ SAV algorithm

L(p)/L(0)

remove the edge connected to the node u. (iv) For the node v
we connect a new edge to the node ;.

At each increment of time, four nodes are involved and
two original ruled edges are removed, which have never
been selected before, two new edges are connected, which
will never been changed later. The growth process is re-
peated until the network grows to the desired percentage.
Note that at every step self-connections and duplicate edges
are excluded.

The network develops by the successive change based on
the above procedure. According to different percentage,
which is the proportion of successfully changed node num-
ber to the total node number, simulations show that it can
generate the SW effect. The approach we propose is similar
to the well-known WS model, but the present method is
quite different as it leaves the number of connections & of
each node unchanged, while the WS algorithm gives rise to
a Poisson distribution of connectivity. Leaving k unchanged
makes us able to study the effect of rewiring nodes on topo-
logical property of these networks.

Comparing the SAV algorithm with the Watts-Strogatz
model and the “spread all over boundaries ” (SAB) algo-
rithm, three methods can have the same topological proper-
ties of the small world networks, as shown in Fig. 14. They
have a smaller average path length and larger clustering co-
efficient. These results offer a diverse formation of the small
world networks. One of the advantages for our model is that
all the degrees of the nodes are constant but can be selected
according to the need. The two algorithms offer a good ex-
ample of diverse formation of the SW networks since their
distribution of node degrees is quite different. Our model
may help engineers in the topology-designing and perform-
ance analysis of a small world network. It is also useful to
research with some applications for the mutual oscillator
kinetics inside nodes. It is helpful to the research of some
applications for dynamics of mutual oscillator inside nodes
and interacting automata associated with networks [46].

We have applied the WS model and the SD model to con-
struct the beam transport network with the small-world ef-
fect [47], respectively. We have adopted the global linear
coupling control method and the special linear controller to
realize the synchronization control of the halo-chaos and
periodic state, respectively. It is noted that in our previous
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Fig. 14 Comparison of small-world properties for the SAV with WS model [1].



work we have proved that only nonlinear feedback control
methods can realize the control of the beam halo-chaos in
the beam transport network without any small world topol-
ogy [48, 49]. At present, this work demonstrates a very im-
portant result; the small world topological properties can
affect the dynamics of the beam transport network strongly.
If the beam transport network is constructed with the SW
topology, use of special linear feedback method can easily
realize the synchronization control of the beam halo-chaos
and periodic states. Therefore, this provides a new idea and
a simple effective control of the beam halo-chaos in the
high-current accelerator experimental study and the engi-
neering design. It may also be a potential application for
halo-chaos secure communication.

8 Summary

Based on the idea of a harmonious unification world, we
have developed several theoretical models of network sci-
ence from the macroscopic to the microscopic levels. These
models include a harmonious unifying hybrid preferential
model (HUHPM), a large unifying hybrid network model
(LUHNM), a quantum interference network (QIN), a hex-
agonal nanowire network (HNN) and a small-world network
with the same degree (SD). Several universal property mod-
els and new findings are summarized and reviewed in this
article. The HUHPM and the LUHNM can be applied to
most un-weighted and weighted complex networks. To clar-
ify these ideas and methods, the HUHPM-BA, the
HUHPM-BBYV and the HUHPM-TDE are taken as 3 typical
models of complex networks, and also extended to study
microscopic networks such as the QIC and the HNN. These
nontrivial results are useful for investigating the complexity
and construction of various theoretical models from the
macroscopic to microscopic networks. However, theoretical
analysis and application are still open and offers much more
challenge for network science researchers.
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