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Abstract We review the recent theoretical investigation
on enhanced second-harmonic generation (SHG) in soft
nonlinear optical materials based on ferrofluids, graded me-
tallic films, and graded metal-dielectric films of anisotropic
particles. The SHG of soft ferrofluid-based nonlinear optical
materials possess magnetic-field controllabilities, i.e., mag-
netic-field-controllable anisotropy, red-shift and enhance-
ment, which are caused to appear by the shift of a resonant
plasmon frequency due to the formation of the chains of the
coated nanoparticles. Both graded metallic films and graded
metal-dielectric films of anisotropic particles can serve as a
novel optical material for producing a broad structure in
both the linear and SHG response and an enhancement in the
SHG signal, due to the local field effects.
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1 Introduction

Materials lacking inversion symmetry can exhibit a so-called
second order nonlinearity. This can give rise to the phe-
nomenon of second harmonic generation (SHG), i.e., an
input (pump) wave can generate another wave with twice the
optical frequency (namely, half the wavelength) in the me-
dium. In most cases, the pump wave is delivered in the form
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of a laser beam, and the second-harmonic wave is generated
in the form of a beam propagating in a similar direction. The
physical mechanism behind SHG can be understood as fol-
lows. Due to the second order nonlinearity, the fundamental
(pump) wave generates a nonlinear polarization that oscil-
lates with twice the fundamental frequency. According to
Maxwell’s equations, this nonlinear polarization radiates an
electromagnetic field with this doubled frequency. Due to
phase matching issues, the generated second-harmonic field
propagates dominantly in the direction of the nonlinear po-
larization wave. The latter also interacts with the fundamen-
tal wave, so that the pump wave can be attenuated (pump
depletion) when the second-harmonic intensity develops. In
the mean time, energy is transferred from the pump wave to
the second-harmonic wave.

With the advancements in nanotechnology, it has become
possible to fabricate nanoparticles and composites of various
kinds with specific geometries and structures. Either com-
posite effects or gradation effects are expected to open a
fascinating field of new phenomena in nonlinear optics.
Owing to composite effects, two or more materials can be
combined in such a manner that the effective SHG suscepti-
bility of the composite exceeds those of the constituent ma-
terials, which is thus called enhanced SHG. Such enhanced
SHG can also be caused to appear due to gradation effects.
In this article, we shall review our recent theoretical investi-
gation on enhanced second-harmonic generation (SHG) in
soft nonlinear optical materials based on ferrofluids, graded
metallic films, and graded metal-dielectric films of anisot-
ropic particles, which were theoretically designed in our
recent papers [1-7].

2 Soft nonlinear optical materials based on ferrofluids

Theoretical [8] and experimental [9] reports suggested that
spherical particles exhibit a rather unexpected and nontrivial
behavior, SHG, due to the broken inversion symmetry at
particle surfaces, despite their central symmetry which
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seemingly prohibits second-order nonlinear effects. In col-
loidal suspensions, the SHG response for centrosymmetric
particles was experimentally reported [9]. Most recently, the
SHG from centrosymmetrical structure has received exten-
sive attention (e.g., see Refs. [10—-12]). In view of recent
advancements in the fabrication of nanoshells [13, 14] and
single domain ferromagnetic nanoparticles [15], we shall
theoretically suggest a class of nonlinear optical materials in
which single domain ferromagnetic nanoparticles coated by
a nonmagnetic nanoshell with an intrinsic SHG susceptibil-
ity are suspended in a nonmagnetic host fluid (Fig. 1). For
such a material, there is not only an incident light, but also
an external magnetic field H. The latter yields the formation
of chains of coated nanoparticles [16], changing the micro-
structure of the system and thus yielding the effective SHG
with magnetic-field controllabilities. This kind of SHG is
expected to receive broad interest in the physics, optics, and
engineering communities, because it is difficult or impossi-
ble to achieve with conventional, naturally occurring mate-
rials or random composites [1, 2,4, 5, 17, 18].

Fig. 1 (Color online) Design for a nonlinear optical material, which is
subjected to an external magnetic field H. // (or L ): Longitudinal (or trans-
verse) field cases corresponding to the fact that the E—field of an incident
light is parallel (or perpendicular) to the nanoparticle chain. From Ref. [3].

When a collection of objects (e.g., coated nanoparticles or
nanoparticle chains) whose size and spacing are much
smaller than the wavelength A of an incident light, the light
passing through the structure cannot tell the difference, and
hence the inhomogeneous structure can be seen as a homo-
geneous one [19]. In this regard, to investigate the SHG re-
sponses of the proposed material, we are allowed to average
over inhomogeneous coated nanoparticles or nanoparticle
chains, conceptually replacing the inhomogeneous objects
by a homogeneous material (Figs. 2, 3). Let us consider a
linear ferromagnetic spherical nanoparticle with dielectric
constant &", and radius », which is coated by a nonlinear
optical nonmagnetic nanoshell (e.g., noble metals like silver
or gold) with frequency-dependent dielectric constant
&1 (w) and intrinsic SHG susceptibility d;jk (2w; w,w)
with each of the superscripts running over the three Carte-
sian indices. Here @ denotes the angular frequency of a

monochromatic external electric field, and the radius of the
whole coated nanoparticle is represented as R in the follow-

ing. All the coated nanoparticles are suspended in a linear
nonmagnetic host fluid of &,. In the nanoshell, the local

constitutive relation between the displacement field D; and
the electric field E; in the static case is given by,

. i o _ .
Dy =3 @) E[+3 , d] (2mi0,0) EJE{(i=x,y.2),
where D! and E! are the ith component of D, and E,,
respectively. Here E’I(a))’j = £1(w)d;; denotes the linear di-

electric constant, which is assumed for simplicity to be iso-
tropic. Upon certain symmetry, one can have déii (2w

w,0)#0(i=x,y,z)asd;" (2w; 0, w)=d}” (2w,0,0) =
d¥ (2w, w,w). If a monochromatic external field is ap-

plied, the nonlinearity in the system will generally generate
local potentials and fields at all harmonic frequencies. For a
finite-frequency external electric field of the form E, =

E, (@)™ +c.c., the equivalent and effective SHG suscep-
tibilities for the coated nanoparticle and the whole suspen-
sion, d (2w; w, o) [Eq. (2)] and d;*(2w;,w,w) [Eq.
(4)], can be extracted by considering the volume average of
the displacement field at the frequency 2 @ in the inhomo-
geneous medium. The electric field E; in the nanoshell can
be calculated [18] using standard electrostatics, by solving
the corresponding Maxwell equation VX E_ =0, which im-
plies that E  =-V ¢, where ¢ is an electric potential. Next,
the equivalent linear dielectric constant &, (@) for the coated

nanoparticle can be given by the Maxwell-Garnett formula
[17]:

Fig. 2 (Color online) Schematic graph showing the equivalence be-
tween a coated inhomogeneous nanoparticle (leff) and a homogeneous
nanoparticle (right) according to Egs. (1) and (2). From Ref. [3].

a3

Fig. 3 (Color online) Schematic graph showing the quivalence between
nanoparticle chains and spheroids with geometrical major-axis (or mi-

nor-axis) depolarization factor &, (ore; ) [Eq. (3)]. The major axis is

parallel to external magnetic fields. « is also called local magnetic field
factors. From Ref. [3].
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where f=1 -7/ R® is the volume ratio of the nanoshell to
the whole coated nanoparticle. The Maxwell-Garnett for-
mula is a well-known asymmetrical effective medium theory,
and may thus be valid for a low concentration of nanoparti-
cles in composites [20]. While treating a single coated
nanoparticle with full range 0 < /<X 1, the Maxwell-Garnett
formula [Eq. (1)] holds for the calculation of & (@) indeed,

due to the natural existence of asymmetry in the coated
nanoparticle. The solution of E; in Ref. [18] can be used to
derive the equivalent SHG susceptibility for the coated

nanoparticle, dfii (2w; 0, ),

see z
di' (2w;0,0) = fd) (-20,0,0)

Jj=x

E, ;Co)( E, @)
EO’,»(Za)) Eo’i(a))

N
@)
where ()S denotes a volume average over the nanoshell.
To show the feature of the proposed material, we assume the
optical responses [namely, & (w)and d{ii (2w,w,w) ] of
an equivalent spheroid or a chain (see Fig. 3) to be the same
as those of each coated nanoparticle inside the spheroid or
chain. For convenience, the suspension is further assumed to
be the one that contains identical equivalent spheroids with
geometrical depolarization factor ¢, (or ¢, ) along major (or
minor) axis (Fig. 3). In the following, « is also called local
magnetic field factors, because, from the physical point of
view, the spheroids (or chains) are just formed due to the
application of external magnetic fields. In this connection,
the summation term in Eq. (2) admits

{11 Q20T () +(4/5)(rR) [T (20) p; (@)
1201 (w) p, 2w) p, (@)]+(8/35)(r> + R*)/
(r°R%) p, Q) pl ()} [ Ey ; 20) Eq ()]

where 77 (0) =T, (@) E, ; () and p, (@) =b, () T, ()
Ey (@) with b, (w) = (¢") - &, (0)) [(£" +2€' (w)) and T, () =

{© (w)+2b, (W) [ O (@)-1] (1- )} Here O(w) =& (w)
+26&,1/(3&).

In the following analysis, we assume that the spheroidal
particle possess the same linear response as the coated parti-
cle. But, for the nonlinear response, to include the shape
effect, let us introduce a local magnetic field factor « that
denotes «;, and ¢, for longitudinal and transverse field
cases, respectively (Figs. 1 and 3). There is a sum rule for
oy and o), o, +2a; =1 [21]. The parameter ¢« meas-
ures the degree of structural anisotropy due to the formation

of nanoparticle chains, which is induced to appear by the
external magnetic field H. More precisely, the degree of the
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magnetic-field-induced anisotropy is measuredby how much
o deviates from 1/3, 1/3<a; <1 and 0 <y, < 1/3. As H in-

creases, ¢, and ¢ should tend to 1 and 0, respectively,

which is indicative of the formation of longer nanoparticle
chains (or equivalent spheroids). Therefore, ¢ should be a
function of external magnetic fields H. Specifically, for H =
0 there is oy =cr; =1/3, which corresponds to an isotropic

system in which all the coated nanoparticles are randomly
distributed in the suspension. After the introduction of ¢,
while we assume the spheroid possess the same nonlinear
response as the coated particle, for more accurate estimation
of the nonlinear response of the spheroid, let us replace
O (w)=[€\(w)+2&,]/(3¢,) with @ (w)=[¢&, +a (&) (w)-
&,)]/ & . That is, the shape effect of spheroids has been in-

cluded. Apparently, the substitution of « =1/3into Eq. (2)
yields the same expression as the Eq. (15) in Ref. [18] in
which a random composite of particles with nonlinear non-
metallic shells was investigated. Alternatively, according to
the calculation of major-axis depolarization factor L of

prolate spheroids [21], L=1/(1-p*)+p/(p> -1)**In(p+

Jp?-1), where p(>1) is the ratio between the major

and minor axes of the elliptic cross section, ¢ can be given
in terms of the number n of nanoparticles in an equivalent
spheroid (or a chain):

" 2+( 3 nl)3/2 ln(n+\/n2—l)
-n n?—

Throughout this section (Section 2), while both the nano-
shell and host fluid are nonmagnetic, the core is ferromag-
netic. The existence of ferromagnetism in the core makes the
chain formation possible, as long as an external magnetic
field H is applied [16]. We have added the magnetic contri-
bution to the expressions for optical responses through the
local magnetic field factor ¢. So far the exact relation be-
tween « and H is not known because it relates to compli-
cated suspension hydrodynamics and kinetics at nonequilib-
rium. Nevertheless, the results obtained from Fig. 4 are valid
for equilibrium systems in which neither hydrodynamics nor
kinetics can affect the SHG. Without loss of any generality,
to capture the features and their physics of the proposed ma-
terials, in Fig. 4 we use « to represent the strength of the
external magnetic field H.

Now we see the suspension as the one in which the

equivalent spheroids with & (w) [Eq. (1)] and dfii Quw;
w,w) [Eq. (2)] are embedded in the host fluid. Owing to
the z-directed external magnetic field, all the spheroids
should also be directed along the z axis, but with the loca-
tions being randomly distributed. According to the general

expression for the effective SHG susceptibility [18], we
take one step forward to express the effective SHG suscep-

o) =

)

tibility dé”(—Zw;w,a)) for the whole suspension in the
dilute limit,
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Fig. 4 (Color online) The (a) — (e) real and (f) — (j) imaginary parts of the effective SHG susceptibility d”(~2w;w,w)=d, normalized

by the intrinsic SHG susceptibility in the nonlinear nanoshell d;"" (R2w;w,w) =d,, for different external magnetic fields represented by

local magnetic field factors ¢y, versus the energy of an incident light. Here “L” and “T” denote the longitudinal and transverse field cases,
respectively. According to Eq. (3), the number » of nanoparticles in the chains is #n =3 for ¢, = 0.1 and n =2 for ¢7; = 0.2. Note in (d), (e), (i)
and (j) the corresponding ¢ in use can be calculated according to the relation ¢, +2 ¢r; = 1. From Ref. [3].

tor, and it is obtained by deriving the factor in a spheroid of
depolarization factor « with principle axes along external
where p is the volume fraction of the coated nanoparticles. electric fields, /'(w) = &, /[, + a(& () —&,)].

In Eq. (4), I'(w) is a local electric field enhancement fac- Since metal surfaces were used to obtain enhanced SHG

d" (2w, 0,0) = pd]" (-20,0,0) 2w) [ (0) 4)



responses [22], for our numerical simulations we take a
Drude dielectric function (that is valid for noble metals
within the frequency range of interest) for &(w), & (@)

= £(e)—(£(0)— 5(00))0)2 / [@(@+1iy)], where @, is the bulk
plasmon frequency (which is proportional to the surface
plasmon frequency ®,,,e.g.,@, = «/ga)sp for a sphere [23]),

£(e) the high-frequency limit dielectric constant, &£(0)
the static dielectric constant, and y the collision frequency.
Specifically, for silver, &(e)=5.45,£(0)=6.18, and w,

=1.72x10' rad/s [24]. In addition, we take y=0.0lw,

(a typical value for metals), » = 5 nm (a typical value for
single domain ferromagnetic nanoparticles [16]), the thick-
ness of nanoshells 1.9 nm (or R = 6.9 nm), &", =-25+4i

(e.g., for cobalt), frequency-independent dielectric constant
& =1.77 (high-frequency limit dielectric constant of wa-

ter), and p = 0.18. Based on the values of r, R and p, we ob-
tain the volume fractions, p. and p;, of the ferromagnetic and
nonlinear optical components in the whole suspension, p. =
0.07 and p, = 0.11, according to the relations R / r= (1 + p, /
po) '” and p = p.+ p,. We shall investigate the light energy
1 ~ 5 eV, which corresponds to the wavelength 4 =248 ~

1242 nm, or the frequency range @=1.52x10" ~7.59

x10" rad/s.
We show the effective SHG susceptibility déii (2w;w,
w) of the whole suspensions in Fig. 4. For longitudinal field

cases [Fig. 4 (a), (b), (f), and (g)], as ¢ decreases (i.e., ex-
ternal applied magnetic field H increases, and longer
nanoparticle chains are formed accordingly), the resonant
peak in the SHG response is not only red-shifted (namely,
located at a lower frequency), but also further enhanced,
when compared to the isotropic case at zero external mag-
netic field H = 0 [Fig. 4 (c) and (h)]. However, inverse be-
havior appears for transverse field cases [Fig. 4 (d), (e), (i),
and (j)]. In detail, for transverse field cases, as the external
magnetic field increases, the resonant peak in the SHG sig-
nal is both reduced and blue-shifted (i.e., located at higher
frequency), and hence becomes less attractive.

It turns out generally difficult to give a full account of all
the numerical results in simple physical terms. When the
magnetic field is applied, the coated nanoparticles will form
chains, thus changing the microstructure of the system ac-
cordingly. For longitudinal field cases, the nonlinear com-
ponent will become more abundant along the chains than
perpendicular to the chains for transverse field. When there
is an incident light, the nonlinear component in the system
will generally generate local potentials and fields at all har-
monic frequencies. The formation of nanoparticle chains due
to the application of external magnetic fields changes the
surrounding circumstance of each coated nanoparticle natu-
rally, which in turn affects the local electric field in the
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nanoshells and hence shifts the resonant plasmon frequency
at which the resonant peak appears (Fig. 4). Therefore, in the
presence of an external magnetic field, the SHG response
becomes anisotropic (i.e., its strength in the longitudinal
field differs from that in the transverse field), and the degree
of anisotropy can further be adjusted by tuning the external
magnetic field. That is, the SHG response of the system can
be affected accordingly.

Optical absorption arises from the surface plasmon reso-
nance, which is obtained from the imaginary part of the ef-
fective dielectric constant. For single metallic particles in the
dilute limit, it is well known that there is a large absorption
when the resonant condition & +2¢&, =0 is fulfilled. When

there is a volume fraction p of structured particles and an
anisotropy « of the suspension, the effective dielectric con-
stant might be obtained from the Maxwell-Garnett approxi-
mation, thus yielding a modified resonant condition (1—

3pa)e +(2+3pa)e, =0. So, the resonant frequency be-

comes smaller (larger) than the isotropic limit (& = 1/3)
when o becomes smaller (larger) than 1/3. In other words,
there is a red (blue) shift for the longitudinal (transversal)
field cases. In this section (Section 2), there is no an addi-
tional spectral feature in the SHG spectrum at the subhar-
monic of the surface-plasmon resonance frequency, similar
to that displayed in Fig. 1 of Ref. [18]. In Ref. [18], the au-
thors numerically calculated a system in which a linear core
(Drude metal) coated with a nonlinear dielectric shell.
However, we discuss a different system in which linear core
coated with a nonlinear shell (Drude metal). Such difference
might be used to explain the lack of signal at the subhar-
monic of this resonance.

Since the permanent magnetic moment of magnetite

nanoparticles m is approximately 2.4x10* Ug (Where g

denotes the Bohr magneton) [16], we can estimate the
threshold magnetic field H. = 14.3 kA/m (or threshold mag-
netic induction B, = 0.018 T) above which the corresponding
magnetic energy can overcome the thermal energy 1/40 eV
so as to obtain appreciable anisotropy. It is worth noting that

B, > B,y(~10*T) where B, means the earth’s magnetic

induction. Thus, the earth’s magnetic field cannot induce
anisotropic structure inside the system of interest. Besides
the magnetic energy, we should also consider the interaction
energy. For two touching magnetite nanoparticles, the inter-
action between them is proportional to m* / (2R)*, assuming
the two coated particles to be in a head-to-tail alignment.
Since the magnetic moment m goes as (2r)°, the interaction
energy could vary as (2/%/R)’. In order to break up the
touching nanoparticles, the thermal energy should be larger
than the interaction energy. So, threshold field H.= 14.3 kA/m
serves as an upper estimate, whereas for cobalt nanoparticles
the threshold field H, should be lower due to larger perma-
nent magnetic moments inside them.

In looking for experimental evidence, we note that Du
and Luo have reported nonlinear optical effects in suspen-
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sions of ferromagnetic nanoparticles (with mean diameter 9
nm) in kerosene [25]. They observed that the nonlinear op-
tical effect is enhanced by applying a moderate magnetic
field. However, this mechanism was unclear at that time.
Based on the present section (Section 2), it seems that this
enhanced nonlinear optical effect results from the magnetic
field-induced anisotropic structure.

Our results obtained from Fig. 4 are valid for equilibrium
systems in which neither hydrodynamics nor kinetics can
affect the SHG (For a non-equilibrium system, complex hy-
drodynamics and kinetics should be taken into account). In
this section (Section 2), we have not included the effect of
distributions of the number of nanoparticles in chains. Nev-
ertheless, based on the same physics/mechanism, it is not
difficult to understand that the SHG signal can become
broad (not as sharp as in Fig. 4) once the distribution is
taken into account. Without external fields, such materials
show a giant nonlinearity enhancement, due to the local field
effect. In external magnetic fields, the materials have ani-
sotropic nonlinear optical properties. By adjusting the ex-
ternal fields, the obtained optical responses is red-shifted
(blue-shifted) in longitudinal (transverse) field cases. In case
of an external magnetic field, the nonlinear optical proper-

ties can further be enhanced in the corresponding suspension.

The approach (i.e., using external magnetic fields to get
magnetic-field-induced structural anisotropy and hence ob-
tain the desired SHG) described in this section (Section 2)
should also be expected to stimulate future research on de-
veloping or designing optical materials that stay in a rapidly
changing field. If one needs to include the effect of quantum
confinement, the quantitative, rather than qualitative, results
might be improved somehow. So, we have presented a sim-
plified picture to study the seemingly complicated problem,
with a focus on discovering new features and their physics
of the proposed material.

In this section (Section 2), we have assumed the dielectric
function of nanoparticles to be size-independent, in order to
focus on the main aim that the SHG response can be mag-
netic-field-controllable. If we use different » (inner radius)
and R (outer radius), quantitative results can be changed
naturally, while the qualitative results we have achieved will
remain unchanged.

Here we should remark that the Drude function of use is
invalid in the range 3.5-5 eV for silver due to the onset of
interband transitions. For this range, the Drude function
could be improved by including the effect of interband elec-
tron transitions [26], and fortunately our results (i.e., overall
magnitude, anisotropy, and frequency shifting of the sec-
ond-harmonic response) remain qualitatively unchanged. In
other words, the results obtained in this section (Section 2)
are not only valid for ideal Drude metals, but also qualita-
tively reasonable for real metals like silver.

We have also assumed that the dipolar contribution domi-
nates the system. This assumption might be reasonable
because the number of particles in the chains used for the
present numerical calculations is very small, namely 2 or 3
only. For more particles in the chains, the multipolar contri-

bution will become more important.

We have investigated the effective SHG susceptibility
resulting from an intrinsic nonlinear characteristic only.
Since the concentration of the magnetic component used in
the calculations is very small, namely, 7 %, the role of the
net magnetization might be expected to be less important in
comparison with the contribution from the intrinsic nonlin-
ear characteristic. On the other hand, if the role of the net
magnetization becomes significant (e.g., in a system with
higher concentration of the magnetic component), the SHG
signal obtained from the proposed materials is expected to
become somehow more interesting.

In summary, the proposed materials possess SHG with
magnetic-field controlabilities, which is expected to be
valuable for optical applications like optical limiters, optical
switches, etc.

3 Graded metallic films

There have been recent interest and practical need for
nonlinear optical materials that process large nonlinear sus-
ceptibility or optimal figure of merit. A large enhancement
in nonlinear responses has been found for a sub-wavelength
multiplayer (i.e., thin film) of titanium dioxide and conju-
gated polymer [27]. For nonlinear effects other than the Kerr
effect, Hui et al. [28] derived general expressions for the
effective susceptibility for the second-harmonic generation
(SHQG) in a binary composite of random dielectrics. They
have also studied the thickness dependence of effective SHG
susceptibility in films of random dielectrics and in compos-
ites with coated small particles [18, 29]. Graded materials
with various functionalities appear in nature and in fabri-
cated materials. Graded thin films have many applications as
the gradation profile provides an additional control on the
physical properties. Graded thin films often possess different
optical properties [30], when compared to bulk materials. It
is known that graded materials have quite different physical
properties from the homogeneous materials [31]. Also, it has
been observed that the compositionally graded barium stron-
tium titanate thin films have better electric properties than a
single-layer barium strontium titanate film with the same
compositions [32]. How to achieve enhanced SHG is up to
now a challenging agenda [33, 34]. In this section (Section
3), we shall investigate SHG in a graded metallic film
(Fig. 5) with an intrinsic SHG response and a graded linear
response in the metallic dielectric function.

Fig. 5 Sketch showing a graded metallic film with a gradient along z axis
perpendicular to the film. The electric field E is parallel to the gradient
along z axis.



Let us consider a graded metallic film with thickness L,
with the gradation profile in the direction perpendicular to
the film. If we only include quadratic nonlinearities, the lo-
cal constitutive relation between the displacement field D(z)
and the electric field E(z) in the static case would be D,(z) =

Z/ &;(2)E;(2)+ ij X (DE [ (2)E; (2) [18, 29] with i = x,

v, z, where D; (z) and E; (z) are the ith component of D(z) and
E (2), respectively, and  y;; is the SHG susceptibility. Here,

€;(z) denotes the linear dielectric function, which we as-
sume for simplicity to be isotropic &;(z) = £(2)5;. Both
£(z) and ;. (z) are functions of z and describe the gra-

dation profiles. In general, when a monochromatic external
field is applied, the nonlinearity will generate local poten-
tials and fields at all harmonic frequency. For a finite fre-
quency external electric field of the form E, = Ey(w) e '+
c.c., the effective SHG susceptibility %,,can be extracted

by considering the volume average of the displacement field
at the frequency 2@ in the inhomogeneous medium [18,
28, 29]. Next, we adopt a graded dielectric profile that fol-
lows the Drude form:

@, (2)

)= o

(&)
where 0 <X z <X L. The general form in Eq. (5) allows for the
possibility of a gradation profile in the plasma frequency
[e.g., Eq. (8)] and the relaxation rate [e.g., Eq. (9)]. For a
z-dependent profile, we can make use of the equivalent ca-
pacitance for capacitors in series to evaluate the effective
perpendicular linear response for a given frequency, 1/ £(w)

=(/L) Jé dz[1/£(z,w)]. Using the continuity of the elec-

trical displacement field, the local electric fields E (z, w)
satisfies

£(z, ) E(z,0) = E(W) Ey (@) (6)

where Ey(w) is the applied field along the z axis. A
z-dependent profile for the plasma frequency and the relaxa-
tion time can be achieved experimentally. One possible way
may be to impose a temperature profile, as it has been ob-
served that surface enhanced Raman scattering is sensitive
to temperature [35]. Thus, one may tune the surface plasmon
frequency by imposing an appropriate temperature gradient
[23]. A temperature gradient may also be used in materials
with a small band gap or with a profile on dopant concentra-
tions. In this case, one may impose a charge carrier concen-
tration profile to a certain extent. This effect, when coupled
with materials with a significant intrinsic nonlinear suscep-
tibility, will give us a way to control the effective nonlinear
response. For less conducting materials, one may replace the
Drude form of dielectric constants by a Lorentz oscillator
form. It may also be possible to fabricate dirty metal films
in which the degree of disorder varies in the z-direction and
hence leads to a relaxation-rate gradation profile.
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The calculation of the effective nonlinear optical response
then proceeds by applying the expressions derived in Refs.
[2, 3]. Next, the effective SHG susceptibility %,, is given

bY Zao = 220(2) By (2,20) By, (2,0 ) | [ By 200) By (@),

where Ej;, is the linear local electric field in the graded film
with the same gradation profile but with a vanishing nonlin-
ear response at the frequency concerned. Using Eq. (6) for
the linear local fields, the effective SHG susceptibility can
be rewritten as an integral over the film as:

£Q0) { F(w) T

&(z,2m) | €(z,w)

oo =~ | Lz 20,(2): ™

L
To illustrate the SHG in graded films, we consider as a
model system that the intrinsic SHG susceptibility y,,(z)
=%, to be a real and positive frequency-independent con-
stant and does not have a gradation profile. In doing so, we
are allowed to focus on the enhancement of the SHG re-
sponse when compared to ;. To show the effects of grada-
tion, here we take as a model plasma-frequency gradation
profile

w,(2) = 0,(0)(1-C, - 2) ®)
and a model relaxation-rate gradation profile [36]:
Y(z)=y(=)+C,). 9

where C,and C, are constant parameters tuning the pro-

file, which is assumed to be linear in z. Here J(eo) denotes

the bulk damping coefficient, i.e., for z — o Set thickness
L =1 so that we could focus on the film with a fixed
thickness. Regarding the thickness dependence, we refer the
reader to the work by Hui et al. [29].

Figure 6 shows the real and imaginary parts of the effec-
tive linear dielectric constant [Fig. 6 (a) and (b)], and the
real and imaginary parts of the effective SHG susceptibility
[Fig. 6 (c) and (d)] as a function of frequency @/w),(0).

Also shown is the modulus of %,,/%;,see Fig. 6 (e). The

dielectric function gradation profile is given in Egs. (5), (8)
and (9) with C, =0, i.e., only a graded plasmon frequency
is included. Throughout the calculations, the real part of the
(linear) dielectric constant is negative naturally. In this case,
a broad resonant plasmon band is observed. Note that for
Cy—0, 0,(2)/®,(0)>1. AsC, increases, w,(z) takes

on values within a broader range across the film, and leads
to a broad plasmon band. Increasing C, also causes the
plasmon peak to shift to lower frequencies. The reason is
that, analogous to capacitors in series, the effective dielectric
constant of the film is dominated by the layer with the
smallest dielectric constant. For the SHG response, the fre-
quency dependence is quite complicated. As C,, increases,
it is noted that structures in the SHG response also shifts to
the lower frequencies and the range of values of the SHG
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Ref. [6].
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susceptibility increases as well. Figure 7 displays the results
of model calculations in which a gradation profile of the
relaxation rate of the form in Eq. (9) is also included. The
effects are similar to those in Fig. 6. The SHG response is
found to be enhanced more strongly in the presence of both
a relaxation-rate gradation and a plasma-frequency gradation
(see Fig. 6) than for plasmon-frequency gradation alone,
especially at low frequencies. As C, increases, the struc-

tures in the linear and SHG response both show a shift to
lower frequencies. In Figs. 6 and 7, the quantities, which can
be both positive and negative, are plotted in logarithm of
modulus. When the quantities pass through zero, the loga-
rithm will be very large, thus yielding spikes. In addition, we
have used the normalized numbers in order to describe a
general origin of the SHG in metal films rather than a speci-
fied metal film.

The point for achieving the present results is that one
needs a sufficiently large gradient rather than a crucially
particular form of the dielectric function or gradation pro-
files. Thus, it is expected that an enhancement in SHG re-
sponses will also be found in compositionally graded
metal-dielectric composite films in which the fraction of
metal component varies perpendicular to the film. In the
present section (Section 3), due to the symmetry of the film,
we only have enhancement for the polarization perpendicu-
lar to the film (i.e., parallel to the direction of the gradient).
In this polarization, the tangential component of the electric
field £ vanishes identically. Thus, the continuity of the nor-
mal component of D [see Eq. (6)] gives rise to the enhanced
SHG. However, for the polarization parallel to the film, i.c.,
the tangential component does not vanish. In this polariza-
tion, it is the continuity of the tangential component of £
that leads to no enhancement at all [27].

4 Graded metal-dielectric films of anisotropic particles

Nonlinear optical materials with an appreciable nonlinear
susceptibility or optimal figure of merit (FOM) [37-39] are
of importance in industrial applications such as nonlinear
optical switching devices in photonics and real-time coher-
ent optical signal processors. In general, many applications
of nonlinear optics that have been demonstrated under con-
trolled laboratory conditions could become practical for
technological uses if such materials were available. Much
work has been done on how to achieve a substantial nonlin-
ear optical response or/and optimal FOM in bulk metal-di-
electric composites, by invoking the surface-plasmon reso-
nance [40—42] and by incorporating structural effects [1, 4,
27, 43]. For nonlinear phenomena in Kerr composites, the
nonlinear alternating current responses have been investi-
gated [44—48]. For nonlinear effects other than the Kerr ef-
fect, Hui et al. [28] derived general expressions for the ef-
fective susceptibility for the second-harmonic generation
(SHG) in a binary composite of random dielectrics. Recently,
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these authors have also studied the thickness dependence of
the effective SHG susceptibility in films of random dielec-
trics [29] and the enhancement in the SHG in dilute com-
posites of coated small particles [18].

Graded materials with various functionalities appear in
nature and in fabricated materials. These materials have
many applications as the gradation profile provides an addi-
tional means of controlling the physical properties. In other
words, graded materials could have quite different physical
properties from homogeneous materials [1, 6, 31, 49-53]. To
achieve desired optical responses, the technique of gradation
is expected to be useful for a variety of optical materials,
e.g., metal-dielectric composites and negative- refrac-
tive-index metamaterials [19-54]. In particular, graded thin
films often possess different optical properties, when com-
pared with a film processing the same properties at different
locations along the growth direction. For example, a large
enhancement in nonlinear optical responses was found in a
composite of alternating, sub-wavelength-thick layers of
titanium dioxide and conjugated polymer [27], which can be
regarded as a graded material. It has also been observed that
compositionally graded barium strontium titanate thin films
have better electric properties than a single-layer barium
strontium titanate film with the same composition [32].

Crucial elements for controlling the linear and nonlinear
optical properties of metal-dielectric composites include the
micro-structure of the composite, particle shape, and the
properties of the constituents. For anisotropically shaped
metallic nanoparticles, the resonant plasmon bands split for
orientations along the major and minor axes. In the case of a
large size aspect ratio, the plasmon bands may shift down-
ward in frequency into the infrared, thus enabling the possi-
ble use of metal nanostructures in telecommunication appli-
cations. When compared with spherically shaped particles,
anisotropically shaped metallic particles show reduced
plasmon relaxation times [55] as well as enhanced nonlinear
responses [56], and may thus be used as building blocks in a
variety of optical devices. Experimentally, techniques have
been developed to fabricate rod-shaped metallic nanoparti-
cles by using lithographic means [57] or anisotropic growth.
Recently, it has been demonstrated that ion irradiation in the
energy range of mega-electron-volt (MeV) can also be used
to modify the shape of nanoparticles [58]. This ion-beam-
induced anisotropic deformation effect is known to occur
not only in a wide range of amorphous materials [59], but
also in crystalline materials including metals [60]. With this
advancement in experimental techniques, samples of spher-
oidal metallic particles randomly dispersed in a dielectric
host can readily be prepared.

To achieve an enhanced and controllable SHG in func-
tional optical materials is still a challenging task (see Refs.
[6, 34] and references therein). In this section (Section 4),
we investigate the effects of gradation and/or particle shape
on the SHG response in graded metal-dielectric films. In
these films, the volume fraction of the anisotropically
shaped metallic particles varies in the direction perpendicu-
lar to the film, i.e., along the growth direction of the film.
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Ref. [7].

We consider a graded metal-dielectric composite film of
thickness L, with the gradation profile in the direction
(z-direction) perpendicular to the film (Fig. 8). If one con-
siders quadratic nonlinearities only, the local constitutive
relation between the displacement field D(z) and the electric
field E(z) in the static case is given by [18, 29]:

D(2) =Y e,()E;(2)+ ) 2 (DE [ (DEp (2), i=x,y.2
J Jk
(10)

where D;(z) and E;(z) are the ith component of D (z) and E (z),

respectively, and y;; the SHG susceptibility. Here ¢;(z)
=£(z)d; denotes the linear dielectric constant, which is

assumed for simplicity to be isotropic. Both &£(z) and
Xk (z) are functions of z, as a result of the gradation pro-

file in the z-direction.

If a monochromatic external field is applied, the nonlin-
earity in the system will generally generate local potentials
and fields at all harmonic frequencies. For a finite frequency
external electric field of the form

Ey = Ey(@)e ' +cec. (11)
the effective SHG susceptibility %,, can be extracted by

considering the volume average of the displacement field at

the frequency 2w in the inhomogeneous medium [6, 18, 28,

29].
Let p (z) be the volume fraction of the metallic component
in the graded film. To calculate £(z,w), we invoke the

well-known Maxwell-Garnett approximation [61]:
&(z,w)- &,
Le(z,e)+(1-L,)&,

&(w)-¢,
Le(w)+(1-L,)s,

=p(2)

(12)

where & (w) and &, are the linear dielectric constants of

the metallic and dielectric components, respectively. Here,
L, is the depolarization factor describing the anisotropy of
the metallic particles along the z-axis, with 0 < L, < 1/3 (or
1/3 < L, < 1) denoting prolate (or oblate) spheroids and L, =
1/3 for spherical particles [49]. It is worth noting that prolate
spheroidal particles can more easily be fabricated than ob-
late spheroidal particles in experiments using the method of
ion irradiation (see, e.g., Ref. [60]). For completeness, we
discuss both prolate and oblate spheroidal particles (Fig. 9).
Implicit in Eq. (12) is the assumption that the major axes of
the metallic particles are aligned perpendicular to the film.
Experimentally, prolate spheroidal metallic particles can be
made highly oriented along the direction of irradiated ions
[60].

The dielectric function ¢ (@) of the metallic component
is taken to be the Drude form:

2

/i (13)

O wwrin

where @), denotes the plasma frequency and y the relaxa-

tion rate. For a z-dependent volume fraction profile p(z), we
can make use of the equivalent capacitance for capacitors in
series to evaluate the effective perpendicular linear dielectric
response £ (w) at a given frequency, i.e.,

1_1J-L dz

Ew) L70e(z,0) 19

The treatment of the effective linear response is analogous to
the effective medium approximation for the thermal proper-
ties of graded films [52].

The calculation of the effective nonlinear optical response
proceeds by applying the expressions derived in Ref. [28].
The effective SHG susceptibility %,,(z) for the slice of

the system at position z is given by [18, 29]:
(15)

where «(z, w) denotes the local-field factor in a linear in-
homogeneous system [28] which, for consistency with Eq.
(12) in getting &(z,w), should also be determined by using

Zr0(2) = P(2) 12,0z, 20) (2, )T

the Maxwell-Garnett approach. The result is

&
&=L (A= p)]+& (@)L, (1~ p(2))

In Eq. (15), x,,1s the intrinsic SHG susceptibility of the
metallic component. For simplicity, we assumed that the
dielectric host is linear. The effective SHG susceptibility
X, 0f the whole film can then be evaluated by a one-di-

a(z,w) =

(16)

mensional integral over the film thickness to give
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where E(z,w) denotes the volume average of the electric
field within a layer at position z.

By virtue of the continuity of electric displacement, there
is a relation

&(z,w)E(z,w) = E(W)E, (18)
Thus, we obtain
2
N Qo) | E(w)
Zoo =7 ] T @ 50 L‘(z,a))} (19)

Equation (19), coupled with Eqs. (12) and (14), gives a
compact expression for the effective SHG susceptibility in
graded films.

For illustration, we take a model profile of metallic vol-
ume fraction of the form:

p(z)=az" (20)

where a and m are constants tuning the profile. Without loss
of generality, the thickness L is set to unity, i.e., thickness is
measured in units of L. Given values of m and a corre-
sponding to a certain volume fraction p of metallic compo-
nent in the film,

p=—[ ) e @1

For a given profile p(z), if we randomly disperse the same
amount of anisotropic metallic component in a film of
thickness L, the effective SHG susceptibility y, for the

random film would be [18, 29]

4o = P2, Qo) (@) (22)
where the local-field factor «a(w) is given by an expression
similar to Eq. (16) as:

(@) = =

ell-L.(1- p)l+&(@)L.(1- p)
By comparing the effective SHG susceptibility %, , with

(23)

Xo (see Fig. 10), we can see whether a graded film gives an

enhanced SHG response, when compared to a non-graded
film of random composite with the same volume fraction of
metallic component.

We have carried out model numerical calculations to
investigate the effects on the local field factors in Eq. (15)
due to the gradation profile, the metallic particle shape, and
the difference in the linear dielectric response between the
two constituents. Figure 9 shows the effects of different
degrees of anisotropy as specified by different values of the
depolarization factor L.. Figure 9 gives the real and
imaginary parts of the effective linear dielectric constant
£(w) [Fig. 9 (a) and (b)], and the real and imaginary parts of

the effective SHG susceptibility %,, [Fig. 9 (c) and (d)] as

a function of frequency @/w,. Also shown is the modulus
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of %,/ X, [see Fig. 9 (e)]. For Fig. 9 (and Fig. 10), we
take the parameters a = 0.8 and m = 1, which correspond to
the total volume fraction p = 0.4 according to Eq. (21). As L,
decreases, i.e., as the shape of the particles changes from
oblate spheroid, to sphere, and then to prolate spheroid, the
plasmon band becomes broader, and also shifts to lower
frequencies, see Fig. 9 (b). In Fig. 9 (¢) — (e), %, 1S nor-
malized by the intrinsic SHG susceptibility of the metallic
component y,,, which is assumed to be a real and posi-
tive frequency-independent constant. In Fig. 9 (c) — (e), there
exists a frequency range in which a significantly enhanced
SHG susceptibility results, when compared with ,,. As L.
decreases, the frequency range becomes narrower and
red-shifted to lower frequencies [see Fig. 9 (c) — (e)].

Ig[Re(y, /%)l

1 (a)

[Im(, /)l

g

XX

g

1

Fig. 10 Same as Fig. 9 (¢) — (e), respectively, but (a) Re(¥»,/X0)s
(b) Im (%,,,/ %y), and (c) Modulus of %,/ %,. From Ref. [7].

It is also illustrative to compare the results in the presence
of a gradation profile with that of a random composite film
consisting of the same amount of metallic (nonlinear) com-

ponent. In Fig. 10, we show the results for %,/ %,, where
X 1s given by Eq. (22). The results indicate that a gradation

profile may not always enhance the SHG response. Gener-
ally speaking, one has to carefully make sure of the dielec-
tric contrast, together with composition and gradation profiles,
to achieve SHG enhancement in certain ranges of frequencies.

To further investigate the effects of a gradation profile,
we consider a fixed volume fraction p of the nonlinear
component. For a profile of the form p(z) = az", Eq. (21)
implies that the parameters a and m are related by p = a /(m
+1). For a given value of p, we may adjust m (and a) to
study the effects of different gradation profiles correspond-
ing to the same value of p. Note that m = 0 refers to a
non-graded random film. Figure 11 shows the results at the
fixed frequency of @/w,= 0.2 for different profiles char-

acterized by the parameter m, for four different values of
volume fraction p = 0.1, 0.2, 0.3, and 0.4. The linear re-
sponses can be enhanced to a different extent with a grada-
tion profile [see Fig. 11 (a) and (b)]. The imaginary part of
the linear dielectric response [Fig. 11 (b)] shows a broad
structure with frequency with a broad peak at frequencies at
which the real part shows a sharp drop [Fig. 11 (a)], except
for the system with the lowest concentration of nonlinear
component. Figure 11 (¢) — (e) shows that the SHG re-
sponses are highly sensitive to the gradation profile. For the
same concentration, one may tune the effective response by
tuning the concentration profile. Note that for a range of m
above m = 0 [see Fig. 11 ()], there is an increase in the SHG
response with m for systems with p > 0.1, showing that a
suitable gradation profile, which amounts to suitably placing
a certain fraction of the nonlinear component in the system,
may provide an optimal SHG response for a given fraction
of the nonlinear component. Our results show that for small
total volume fraction p ( p <0.1), a uniform profile or a pro-
file that increases rapidly at small z is beneficial, while for
moderate p ( p > 0.1), there exists an optimal profile for
SHG response. Note that for a given total volume fraction p,
a gradation profile leads to non-trivial response in that the
volume fraction p (z) may be below the percolation threshold
for the same values of z and above the threshold for other
values of z. Results of our model calculations show that a
gradation profile is an additional means for tuning the local
field effects.

In the present section (Section 4), we have investigated
compositionally graded metal-dielectric composite films in
which the fraction of the metallic component varies perpen-
dicular to the film. Enhancement in the response was found
for the polarization perpendicular to the film (i.e., parallel to
the direction of the gradient), as a result of the continuity of
the normal component of the displacement field. For the
polarization parallel to the film, the physics is then governed
by the continuity of the tangential component of the electric
field [27]. It is also instructive to extend the present consid-
eration to metal-dielectric composites in which the inclusion
particles are graded particles, i.e., having a radial dielectric
gradient. In this case, traditional theories [62] have to be



modified. To this end, a differential effective dipole ap-
proximation or a first-principles approach can be used to
study composites of graded particles [50]. Including nonlin-
ear response into the consideration, it is expected that an
enhanced SHG signal will result in a composite consisting
of graded particles.
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Fig. 11 Same as Fig. 9, but versus m (dimensionless) for different total
volume fraction p. Parameters: L. = 0.1, @/w,=0.2, y/w, =0.01,and

&, =(3/2)%. From Ref. [7].
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5 Summary

We have investigated the physical processes of the compos-
ite effect and/or gradation effect on the enhanced SHG re-
sponses of soft nonlinear optical materials based on ferro-
fluids, graded metallic films, and graded metal-dielectric
films of anisotropic particles. The SHG of soft ferrofluid-
based nonlinear optical materials possess magnetic-field
controllabilities, i.e., magnetic-field-controllable anisotropy,
red-shift and enhancement, which are caused to appear by
the shift of a resonant plasmon frequency due to the forma-
tion of the chains of the coated nanoparticles. Both graded
metallic films and graded metal-dielectric films of anisot-
ropic particles can serve as a novel optical material for pro-
ducing a broad structure in both the linear and SHG re-
sponse and an enhancement in the SHG signal, due to the
local field effects. We believe that it is of great value to ap-
ply soft matter techniques, so that one could easily fabricate
new nonlinear optical materials, and then purposely obtain
different optical phenomena like anisotropic and enhanced
nonlinear responses.
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