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Abstract   The contributions of the multipole transitions to 
the opacity of hot dense gold plasma are taken into account 
by using an average-atom model. The influences of the E2, 
E3 and E4 transitions on the Rosseland opacity are studied, 
respectively. Comparisons with Miao’s calculation have 
been made. It shows that using the Taylor series to account 
for the multipole transitions is no longer valid since ik﹒r is 
not much smaller than the unit when the photon energy goes 
very high. 
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1 Introduction 

Generally, the magnitudes of the so-called higher order tran-
sitions, such as the magnetic dipole (M1) and the electric 
quadrupole (E2), are five to eight orders less than the elec-
tric dipole (E1) transitions among the valence states of at-
oms or ions. However, in a very hot and dense plasma, the 
inner-shell radiative transitions play an important role for 
the radiative transfer. For these kinds of inner-shell proc-
esses, transitions due to the higher order interactions than 
the E1 term cannot be neglected. A detailed study on the 
multipole effects in photoionization cross sections of iso-
lated atoms was carried out by Ron et al. [1] within the in-
dependent particle model. For photoionization processes 
caused by higher energy photons above keV, the cross sec-
tions due to the E2 transition are comparable to, or even 
larger than those of the E1 transitions. For many cases, the 
contributions of the bound-free processes to the total opacity 
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of hot and dense matters are considerable. In the present 
study, average-atom model [2, 3] is used to display the 
changes of the opacity caused by E2 transitions. And the 
electron orbitals are obtained by a widely-used scheme of a 
full self-consistent Dirac-Slater model [3―9]. Since the 
average-atom model is a one-electron approximation, there 
is no M1 transition between different electron orbitals, 
though the M1 transitions between the states of an actual 
atom within one electronic configuration can give compara-
ble cross sections and interference effects with the E2 proc-
esses. However, the neglect of the M1 transitions would not 
induce loss in the radiative absorptions for high photon en-
ergies.  

 

2 Method of calculation 
In our AA model, the influence of the environment on the 
atom is assumed to have spherical symmetry on average. 
The movement of an electron under the interactions of the 
nucleus and other electrons is approximated by a cen-
tral-field, which is determined with the standard self- consis-
tent calculation. In the central-field, the radial part of the 
Dirac equation has the form: 
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where Pnk (r) and Qnk (r) are respectively the large and small 
component of the radial wave functions, and χkm ( ) is the 
spinor spherical harmonics. The movement of an electron 
under the interactions of the nucleus and other electrons is 
approximated by a central-field, which is determined with 
the standard self-consistent calculation. In the central-field, 
the radial part of the Dirac equation has the form: 
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where ε is the electron energy. The self-consistent potential 
U  (r) is composed of the static part, the exchange part and 
the correlation part, i.e., U (r) = Us (r) + Uex (r) + Ucorr (r). In 
the calculation the radial wave functions satisfy the bound-
ary conditions: 
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for bound electrons, and 
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for free electrons, where rb is the radius of the atom sphere. 
The bound electron density is obtained according to 
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where bj is the occupation number of the state j. In the aver-
age-atom model, the occupation number bj is determined by 
the Fermi-Dirac distribution: 
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The free electron is considered much more simply with an 
assumption of the Thomas-Fermi treatment, and the local 
free electron density is calculated with a Fermi-Dirac distri-
bution of the local free electrons in the plane wave momen-
tum k space, which can be written as: 
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where 2 2
0 ( ) [2 ( ) ( ) ]k r U r c U r c= + and µ is the so-called 

chemical potential. The total electron density is the sum of 
ρb (r) and ρf (r), 

( ) ( ) ( )b fr rρ ρ ρ= + r  (8) 

The chemical potential µ is determined so that the electrical 
neutrality is satisfied 
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where Z is the nuclear charge [3]. 
In hot dense plasmas, with the increase of the density, the 

space occupied by an atom decreases and some high excited 
electrons will no longer be bound electrons. Thus the wave 
functions of an atom in high density plasma will be much 
different from that of free atoms. The size effects on the 
electronic structures of atoms and ions are considerable and 
must be included in the calculations. For pure matter the 
average atomic size is taken to be 
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where V0 is the average atomic volume. 

Contributions to the opacity consists of four parts [10, 11]: 
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where NA is the Avogadro constant, A is the atomic weight, 
kB is the Boltzmann constant. σ 

bb (hν) and σ 
bf (hν) are the 

bound-bound and bound-free absorption cross sections at the 
photon energy of hν, respectively. The free-free, σ ff (hν), 
contribution takes Kramers hydrogen-like approximation: 
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where gf f (hν) is the Gaunt factor. The scattering term, κs, is 
approximated by using Thompson scattering cross section.  

The bound-bound and bound-free absorption cross sec-
tions are calculated respectively by: 
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where ( )i f hϕ ν→  is the line profile taken as the Gaussian 
function. 

The transition probability is proportional to the square of 

the matrix element 
2

exp(i ) ,fϕ α ε ϕ⋅ ⋅k r i  where k is 

the photon wave number, r is the atomic radius, α is the 4×
4 Dirac matrix and ε is the polarization vector of the photon. 
When ik﹒r is much smaller than the unit, the term e 

ik﹒r can 
be expressed in the Taylor series: 
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where the terms in the right side are corresponding to the E1, 
M1, E2 transitions et al. However, this expression is no longer 
valid when the photon energy is sufficiently high, that is to 
say ik﹒r is not much smaller than the unit. Then, e ik﹒r can be 
expanded in a series of the spherical Bessel functions [12]: 
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and the electric multipole transition probabilities both for 
bound-bound and bound-free transitions are written as: 
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in which i and f correspond to the initial and final state of 
the transition, and 
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the Clebsch-Gordan coefficient and Racah coefficient, jL (kr) 
is the spherical Bessel function, and k is the wave vector.  

With the transition probability Wi→ f the oscillator strength 
is defined as [13]: 
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In practical applications, Rosseland and Planck mean opacity 
are usually required. They are respectively defined by: 
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where u = hν /kT, WR and WP are the Rosseland and Planck 
weighting functions: 
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3 Results and discussions 
Firstly, we calculated the opacities only including the mul-
tipole effects of the bound-bound transitions. Table 1 
shows the Rosseland mean opacities of Au at a density of 
96.405 g﹒cm−3 when the maximum ranks of the electric 
multipole transitions are considered, respectively. From this 
table one can easily see that the Rosseland mean opacities 
have a perceptible increase when E2 transitions are included 

in the calculations. However, the contributions of the E3 and 
E4 transitions to the opacity are negligible. Figure 1 shows 
the spectrally resolved opacity of Au at the temperature of 
5000 eV and the density of 96.405 g﹒cm−3, in which the 
multipole effects of bound-bound and bound-free transitions 
have both been taken into account. The absorptions above 
2400 a.u. are from the photoexcitations and photoionizations 
of the 1s orbital, and the absorptions below are from the 
higher orbitals. With the increase of the photon energy, the 
E2 transitions have more contributions to the total opacities. 
From Eq. (21) and Eq. (22) we can find that the Rosseland 
mean opacity is mainly determined by the bottom of the 
spectrum and the contributions from photoionizations be-
come more important with the increase of the temperatures. 
For comparison, Miao’s calculation [3] of Au plasma at the 
same conditions using the average atom model is plotted in 
Fig.2, in which the E2 transitions have been included. 
Unlike the present work, Miao et al. uses the first two terms 
in the Taylor series, i.e., Eq. (15), to account for the E1 and 
E2 transitions. In this figure one can see that the bound-free 
absorption has weak wiggles with the E2 transitions when 
the photon energy goes higher and higher. In the average 
atom model these kind of wiggles are due to the treatment of 
the electron radial wave functions in the plasma environ-
ment. In contrast to the E1 transition, such oscillations are 
more obvious for E2 transition due to the r2 factor in the 
transition matrix rather than the r factor in E1 transition. 
However, such wiggles do not appear in Fig.1 because the 
present work expand ik﹒r using the spherical Bessel func-
tions. 

[ {

] }

Table 1  Rosseland mean opacity of Au plasma at a density of 96.405 g﹒cm−3 
when the maximum ranks of the electric multipole transitions are consid-
ered. κ1, κ2, κ3, κ4 refer the Rosseland mean opacities, in which up to E1, 
E2, E3, E4 transitions are considered, respectively. 

T/eV κ1 κ2 κ3 κ4

1000 270.17 270.50 270.50 270.50 
2000 81.212  82.016 82.017   82.017 
3000 45.921  46.255 46.257   46.257 
4000 20.983  21.053 21.053   21.053 
5000 7.622 4  7.640 7 7.640 8   7.640 8 
6000 3.038 8  3.037 5 3.037 5   3.037 6 
7000 1.471 3  1.472 5 1.472 5   1.472 5 
8000 0.842 2  0.842 73 0.842 74   0.842 74 
9000 0.591 44  0.591 74 0.591 74   0.591 74 

10000 0.480 80  0.481 04 0.481 04   0.481 04 

From Eq. (21), we know that the Rosseland mean opacity 
is sensitive to the bottom of the spectrum and the Rosseland 
weighting function reaches its maximum at 3.83 times the 
temperature. Thus one can expect that the bound-free ab-
sorptions would have main contributions to the Rosseland 
mean opacity when the temperature goes higher and higher. 
In Fig. 3, the Rosseland mean opacities of Au at the density of 
96.405 g﹒cm−3 and temperatures from 1000―10 000 eV are 
plotted. It is obvious that the multipole effects become im-
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portant only at the temperatures greater than 5 000 eV. In 
fact, at the temperature of 1000 eV there is only a 0.78 % 
difference between the Rosseland mean opacities with and 
without E2 and E3 transitions in the calculation. As the 
temperature increases to 10 000 eV, the relative difference 
between the Rosseland mean opacity with E2 and E3 transi-
tions increases to 4.7 %. From Fig. 3 we can also see that the 
E3 transitions have little effect to the opacities at the tem-
peratures having been studied. E3 transitions only have 
0.007 % contributions to the total Rosseland mean opacity at 
a temperature of 1000 eV and increases to 1.7 % at a tem-
perature of 10 000 eV. Consequently, the line with E2 transi-
tions in Fig. 3 is almost overlapped by the line with E3 tran-
sitions. In the work of Miao et al., the contributions of E2 
transitions only have 1.7 % difference to the total Rosseland 
mean opacity at a temperature of 1000 eV but increases to 
85 % [3] at a temperature of 10000 eV. We think that this 
work has overestimated the contributions of the multipole 
effects since the Taylor series is no longer valid when the 
photon energy is very high and ik﹒r is therefore not smaller 
than the unit.  

 
Fig. 1  The opacity of Au at T = 5000 eV and ρ = 96.405 g﹒cm−3. The 
thick dashed and solid lines refer to the cases with and without E2 transi-
tions considered, respectively. The thin dashed and solid lines refer to the 
bound-free opacity with and without E2 transition considered, respectively. 

 

 

Fig. 2  Spectrally resolved opacity of Au Calculated by Miao et al. [3] at a 
temperature of 5000 eV and a density of 96.405 g﹒cm−3. The long dashed 
line refers to the result of including E1 transition only. The long solid line 
refers to the result of including E1 and E2 transitions. The shot dashed line 
refers to the bf opacity including E1 transition only, and the shot solid line 
refers to result of including E1 and E2 transitions. 

 

Fig. 3  Rosseland mean opacity versus temperature of Au at a density of 
96.405 g﹒cm−3. 

In summary, we have studied the multipole effects to the 
opacities of hot gold plasmas using the average atom model. 
It shows that at higher temperatures the E2 transition has 
contributions to both the spectrally resolved opacity and the 
Rosseland mean opacity, but the contributions from E3 and 
E4 transitions are very small. Comparisons with the results 
obtained by Miao et al. show that the contributions of E2 
transitions may be overestimated by the approaches of the 
Taylor series since ik﹒r 1 is not valid at very high photon 
energy. 
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